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Abstract—Achieving robust and precise speed regulation in per-
manent magnet synchronous motor (PMSM) drive systems remains
a significant challenge, particularly under disturbances comprising
both periodic and aperiodic components. For aperiodic distur-
bances, disturbance observers are commonly employed; however,
conventional designs often exhibit slow convergence and phase lag,
limiting their effectiveness. To address the issue of slow conver-
gence, we first develop a modified supertwisting extended state ob-
server (MSESO), which guarantees finite-time convergence while
avoiding the discontinuities inherent in traditional sliding mode ob-
servers. Building upon the MSESO, a phase-lifting extended state
observer is further designed to mitigate phase lag and enhance the
dynamic performance of disturbance estimation. Its phase-lifting
characteristics are quantitatively validated via frequency-domain
analysis. To suppress periodic disturbances, a switching quasires-
onant (SQR) controller is developed, which demonstrates superior
harmonic rejection capability. In contrast to conventional quasires-
onant controllers that may degrade system dynamics, the proposed
SQR controller employs a smooth switching mechanism to acti-
vate resonant compensation only when needed, thereby preserving
transient performance. Extensive experimental results under both
aperiodic and periodic disturbance conditions demonstrate that
the proposed control scheme achieves robust disturbance rejection
and high steady-state speed accuracy in PMSMs.

Index Terms—Active disturbance rejection control (ADRC),
aperiodic and periodic disturbances, permanent magnet
synchronous motor (PMSM), sliding mode control, speed
regulation.
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I. INTRODUCTION

THE accuracy and reliability of speed control in permanent
magnet synchronous motor (PMSM) systems are crucial

for a wide range of industrial applications [1], [2], [3], [4],
[5], including robotics, electric vehicles, and high-performance
servosystems. However, the speed control loop is susceptible
to performance degradation due to both periodic and aperiodic
disturbances. These disturbances can generally be classified
into two types: periodic disturbances [6], [7], [8], such as
those caused by electrical harmonics, mechanical vibrations, and
inverter nonlinearities; and aperiodic disturbances, including
sudden load changes or external influences. Such disturbances
can induce speed fluctuation, torque ripple, and instability, ulti-
mately degrading the overall performance of PMSMs.

In response to the challenges posed by aperiodic disturbances
in PMSM systems, speed controllers are commonly designed
to mitigate their adverse effects, with proportional–integral (PI)
controllers being the most widely adopted in industrial applica-
tions due to their simplicity and ease of implementation [9].
However, the performance of PI controllers degrades signif-
icantly in the presence of time-varying operating conditions.
Specifically, their ability to reject aperiodic disturbances de-
teriorates in such environments, limiting their suitability for
high-performance PMSM applications [10].

To achieve effective rejection of aperiodic disturbances in
PMSM systems, various advanced control strategies have been
proposed in recent years. These include sliding mode con-
trol [11], [12], [13], [14], model predictive control, active
disturbance rejection control (ADRC) [15], [16], and adap-
tive neural network control. Among these methods, ADRC
has attracted widespread attention due to its distinctive advan-
tages. The core strength of this approach lies in its ability to
achieve effective control without relying on an accurate system
model, thereby ensuring robust performance against both inter-
nal uncertainties and external disturbances [17], [18]. Specif-
ically, ADRC adopts an innovative approach that integrates
internal uncertainties and external disturbances into a unified
total disturbance. Based on this formulation, ADRC enables
real-time estimation and dynamic compensation of the total
disturbance, thereby significantly enhancing the robustness and
transient performance of PMSM speed control under aperiodic
disturbances.
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At the core of the ADRC framework lies the extended state
observer (ESO), which is responsible for estimating both the
system states and the total disturbance in real time [19]. For
PMSM speed control subject to aperiodic disturbances, the
ESO plays a central role in disturbance rejection by enabling
dynamic compensation of total internal uncertainties and ex-
ternal perturbations. In [20], a linear extended state observer
(LESO) is applied to motor speed control, adopting a bandwidth-
based design to simplify implementation and parameter tuning.
However, achieving satisfactory speed control performance with
LESO often requires a high observer bandwidth, which in turn
amplifies high-frequency measurement noise and may degrade
system robustness [21]. To mitigate these issues while pre-
serving structural simplicity, adaptive ESO schemes have been
introduced [22]. These methods dynamically adjust observer
gains to improve estimation precision under varying operating
conditions [23]. Nevertheless, adaptive ESO schemes often suf-
fer from complicated tuning procedures and slower convergence
speed, particularly under rapidly varying aperiodic disturbances
and strongly nonlinear conditions. Thus, in PMSM speed control
applications, designing an ESO that simultaneously ensures
fast convergence and strong robustness remains a key objective
for achieving high-performance aperiodic disturbance rejection
capability.

To improve the convergence speed of ESOs under aperiodic
disturbances, sliding mode algorithms have been introduced
into observer design [24], [25]. Among them, the supertwisting
sliding mode algorithm has been widely used to construct the
supertwisting ESO (SESO), which ensures finite-time conver-
gence and strong robustness [26], [27], [28], [29]. The SESO
mitigates the chattering associated with classical sliding mode
control by transferring the discontinuous action to higher order
derivatives and incorporating integral terms [30], [31], [32].
However, the SESO still involves discontinuities within its in-
tegral structure. Although the SESO can mitigate chattering, it
cannot completely eliminate this phenomenon, often leading to
residual oscillations and compromised estimation accuracy [33].
To address this issue, some improved SESO schemes have been
proposed [34], [35], including the continuous SESO in [36] and
[37], which replaces discontinuities with smooth approxima-
tions. While these continuous observers reduce chattering, they
sacrifice finite-time convergence and introduce additional phase
lag. Such limitations hinder observer performance in dynamic
environments with rapidly varying disturbances, motivating the
development of enhanced observers that maintain finite-time
convergence while improving phase characteristics.

In addition to challenges in observer design, ADRC exhibits
limited effectiveness in suppressing periodic disturbances in
PMSM systems, which can significantly degrade steady-state
speed performance. Although ESOs improve the real-time esti-
mation of aperiodic components, they exhibit limited capability
in handling periodic ones, ultimately constraining the overall
disturbance rejection performance of ADRC [38]. To overcome
this limitation, several hybrid control strategies have been pro-
posed. These strategies integrate ADRC with other techniques,
such as resonant control, repetitive control, and iterative learn-
ing control (ILC) [39]. For example, ADRC-ILC frameworks

have demonstrated improved performance in rejecting periodic
disturbances in high-precision PMSM speed regulation [40].
However, these approaches often introduce increased computa-
tional burden, complex parameter tuning, and degraded dynamic
responsiveness due to the use of auxiliary control loops. There-
fore, designing a control strategy that effectively suppresses
periodic disturbances in PMSM systems while maintaining
simple structure and preserving dynamic response performance
remains a critical challenge.

Motivated by the above-mentioned challenges, this article
proposes a novel phase-lifting extended state observer (PLESO)-
based switching quasiresonant (SQR) control scheme for PMSM
systems. The uniqueness of this work lies in the development of
a control scheme specifically designed to address both periodic
and aperiodic disturbances in PMSM speed regulation. Com-
pared with existing works, the main novelties and contributions
of this article are summarized as follows.

1) By embedding a constrained command filter into the
supertwisting algorithm framework, the proposed PLESO
provides phase-lifting compensation and substantially
enhances the transient response, thereby mitigating the
limited disturbance estimation capability typical of con-
ventional ESOs [41], [42].

2) Unlike existing finite-time observer designs [43], [44],
the proposed PLESO attains finite-time convergence with-
out employing discontinuous nonlinearities (e.g., the sign
function), thereby suppressing chattering and improving
steady-state estimation accuracy.

3) Compared with conventional quasiresonant (QR) con-
trollers [45], [46], which activate the resonant loop via
abrupt switching and can degrade transient performance,
the proposed SQR controller implements a smooth switch-
ing mechanism that preserves the PMSM dynamic speed
response under periodic disturbances.

The rest of this article is organized as follows. Section II
briefly introduces the PMSM system model and the conventional
LESO design. Section III details the proposed PLESO-based
SQR control scheme. Section IV presents experimental results
that validate the effectiveness of the proposed control scheme.
Finally, Section V concludes this article.

II. MATHEMATICS MODEL AND PROBLEM FORMULATION

A. Mathematical Model of PMSM Systems With Disturbances

In the d-q reference frame, the dynamic model of a PMSM is
described as

Jω̇m = Te −Bωm − TL (1)

where ωm represents the mechanical angular speed, B is the
viscous friction coefficient, Te is the electromagnetic torque, J
is the inertia of the PMSM, and TL is the load torque.

For a surface-mounted PMSM with Ld = Lq , and under
field-oriented control with id = 0, the electromagnetic torque
simplifies to

Te =
3

2
npiq[id(Ld − Lq) + ψf ] =

3

2
npψf iq = Kiq (2)
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whereK = 3
2npψf is the torque coefficient, np is the number of

pole pairs, and iq is the stator current in the q-axis. Substituting
(2) into (1) yields the mechanical dynamics

ω̇m =
Kiq
J

− Bωm

J
− TL

J

=
Ki∗q
J

− Bωm

J
−
(
Ki∗q
J

− Kiq
J

)
− TL

J
(3)

where i∗q denotes the reference q-axis current input. The term
Ki∗q
J − Kiq

J is the difference between the commanded and actual
currents.

The load torque TL and the PMSM parameters, such as J ,
may vary over time, and nonideal effects cause additional dis-
turbances. Among these, periodic disturbances mainly originate
from stator current sampling errors, including offset and scaling
errors. Based on the analysis in [47], these current sampling
errors result in first-order and second-order torque ripples, which
can be modeled as

ΔT1(t) =
2√
3
K
√

Δi2as(t) + Δias(t)Δibs(t) + Δi2bs(t)

× cos(ωet+ θe) (4)

ΔT2(t) =
KI(t)√

3

(
Ka −Kb

KaKb

)[
cos

(
2ωet+

π

3

)
+

1

2

]
(5)

where ΔT1 and ΔT2 denote the first and second torque harmon-
ics, respectively. ωe = npωm is the electrical angular speed, θe
is a constant angle, and I is the amplitude of the phase current. In
addition, Δias and Δibs represent the dc offset errors of phase
A and phase B currents, respectively, while Ka and Kb are the
scaling factors of phase A and phase B currents.

Considering these factors, the mechanical dynamics can be
expressed as

ω̇m =
Ki∗q
J

− Bωm

J
−
(
Ki∗q
J

− Kiq
J

)
− TL

J
+
Th
J

(6)

where the disturbance torque Th caused by the current sampling
errors is

Th = ΔT1(t) + ΔT2(t). (7)

By defining dt to denote the total disturbance in the speed loop,
the PMSM mechanical dynamics can be further rewritten as

ω̇m =
Ki∗q
J

+ dt = Kti
∗
q + dt (8)

where Kt =
K
J denotes the angular acceleration coefficient,

and dt = −Bωm

J − (
Ki∗q
J − Kiq

J )− TL

J + Th

J is the total distur-
bance.

Assumption 1: The total disturbance dt in system (8) is
bounded, and its rate of change is limited by a positive constant
dmax, such that |ḋ(t)| ≤ dmax.

Fig. 1. Conventional ADRC scheme for the PMSM speed regulation system.

B. Conventional ADRC Scheme

To estimate the total disturbance, an LESO is designed for the
PMSM system, expressed as{

˙̂ωm = Kti
∗
q + d̂t + h1e1

˙̂
dt = h2e1

(9)

where ω̂m and d̂t denote the estimated motor speed and distur-
bance, respectively. Here, e1 = ωm − ω̂m. The observer gains
are parameterized as h1 = 2ω0 and h2 = ω2

0 , with ω0 represent-
ing a positive bandwidth-related parameter. Based on the distur-
bance estimation, the feedback control law can be formulated
as

i∗q =
kp(ωref − ω̂m)− d̂t

Kt
(10)

where kp is the proportional gain. The block diagram of the
traditional ADRC system is shown in Fig. 1.

The LESO is widely employed for estimating disturbances
and unmodeled dynamics in control systems due to its structural
simplicity and ease of implementation. However, its perfor-
mance remains limited under dynamic operating conditions. The
inherent linearity of the LESO results in relatively slow conver-
gence and inadequate robustness against rapidly varying distur-
bances. Moreover, increasing the observer bandwidth to enhance
response speed inevitably amplifies measurement noise. From a
frequency-domain perspective, the LESO introduces substantial
phase lag in the medium-to-high frequency range, which com-
promises the accuracy of disturbance estimation and degrades
the overall closed-loop performance.

C. Preliminary Concepts and Supporting Lemmas

This section presents the concept of homogeneity and four
supporting lemmas essential for proving the main result.

Throughout this article, the notation �·�n denotes | · |n sign(·),
where n ∈ R.

Definition 1 (See [48]): For (x1, . . . , xn) ∈ Rn and real
numbers δi > 0, i = 1, . . . , n, a function V : Rn → R is said
to be homogeneous of degree τ if there is a real number τ such
that for all ε > 0 and all x ∈ Rn\{0}

V (εδ1x1, . . . , ε
δnxn) = ετV (x1, . . . , xn)

with δi being called the weights of the coordinates.



SUN et al.: PLESO-BASED SQR CONTROL DESIGN FOR PMSMS WITH PERIODIC AND APERIODIC DISTURBANCES 9313

Fig. 2. Block diagram of the proposed control scheme for the PMSM.

Lemma 1 (See [49]): For any a ≥ 1, one has for all x, y ∈ R.
1) |[x]a − [y]a| ≤ a(2a−2 + 2)(|x− y|a + |x− y||y|a−1).
2) |[x]a − [y]a| ≥ 21−a|x− y|a.
Lemma 2 (See [50]): Provided that 0 < b ≤ 1, the following

holds for all x, y ∈ R: |�x�b − �y�b| ≤ 21−b|x− y|b.
Lemma 3 (See [50]): Let ϕ(x1, x2) > 0 be a function of x1

and x2. For any c1, c2 > 0, we have

|x1|c1 |x2|c2 ≤ c1
c1 + c2

ϕ (x1, x2) |x1|c1+c2

+
c2

c1 + c2
(ϕ (x1, x2))

− c1
c2 |x2|c1+c2 .

Lemma 4 (See [50]): If a function W (x) : Rn → R and a
positive-definite function V (x) : Rn → R have the same ho-
mogeneous degree with regard to the same dilation weight, then
one can find a positive constant ρ̄ such that W (x) ≤ ρ̄V (x).
Furthermore, provided W (x) is positive definite, one can find a
positive constant ρ such that ρV (x) ≤W (x).

III. CONTROL SCHEME DESIGN AND STABILITY ANALYSIS

In this section, we propose the PLESO-based SQR control
scheme for the PMSM speed regulation systems. The corre-
sponding design principles and stability analysis are presented
in detail. The overall structure of the proposed control scheme
is illustrated in Fig. 2, which comprises the PLESO-based feed-
forward controller and the SQR-based feedback controller. For
clarity, in this section, the PLESO refers to the phase-lifting
SESO, and the SQR refers to the SQR controller.

A. Design of the PLESO-Based Feedforward Control

To improve convergence speed and enhance robustness under
aperiodic disturbance, the SESO is employed. Utilizing the

second-order sliding mode structure [51], the SESO ensures
finite-time convergence, thereby improving estimation accuracy
and dynamic response under aperiodic disturbances. Compared
with the LESO given in (9), the SESO provides a faster conver-
gence rate and stronger disturbance rejection capability, while
simultaneously reducing steady-state errors. Specifically, the
SESO is formulated as{

˙̂ωm = Kti
∗
q + d̂t + h1�e1�0.5

˙̂
dt = h2 · sign(e1).

(11)

However, the SESO suffers from a significant limitation. The
use of the discontinuous sign function sign(e1) induces chat-
tering, which excites unmodeled high-frequency dynamics and
results in degraded control performance as well as steady-state
errors that impair disturbance estimation accuracy. In addition,
the inherent discontinuities in the SESO can affect estimation
smoothness and robustness when facing rapidly varying and
complex disturbances.

To address these issues, a modified supertwisting extended
state observer (MSESO) is designed as{

˙̂ωm = Kti
∗
q + d̂t + h1�e1�α

˙̂
dt = h2�e1�β

(12)

whereα ∈ (0.5, 1) and β = 2α− 1. The parameters are defined
as h1 = 2ω0 and h2 = ω2

0 , where ω0 denotes the bandwidth-
related parameter of the MSESO.

To evaluate the disturbance rejection performance of different
observer-based ADRC schemes, a frequency-sweep method is
adopted to generate the Bode diagrams for the PMSM control
systems utilizing LESO, SESO, and MSESO. These Bode dia-
grams are obtained from the speed control loop employing the
proportional controller shown in Fig. 1, with the proportional
gain set to kp = 100. All observers are configured under a fixed
observer bandwidth ω0 = 200 rad/s; in addition, the MSESO
uses α = 0.75.

Remark 1: In the frequency-sweep analysis, the total dis-
turbance is modeled as a sinusoidal input dt = Am sin(ωf t),
where Am is the disturbance amplitude and ωf is the distur-
bance frequency. The PMSM speed response ωm(t) reaches a
steady-state sinusoidal form Af sin(ωf t+ θf ), from which the
magnitude and phase responses are calculated as 20 lg(Af/Am)
and θf , respectively. This approach offers a practical alternative
to analytical transfer function derivation [52], enabling empirical
construction of Bode diagrams by sweeping the input frequency
and measuring steady-state outputs without requiring explicit
analytical models.

Fig. 3 presents the Bode diagrams of the LESO, SESO, and
MSESO under identical system parameters. The LESO exhibits
a linear estimation structure; it is simple but suffers from slow
convergence and limited robustness. In addition, the results
show that the SESO consistently underperforms relative to the
proposed MSESO. In the low- to mid-frequency range, the Bode
diagram of the SESO nearly coincides with that of the MSESO,
indicating similar phase characteristics when estimating slowly
varying disturbances. However, as frequency increases, clear
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Fig. 3. Bode diagrams of LESO, SESO, and MSESO.

Fig. 4. Constrained command filter of the estimation error e1.

differences emerge: the SESO’s disturbance-estimation trans-
fer function d̂t/dt resonates near the bandwidth and exhibits
pronounced phase lag beyond the bandwidth. In contrast, the
MSESO replaces the discontinuous term with a continuous
nonlinear function �e1�β , reducing chattering and yielding a
smoother frequency response with improved disturbance esti-
mation, although it still exhibits noticeable phase lag at high
frequencies.

In order to address the phase lag in the disturbance estimation
dynamics, we propose incorporating a differential term ė1 into
the observer structure to provide phase lead compensation. How-
ever, direct numerical differentiation of e1 is highly sensitive to
measurement noise, which may destabilize the system.

Thus, a constrained command filter is employed to generate a
smooth and bounded approximation of ė1, which eliminates the
need for direct numerical differentiation and ensures robustness
against high-frequency noise, as illustrated in Fig. 4. The filter
is defined by

ė1c = sat(ωd(sat(e1, e1, e1)− e1c), s, s) (13)

where e1c is the constrained variable, and ωd is a positive
constant. The saturation bounds e1 and s define the maximum
allowable amplitude and rate, while e1 and s denote their respec-
tive lower limits. The saturation function sat(x, x, x) is defined
as

sat(x, x, x) =

⎧⎪⎨
⎪⎩
x, x ≥ x

[4pt]x, x < x < x

[4pt]x, x ≤ x.

(14)

According to [53], the constrained command filter provides an
effective approximation of the derivative of e1, ensures conver-
gence with theoretical guarantees, and behaves like a nonlinear
low-pass filter applied to the speed estimation error.

Fig. 5. Bode diagrams of MSESO and PLESO.

Remark 2: In the constrained command filter (13), the param-
eter ωd is tuned to balance the tradeoff between response speed
and robustness. Specifically, a larger ωd increases the tracking
speed of the filtered signal ė1c, improving the system’s response
to rapid variations in the speed estimation error e1, but may
amplify high-frequency noise. Conversely, a smallerωd provides
smoother filtering at the expense of slower response. Therefore,
it is recommended to gradually fine-tune the value of ωd during
experimental trials to achieve balanced performance.

By replacing ė1 with the filtered signal ė1c, the final form of
the PLESO is obtained as⎧⎪⎨

⎪⎩
˙̂ωm = Kti

∗
q + d̂t + h1�e1�α

˙̂
dt = h2�e1�β + h3ė1c︸ ︷︷ ︸

differential term

(15)

where h3 is a positive constant.
To incorporate the estimated disturbance into the control

law, the output of the observer d̂t is further converted into an
equivalent current signal iqf , expressed in amperes, given as

iqf = − d̂t
Kt

. (16)

Considering Assumption 1, we have that the term η = ḋt −
h3ė1c is bounded, i.e., |η| ≤ Dmax, where Dmax is a positive
constant.

To evaluate the dynamic performance of the proposed ob-
server, Fig. 5 presents the frequency-domain analysis comparing
the disturbance estimation performance and disturbance rejec-
tion performance of the MSESO and PLESO. In disturbance
estimation, as characterized by the transfer function d̂t/dt, the
PLESO delivers improved frequency-response magnitude and
phase and exhibits greater phase-lifting than the MSESO in the
mid-to-high-frequency range. Specifically, the proposed PLESO
exhibits a smaller phase lag than the MSESO in the medium-
and high-frequency ranges, thereby enhancing the disturbance
estimation capability.

Regarding disturbance rejection performance, represented
by the transfer function ωm/dt, the PLESO exhibits superior
performance across the entire frequency range. It not only
maintains the robustness and smoothness of the MSESO at low
frequencies but also offers stronger rejection capability at higher
frequencies. This demonstrates that the phase-lifting design in
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Fig. 6. Bode diagrams of PLESO under different values of α.

Fig. 7. Bode diagrams of PLESO under different values of h3.

the PLESO significantly improves disturbance rejection across
the frequency spectrum.

To evaluate the effect of parameter tuning on PLESO per-
formance, we conduct a series of frequency-sweep analyses in
which the key parameters, i.e., α and h3, are systematically
varied. Specifically, α is set to 0.75, 0.9, and 0.975, while
h3 is varied as 400, 1600, and 6400. The resulting frequency
responses for disturbance estimation performance d̂t/dt and
disturbance rejection performance ωm/dt are shown in Figs. 6
and 7, respectively.

As illustrated in Fig. 6, decreasing α enhances disturbance
rejection in the low-to-medium frequency range, while increas-
ing α improves estimation performance in the high-frequency
range. However, excessively small values may induce chatter-
ing, whereas overly large values degrade disturbance rejection
performance.

As shown in Fig. 7, increasing h3 amplifies the effect of
the differential term, thereby enhancing disturbance estimation
performance, particularly in the high-frequency range. However,
this improvement may slightly degrade disturbance rejection ca-
pability in the low-frequency range, revealing a tradeoff between
estimation accuracy and robustness.

Remark 3: The gain h3 in (15) is tuned to meet the desired
observer performance. As illustrated by the Bode plots in Fig. 7,
we evaluated h3 ∈ {400, 1600, 6400}. Increasing h3 amplifies
the differential term and thereby improves the estimation of
high-frequency disturbances. However, a larger h3 slightly de-
grades low-frequency disturbance rejection, indicating a tradeoff
between estimation accuracy and robustness. Considering this
tradeoff, we select h3 = 1600 as a balanced setting that yields
favorable overall control performance.

To establish the finite-time convergence property of the
PLESO, the following theorem is presented. Note that the finite-
time convergence refers to the case where the convergence time
of the disturbance estimation error is bounded within a finite
interval.

Theorem 1: Under Assumption 1, there exists a positive
constant a1 such that the estimation errors of the PLESO defined
by (15), i.e., e1 = ωm − ω̂m and e2 = dt − d̂t, converge in finite
time to the following region:

R =

{
(e1, e2) : |e1| ≤ g

1
1+α

2

(
2

α

) 1
2
(
g1Dmax

a1(1− ε)

) 2
β

+
√
2 g

1
1+α

2

(
g1Dmax

a1(1− ε)

) 1
β

|e2| ≤ a1g
α
β

2

(
2

α

)α
2
(
g1Dmax

a1(1− ε)

)α
β

}
(17)

where g1 and g2 are positive constants. Furthermore, ε ∈ (0, 1)
is an arbitrarily small constant.

Proof: Defineσ1 = e1 andσ2 = e2/h1, where e2 = dt − d̂t.
Then, the evolution of σ1 and σ2 is described by⎧⎨

⎩
σ̇1 = a1p1

σ̇2 = −a2(p2 + p3) +
η

a1

(18)

with a1 = h1, a2 = h2/h1, and η = ḋt − h3ė1c. The auxiliary
functions are defined as follows:

p1 = −�σ1�α + σ2, p2 = −�σ2�
β
α

p3 = −�σ1�β + �σ2�
β
α , p4 = −σ1 + �σ2� 1

α . (19)

Then, we apply the technique of adding a power integrator to
formulate a homogeneous Lyapunov function

V (σ1, σ2) = E1(σ1, σ2) + E2(σ2) (20)

with E1(σ1, σ2) =
1
2 (σ1 − �σ2� 1

α )2, E2(σ2) =
α
2 |σ2|

2
α . The

time derivative of the Lyapunov function (20) is given by
V̇ (σ1, σ2) = Ė1(σ1, σ2) + Ė2(σ2).

Since 0 < β
α < 1, it follows from Lemma 2 [54] that:

|p3| ≤ 2
1−α
α |p1|

β
α . (21)

Selecting a2 ≥ 2, and considering the fact that ∂E2(σ2)/∂σ2 =

−�p2�
2−α
β , it follows that:

Ė2(σ2) =
∂E2(σ2)

∂σ2
· σ̇2

≤ −2 |p2|
1+α
β − a2�p2�

2−α
β p3 +

∂E2 (σ2)

∂σ2
· η
a1
.

(22)
By using (21) and Lemma 3, we obtain

a2

∣∣∣�p2� 2−α
β p3

∣∣∣ ≤ 1

2
|p2|

1+α
β + γ1|p1|

1+α
α (23)

where γ1 is a positive constant.
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By substituting (23) into (22), one obtains

Ė2(σ2) ≤ −3

2
|p2|

1+α
β + γ1|p1|

1+α
α +

∂E2(σ2)

∂σ2
· η
a1
. (24)

Similarly, the term Ė1(σ1, σ2) can be expressed as

Ė1(σ1, σ2) =
1

α
|p2|

1−α
β a2(p2 + p3)p4 + (σ1 − �σ2� 1

α )a1p1

+
∂E1(σ1, σ2)

∂σ2
· η
a1
.

(25)
By employing Lemma 1, we have

|p4| =
∣∣∣�σ2� 1

α − σ1

∣∣∣
≤ l

(
|p1| 1

α + |p1| · |σ2| 1−α
α

)
(26)

where l = 1
α (2

−β
α + 2). Furthermore, a direct computation

yields

|p4| ≤ l|p1| 1
α + l|p1| · |p2| 1−α

α . (27)

From Lemma 3, we have

1

α
|p2|

1−α
β a2p2p4 ≤ 1

4
|p2|

1+α
β + γ2|p1|

1+α
α (28)

where γ2 is a positive constant.
Similarly, one arrives at

1

α
|p2|

1−α
β a2p3p4 ≤ 1

4
|p2|

1+α
β + γ3|p1|

1+α
α (29)

where γ3 is a positive constant.
Moreover, leveraging the fact 1

α > 1 and applying Lemma 1,
it is evident that (

σ1 − �σ2� 1
α

)
a1p1

≤ −a12α−1
α |σ2 − �σ1�α|

1+α
α

= −a12α−1
α |p1|

1+α
α . (30)

Substituting (28), (29), and (30) into (25) yields

Ė1(σ1, σ2) ≤ 1

2
|p2|

1+α
β +

(
γ2 + γ3 − a12

α−1
α

)
|p1|

1+α
α

+
∂E1(σ1, σ2)

∂σ2
· η
a1
.

(31)
Combining (24) and (31), V̇ (σ1, σ2) satisfies

V̇ (σ1, σ2) ≤ − |σ2|
1+α
α +

(
γ1 + γ2 + γ3 − a12

α−1
α

)
|p1|

1+α
α

+
∂V (σ1, σ2)

∂σ2
· η
a1
.

(32)
Furthermore, the constant a1 can be selected as

a1 ≥ 2
1−α
α (γ1 + γ2 + γ3 + 1) . (33)

Substituting (33) into (32) yields

V̇ (σ1, σ2) ≤ −H(σ1, σ2) +
∂V (σ1, σ2)

∂σ2
· η
a1

(34)

where H(σ1, σ2) = |p1| 1+α
α + |p2|

1+α
β .

Thus, according to Assumption 1, we have

V̇ (σ1, σ2) ≤ −H(σ1, σ2) +

∣∣∣∣∂V (σ1, σ2)

∂σ2

∣∣∣∣ · Dmax

a1
. (35)

With the upper bound of the Lyapunov function derivative es-
tablished; we now proceed to prove the finite-time convergence
of the PLESO. Define the region Q1 as {(σ1, σ2) :

|p1| 1+α
α + |p2|

1+α
β ≤ ( g1Dmax

a1(1−ε) )
1+α
β

}
,where g1 > 0 and 0 <

ε < 1. Based on (35), V̇ (σ1, σ2) < 0 for (σ1, σ2) /∈ Q1. No-
tably, both |∂V (σ1,σ2)

∂σ2
| and H

2−α
1+α share the same homogeneity

degree of 2− α under the scaling weight (1, α). Therefore,
by Lemma 4, |∂V (σ1,σ2)

∂σ2
| ≤ g1 ·H 2−α

1+α (σ1, σ2) holds. Conse-
quently, (35) can be expressed as

V̇ (σ1, σ2) ≤ −H (σ1, σ2) +
g1Dmax

a1
·H 2−α

1+α (σ1, σ2) .

(36)
When (σ1, σ2) /∈ Q1, (36) simplifies to

V̇ (σ1, σ2) < −εH(σ1, σ2) < 0. (37)

Define another region Q2 as {(σ1, σ2) : V (σ1, σ2) ≤
N,N = g

2
1+α

2 ( g1Dmax

a1(1−ε) )
2
β

}
where g2 is a positive con-

stant. Subsequently, it can be shown that V̇ (σ1, σ2) < 0 when
(σ1, σ2) /∈ Q2, where Q1 is a subset of Q2.

Therefore, the set Q2 becomes an attractive region, and there
exists a finite positive constant T0 such that for all T > T0, the
trajectory (σ1, σ2) enters and remains withinQ2. In other words,
for T > T0, we have V (σ1, σ2) ≤ N .

For T ≥ T0, it follows from the definition of the Lyapunov
function that:

E2(σ2) =
α

2
|σ2| 2

α ≤ V (σ1, σ2) ≤ N. (38)

Given a1 = h1 and σ2 = e2/h1, the results in (38) leads to

|e2| ≤ a1g
α
β

2

(
2

α

)α
2
(
g1Dmax

a1(1− ε)

)α
β

. (39)

Next, we estimate the convergence domain of e1. For allT ≥ T0,
we have

E1(σ1, σ2) =
1

2
(σ1 − �σ2� 1

α )2 ≤ V (σ1, σ2) ≤ N. (40)

Then, we obtain the following result:∣∣∣σ1 − �σ2� 1
α

∣∣∣ ≤ √
2 g

1
1+α

2

(
g1Dmax

a1(1− ε)

) 1
β

. (41)

From (39), we further have

|e1| ≤ |�σ2� 1
α |+

∣∣∣σ1 − �σ2� 1
α

∣∣∣
≤ g

1
1+α

2

(
2

α

) 1
2
(
g1Dmax

a1(1− ε)

)2
β

+
√
2 g

1
1+α

2

(
g1Dmax

a1(1− ε)

)1
β

.

(42)
This implies that the estimation errors of the PLESO defined
by (15), i.e., e1 = ωm − ω̂m and e2 = dt − d̂t, converge to the
region R in finite time T0. Therefore, the proof is complete.
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Fig. 8. SQR controller.

B. Design of the SQR-Based Feedback Control

Although the PLESO enhances disturbance estimation perfor-
mance within its bandwidth, its capability to suppress periodic
disturbances remains limited. Increasing the observer bandwidth
can improve estimation accuracy but also leads to greater sensi-
tivity to measurement noise, potentially compromising overall
PMSM performance.

Therefore, to effectively suppress persistent periodic distur-
bances, it is beneficial to incorporate an additional periodic
disturbance rejection mechanism into the control loop. A widely
adopted solution is the QR controller [55], formulated as fol-
lows:

GQR(s) = kp +
2krωcs

s2 + 2ωcs+ ωh
2

(43)

where ωh is the resonant frequency, ωc is the cutoff frequency
and kr is the resonant gain.

Nevertheless, the QR controller introduces fixed resonant
terms, which may adversely affect the dynamic response of
the PMSM system. To mitigate this issue, we propose an SQR
controller that employs a switching resonant term. As shown in
Fig. 8, the SQR controller modulates the resonant action based
on the speed error magnitude, allowing the resonant term to take
effect only when necessary.

To this end, the fundamental SQR controller is designed as

GSQR(s) = kp +
2krωcs

s2 + 2ωcs+ ω2
h

· φ(e, δ) (44)

where φ(e, δ) ∈ [0, 1] is a smooth switching function that deter-
mines the activation degree of the resonant path.

Specifically, the switching function φ(e, δ) is defined as

φ(e, δ) = 1− 1

1 + exp(−k(|e| − δ))
(45)

where e = ωref − ωm denotes the speed error, δ is the switching
threshold, and k > 0 determines the steepness of the transition.
The switching function enables a smooth transition of the reso-
nant effect as the speed error crosses the threshold.

Fig. 9 illustrates the shape of φ(e, δ) for δ = 5 rpm and k = 4,
showing its smooth and continuous switching behavior from 0
to 1.

Remark 4: For the switching function in (45), δ defines
the activation threshold, whereas k determines the speed and
smoothness of switching. Together, these parameters enable the
SQR controller to selectively attenuate small periodic speed

Fig. 9. Switching function when δ = 5 rpm and k = 4.

Fig. 10. Bode diagrams of the SQR controller with different parameters. (a)
kp. (b) kr . (c) ωc. (d) ωh.

fluctuations during steady-state operation. Specifically, δ sets the
activation band and sensitivity: a larger δ widens the operating
band, whereas a smaller δ confines activation to minor periodic
disturbances. In practice, a moderate choice (e.g., δ = 5 rpm)
offers a favorable tradeoff between ripple suppression and tran-
sient stability. In addition, k governs the activation dynamics of
the SQR controller. A larger k accelerates switching, enabling
rapid compensation of periodic fluctuations but potentially re-
ducing the stability margin, whereas a smaller k smooths tran-
sitions and mitigates chattering. In hardware implementation,
setting k = 4 yields smooth yet effective switching behavior.

To evaluate the frequency-domain behavior of the proposed
SQR controller and gain insight into the effect of its key
parameters, Bode diagrams under various configurations are
presented in Fig. 10. First, with kr = 100, ωc = π rad/s, and
ωh = 80π rad/s, the influence of the proportional gain kp is
examined for kp = 1, 5, 10, as shown in Fig. 10(a). Increasing
kp enhances the overall disturbance rejection capability of the
PMSM control system. Next, with kp = 1, ωc = π rad/s, and
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ωh = 80π rad/s, the Bode diagrams for kr = 10, 50, 100 are
illustrated in Fig. 10(b). A larger kr improves the harmonic
suppression at the target resonant frequency ωh. Subsequently,
with kp = 1, kr = 100, and ωh = 80π rad/s, the impact of ωc

is analyzed for ωc = 0.2π rad/s, π rad/s, 2π rad/s, as shown in
Fig. 10(c). Adjusting ωc modifies the control bandwidth while
preserving its attenuation effect atωh. Finally, withkp = 1,kr =
100, and ωc = π rad/s, the Bode diagrams for ωh = 60π rad/s,
80π rad/s, 100π rad/s are shown in Fig. 10(d). From these results,
we can see that the SQR controller consistently exhibits high
gain at the resonant frequencyωh, enabling effective suppression
of harmonic components.

Building upon the design in (44) and the switching mechanism
defined in (45), multiple SQR controllers can be embedded in
the feedback control law to address the dominant periodic distur-
bances. According to the analysis in Section II-A, the dominant
components are the first- and second-order speed harmonics.
Therefore, the SQR-based feedback controller is designed as

G′
SQR(s) = kp +

(
2kr1ωc1s

s2 + 2ωc1s+ ω2
h1

+
2kr2ωc2s

s2 + 2ωc2s+ ω2
h2

)
× φ(e, δ) (46)

where ωh1 = ωe and ωh2 = 2ωe.
By integrating the PLESO-based feedforward controller with

the SQR-based feedback controller, the composite speed control
scheme for the PMSM is designed as

i∗q = iqb + iqf (47)

where iqb = L−1(G′
SQR(s)E(s)) is the output of the SQR con-

troller, L−1 denotes the inverse Laplace transform, and E(s) is
the Laplace transform of the speed error e(t).

Remark 5: As noted in [56], resonant terms can degrade
the dynamic performance of PMSM speed control. To mitigate
this, the switching mechanism in the SQR controller is applied
after the QR block. In this configuration, only the QR terms are
activated during switching, which prevents the adverse impact
on the overall control loop. This arrangement ensures consis-
tent disturbance rejection performance under both transient and
steady-state conditions.

Remark 6: The proposed control scheme consists of two
independent components: the PLESO-based feedforward con-
troller and the SQR-based feedback controller. As shown in
Fig. 2, the parameters of each component can be tuned sep-
arately. This is because the SQR-based feedback controller
operates in parallel with the PLESO and is primarily responsible
for compensating periodic disturbances that the PLESO alone
cannot fully suppress.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

To validate the performance of the proposed control scheme,
comparative experiments are conducted on a 1.5 kW three-
phase PMSM platform, as shown in Fig. 11. The platform is
equipped with a three-phase PMSM 130ST-M10015 and an
RTU-BOX204 real-time digital controller. The key parameters
of the PMSM are listed in Table I.

Fig. 11. Experimental platform of the PMSM drive system.

TABLE I
KEY PARAMETERS OF THE PMSM PLATFORM

Subsequently, a series of comparative experiments will be
conducted to assess the suppression performance of the proposed
control scheme against both periodic and aperiodic disturbances.
In all experiments, the current loop is regulated by a PI controller
with proportional and integral gains set to kip = 2 and kii = 20,
respectively.

A. Speed Tracking Performance

First, the speed tracking performance of the PMSM system
under different observers is evaluated by applying a sinusoidal
reference signal ωref = 400 + 200 sin(πt). Here, four observer-
based proportional controllers, namely the LESO-based [57],
SESO-based, MSESO-based, and PLESO-based proportional
controllers, are implemented under identical conditions. The
speed control loop adopts a proportional controller with the gain
kp = 10.

For fair comparison, the bandwidths of the four observers
are uniformly set to ω0 = 200 rad/s. The SESO and MSESO
employ the same gains as the LESO, with an additional setting
of α = 0.75. The PLESO uses the same h1, h2, and α as the
MSESO, along with an additional gain h3 = h1 = 400. The
resulting speed responses are illustrated in Fig. 12. Meanwhile,
the comparative performance indices are summarized in Table II.

As detailed in Table II, among the four observer-based pro-
portional controllers, the PLESO-based controller yields the
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Fig. 12. Comparison of sinusoidal speed responses under four ESOs with the same proportional controller. (a) LESO. (b) SESO. (c) MSESO. (d) PLESO.

Fig. 13. Comparison of disturbance rejection performance under four ESOs with the same proportional controller. (a) LESO. (b) SESO. (c) MSESO. (d) PLESO.

TABLE II
SPEED TRACKING PERFORMANCE UNDER SINUSOIDAL REFERENCE

smallest error amplitude of 45.41 rpm, followed by the
MSESO-based controller (48.52 rpm), the SESO-based con-
troller (49.41 rpm), and the LESO-based controller (63.34 rpm).
These results indicate that the PLESO-based controller achieves
the best steady-state tracking performance. This improvement
is primarily attributed to the enhanced capability of the PLESO
in accurately and rapidly estimating total disturbances under
time-varying reference signals.

B. Aperiodic Disturbance Rejection Performance

Next, to validate the aperiodic disturbance rejection capa-
bility, experimental results under a step change in load torque
are presented in Fig. 13, comparing four observers: the LESO,
SESO, MSESO, and PLESO. All controllers are implemented in
the speed control loop using the proportional controller with the
gain kp = 10. Four observer configurations are tested: LESO,

TABLE III
APERIODIC DISTURBANCE REJECTION PERFORMANCE

SESO, MSESO, and PLESO, with all observer parameters kept
identical to those in Section IV-A.

The comparative performance indices are summarized in
Table III. As shown in Fig. 13(a) and Table III, under the
LESO-based proportional controller, during a step load increase,
the speed drops by 42.8 rpm with a settling time of 1.08 s. When
the load is removed, the speed overshoot reaches 11.6 rpm, with
a settling time of 0.39 s. Under the SESO-based proportional
controller [see Fig. 13(b)], the speed drop during load applica-
tion is 38.3 rpm, with a settling time of 0.94 s, and the speed
overshoot during load removal is 11.2 rpm, with a settling time
of 0.37 s. With the MSESO-based proportional controller [see
Fig. 13(c)], the speed drop reduces to 35.9 rpm and the settling
time shortens to 0.91 s; the speed overshoot during load drop
is 10.6 rpm, with a settling time of 0.36 s. Finally, under the
PLESO-based proportional controller [see Fig. 13(d)], the speed
drop is further reduced to 11.5 rpm with a settling time of 0.82 s,
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Fig. 14. Speed responses of PLESO-based controllers: proportional, QR, and
SQR at 100 rpm.

and the speed overshoot during load removal is 10.9 rpm, with
a settling time of 0.37 s.

Based on the above-mentioned results, we can draw the con-
clusion that the PLESO-based feedforward controller demon-
strates better aperiodic disturbance rejection performance com-
pared to the LESO-based, SESO-based, and MSESO-based
feedforward controllers.

C. Periodic Disturbance Suppression Performance

Subsequently, comparative experiments are conducted to
evaluate the effectiveness of the proposed SQR-based feedback
controller in suppressing periodic disturbances. Three config-
urations are tested: the PLESO-based proportional controller,
the PLESO-based QR controller, and the PLESO-based SQR
controller. According to the analysis in [6], the speed control
loop is primarily affected by low-frequency and interharmonic
periodic disturbances. Therefore, the reference speed is set to
100 rpm.

In all configurations, the observer parameters of the PLESO
are kept identical to those in Section IV-A. The proportional
controller adopts a gain of kp = 10. For the QR controller,
the parameters are configured as follows kp = 10, ωh1 = ωe,
ωh2 = 2ωe, and ωci = 1.5%ωhi (i = 1, 2), with resonant gains
kr1 = 10 and kr2 = 2kr1. The SQR controller shares the same
values of ωhi, ωci, and ki (i = 1, 2) as the QR controller, with
an additional δ = 5.

Fig. 14 compares the speed responses of the three controllers
at a reference speed of ωref = 100 rpm. It is evident that the
introduction of the PLESO-based QR controller significantly de-
grades the dynamic performance of the PMSM system, leading
to a prolonged settling time due to speed fluctuations induced
by the resonant terms. In contrast, the speed response of the
PLESO-based SQR controller closely resembles that of the
PLESO-based proportional controller, exhibiting only minor
fluctuations that rapidly decay after reaching steady state. Thus,
compared with the PLESO-based QR controller, the PLESO-
based SQR controller mitigates adverse effects and enables
faster disturbance rejection capability.

To further assess the periodic disturbance suppression ca-
pability of the PLESO-based SQR controller, we introduce an

Fig. 15. Harmonic suppression at different speeds. (a) 100 rpm. (b) 60 rpm.

TABLE IV
PERIODIC DISTURBANCE SUPPRESSION PERFORMANCE

additional benchmark controller, namely the adaptive fixed-time
integral sliding-mode (AFTISM) controller proposed in [58], to
serve as a basis for comparison. Here, additional comparative
experiments are conducted using three control configurations:
the PLESO-based proportional controller, the PLESO-based
AFTISM controller, and the PLESO-based SQR controller.

The AFTISM controller features a fixed-time integral sliding
surface and an adaptive reaching law. Following [58], the integral
sliding surface and its reaching law are developed as

s(t) = e(t)− e(0) +

∫ t

0

(α1�e�k1 + β1�e�k2) dμ (48)

ṡ = −α2�s�k3 − β2�s�k4 − k̂ sign(s) (49)

where k1 = m
sign(|s|−1)
1 , k2 = m

sign(1−|s|)
2 , k3 = m

sign(|s|−1)
3 ,

k4 = m
sign(1−|s|)
4 , α1, β1, α2, β2 > 0, m3 > 1, 0 < m4 < 1,

and the adaptive gain is

k̂ = l|e|1 + λ − e−η|s|

λ
, 0 < λ < 1, l > 0, η > 0. (50)

The corresponding current reference is computed as

i∗q =
1

K

(
ω̇ref + α1�e�k1 + β1�e�k2 + α2�s�k3

+ β2�s�k4 + k̂ sign(s)
)
. (51)

The speed ripple and harmonic amplitudes for the proposed
approach and state-of-the-art methods are listed in Table IV.
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Fig. 16. Harmonic suppression performance at 100 rpm. (a) PLESO-based proportional controller. (b) PLESO-based AFTISM controller. (c) PLESO-based SQR
controller.

Fig. 17. Harmonic suppression performance at 60 rpm. (a) PLESO-based proportional controller. (b) PLESO-based AFTISM controller. (c) PLESO-based SQR
controller.

Fig. 16(a)–(c) shows the speed responses and FFT spectra
at 100 rpm. The PLESO-based proportional controller yields
a steady-state speed fluctuation of 3.82 rpm, with first- and
second-harmonic amplitudes of 0.406 and 0.458, respectively.
The PLESO-based SQR controller reduces these values to
2.08 rpm, 0.062, and 0.014, respectively. Meanwhile, the
PLESO-based AFTISM controller exhibits a fluctuation of
3.58 rpm, with harmonic amplitudes of 1.42 and 0.48.

Similarly, at 60 rpm, Fig. 17(a)–(c) presents the steady-state
speed and FFT results. The PLESO-based proportional con-
troller shows a speed fluctuation of 3.28 rpm, with harmonic
amplitudes of 0.25 and 0.322. The PLESO-based SQR controller
reduces these to 1.73 rpm, 0.028, and 0.022, while the PLESO-
based AFTISM controller results in 3.12 rpm, with harmonic
amplitudes of 0.98 and 0.64.

Fig. 15 summarizes the harmonic-suppression results at dif-
ferent speeds. It is evident that the PLESO-based SQR controller
outperforms both the PLESO-based proportional and AFTISM
controllers in attenuating the first and second harmonics. Al-
though the AFTISM controller achieves fast dynamic response
and strong robustness, it does not explicitly target harmonic
suppression, which leads to inferior attenuation of periodic

disturbances compared with the proposed PLESO-based SQR
controller.

D. Speed Regulation Performance Under Inertia Mismatch

To further verify the robustness of the proposed control
scheme, experimental results under variations in the PMSM
parameters are presented in Fig. 18. All controller and observer
parameters are kept consistent with those in Section IV-C.
According to the motor model (2), the key PMSM parameter
affecting the control performance is Kt, which depends on the
rotor magnetic flux and rotational inertia. Therefore, to evaluate
the impact of parameter variations, three sets of experiments are
conducted with Kt set to its nominal value, 0.8Kt, and 1.2Kt,
respectively.

At a reference speed of 100 rpm, each experiment consists
of a no-load startup followed by a full-load condition and is
conducted for all the Kt values to evaluate robustness against
inertia mismatch. As shown in Fig. 18(a)–(c), the proposed
PLESO-based SQR control scheme maintains satisfactory
speed regulation across all conditions, demonstrating strong
robustness against inertia mismatch. In general, it effectively
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Fig. 18. Performance of the PLESO-based SQR controller with Kt variation. (a) Kt. (b) 0.8Kt. (c) 1.2Kt.

suppresses parameter variations, periodic disturbances, and
aperiodic disturbances, showing clear advantages in handling
various uncertainties.

V. CONCLUSION

This article investigates the speed regulation of the PMSM
system subject to both periodic and aperiodic disturbances.
To improve system performance, a composite control strategy
is developed, featuring the PLESO-based feedforward control
for aperiodic disturbance rejection and the SQR-based feed-
back control for periodic disturbance suppression. On the one
hand, the PLESO incorporates a nonsmooth approximation to
replace conventional discontinuous terms, which guarantees
accurate disturbance estimation with finite-time convergence
while effectively eliminating chattering effects. On the other
hand, the PLESO design employs a constrained command fil-
ter to maintain bounded differential errors, thereby achieving
high-performance phase-lifting observation. Furthermore, a
switching mechanism is implemented in the feedback controller
to minimize the negative impact of the QR controller on the
PMSM system dynamics. Experimental validation demonstrates
the effectiveness and robustness of the proposed control scheme
in handling periodic disturbances, aperiodic disturbances, and
parameter variations.
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