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Abstract—Multirate continuous control set model predictive
control (CCS-MPC) facilitates higher switching frequencies by
simultaneously optimizing control actions across multiple sub-
cycles. However, conventional schemes do not incorporate voltage
constraints during the optimization process. Consequently, when
the commanded voltage exceeds the converter’s output capabil-
ity, output scaling becomes necessary. This not only compromises
the performance of the current sub-cycle, but also degrades the
tracking accuracy of subsequent sub-cycles, inevitably impairing
the system’s dynamic performance. Moreover, high-dimensional
matrix computations inherent to these schemes present substantial
challenges for real-time implementation on cost-effective digital
controllers. To overcome these limitations, this article proposes a
computationally efficient multirate CCS-MPC scheme with inte-
grated overmodulation capability. The entire tracking process of
these sub-cycles is strategically divided into three stages–chasing,
transition, and maintaining–each targeting specific control objec-
tives. By doing so, the original large-scale optimization is decom-
posed into three smaller subproblems, significantly reducing com-
putational complexity. Specifically, the chasing stage incorporates
dynamic overmodulation designed based on the shortest feasible
path of flux linkage tracking to ensure rapid dynamic response,
while in the maintaining stage, the rotor-movement effect across
sub-cycles is accounted for, enhancing steady-state performance.
Ultimately, experimental results validate the effectiveness of the
proposed approach, demonstrating a fivefold improvement in dy-
namic response and a 62.8% reduction in total execution time.

Index Terms—Continuous control set (CCS), dynamic
performance, execution time, model predictive control (MPC),
over-modulation, permanent magnet synchronous motor (PMSM),
sampling frequency, switching frequency.

I. INTRODUCTION

IN MOTOR drive applications, model predictive control
(MPC) has emerged as a promising alternative to traditional
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control schemes [1], [2], such as field-oriented control (FOC)
and direct torque control (DTC). MPC schemes outperform
these traditional schemes in both steady-state and dynamic
performance. More importantly, MPC schemes can incorporate
system constraints and nonlinear factors effectively, enabling
multiobjective optimization [3], [4].

MPC can be broadly grouped into two main categories, finite
control set MPC (FCS-MPC) and continuous control set MPC
(CCS-MPC). In FCS-MPC schemes, feasible switching states
are enumerated during each control cycle, and the switching state
that minimizes cost function is directly applied to the converter
in the subsequent switching cycle. Owing to its intuitive concept
and simple structure, FCS-MPC scheme has become the most
popular MPC approach in motor drive applications [5], [6], [7].

However, FCS-MPC inherently suffers from an unfixed
switching frequency. The absence of a modulation stage results
in a dispersed harmonic spectrum, leading to increased iron
and copper losses. Consequently, the CCS-MPC has attracted
growing attention due to its ability to maintain a fixed switching
frequency [8]. In motor drive applications, particularly for sys-
tems requiring high power density and low stator current ripple,
higher switching frequencies are often essential [9]. In addition,
applications with machines that have small stator inductance
or operate at high-speed particularly require higher switching
frequencies to effectively suppress stator current ripple [10].
The rapid development of wide band-gap (WBG) semiconductor
materials, such as the silicon carbide (SiC) and gallium nitride
(GaN) has made such high-frequency operation feasible from
a hardware perspective. Nevertheless, significant challenges
remain on the software side, particularly within the digital
controller. In traditional CCS-MPC, the sampling frequency is
typically the same as switching frequency or twice its value, and
the optimization problem can be solved online using quadratic
programming solvers. However, the online optimization typ-
ically requires several tens of microseconds [11], posing a
bottleneck for adopting higher sampling frequencies to achieve
higher switching frequencies.

To simplify the optimization process of CCS-MPC, many
researchers have proposed effective approaches. In [12], the
possible combinations of switching sequences are reduced by
considering the motor dynamic, resulting in only six candidate
sequences that need to be evaluated. In [11], the optimal output
voltage is obtained using a geometrical method, which avoids the
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use of general quadratic programming solver. However, in these
schemes, the switching frequency remains directly dependent on
the sampling frequency, and shortening the sampling interval
is the only way to increase the switching frequency. Unfortu-
nately, shortening the sampling interval is not always feasible
in practical applications, as the minimum sampling interval is
constrained by the total execution time, which also tasks such
as analog-to-digital conversion (ADC), speed and rotor position
estimation, and communication [13].

To achieve a higher switching frequency under a relatively
low sampling frequency, the concept of multirate framework
was proposed [14], [15], in which multiple switching cycles are
inserted within a single sampling interval. Under this framework,
a sequence of voltage vectors, rather than a single voltage
converter, is generated as the controller output. This approach
effectively reduces the ratio of total execution time and interrupt
interval, enabling the implementation of higher switching fre-
quency without the need to upgrade digital controller hardware.

In the multirate scheme, the determination of the optimized
sequence is critical, as it directly influences control performance.
In [14], the optimized sequence is selected based on a pre-
established dataset. However, in motor drive application, the data
collection process is extremely complex due to the wide speed
range and different operating conditions. As an alternative, a
model-based solution employing a lifting model was presented
in [15]. Theoretically, the proposed control law enables all
sub-cycles to accurately track their references. Nevertheless,
two major challenges remain. First, this control law can only
be implemented on a limited range of control platforms, as the
solving process involves intensive matrix operations, including
matrix inversion and high-dimensional matrix multiplication.
With the number of sub-cycles increases, solving for the opti-
mized sequence becomes even more challenging, particularly
on common commercial digital signal processors (DSPs). Sec-
ond, system constraints are not explicitly considered during the
solving process, which may lead to infeasible voltage vectors. In
addition, the scheme loses the ability to perform overmodulation,
thereby degrading the system’s dynamic performance.

Dynamic performance is a critical criterion in evaluating
motor drive systems, and the transient process is directly in-
fluenced by inverter output. When a large reference step oc-
curs, the controller might command a relatively large voltage
reference, which is beyond the output capability of inverter. In
such cases, overmodulation techniques are necessary to improve
dc-link voltage utilization ratio and enable fast tracking [16]. To
enhance transient performance while keeping the calculation
complexity at bay, a geometric approach is proposed in [17],
where the current reference is used to identify overmodulation
zones and calculate duty cycles. To enhance the current control
performance within the overmodulation zone, an optimized
current reference is obtained by locating the crossing point
between feasible current hexagon boundary and the expected
current trajectory [18]. By more finely dividing the voltage
vector space, voltage jumps in the high-speed region can be
suppressed, and ripple current can also be mitigated [19]. Other
objectives, such as common-mode voltage suppression [20] and
current distortion reduction [21], can also be incorporated into
overmodulation schemes.

In [22], a detailed analysis of the range of time-optimal solu-
tions is carried out based on flux trajectories, and an enhanced
overmodulation scheme is developed by introducing a leading
angle to the reference voltage vector. This approach effectively
mitigates current overshoot while preserving a fast dynamic
response. However, it does not guarantee the minimum settling
time. In the overmodulation region, the tracking process typi-
cally spans multiple switching cycles, making it challenging to
determine the optimal voltage vector based solely on information
from the current switching cycle [23]. Moreover, the effect of
applied voltage vectors on current tracking varies with the rotor
position, requiring tracking behavior to be predicted over an
extended time horizon. These challenges hint at the potentiality
of a multirate structure, in which a sequence of voltage vectors
is generated—offering the flexibility to naturally optimize the
trajectory.

Currently, most overmodulation techniques are developed
for single rate schemes, leaving significant potential to en-
hance dynamic response performance within multirate CCS-
MPC frameworks. To fully leverage the benefits of a multirate
structure, the control scheme must not only achieve superior
dynamic and steady-state performance but also remain compu-
tationally efficient; otherwise, the advantages of the multirate
approach are compromised. To address this gap, this work
proposes an effective and simple solution of multirate CCS-
MPC. The contribution of this work can be summarized as
follows.

1) The inverter output constraint is explicitly incorporated
into the optimization process. Unlike existing schemes
that apply postscaling to unsuitable voltage commands,
the proposed approach integrates overmodulation directly
into the solving process, thereby preventing the propaga-
tion of large tracking errors across sub-cycles.

2) The proposed scheme offers a simple and efficient solution
strategy. Instead of solving a high-dimensional sequence
of voltage vectors, it decomposes the problem into three
smaller sequences, avoiding matrix-heavy computations
and simplifying controller design. In addition, the com-
putational complexity increases only marginally with the
number of sub-cycles.

3) The proposed scheme exhibits fast dynamic response. The
overmodulation voltage vectors are optimized based on
the predicted flux linkage trajectory, enabling minimum
tracking time.

The rest of this article is organized as follows. Section II de-
scribes the system model, while Section III introduces the basic
principle of overmodulation and flux tracking. Section IV details
the proposed scheme, and then Section V evaluates its perfor-
mance through experiments. Finally, Section VI concludes this
article.

II. SYSTEM MODEL

The drive system in Fig. 1(a) consists of a two-level voltage
source converter and a permanent magnet synchronous machine
(PMSM). The dc-link voltage is denoted by Vdc, and the stator
current is represented by isx, where x ∈ {a, b, c} indicates the
phase.
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Fig. 1. System topology and inverter output. (a) Topology of a two-level
voltage source converter with PMSM. (b) Inverter output voltage vectors in
αβ frame.

A. Inverter Output

For a three-phase two-level converter, its switching state is
represented as (Sa Sb Sc), where Sx∈{0, 1}. There are eight
possible switching states: (0 0 0), (1 0 0), (1 1 0), (0 1 0), (0
1 1), (0 0 1), (1 0 1), and (1 1 1). As illustrated in Fig. 1(b),
the maximum output capability is formed by the boundary of a
hexagon in αβ frame.

The converter output voltage in the αβ reference frame is de-
noted as uαβ = [usα usβ ]

T, and its projection onto the rotating
dq reference frame is represented as udq = [usd usq]

T. The dq
component are obtained using the inverse Park transformation

udq = KIP(θe)uαβ =

[
cos θe sin θe

− sin θe cos θe

]
uαβ (1)

where θe is the electrical angle.
The voltage vector command is typically provided by the

current controller. When the voltage reference remains within
the hexagon boundary, full modulation freedom is maintained,
and the current controller is not interfered. In addition, the
inscribed circle in Fig. 1(b) represents the linear modulation
region. However, during rapid current reference change, the
commanded voltage vector may exceed the hexagonal limit,
requiring the overmodulation techniques to maintain control
performance.

B. PMSM Mathematical Model

The variables isd and isq represent the stator currents in the dq
reference frame. By selecting idq=[isd isq]

T as state variables,
the dynamic model of the PMSM in the dq frame can be
expressed as

didq

dt
= Aidq +Budq +E (2)

where the input is udq=[usd usq]
T, and parametric matrices are

defined as

A=

⎡
⎢⎣
−Rs

Ld
ωe

−ωe
−Rs

Lq

⎤
⎥⎦B=

⎡
⎢⎣

1

Ld
0

0
1

Lq

⎤
⎥⎦E=

⎡
⎣ 0
−ωeϕf

Lq

⎤
⎦ (3)

whereRs is the stator resistance,ϕf denotes the permanent mag-
net flux linkage, Ld and Lq correspond to the stator inductance
in d- and q-axis, respectively, and ωe is the electrical angular
velocity.

Then, the corresponding discrete-time state-space model is
expressed as

idq(k+1) = Adidq(k) +Bdudq(k) +Ed. (4)

where Ts is the sampling period, and k and k + 1 denote
the current and next discrete time steps, respectively, with the
discrete-time matrices Ad, Bd and Ed are computed as

Ad = eATs ,Bd =

∫ Ts

0

eAτB dτ,Ed =

∫ Ts

0

eAτE dτ. (5)

III. FLUX TRACKING AND DYNAMIC OVERMODULATION

The closed-loop control of PMSM can be regarded as driving
the stator flux linkage to track its reference value through the
application of appropriate voltage vectors [23].

A. Flux Tracking

The stator flux linkage can be expressed in terms of stator
currents and motor parameters. In the dq frame, the stator flux
linkage vector ϕdq is given by

ϕdq =

[
ϕsd

ϕsq

]
=

[
Ld 0

0 Lq

]
idq +

[
ϕf

0

]
. (6)

In steady state, both ϕsd and ϕsq are direct components. The
corresponding stator flux linkage in αβ frame, denoted as ϕs=
[ϕsα ϕsβ ]

T, can be obtained via ϕs = K−1
IP (θe)ϕdq. Similarly,

the stator flux reference ϕ∗
s rotates with electrical speed of ωe.

When neglecting the influence of stator resistor, the flux
linkage dynamic in αβ frame can be approximated by

uαβ =
d

dt
ϕs. (7)

Over a short time interval Ts, the variation of the stator flux
linkage can be approximated by the time integral of uαβ , i.e.,

ϕs(k + 1) = ϕs(k) + uαβ(k)Ts. (8)

By applying an appropriate voltage vector, both the amplitude
and direction of ϕs can be adjusted.

Reformulating the current tracking problem to flux tracking
problem provides an intuitive method to evaluate the effect of
applied voltage vectors in αβ frame. The flux behavior in αβ
frame is illustrated in Fig. 2. As shown in Fig. 2, within one Ts,
the change of ϕs is determined by the inverter output and time
interval, i.e., the uαβTs.

Assuming ϕs(k) as the origin, the reachable flux region can
be obtained by scaling the voltage hexagon, where the side
length of the flux hexagon is 2/3VdcTs. As shown in Fig. 2, the
reachable flux references are marked as pentagrams, while these
unreachable flux references are marked as diamonds. Since the
maximum output capability is a hexagon, the achievable region
of flux linkage is also a hexagon.

When the reference vector ϕ∗
s(k+1) lies within this flux

hexagon, accurate tracking can be achieved within a single Ts.
However, if it falls outside this region, the stator flux reference
becomes unreachable within one Ts, indicating that the tracking
process will extend over multiple switching cycles.
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Fig. 2. Flux linkage and and its variation within one Ts in flux αβ frame.

Fig. 3. Various overmodulation schemes.

B. Overmodulation

During transients, the voltage command uctrl may exceed the
inverter’s output limit defined by Vdc, as shown in Fig. 3. In
such cases, overmodulation techniques are required to clip the
voltage vector to the inverter’s output hexagon boundary. Several
overmodulation strategies have been developed, including the
minimum phase error (MPE) method or minimum distance
(MD) method. As shown in Fig. 3, ifuctrl lies outside the voltage
hexagon, either uov,MPE (calculated using the MPE method) or
uov,MD (obtained via the MD method) can be applied. The MPE
approach determines the intersection point of the desired voltage
vector and the hexagon boundary, while the MD approach selects
the nearest feasible point on the voltage hexagon.

While the implementation of uov,MD and uov,MPE do not
achieve flux tracking at the end of the current switching cycle,
it drives the stator flux toward its reference. The occurrence of
overmodulation indicates that the tracking process must span
multiple control cycles. In this case, the voltage vector applied
during the transient period becomes a sequence of vectors, of-
fering the opportunity for optimization to accelerate the tracking
process.

IV. PROPOSED MULTIRATE CCS-MPC SCHEME

Continuous overmodulation extends speed range of motor
drives but introduces increased torque ripple and additional
acoustic noises [24]. Therefore, in this work, dynamic overmod-
ulation is adopted, meaning that overmodulation is applied only
during transient conditions. In steady-state operation, the drive
remains within the linear modulation region [22].

Within the multirate framework, a sequence of voltage vectors
is generated to guide the stator flux toward its reference. To

Fig. 4. Structure of multirate framework in the case of N=6. Each Ts

comprises six Tc, and each Tsw spans two Tc.

ensure computational efficiency, the solution process is struc-
tured into three distinct operational states: chasing, transition,
and maintaining, each tailored to the flux evolution stage during
transients.

A. Multirate Framework

In multirate framework, multiple control cycles are inserted
into one single sampling cycle. The control interval is denoted
as Tc, while the sampling interval is defined as Ts. The multirate
parameter N characterizes the relationship between sampling
and control intervals, given by

Ts = NTc. (9)

The duration of each sub-cycle is defined as γTs, where
γ=1/N . An example with N=6 is illustrated in Fig. 4. To
ensure accurate tracking, one switching cycle Tsw comprises
two control cycles, allowing distinct duty cycle information to
be applied to the first and second halves of the switching cycle.
An even value ofN is preferable in Fig. 4, as it simplifies both the
configuration and the triggering of sampling events in practical
implementations.

Unlike traditional single rate schemes, the multirate scheme
penalizes control errors at all internal instants. As shown in
Fig. 4, the tracking errors from instant (k+γ)Ts, (k+2γ)Ts,
to (k+ 1)Ts, are all considered in the optimization process. It
should be noted that the (k+Nγ)Ts is identical with (k+1)Ts.

Consequently, the controller output in multirate scheme is a
sequence of voltage vectors, rather than a single voltage vector.
These voltage vectors are applied sequentially, each with a
duration of Tc. The control output at the sampling instant kTs is
represented as

uk
ctrl =

[
u1

ctrl u2
ctrl · · · uN−1

ctrl uN
ctrl

]
. (10)

B. References and Tracking Capability

In the αβ frame, the θe evolves at an angular velocity ωe,
causing the stator flux linkage reference to rotate continuously
in the flux plane. The flux linkage references for the nth internal
sub-cycle is denoted as ϕnγ

s,ref , where n is an integer less than or
equal to N .

Fig. 5 illustrates the evolution of the stator flux reference at
different time instants within one Ts. While the amplitude of the
flux reference remains constant through the interval, its phase
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Fig. 5. Reference update and flux tracking capability within internal cycles.

shifts progressively due to rotor rotation. This dynamic variation
poses challenges for flux tracking and output voltage calculation.

To evaluate whether the flux reference is reachable at a given
instant, a reachable region function H(x) is defined. Taking
the actual stator flux ϕk

s being the geometric center, H(x)
describes the maximum reachable area within a time interval
of x. The boundary of H(x) forms a regular hexagon with ϕk

s

as the geometric center, and the size of hexagon scales with
the duration x. If the distance between ϕk

s and ϕnγ
s,ref exceeds

the range of H(nTc), then the flux linkage reference is not
achievable within nTc.

In the example shown in Fig. 5, the flux reference remains
outside the reachable region during the first five sub-cycles. At
the sixth sub-cycle, however, ϕ6γ

s,ref falls within the hexagonal
boundary for the first time, indicating that the flux reference
becomes trackable before the end of the sixth control interval.

For the nth sub-cycle, the distance between ϕnγ
s,ref and ϕk

s is
defined as Δϕnγ

s , with

Δϕnγ
s = ϕnγ

s,ref −ϕk
s =

[
Δϕnγ

sα

Δϕnγ
sβ

]
. (11)

The flux reference at the nth subcycle is considered reachable
if the following hexagonal constraint is satisfied:⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
3 1

0 1

−√
3 1

−√
3 −1

0 −1√
3 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
[
Δϕnγ

sα

Δϕnγ
sβ

]
≤

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2VdcnTc√
3

VdcnTc√
3

2VdcnTc√
3

2VdcnTc√
3

VdcnTc√
3

2VdcnTc√
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (12)

As depicted in Fig. 5, the inequality in (12) is not satisfied
until the sixth sub-cycle, indicating that the stator flux reference
becomes reachable only after five sub-cycles.

C. Proposed Computationally Efficient Solution

When solving for the optimal voltage vector sequence in (10),
both the steady state accuracy and transient response should
be considered. More specifically, in the presence of a large
reference step, dynamic overmodulation is required to enable

Fig. 6. Determination of output voltage when tracking can not be achieved
within one Ts. (Case I).

fast tracking. To this end, it is essential to identify the earliest
time instant at which the reference flux becomes reachable
and determine the corresponding voltage vector to be applied.
Meanwhile, during steady-state operation, the effect of rotor
movement across sub-cycles must be accounted for to ensure
precise flux tracking.

In some scenarios, the tracking process may span multiple
sampling intervals, particularly when the initial tracking error
is large. Two representative cases are considered to address this
situation:

1) Case I: The reference flux cannot be tracked within a
single Ts. In this case, all N sub-cycles in the sampling
interval operate in the overmodulation region.

2) Case II: The reference flux can be successfully tracked
within oneTs. Here, the objective is to achieve fast tracking
at the first several sub-cycles, and then maintain it in the
remaining sub-cycles.

At the first step, the tracking ability is checked with time
interval of Ts. If (12) is not satisfied, the solution is calculated
using Case I. Otherwise, Case II will be applied. The dedicated
solving process for Case I and Case II is detailed as follows.

1) Solution to Case I: The flux linkage at Ts, denoted as
ϕTs

s,ref , lies outside the feasible hexagon H(Ts) in this scenario,
as illustrated in Fig. 6. This situation requires multiple sampling
intervals to bring the flux reference inside the feasible hexagon
region. For example, in Fig. 6, the desired stator flux becomes
reachable in the third Ts.

Assuming it takes d sampling cycles for the hexagon H(dTs)
to encompass its corresponding stator flux reference ϕdTs

s,ref . By

connecting the present flux ϕk
s to ϕdTs

s,ref , the slope of flux angle
θs can be obtained as follows:

tan(θs) =
ϕdTs

sβ,ref − ϕk
sβ

ϕdTs

sα,ref − ϕk
sα

. (13)

It should be noted that the slope calculation is omitted when
θs = ±90◦, as the desired voltage can be directly determined in
this scenario. In Case I, the prediction horizon for the optimized
voltage vector calculation is dTs.

The angle θs defines the desired direction of flux variation
and indirectly determines the output voltage vector. In Case I,
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Fig. 7. Boundary equations of hexagon and calculation of the output voltage
vector.

TABLE I
OUTPUT VOLTAGE VECTOR UNDER OVERMODULATION

the same output voltage vector is applied throughout all N sub-
cycles of durationTs. In theαβ voltage plane, the specific output
vector is found as the intersection between the ray at angle θs
and the boundary of the hexagon. Over-modulation is employed
during all N sub-cycles, and the resulting voltage vector for the

nth sub-cycle is denoted asun
ctrl =

[
un
ctrlα un

ctrlβ

]T
. As shown

in Fig. 7, the six edges of the hexagon are expressed as six linear
equations. The resulting voltage vector at the boundaries can be
obtained based on these boundary equations. For example, when
θs ∈ (π3 ,

2π
3 ], the intersection point is calculated by solving{

un
ctrlβ = Vdc√

3

un
ctrlβ = tan(θs)u

n
ctrlα

. (14)

Different hexagon segments are selected depending on the
value of θs. The corresponding expressions for uctrln under
different angular regions are summarized in Table I. Note that
although the reference flux at a future time dT s is used for
direction estimation, the computed duty cycle is still applied
in the current sampling interval.

As shown in Fig. 6, the stator flux is driven toward its reference
along the shortest possible path, thereby ensuring the minimum
tracking time. In this scenario, the evaluation of tracking instants
is based on time interval of Ts. In practice, if the required d is
excessively large, a limit Nov is imposed. In such cases, ϕNovTs

s,ref

is used to determine θs, effectively introducing a lead angle in
the output voltage vector.

2) Solution to Case II: When the flux linkage can be tracked
within one Ts, the N sub-cycles can generally be divided into
three operational stages:

1) Stage 1: Chasing with overmodulation. The inverter oper-
ates in the overmodulation region to rapidly drive the flux
toward its reference.

2) Stage 2: Transition with deadbeat control. Deadbeat con-
trol is employed to accurately reach the target flux linkage.

3) Stage 3: Maintaining under rotor movement. The flux is
sustained at the reference under steady-state conditions.

In Case II, a single-step prediction is performed, and N
voltage vectors are calculated within one sampling cycle. The
first step is to determine the sub-cycle at which the flux linkage
becomes trackable. Assume that tracking becomes possible at
the mth sub-cycle, the entire sampling interval can then be
divided into the three aforementioned stages, as shown in Fig. 8.

a) Stage 1 of Case II: For the first m−1 sub-cycles, the
output voltage vector lies on the boundary of hexagons, indicat-
ing the overmodulation operation. During these sub-cycles, the
output voltage is determined by connecting ϕk

s and ϕmγ
s,ref . The

detailed voltage components in the αβ frame for this stage are
denoted as ust1 and obtained using the flux angle in Table I. The
controller output for stage 1 includes m−1 voltage vectors

ukTs
st1 =

[
u1

ctrl u2
ctrl · · · um−1

ctrl

]︸ ︷︷ ︸
m-1 elements

. (15)

b) Stage 2 of Case II: After the first m−1 sub-cycles, the
flux linkage is sufficiently close to its reference such that exact
tracking is possible in the mth sub-cycle. During the first m−1
sub-cycles, identical voltage vectors in the αβ axes are applied,
covering a total duration of (m−1)γTs.

At the end of mth sub-cycle, the stator flux precisely tracks
its reference

ϕmγ
s = ϕmγ

s,ref = ϕk
s + usavgmTc −Rsi

k
sαβmTc (16)

where usavg is the average voltage vector over the interval from
kTs to k+mTc.

Since the voltage vectors for the first m− 1 sub-cycles are
already known from stage 1

usavgmTc = u1
ctrl(m− 1)Tc + um

ctrlTc. (17)

Thus, the voltage vector for the mth sub-cycle is

ukTs
st2 = um

ctrl = musavg − (m− 1)u1
ctrl. (18)

c) Stage 3 of Case II: After completing the chasing and
deadbeat tracking in stages 1 and 2, both the flux linkage and
dq stator currents reach their corresponding references at instant
(k +mγ)Ts. For the remaining N−m sub-cycles, the control
objective is to maintain this tracking. By replacing the predicted
stator currents with their reference values in (4), the desired
voltage for the nth sub-cycle in the dq frame is{

un
dst3 = Rsisd,ref − ωeLqisq,ref

un
qst3 = Rsisq,ref + ωe(Ldisd,ref + ϕf)

(19)

where n ∈ [m+1, N ]. Notably, the voltage vector in (19) is dc
variable and remains valid for all remaining N−m sub-cycles.
Considering the rotation of rotor, the electrical angle updates
across sub-cycles

θnγe = θke + ωenTc. (20)
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Fig. 8. Three-stage structure when tracking is possible within one sampling interval (Case II).

For the nth sub-cycle, the voltage vector in αβ frame is
expressed as un

ctrl. By projecting it onto the dq axis over the sub-
cycle interval and equating it to udqst3, the following expression
is obtained [25]:

udqst3 =

∫ θnγ
e +ωeTc

θnγ
e

un
ctrle

−j(θnγ
e +ωeτ) dτ

=
2 sin ωeTc

2

ωeTc
un

ctrle
−j(θnγ

e +ωeTc
2 )

=
2 sin ωeTc

2

ωeTc
K−1

IP

(
θnγe +

ωeTc

2

)
un

ctrl. (21)

Then, the voltage vector that maintains tracking in the nth
sub-cycle is

un
ctrl =

ωeTc

2 sin
(
ωeTc

2

) KIP

(
θnγe +

ωeTc

2

)
un

dqst3. (22)

In (22), the term ωeTc/2 is always much smaller than π, as it
is constrained by the carrier ratio.

For each sub-cycles in stage 3, the voltage vector information
is calculated with corresponding rotor angles. Thus, the output
of stage 3 optimization is

ukTs
st3 =

[
um+1

ctrl um+2
ctrl · · · uN

ctrl

]︸ ︷︷ ︸
N-m elements

. (23)

Finally, the complete voltage sequence, which consists of N
vectors and is formed by combining the solutions from the three
stages, is expressed as

ukTs
opt =

[
ukTs

st1 ukTs
st2 ukTs

st3

]
︸ ︷︷ ︸

N elements

. (24)

The overall control flowchart of the proposed multirate CCS-
MPC scheme is illustrated in Fig. 9. After sampling, delay com-
pensation is performed using the sampled values and the voltage
sequence from the previous optimization. Although there are N
sub-cycles within each sampling interval, delay compensation
is executed only once. Specifically, the average voltage over
all N sub-cycles is used, and the compensation is applied over
the full sampling period Ts rather than the sub-cycle period Tc.
Subsequently, the system evaluates whether accurate tracking
can be achieved within a single sampling interval. If so, the
scheme proceeds to Case II, where the N sub-cycles are divided

Fig. 9. Flowchart of the proposed multirate CCS-MPC.

into three groups according to the earliest sub-cycle at which ac-
curate tracking becomes feasible. Otherwise, the scheme follows
Case I, where an identical voltage vector with overmodulation
is applied across all sub-cycles. When considering the influence
of dead time, voltage compensation can be performed based on
the amplitude and polarity of the load current [26].

V. EXPERIMENTAL VERIFICATION

The experimental setup is illustrated in Fig. 10. A dSPACE
MicroLabBox is employed as the digital controller. The param-
eters of the tested PMSM drive are summarized in Table II. An
induction machine (IM), mechanically coupled to the PMSM
via a shared shaft, is used to provide the load torque. The
inverter is powered by a stiff dc source. The converter employs
SiC MOSFETS (C3M0065100 K), and the dead time is set to
400 ns.

The proposed multirate (MR) CCS-MPC scheme is evaluated
against two existing schemes. The first is the conventional MR
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Fig. 10. Experimental setup.

TABLE II
PARAMETERS IN EXPERIMENTS

Fig. 11. Sampling and switching pattern of the high-frequency SR CCS-MPC
used for experimental comparison.

CCS-MPC from [15] (hereafter referred to as “conventional
MR CCS-MPC”). The second is a single-rate (SR) CCS-MPC
scheme that operates with a lower sampling/control frequency
but a higher switching frequency (hereafter referred to as “high-
frequency SR CCS-MPC”). In the high-frequency SR CCS-
MPC, multiple switching cycles are embedded within each
sampling cycle; however, all sub-cycles share an identical duty
cycle [27], as illustrated in Fig. 11. Although the switching fre-
quency differs from the sampling/control frequency, the scheme
is still referred to as “single-rate” because the term ‘multirate’
here only refers to the difference between sampling and control
frequencies.

In both the conventional MR CCS-MPC and the high-
frequency SR CCS-MPC, when the voltage command exceed the
hexagon, the inverter output voltage is clamped to the hexagon
using the MPE overmodulation method, as illustrated in Fig. 3.

It should be noted that all three schemes have the same sam-
pling frequency and same switching frequency. The sampling
frequency is set to 5 kHz, and 10 sub-cycles are inserted within
each sampling interval (i.e.,N=10). Due to the use of up–down
carriers, the effective switching frequency is 25 kHz across
all schemes. A key distinction is that the two MR CCS-MPC
schemes update the duty cycle information at every sub-cycle,
whereas the SR scheme maintains a fixed duty cycle throughout
each sampling period.

Fig. 12. Experimental results under 1000 r/min rotor speed and 6 N ·m load. (a)
High-frequency SR CCS-MPC. (b) Conventional MR CCS-MPC. (c) Proposed
MR CCS-MPC.

A. Steady-State Performance

The performance under rated speed (1000 r/min) and rated
load torque (6 N· m) is illustrated in Fig. 12, where nr denotes
the rotor speed in rpm. Although all schemes operate at the
same switching frequency, both the proposed MR scheme and
the conventional MR CCS-MPC outperforms the basic high-
frequency SR CCS-MPC in terms of stator current quality.

As illustrated in Fig. 12, the total harmonic distortion (THD)
in the proposed scheme and the conventional MR CCS-MPC is
1.98% and 1.96%, respectively, both of which are lower than
the 2.10% observed in the high-frequency SR CCS-MPC. This
improvement is primarily attributed to the updated duty cycles
within sub-cycles. In contrast, the traditional scheme applies
identical duty cycles across all sub-cycles and fails to account
for rotor movement within each switching cycle, leading to
degraded current quality. These results also indicate that sim-
ply increasing the switching frequency–without updating duty
cycle information–cannot take full advantage of high-frequency
operation.

B. Dynamic Response Comparison

In the dynamic performance evaluation, the rotor speed is
regulated by the IM and only the inner current loop of PMSM
is tested. In test, the q-axis current reference of the PMSM steps
from 2 to 6 A. To ensure a fair comparison and eliminate the
influence of rotor position, this step change is applied at the
same rotor angles across all three schemes. The stator current
waveforms during the transient are shown in Fig. 13, where iamp

represents the amplitude of the stator current vector.
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Fig. 13. Experimental results under current step change. (a) High-frequency SR CCS-MPC. (b) Conventional MR CCS-MPC. (c) Proposed MR CCS-MPC.

Fig. 14. Stator flux tracking during step change.

As shown in Fig. 13(c), the proposed MR CCS-MPC exhibits
the fastest dynamic performance, achieving a settling time of
only 0.44ms, which is more than five times faster than that of
the conventional MR CCS-MPC, as shown in Fig. 13(b). The
corresponding stator flux amplitudes during the step change are
illustrated in Fig. 14.

To gain further insight into controller behavior during tran-
sients, the controller output and inverter output voltage vector
are illustrated in Fig. 15. Here, tk denotes the time instant
kTs, at which the transient event is assumed to occur. For both
MR CCS-MPC schemes, only the reference voltage vector and
inverter output of the first sub-cycle is presented, as the primary
difference are most evident in this sub-cycle. In the conventional
MR CCS-MPC, the controller attempts to track the reference
within the first control cycle, even if the resulting voltage ref-
erence is not practically achievable. For the high-frequency SR
CCS-MPC, however, all sub-cycles produce identical outputs.

As shown in Fig. 15(a), when the current reference changes,
the controller generates a relatively large voltage vector that lies
outside the voltage hexagon boundary. Consequently, overmod-
ulation is triggered, and it lasts for two sampling intervals. Then,
the voltage vector reenters the hexagon at the instant tk+3. After
applying uinv,k+3, the current successfully tracks its reference.
Therefore, the total settling time spans three sampling inter-
vals, corresponding to 0.6ms under a 5 kHz sampling/control
frequency.

In Fig. 15(b), it can be found that the controller stays on the
overmodulation region for an extended period. The output of
controllers is more than 600V, which exceeds inverter’s output
capability. It should be noted that only the information about

the first sub-cycle is depicted in Fig. 15(b); for the remaining
nine cycles, they all located inside the hexagon, as the controller
assumes tracking was already completed at the end of first sub-
cycle. This will inevitably cause slow dynamic, as only the first
sub-cycle contributes to reference tracking. At instant tk+13, the
controller’s output returns within the hexagon, and after the first
control cycle, the tracking is finally completed. This process
spans 13 sampling intervals and one control cycle, leading to
a total settling time of 2.42 ms. The stator flux linkage during
transients is demonstrated in

As shown in Fig. 15(c), the proposed controller maintains
its output within the hexagon during transients by considering
the voltage constraints in the optimization process. Compared
to the traditional scheme, another significant advantage of the
proposed method is its ability to perform tracking within inter-
nal sub-cycles. In contrast, tracking in the high-frequency SR
CCS-MPC scheme is only feasible at the end of full sampling
cycles. This advantage becomes even more pronounced with as
N increases.

Fig. 16 illustrates the modulation zones associated with each
sub-cycle, as well as the exact instant when reference tracking
occurs. In the conventional MR CCS-MPC scheme, only the first
sub-cycle of each sampling interval enters the overmodulation
zone during transients. In contrast, the proposed MR scheme re-
mains in overmodulation zone for two entire sampling intervals
and one control cycle, and requires an additional control cycle to
complete reference tracking. The entire tracking process spans
two sampling intervals and two control cycles, corresponding to
0.44ms in total.

C. Calculation Burden Assessment

The total execution time and floating-point operatoins of the
three schemes are presented in Table III, where additions (Add.),
multiplication (Mult.), divisions (Div.), and trigonometric func-
tions (Trig.) are considered.

Compared to the high-frequency SR CCS-MPC scheme, the
proposed scheme incurs a slightly higher execution time, as each
sub-cycle produces a distinct output, introducing a moderate
increase in computational load. However, considering the sam-
pling interval is relatively large at multirate schemes due to its
low sampling frequency, this increase is negligible in practice.
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Fig. 15. Controller and inverter output voltages during transients. (a) High-frequency SR CCS-MPC. (b) Conventional MR CCS-MPC. (c) The proposed MR
CCS-MPC.

TABLE III
EXECUTION TIME AND FLOATING-POINT OPERATION COMPARISON

Fig. 16. Modulation zone and tracking point during transients.

In contrast to the conventional MR CCS-MPC scheme, the
proposed scheme offers significant advantages in reducing cal-
culation complexity. Specifically, the execution time of the con-
ventional MR CCS-MPC scheme rises to as high as 46.8µs,

Fig. 17. Total execution time under different N .

whereas the proposed scheme achieves a substantially lower
execution time of only 17.4µs, representing a 62.8% reduction.

In addition, the calculation effort of the conventional MR
CCS-MPC increases exponentially with N , as shown in Fig. 17,
where the number of sub-cycles grows from 2 to 14. In con-
trast, the proposed MR CCS-MPC scheme demonstrates only
a marginal increase in complexity with respect to N . More
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Fig. 18. Speed reversal test under no-load conditions for the proposed MR
CCS-MPC. (a) From−500 to 500 r/min. (b) From 500 to−500 r/min.

Fig. 19. Load change test at rated speed for the proposed MR CCS-MPC. (a)
From 3 to 6 N · m. (b) From 6 to 3 N · m.

TABLE IV
OPTIONS TO ACHIEVE A 25 KHZ SWITCHING FREQUENCY

importantly, it eliminates the need for complex matrix opera-
tions, making it well-suited for implementation on most com-
mercial DSPs.

D. Transient Performance

The experimental results of the speed reversal test for the
proposed scheme are presented in Fig. 18, where the speed
command of PMSM switches between 500 and −500 r/min
under no-load condition.

The experimental results of the load torque change test are
shown in Fig. 19, where the load torque switches between 3
and 6 N · m. In this test, speed regulation is implemented in the
PMSM side, while the torque change is introduced by modifying
the torque output of the IM.

As shown in Figs. 18 and 19, both speed and stator currents
are well regulated during transients, with no overshoot observed
in the rotor speed. Besides, despite the control of the internal
sub-cycles being conducted without intermediate sampling, the
proposed scheme demonstrates excellent dynamic performance.

E. Performance Under Different Sub-Cycles and Parameter
Mismatch

For a given switching frequency, multiple (fs, N) combina-
tions are possible. Table IV lists three options that achieve a
switching frequency of 25 kHz, where the interrupt occupancy
is defined as the ratio of total execution time to sampling interval
Ts. As shown in Table IV, a higher N is beneficial to reduce the
interrupt occupancy, which means a lower-cost digital controller
can be used to achieve a certain switching frequency.

Fig. 20. Performance comparison of the proposed MR scheme under different
N and fs. The rotor flux linkage is overestimated by 20%. (a) fs = 12.5 kHz
and N = 4. (b) fs = 6.25 kHz and N = 8. (c) fs = 5 kHz and N = 10.

The performance under parameter mismatch is demonstrated
in Fig. 20, where the rotor flux linkage is overestimated by 20%.
When N = 4, the THD under parameter mismatch is 2.97%,
as shown in Fig. 20(a). In comparison, when N is increased to
10, significant distortion appears in the stator current and the
THD rises to 5.43% [see Fig. 20(c)]. In addition, the zoomed-in
waveforms reveal that the current ripple exhibits a periodicity of
Ts, as shown in Fig. 20(b) and (c). Within multirate framework,
only the first sub-cycle uses sampled values, while the subse-
quent sub-cycles rely on predictive results. The current ripple
arises from prediction errors will increase and accumulate until
the next sampling event occurs. To mitigate the influence of
parameter mismatch, parameters identification algorthm can be
integrated [28].

From a robustness perspective, a smaller N and higher fs are
preferred. The specific choice of N can be determined based
on the interrupt occupancy of digital controller and the desired
switching frequency.

VI. CONCLUSION

Conventional multirate CCS-MPC suffers from limited dy-
namic performance and involves extensive high-dimensional
matrix computations, which hinder its deployment on low-cost
digital controllers. This paper presents a computationally effi-
cient multirate CCS-MPC scheme that significantly improves
dynamic performance. By evaluating the flux linkage tracking
capability over a specified time interval, the proposed approach
identifies the exact sub-cycle where accurate tracking can be
achieved. The entire control process is then divided into three
stages, each with distinct objectives, effectively transforming
the problem of determining a long voltage vector sequence into
solving three smaller sub-sequences. This decomposition sim-
plifies the optimization process and results in a 62.8% reduction
in total execution time. Unlike conventional approaches, the pro-
posed scheme exhibits only a minor increase in computational
complexity as the number of sub-cycles increases, making it
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well-suited for high-frequency applications with limited pro-
cessing resources. Furthermore, the voltage vector in the over-
modulation region is selected based on the principle of minimum
tracking distance, ensuring a much faster dynamic response.
Experimental results confirm that the proposed method achieves
a fivefold improvement in dynamic performance compared to
existing multirate CCS-MPC schemes, while maintaining low
computational burden suitable for practical implementation.
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