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Adaptive Finite Time Disturbance Observer-Based
SPMSMs Position Sensorless Drive

Dongsong Jin , Student Member, IEEE, and Ling Liu , Senior Member, IEEE

Abstract—In this article, an adaptive finite time disturbance
observer (FTDO)-based position sensorless drive method is pro-
posed to improve the position and speed observation perfor-
mance of surface-mounted permanent magnet synchronous motor
(SPMSM). First, to observe system disturbance in a finite time,
an adaptive FTDO is proposed by designing an adaptive law and
combining it with a fixed time sliding surface. Due to the designed
adaptive law can stably track the bound of the first-order derivative
of disturbance, the adaptive FTDO does not need to know the
bounds of disturbance and its first-order derivative, which will
also suppress the chattering of observed disturbance. Subsequently,
to compensate for the disturbance in the observed flux initially
obtained by the flux observer and simultaneously observe the
speed, an adaptive speed observer is designed by adopting the
proposed adaptive FTDO. Besides, the finite time convergence and
stability of the adaptive FTDO have been demonstrated according
to the Lyapunov theory. The coefficient setting guides for adaptive
FTDO are also provided. The effectiveness of the proposed adaptive
FTDO-based method is verified by contrastive experiments on an
SPMSM.

Index Terms—Adaptive finite time disturbance observer
(FTDO), position sensorless drive, speed observer, surface-
mounted permanent magnet synchronous motor (SPMSM).

NOMENCLATURE

Let us = [usα, usβ ]
T and is = [isα, isβ ]

T denote the αβ-
axis stator voltage vector and stator current vector, respec-
tively, Rs denotes stator resistance, Ld and Lq represent the
dq-axis stator inductances, id and iq represent the dq-axis sta-
tor currents, ψs = [ψsα, ψsβ ]

T denotes the αβ-axis stator flux
vector, ψA = [ψrα, ψrβ ]

T = ψa[cos θe, sin θe]
T represents the

rotor active flux vector, ψa = [(Ld − Lq)id + ψf ] designates
the amplitude of ψA, ψf denotes the permanent magnet flux
linkage, θe denotes the rotor angle, ωe represents the electrical
angular speed,Te denotes the electromagnetic torque,Tl denotes
load torque, np denotes the number of pole pairs, J and Bω
denote the rotational inertia and frictional factor.
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I. INTRODUCTION

SURFACE-MOUNTED permanent magnet synchronous
motor (SPMSM) has gained increasing popularity in vari-

ous industrial fields including household appliances, electrified
transportation and precision manufacturing in view of its ad-
vantages, such as strong reliability and high power density [1].
Thanks to the characteristics such as reducing the size of motor
and enhancing reliability, position sensorless drive methods have
been broadly studied and applied in SPMSM control [2]. At
present, position sensorless drive methods are mainly divided
into high frequency signal injection methods [3] for zero-low
speed domain and model-based methods [4], [5] for medium-
high speed domain. Although the high-frequency signal injec-
tion methods have favorable observation effect in the zero-low
speed domain, they require a certain anisotropy of the motor and
bring high frequency noises [6].

The model-based methods can be subdivided into the back
electromotive force (EMF)-based methods and the rotor flux-
based methods, with specific methods including extended state
observer (ESO) [7], sliding mode observer (SMO) [8], extended
Kalman filter [9], etc. However, since the amplitude of the back
EMF is proportional to the speed, although the back EMF-based
methods can exhibit good performance in the medium-high
speed domain, it will deteriorate as the speed decreases, resulting
in a narrow operational speed range for the back EMF-based
methods [10], [11], [12].

Different from the back EMF, the rotor flux does not change
with speed, preparing the foundation for realizing position sen-
sorless operation of SPMSM over a wide speed range [13]. How-
ever, due to the use of integral link, disturbance including direct
current (dc) bias and high order harmonics will be generated
when observing the flux. To remove the generated disturbance,
a frequency-adaptive observer is designed in [14], which has
enhanced the accuracy of position estimation. In [15], to improve
the robustness to disturbance and broaden the operating speed
domain, a novel hybrid active flux observer (HAFO) based on
an ESO is designed. However, these two types of observers
exhibit filtering characteristics. Besides, the methods described
in [14] and [15] both employ type 2 system to derive position
information from the observed rotor flux. These two aspects will
both limit the dynamic performance of the motor when operating
over a wide speed range.

With its advantages such as strong robustness to disturbance
and excellent dynamic performance, SMO has been studied
and applied in the rotor flux-based methods. In [16], to en-
hance the robustness against model parameter mismatches, a
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dual-layer adaptive sliding mode algorithm is proposed for
designing a flux observer-based strategy. However, the designed
adaptive algorithm is based on the equivalent control theory,
which necessitates a balance between chattering suppression
and dynamic performance. And the cascading use of the two
observers has increased the redundancy and the computational
load. To improve the dynamic performance and robustness to
load, a third-order super-twisting ESO (STESO) is proposed
in [17] by combining the super-twisting algorithm with ESO.
Furthermore, a dual-level adaptive law for third-order STESO
is designed in [18], which has extended the operating range
and suppressed sliding mode ripples. However, observers such
as STESO require a rough estimated rotor position, making
it difficult for a single STESO to maintain robustness against
model parameter mismatches. Besides, the adaptive law in [18]
requires calculating a disturbance coefficient and setting the
range, which poses certain difficulties for its applications. In
contrast, the leakage type adaptive observers proposed in [19]
do not require the range of disturbance, making it convenient
for practical applications. Moreover, enlightened by the back
EMF model-based SMO in [10], a flux observer that can observe
the speed while filtering out the harmonics of flux is proposed
in [20], which has integrated the effects of the flux observers and
speed observers in the above-mentioned literatures. However,
due to the adoption of constant coefficients, it is difficult to
maintain the dynamic performance in a wide speed range. And
the flux observer has relatively weak robustness to electrical
parameter mismatches and load disturbance.

In view of the deficiencies of the flux observer in [20], adopt-
ing a sliding mode control (SMC)-based scheme to enhance
it is an advisable choice. Among them, finite/fixed time SMC
has been extensively studied owing to the superior convergence
performance and disturbance suppression characteristics [21].
In [22], a robust nonsingular fast terminal SMC (NFTSMC)
and an adaptive NFTSMC are presented. The robust NFTSMC
can ensure finite time convergence, but it needs to know the
bounds of disturbance. The adaptive NFTSMC does not require
the bounds of disturbance, but it can only ensure the asymp-
totic convergence. In [23], [24], and[25], the research works
on high-order fixed time SMO have been conducted. Although
the integration in this kind of observer alleviates the chattering
of estimated disturbance, the numerous applications of power
function significantly increase the computational load, posing
certain challenges for implementation in digital controllers.
Besides, to observe various disturbances, a fixed time refined
disturbance observer is presented in [26] based on the partially
known model of disturbance. However, apart from needing to
know the bounds of disturbance, it has neglected the robustness
to model parameter mismatches. Moreover, a fixed time SMO
is designed in [27] to estimate actuator faults and model uncer-
tainties. In [28], an improved finite time disturbance observer
(FTDO) and a novel fixed time SMO are designed, which can
achieve finite time convergence and fixed time convergence,
respectively. Nevertheless, the observers in [27] and [28] not
only have neglected the chattering suppression in estimating
disturbance, but also need to know the bounds of the first-order
derivative of disturbance, which is a necessary condition to

ensure finite time convergence and is difficult to be satisfied
in practical systems.

Motivated by the above-mentioned discussions, an adaptive
FTDO-based position sensorless drive method is proposed to
enhance the position and speed observation performance of
SPMSM in this article. The main contributions are summarized
as follows.

1) Compared with the finite/fixed time SMO in [22], [23],
[24], [25], [26], [27], and [28], by proposing an adaptive
law and combining it with a fixed time sliding surface, an
adaptive FTDO is presented to observe system disturbance
in a finite time. Since the proposed adaptive law can stably
track the bound of the first-order derivative of disturbance,
this observer does not need to know the bounds of dis-
turbance and its first-order derivative, which will also
suppress the chattering of observed disturbance. Besides,
only four power functions are used in this observer, making
it easy to implement in practical systems.

2) Compared with the position sensorless drive methods
in [12], [13], [14], [15], [16], [17], [18], and [20], by em-
ploying the proposed adaptive FTDO, an adaptive speed
observer that can compensate for the disturbance in the
observed flux and simultaneously observe the speed is de-
signed, which has reduced redundancy. As each adaptive
law and its fixed time sliding surface converge in a finite
time, the adaptive speed observer will also converge in a
finite time, which can improve the dynamic performance
of the system. Moreover, owing to the robustness of SMC
to disturbance and the independence of adaptive FTDO
from system model, the adaptive speed observer can ex-
hibit strong robustness to electrical parameter mismatches
and load disturbance.

3) The effectiveness of the proposed adaptive FTDO-based
method has been verified through contrastive experiments
conducted on an SPMSM. Compared with the observers
in [18] and [20], the proposed method has better dynamic
performance and stronger robustness to electrical param-
eter mismatches and load disturbance.

II. THE EXISTING HAFO

A. Design of HAFO

The stator voltage of SPMSM in αβ axis can be written as

us = Rsis +
d

dt
ψs. (1)

Besides, ψs can be expressed as

ψs = ψA + Lqis. (2)

The motion equation and electromagnetic torque Te are{ J
np

dωe

dt = Te − Tl − Bω

np
ωe

Te = 1.5npψaiq.
(3)

According to equations (1) and (2), the voltage model ψvm
A

and current model ψcm
A of ψA can be defined as

ψvm
A + Lqis =

∫
(us −Rsis)dt (4a)

ψcm
A = ψa[cos θe, sin θe]

T . (4b)
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To initially compensate the observed error betweenψvm
A and

ψcm
A , the observed error of the two models is fed forward toψvm

A

through a PI controller to generate a compensation quantity.
Therefore, the HAFO can be expressed as{

ψ̂A0 =
∫
(us −Rsis +QPI)dt− Lqis

QPI = (kp +
ki
p )(ψ̂

cm
A0 − ψ̂A0)

(5)

where ψ̂A0 and ψ̂cm
A0 are the observed values of the voltage

model and current model, respectively, kp and ki are the coeffi-
cients of PI controller, p is the differential operator.

B. Disturbance of the Model

The model disturbance in HAFO mainly comes from electri-
cal parameters mismatch. The HAFO with electrical parameters
mismatch is expressed as{

ψ̂Aa =
∫
(us −Rsais +QPIa)dt− Lqais

QPIa = (kp +
ki
p )(ψ̂

cm
Aa − ψ̂Aa)

(6)

where ψ̂Aa is the estimated rotor flux vector, Rsa and Lqa
are the real-time stator resistance and inductance. Hence,
(ψ̂Aa − ψ̂A0) can be expressed as

ψ̂Aa − ψ̂A0 = (Ls − Lsa)is

+

∫
[(Rs −Rsa)is + (QPIa −QPI)]dt. (7)

III. CONSTANT COEFFICIENT SPEED OBSERVER

The dynamic equation of ψA can be expressed as{dψrα

dt = −ωeψrβ + (Ld − Lq)
did
dt cos θe

dψrβ

dt = ωeψrα + (Ld − Lq)
did
dt sin θe.

(8)

To distinguish it from HAFO, the flux observer in [20] is
redefined as a speed observer. Thus, the constant coefficient
speed observer (CCSO) is designed as (9) [20]⎧⎪⎨

⎪⎩
dψ̂rα

dt = −ω̂eψ̂rβ − λ(ψ̂rα − ψ̂rα0)
dψ̂rβ

dt = ω̂eψ̂rα − λ(ψ̂rβ − ψ̂rβ0)
dω̂e

dt = (ψ̂rα − ψ̂rα0)ψ̂rβ − (ψ̂rβ − ψ̂rβ0)ψ̂rα

(9)

where ψ̂A = [ψ̂rα, ψ̂rβ ]
T is the estimated vector by (9), ω̂e is

the estimated electrical angular speed by (9), ψ̂rα0 and ψ̂rβ0
correspond to ψ̂A0, and λ > 0 is the observer coefficient.

Since a stability analysis has already been conducted in [20],
it will not be repeated here. Performing the Laplace transform
on (9), the rotor active flux ψ̂A can be rewritten as{

ψ̂rα = λ
sL+λ

ψ̂rα0 − ω̂e

sL+λ
ψ̂rβ

ψ̂rβ = λ
sL+λ

ψ̂rβ0 +
ω̂e

sL+λ
ψ̂rα

(10)

where sL is the Laplace variable. As can be seen from (10),
to obtain ψ̂A, λ

sL+λ
exhibits low-pass filtering characteristics

for ψ̂A0. Although the corrections for ψ̂rα and ψ̂rβ that vary
with ω̂e exist respectively, since λ is a constant, the CCSO must
make a compromise between the dynamic performance and the
steady-state performance.

IV. PROPOSED ADAPTIVE FTDO FOR ROTOR POSITION

INFORMATION OBSERVATION

A. Proposed Adaptive FTDO

Consider a class of nonlinear systems expressed as

ẋ = f(x) + b(x)u+ d (11)

where x and u represent the system state and control input,
respectively, f(x) and b(x) stand for the system function and
control function, respectively, and d represents the system dis-
turbance. Considering the physical system, it can be assumed
that |ḋ| ≤ η holds, where η > 0 is a constant.

To design an adaptive FTDO for (11), the state estimation
error x̃ is first selected as x̃ = x̂− x, where x̂ is the estimated
value of x. The adaptive FTDO is designed as

˙̂x = f(x̂) + b(x̂)u− Σx̃ +

∫
Σγdτ + γ (12)

where

Σx̃ = k1sig
α1(x̃) + l1sig

β1(x̃) (13a)

Σγ = k2sig
α2(γ) + l2sig

β2(γ) (13b)

in (13), sigα(·) = | · |αsign(·), the coefficients kj , lj , αj , and
βj (j = 1, 2) are all positive constants, αj and βj satisfy 0 <
αj < 1 and βj > 1, respectively. Besides, a sliding surface s is
designed as

s = ˙̃x+ k1sig
α1(x̃) + l1sig

β1(x̃) (14)

and the variable γ in (13) is designed as

γ̇ =

⎧⎨
⎩
−Σγ − (ε+ η̂)sign(s), |s| ≥ δ0/2

−Σγ − ε·δ20
(δ0−|s|)2 sign(s), |s| < δ0/2

(15)

where η̂ is the estimated value of η, the constants ε and δ0 satisfy
ε, δ0 > 0, the initial state of γ is labeled γ0, and a leakage type
adaptive law of η̂ is designed as follows:

˙̂η = −χη̂ + |s| (16)

where the coefficient χ is a positive constant.
Based on finite time convergence, when x̃ converges to zero,

the estimated disturbance d̂ can be expressed as

d̂ = γ +

∫
Σγdτ . (17)

B. Finite Time Convergence and Stability Analysis

Enlightened by the analysis process of convergence and stabil-
ity of the algorithms in [29] and [30], the results of the proposed
adaptive FTDO are summarized in Theorem 1, as shown in the
following, and finite time convergence and stability analysis are
conducted.

Theorem 1: Consider the nonlinear system (11), in which
the first-order derivative of the disturbance is bounded. When
adopting the adaptive FTDO represented by (12)–(17), under
the condition that the upper bound of the first-order derivative
of the disturbance is unknown, the system state estimation error
x̃ will converge to a bounded neighborhood of zero in a finite
time, and at the same time, the estimated disturbance will also
converge.
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Proof: To analyze the conclusion as shown in (17), according
to (11) and (12), differentiating x̃ yields

˙̃x = ˙̂x− ẋ = −Σx̃ +

∫
Σγdτ + γ − d. (18)

Substituting (18) into (14), s can be expressed as

s =

∫
Σγdτ + γ − d. (19)

It can be known from (19) that when s converges to zero in
finite time, the estimated system disturbance d̂, as shown in (17),
can be obtained.

Next, to analyze the finite time convergence and stability of s,
s is discussed in different cases. When |s| ≥ δ0/2, γ̇ = −Σγ −
(ε+ η̂)sign(s) holds. To analyze the stability of the adaptive
FTDO in this case, a Lyapunov function is first selected as
V1 = 1

2s
2 + 1

2 η̃
2.

The derivative ofV1 is described in Appendix B. According to
Lemma 1 described in Appendix A, swill converge to a bounded
set s0 in finite time t1, where t1 and s0 satisfy

t1 ≤ T1 =
2V1(0)

1
2

ν1 min{√2ε, χ√
2
} , |s0| ≤

δ1

(1− ν2)min{√2ε, χ√
2
}

(20)
where V1(0) is the initial state of V1 at this stage. On the basis
of (20), it can be concluded that the initial states of s and η̃ only
affect the upper bound of the convergence time and do not cause
the divergence of system states.

Since η is unknown, marking δ̂1 = (χ+ 4χη̂2)/8. To ensure
that s converges from |s| ≥ δ0/2 to |s| < δ0/2, such that γ̇ =

−Σγ − ε·δ20
(δ0−|s|)2 sign(s) holds, set the δ0 to

δ0 =
2.2δ̂1

(1− ν2)min{√2ε, χ√
2
} . (21)

For the convenience of stability analysis when |s| < δ0/2, the

barrier function is labeled as fγ(x) =
εδ20

(δ0−|x|)2 , the initial time

satisfying |s(t)| ≤ δ0
2 is denoted as ti. And assume that sc shown

in (22) exists, which satisfies |s(ti)| > sc

sc =

{
δ0

(
1−

√
ε
η

)
, if ε < η

0, if ε ≥ η.
(22)

The corresponding Lyapunov function is selected as V2 =
1
2s

2 + 1
2 [fγ(s)− fγ(0)]

2. The derivative of V2 and the related
analysis are presented in Appendix C.

Based on the above-mentioned analysis and
Lemma 2 in Appendix A, s will converge from s(ti) to the

set satisfying |s| ≤ sc in finite time t2, where t2 satisfies the
following inequality:

t2 ≤ T2 =

√
2 · [V (s(ti))

1
2 − V (sc)

1
2 ]

(fγ(s)− η) ·min{1, 2fγ(s)} . (23)

As shown in (23), s(ti) only affects the amplitude of T2 and
does not affect convergence. In summary, s in the adaptive FTDO
will converge to a bounded domain in a finite time ta, and ta
satisfies ta ≤ T1 + T2. Further, when s converges to 0 within
|s| ≤ sc, according to (14), it can be obtained that

˙̃x = −k1sigα1(x̃)− l1sig
β1(x̃). (24)

Fig. 1. Simulation results when k1, l1, α1, and β1 change, respectively.

Combining (24) and Lemma 3 in Appendix A, it can be con-
cluded that x̃ will achieve fixed time convergence when s = 0,
and the convergence time t3 satisfies

t3 ≤ T3 =
1

k1(1− α1)
+

1

k2(β1 − 1)
. (25)

In conclusion, when the proposed adaptive FTDO is adopted,
x̃ will converge from any initial state to a bounded domain
in a finite time ta. When s converges to 0 within |s| ≤ sc, x̃
will converge to the origin in a finite time t3. Meanwhile, the
estimated disturbance d̂ will also converge.

The proof of Theorem 1 is completed here.

C. Simulation Analysis

To analyze the effect of each coefficient on the adaptive
FTDO, the system (26) is chosen for simulation analysis{

ẋ1 = x2

ẋ2 = −10x1 − 10x2 + u+ d
(26)

where d = 3 sin(8πt) + cos(2πt), u = −(
∫
2|s|dt+ 2) ∗

sign(s), s = 17x1 + x2, the initial system states are set to
[x1(0), x2(0)] = [20,−20]. Besides, in the adaptive FTDO,
k1 = 130, l1 = 100, α1 = 0.5, β1 = 2, k2 = 50, l2 = 10,
α2 = 0.5, β2 = 3, χ = 30, ε = 5, and δ0 = 2.

Since k1, l1, α1, and β1 directly form s, for a more intuitive
analysis, the simulation results of s corresponding to the changes
in k1, l1,α1, and β1 from top to bottom are given in Fig. 1. Other
coefficients remain unchanged, k1(1) = 60, k1(2) = 200. When
k1(1) = 60, s exhibits lag. Set k1(2) = 200, s is basically the
same as when k1 = 130, but the computational cost increases.
When only l1 is changed, l1(1) = 10, l1(2) = 190. If l1(2) is
adopted, similarly, s is basically the same as when l1 is adopted,
and the computational cost increases. While when using l1(1),
s converges slower by about 0.02s. When only changing α1,
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Fig. 2. Simulation results when k2, l2, α2, and β2 change, respectively.

Fig. 3. Simulation results when χ, ε, and δ0 change, respectively.

α1(1) = 0.3, α1(2) = 0.7. If using α1(1), s is distorted near the
zero-crossing point. When using α1(2), compared with α1(1)

and α1, s has a lag. When only β1 is changed, β1(1) = 1.1 and
β1(2) = 2.9. When β1(1) is adopted, the convergence of s slows
down by about 0.01 s. If β1(2) is adopted, the convergence speed
of s does not increase, instead, it leads to a lower simulation
speed. In conclusion, as k1, l1, and β1 increase andα1 decreases,
s converges. However, with the monotonic changes of these
coefficients, the variation of swill become less and less obvious.
Besides increasing the computational cost, it may even cause
distortion of s. Conversely, as k1, l1, and β1 decrease and α1

increases, the convergence of s slows down or even diverges.
Since k2, l2,α2, β2,χ, ε, and δ0 directly affect d̂, Fig. 2 shows

the simulation results of d̂with changes ink2, l2,α2, andβ2 in se-
quence, and Fig. 3 shows the simulation results of d̂with changes
in χ, ε, and δ0 in sequence. As shown in Fig. 2, when only k2
is changed, k2(1) = 5, k2(2) = 100. When k2 is set to k2(1), d̂ is

Fig. 4. Implementation architecture of the proposed adaptive FTDO.

difficult to converge to s. If k2 is set to k2(2), d̂ remains basically
unchanged, but the computational load will increase. When only
l2 is changed, l2(1) = 0.5, l2(2) = 100. If l2 is set to l2(1), d̂ not
only has hysteresis, but also amplitude attenuation. When l2 is
set to l2(2), similar to k2(2), the simulation speed will be reduced.
Next, when analyzing α2, α2(1) = 0.3, α2(2) = 0.7. If α2 is set

to α2(1), d̂ diverges near the zero-crossing point. When α2 is

set to α2(2), d̂ not only diverges near the zero-crossing point,
but also has a certain delay. When analyzing β2, β2(1) = 1.5,

β2(2) = 4.5. If β2 is set to β2(1), d̂ generates phase delay. When

β2 is set to β2(2), d̂ changes little, but the computational cost will
increase. According to the above-mentioned analysis and (13),
the changing trends of k2, l2, α2, and β2 have the same effect
on d̂ as k1, l1, α1, and β1 have on s.

The analysis of the remaining coefficients is shown in Fig. 3.
When analyzing the impact of χ, χ(1) = 5, χ(2) = 55. After

setting χ to χ(1), d̂ diverges near the zero-crossing point. Set χ

toχ(2), phase delay occurs in d̂. Combined with (16) for analysis,
χ also needs to be gradually adjusted and balanced between the
convergence rate and the observed waveform. When analyzing ε,
ε(1) = 0.5, ε(2) = 50. If ε is set to ε(1), it can be seen that not only

phase delay but also amplitude attenuation occurs in d̂. After
setting ε to ε(2), d̂ diverges near the zero-crossing point. It can

be seen that a smaller ε does not cause distortion of d̂, so ε can be
gradually increased from a smaller initial value according to the
observation effect. When analyzing δ0, δ0(1) = 0.5, δ0(2) = 10.

Setting δ0 to δ0(1), d̂ has a divergence phenomenon near the
zero-crossing point, but it can converge to d quickly. When δ0(2)
is adopted, it can be seen that the amplitude of d̂ is greater than
d at this time, which indicates that the estimated value is biased.
Thus, to ensure the accuracy of d̂, the basic range of s should be
observed first, and δ0 should be set within this range.

D. Coefficient Setting Guides

To make the application of the proposed adaptive FTDO
more convenient and intuitive, the architecture of the observer
is presented in Fig. 4, and the coefficient setting guides of the
observer are shown as follows.
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1) The coefficients in Σx̃ determines the convergence time
of s. Based on the simulation results shown in Fig. 1 and
the corresponding analysis, the coefficients in Σx̃ can be
initially set to k1 = 100, l1 = 100, α1 = 0.5, and β1 = 2,
which will ensure the convergence of s.

2) According to the simulation results shown in Fig. 2 and the
corresponding analysis, the coefficients inΣγ will directly
affect d̂. To balance the observation effect and computa-
tional complexity, the coefficients in Σγ are initially set to
k2 = 20, l2 = 5, α2 = 0.5, and β2 = 2.

3) In the other coefficients, as shown in Fig. 3, an initial value
of χ can be given first, and then χ can be adjusted based
on the observation effect of d̂. ε should not only ensure the
stability of the algorithm, but also avoid severe chattering
of d̂. In addition, according to the discussion of Fig. 3,
δ0 can be firstly set to a smaller value after observing the
amplitude of s in step 1, and then adjusted appropriately.
Thus, these coefficients are initially set to χ = 20, ε = 2,
and δ0 = 2.

After initializing the coefficients through the above-
mentioned steps, each coefficient should be fine-tuned according
to the observation effect of the system states and the role of the
coefficients.

E. Adaptive Speed Observer Based on the Adaptive FTDO

To achieve better comprehensive performance of the system,
an adaptive speed observer is designed based on the proposed
adaptive FTDO and SPMSM model, as shown in

dψ̂rα
dt

= −ω̂eψ̂rβ − Σψ̃rα
+

∫
Σγαdτ+γα (27a)

dψ̂rβ
dt

= ω̂eψ̂rα − Σψ̃rβ
+

∫
Σγβdτ+γβ (27b)

dω̂e
dt

=
1.5n2pψa

J
i∗q − Σω̃e

+

∫
Σγωdτ+γω (27c)

where ψ̃rα = ψ̂rα − ψ̂rα0, ψ̃rβ = ψ̂rβ − ψ̂rβ0, ω̃e = ω̂e −
ω̂e0, and θ̂e0 = arctan(ψ̂rβ0/ψ̂rα0), ω̂e0 = dθ̂e0/dt. Besides{

Σỹ = ky1sig
αy1(ỹ) + ly1sig

βy1(ỹ)

Σγz = kz2sig
αz2(γz) + lz2sig

βz2(γz)
(28)

where y = ψrα, ψrβ , ωe, z = α, β, ω. The corresponding slid-
ing surface sy can be expressed as

sy = ˙̃y + ky1sig
αy1(ỹ) + ly1sig

βy1(ỹ). (29)

The corresponding variable γz in (28) is rewritten as

γ̇z =

⎧⎨
⎩
−Σγz − (εz + η̂z)sign(sy), |sy| ≥ δy0/2

−Σγz − εz ·δ2y0

(δy0−|sy |)2 sign(sy), |sy| < δy0/2
(30)

where
˙̂ηz = −χz η̂z + |sy|. (31)

In addition, θ̂e can be obtained from the rotor flux estimated
by the adaptive speed observer, as expressed in

θ̂e = arctan(
ψ̂rβ

ψ̂rα
). (32)

Fig. 5. Implementation architecture of the HAFO and the proposed adaptive
speed observer.

Fig. 6. Whole framework of SPMSM position sensorless control system.

Fig. 7. Experimental setup of SPMSM drives. (a) Debugging computer and
oscilloscope. (b) DSP controller. (c) DC power supply. (d) Converter. (e) Motor
towing platform.

The implementation architecture for observing rotor position
information based on the HAFO and the proposed adaptive speed
observer is shown in Fig. 5.

V. EXPERIMENTAL VERIFICATION

The whole framework of the SPMSM position sensorless
control system is designed as Fig. 6. And a motor towing
platform using a 750 W SPMSM is built as Fig. 7 to evaluate
the performance of the proposed method. In the test bench,
DSP TMS320F28335 is employed as the main control chip,
and the relevant parameters of the tested SPMSM are listed in
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Fig. 8. Experimental results of n̂r , ψ̂rα, and ψrα, and θ̄e at (a) 100, (b) 1500, and (c) 3000 rpm using the proposed adaptive FTDO-based method.

TABLE I
RELEVANT PARAMETERS OF THE CONTROLLED SPMSM

TABLE II
COEFFICIENTS USED IN THE ADAPTIVE FTDO-BASED SPEED OBSERVER

Table I. In the experiment, the PWM carrier frequency, sampling
frequency and switching frequency of the converter are all set to
10 kHz. Besides, to obtain reference rotor position information,
an incremental encoder is installed on the SPMSM. To generate
the load torque, a dc motor connected with a sliding rheostat is
linked with the SPMSM. And the I-F control method is adopted
to start the motor. In this section, comparative experiments are
carried out among HAFO + CCSO in [20], HAFO + adaptive
STESO in [18], and HAFO + the adaptive FTDO-based speed
observer. In the CCSO, λ = 200. In the adaptive STESO in [18],
α1 = 50, λ = 20, χ = 0.8. In the adaptive FTDO-based speed
observer, the coefficients of each equation in (27a), (27b), and
(27c) are all reflected in (28), (30), and (31). The estimated
variables of different equations in (27a), (27b), and (27c) are
distinguished by y = ψrα, ψrβ , ωe, while the estimated distur-
bances are distinguished by z = α, β, ω. The coefficients of each
equation are listed in Table II. In the experimental results, n̂r ,nr,
and n∗r, respectively, denote the estimated speed, the measured
speed and the reference speed, n̄r = nr − n̂r represents the
speed estimation error, ψ̂rα and ψrα, respectively, denote the
estimated rotor flux and the calculated rotor flux of α-axis, θ̄e
indicates the position estimation error.

A. Steady-State Performance Analysis

The steady-state experimental results of n̂r, ψ̂rα, and ψrα,
and θ̄e at 100, 1500, and 3000 rpm using the proposed adaptive
FTDO-based method are shown in Fig. 8. As shown in Fig. 8(a),
when the motor runs at 100 rpm, n̂r does not exhibit significant
chattering within the range of 3 rpm. Besides, although θ̄e
can reach a maximum of 0.16 rad, θ̄e remains stable at about
0.1 rad, and ψ̂rα can track ψrα well. As the speed increases,
as shown in Fig. 8(b) and (c), when the motor runs at 1500
or 3000 rpm, neither n̂r shows significant chattering within the
range of 6 rpm, and the absolute value of θ̄e decreases, fluctuating
around 0.05 rad. The finite time convergence of the adaptive
speed observer achieves the convergence of rotor flux and speed
in a finite time, ensuring favorable steady-state performance.

B. Dynamic Performance Analysis

The dynamic performance experimental results under vari-
ous operating conditions using the CCSO in [20], the adaptive
STESO in [18], and the proposed adaptive FTDO-based method
are shown in Figs. 9 to 13.

Fig. 9 shows the results of continuous slope reversal test be-
tween 1500 and –1500 rpm using different observers. As shown
in Fig. 9(a), when adopting the CCSO, n̄r changes continuously
during the testing process, with a maximum of over 100 rpm.
And the maximum θ̄e will exceed π/2. In Fig. 9(b), when
adopting the adaptive STESO, during the entire process, only
when nr is close to zero does n̄r increase. And the maximum
n̄r can even reach up to 200 rpm, corresponding to a sudden
increase in θ̄e to nearly π/2. Besides, θ̄e is about 0.05 rad when
the motor runs at 1500 rpm. And when the speed is increased to
1500 rpm or decreased from 1500 rpm, θ̄e changes slightly, with
a maximum of approximately 0.1 rad. In contrast, in Fig. 9(c),
when the adaptive FTDO-based method is adopted, n̄r fluctuates
around zero at a speed scale of 50 rpm, proving that n̂r can
track nr well. Although θ̄e still increases at the zero crossing
point, θ̄e significantly decreases, with a maximum value of
approximately 0.23 rad. When the motor runs at 1500 rpm, θ̄e
also fluctuates around 0.05 rad. Only when the speed is increased
to 1500 rpm or decreased from 1500 rpm, does the θ̄e exceed
0.1 rad.

Fig. 10 shows the results of continuous step reversal test
between 200 and –200 rpm. When the CCSO is used, as shown
in Fig. 10(a), significant n̄r and θ̄e exist during the reversing



5084 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 41, NO. 4, APRIL 2026

Fig. 9. Experimental results of n̂r , nr and n∗
r , n̄r and θ̄e in continuous slope reversal test between 1500 and –1500 rpm using different observers. (a) CCSO

in [20]. (b) Adaptive STESO in [18]. (c) Proposed adaptive FTDO-based method.

Fig. 10. Experimental results of n̂r , nr and n∗
r , n̄r and θ̄e in continuous step reversal test between 200 and –200 rpm using different observers. (a) CCSO

in [20]. (b) Adaptive STESO in [18]. (c) Proposed adaptive FTDO-based method.

Fig. 11. Experimental results of n̂r , nr and n∗
r , n̄r and θ̄e in comprehensive variable speed test using different observers. (a) CCSO in [20]. (b) Adaptive STESO

in [18]. (c) Proposed adaptive FTDO-based method.

process, which can reach about 200 rpm and 1.31 rad, respec-
tively. In the waveform diagrams of θ̄e in Fig. 10(b) and (c),
the positions with the maximum amplitude of θ̄e during the
dynamic process and the steady state process, respectively, are
selected for local amplification. In Fig. 10(b), when adopting the
adaptive STESO, the maximum values of n̄r and θ̄e decrease,
at around 90 rpm and 0.61 rad, respectively. In addition, θ̄e
fluctuates within 0.1 rad during the steady state process. When
using the proposed method, as shown in Fig. 10(c), n̄r and θ̄e
are greatly reduced, in which n̄r is within 50 rpm and θ̄e is
within 0.4 rad. During the steady state process, the maximum

amplitude of θ̄e is close to 0.11 rad. Based on the analysis of
θ̄e in Figs. 9 and 10, due to the coupling of speed and flux
in the adaptive FTDO-based method, a sudden increase in θ̄e
may occur during the dynamic process, even exceeding that in
the adaptive STESO. However, with the finite time convergence
of adaptive FTDO, θ̄e will converge rapidly. In the steady state
process, θ̄e will be basically equal to that in the adaptive STESO.
Moreover, comparing Fig. 10(b) and (c), it can be seen that
the time taken for the speed to increase from –200 to 200 rpm
in Fig. 10(c) is about 0.252 s, which is about 0.168 s faster
than that in Fig. 10(b). The proposed method exhibits better
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Fig. 12. Experimental results of n̂r and nr , Te and θ̄e in step load and acceleration test using different observers. (a) CCSO in [20]. (b) Adaptive STESO in [18].
(c) Proposed adaptive FTDO-based method.

Fig. 13. Experimental results of n̂r and nr , Te and θ̄e in simultaneous acceleration and loading test using different observers. (a) CCSO in [20]. (b) Adaptive
STESO in [18]. (c) Proposed adaptive FTDO-based method.

dynamic performance. However, for the sake of fair comparison,
the parameters of the speed PI controller and current PI controller
remain unchanged when using different observers. This results
in smaller overshoot for the other two observers, while the speed
has a certain overshoot in the proposed method. To reduce the
overshoot, the PI parameters of the controllers can be adjusted to
appropriately increase the speed regulation time of the proposed
method.

Experimental results of comprehensive variable speed test
adopting the three types of speed observers are shown in Fig. 11.
In this type of test, the motor is lightly loaded with a load torque
of about 0.32 N · m. After a reference speed is given, it waits
to start. During startup, different types of methods are used to
directly accelerate the motor from static to 200 rpm. Afterward,
the speed change in the acceleration process is 200–500–1000–
1500–2000 rpm, and then the reference speed ramp decelerates
to 200 rpm. In this test, the dc bus voltage is increased to 220 V to
achieve wider speed range operation, which results in an increase
in voltage harmonics in the low speed range, thereby reducing
the signal-to-noise ratio (SNR) and increasing the initial value
of θ̄e. When the CCSO is used, as presented in Fig. 11(a), as
the dc bus voltage increases, the operating performance in the
low-speed domain deteriorates. At 200 rpm, not only does n̄r
fluctuate with an amplitude of 12 rpm, but also θ̄e changes with
an amplitude of about 0.38 rad. Besides, in the step acceleration
process, the maximum n̄r is close to 270 rpm, and the peak
value of n̄r during deceleration is about 112 rpm. In Fig. 11(b),

when using the adaptive STESO, since the adaptive STESO
requires a smaller θ̄e, it is difficult for the motor to operate stably
when directly accelerating the motor to 200 rpm. Although the
motor could not operate stably when directly accelerated to
200 rpm, the speed tracking is good throughout the process,
with the maximum values of n̄r and θ̄e being about 51 rpm and
0.626 rad, respectively. Fig. 11(c) presents the result obtained
using the adaptive FTDO-based method. After the reference
speed is given and while waiting for startup, a n̄r of about 20 rpm
can be observed. This is because the motor has an unknown
initial position, which leads to an observation error of flux in
the adaptive speed observer. The coupled relationship between
speed observation and flux observation, as well as the finite time
convergence of the adaptive FTDO, result in the n̄r. Except
during startup, when the speed increases from 200 to 500 rpm,
the amplitudes of n̄r and θ̄e are the highest, approaching
61 rpm and 0.98 rad, respectively. After each speed change, both
n̄r and θ̄e converge quickly. Besides, during the deceleration
process, nr can be well tracked, and the maximum n̄r is about
13 rpm.

The comparative tests and analyses in Figs. 9–11 confirm
the excellent dynamic performance of the proposed method.
Compared with the CCSO in [20], the finite time convergence
of the proposed adaptive FTDO provides a guarantee for the
convergence of errors in dynamic processes. Compared with the
adaptive STESO in [18], the proposed method not only has finite
time convergence, but also couples the observation of rotor flux
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Fig. 14. Experimental results of n̂r , nr , and θ̄e when Rs changes using different observers at 100 rpm. (a) CCSO in [20]. (b) Adaptive STESO in [18].
(c) Proposed adaptive FTDO-based method.

with speed, which has improved the SNR of the observed signals
in the low speed domain.

Fig. 12 presents the test results of first step loading and
unloading, and then step acceleration. In this test, the motor
is directly started to 150 rpm using the position sensorless drive
methods. At this point, the motor carries a load of about 0.7
N · m. Then, a step load of 1.65 N · m is added. After stable
operation, the step load of 1.65 N · m is removed. Afterward,
the motor is accelerated to 1000 rpm. In Fig. 12(a) and (b),
when adding a step load of 1.65 N · m, nr decreases by about
45 and 39 rpm, respectively. After stabilizing, nr is difficult to
recover to 150 rpm, and nr in Fig. 12(a) is around 139 rpm,
nr in Fig. 12(b) is around 137 rpm. This is because although
both the CCSO and the adaptive STESO have estimated and
compensated for disturbance in the motion equation, the CCSO
estimates disturbance based on the flux observation errors and
needs to adjust the constant coefficient. The adaptive STESO
needs to adjust the disturbance coefficient. The disturbance
compensation effects are all limited. When increasing nr from
150 to 1000 rpm, it takes about 2.01 s in Fig. 12(a) and about 1.7 s
in Fig. 12(b). Due to the large moment of inertia and friction of
the dc motor used, the load torque increases from about 0.7 N · m
to about 1.05 N · m as the speed increases. In the experiment
corresponding to Fig. 12(b), because of the narrowed operating
speed range, the dc bus voltage is reduced to 150 V. And the
SNR increases when the motor operates at low speed range, so
the motor can be directly and stably accelerated to 150 rpm. In
contrast, in Fig. 12(c), when the adaptive FTDO-based method
is used, although nr decreases by about 36 rpm when a load of
1.65 N · m is applied, it returns to 150 rpm after about 2.1 s,
achieving a good speed tracking effect. And the acceleration
process takes about 1.45 s, faster than the other two methods.

In the simultaneous acceleration and loading test, as shown
in Fig. 13, the motor first runs stably at 1000 rpm with a load
of 1.05 N · m, and then a step load of 0.7 N · m is added. After
stable operation, nr is increased from 1000 to 1500 rpm. In
Fig. 13(a), with the CCSO, it is difficult for the motor to reach
1500 rpm during the acceleration process. After unloading the
load of about 0.95 N · m, nr rises to 1500 rpm. Besides, when
nr drops from 1500 to 1000 rpm, not only nr and Te fluctuate

greatly, but also θ̄e produces a peak of about 1.5 rad. In Fig. 13(b)
and (c), when the adaptive STESO and the adaptive FTDO-based
method are respectively adopted, nr can be increased from 1000
to 1500 rpm, while Te is increased from 1.75 N · m to about
2.3 N · m. However, in Fig. 13(c), it takes about 2.87 s for nr to
rise from 1000 to 1500 rpm, while in Fig. 13(b), the time is about
3.98 s. Besides, when nr is decreased from 1500 to 1000 rpm,
the peaks of θ̄e in Fig. 13(b) and (c) are 0.195 and 0.15 rad,
respectively.

According to the analysis of Figs. 12 and 13, compared with
the CCSO in [20] and the adaptive STESO in [18], the adaptive
FTDO-based method has stronger load capacity and shorter
acceleration time.

C. Electrical Parameters Sensitivity Analysis

Experimental results of different electrical parameter mis-
matches using the three types of methods operating at 100 rpm
with a load of 0.32 N · m are shown in Figs. 14–16.

In the sensitivity analysis of Rs, as shown in Fig. 14(a),
if the CCSO is adopted, after Rsa/Rs = 1/2 is set, θ̄e be-
gins to diverge, with peaks even exceeding 0.2 rad. When
changed toRsa/Rs = 2, θ̄e converges with a peak value of about
0.14 rad. In comparison, in Fig. 14(b) and (c), when adopting
the adaptive STESO or the adaptive FTDO-based method, after
Rsa/Rs = 1/2 is set, although θ̄e fluctuates, it does not diverge.
In Fig. 14(b), the peak of θ̄e remains within 0.14 rad, and the
peak of θ̄e in Fig. 14(c) remains within 0.12 rad. When changed
toRsa/Rs = 2, in both Fig. 14(b) and (c), θ̄e suddenly decreases
and fluctuates more intensely, but remains stable. Moreover, the
peak of θ̄e in Fig. 14(b) is still within 0.14 rad, and the peak of
θ̄e in Fig. 14(c) is still within 0.12 rad. In the sensitivity analysis
of Ls, as shown in Fig. 15(a), when the CCSO is employed, θ̄e
exhibits a divergent trend when Lsa/Ls = 1/2, with the peak
exceeding 0.15 rad. When changed toLsa/Ls = 2, θ̄e gradually
converges back to 0.15 rad. Fig. 15(b) and (c), respectively,
present the results obtained by using the adaptive STESO and
the adaptive FTDO-based method. It can be seen that whether
Lsa/Ls = 1/2 or Lsa/Ls = 2, the θ̄e in Fig. 15(b) and (c) are
not affected. The sensitivity test results of ψf are presented in
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Fig. 15. Experimental results of n̂r , nr , and θ̄e when Ls changes using different observers at 100 rpm. (a) CCSO in [20]. (b) Adaptive STESO in [18].
(c) Proposed adaptive FTDO-based method.

Fig. 16. Experimental results of n̂r , nr , and θ̄e when ψf changes using different observers at 100 rpm. (a) CCSO in [20]. (b) Adaptive STESO in [18]. (c)
Proposed adaptive FTDO-based method.

Fig. 16. Fig. 16(a) shows the results using the CCSO. After
ψfa/ψf = 1/2 is set, the fluctuation range of θ̄e expands, and
the peak exceeds 0.15 rad. When changed to ψfa/ψf = 3/2,
θ̄e increases abruptly, reaching a peak of 0.25 rad, and then
slowly converging. In Fig. 16(b), when adopting the adaptive
STESO, θ̄e only changes and eventually decreases after setting
ψfa/ψf = 3/2, and the motor still operates stably. In Fig. 16(c),
when switched to the adaptive FTDO-based method, with the
setting of ψfa/ψf = 1/2, θ̄e suddenly decreases, and then re-
covers to around 0.1 rad. After changing to ψfa/ψf = 3/2,
although θ̄e increases to about 0.23 rad, it can converge to within
0.12 rad.

According to the analysis of Figs. 14–16, compared with
the CCSO, the proposed adaptive FTDO-based method and the
adaptive STESO have significantly lower sensitivity to electrical
parameters mismatch, which thanks to the strong robustness of
SMC to model parameters.

D. Noise Sensitivity Test

Experimental result of noise robustness using the proposed
adaptive FTDO-based method is shown in Fig. 17. In the figure,
V = Uinj + Uinj · (−1)k, which is a high frequency square wave
with an amplitude of 2Uinj = 20V and a frequency of 5 kHz. The

Fig. 17. Experimental result of noise robustness using the proposed adaptive
FTDO-based method.

position marked with “V” indicates the start of injecting V into
the q-axis stator voltage uq at this time, the position marked with
“−V” indicates the start of injecting−V into uq at this time, and
the position marked with “0” indicates that no signal is injected.
Throughout the entire process, although different high frequency
noise signals are injected into uq , the motor can quickly recover
from noise disturbance, indicating the strong robustness of the
proposed method to noise. From a theoretical perspective, the
strong robustness to noise is attributed to the robustness of
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SMC against disturbance and the finite time convergence of the
proposed adaptive FTDO.

VI. CONCLUSION

In this article, to improve the position and speed observation
performance of SPMSM, an adaptive FTDO-based position sen-
sorless drive method is proposed. First, by devising an adaptive
law and combining it with a fixed time sliding surface, an
adaptive FTDO is proposed to observe system disturbance in
a finite time. The adaptive law can stably track the bound of
the first derivative of disturbance, which has eliminated the
need for the bounds of disturbance and its first derivative,
and also suppressed the chattering of observed disturbance.
Next, an adaptive speed observer is designed by utilizing the
proposed adaptive FTDO, which has compensated the distur-
bance of the estimated flux and realized direct observation of
speed. The finite time convergence and stability of adaptive
FTDO have been verified by Lyapunov functions. The coef-
ficient setting guides of adaptive FTDO are also given. Fi-
nally, the feasibility and effectiveness of the proposed adaptive
FTDO-based method are proved by comparative tests on an
SPMSM.

APPENDIX A
PRELIMINARIES

Lemma 1 (See [31]): Suppose there are a positive definite
function V (x) ∈ C1, the initial value of V (x) is V0, and con-
stants �1, μ > 0, 0 < p1, ν1, ν2 < 1 such that

V̇ (x) ≤ −�1V (x)p1 + μ (33)

holds. In this case, the system will converge in finite time, and
the convergence time tc1 and the state variable x satisfy

tc1 ≤ V 1−p1
0

�1ν1(1− p1)
, {x ∈ R||x| ≤ μ

�1(1− ν2)
}. (34)

Lemma 2 (See [32]): Assume that a function V (x) ∈ C1, V0
is the initial value of V (x), the constants �2 > 0 and 0 < p2 < 1
exist. If

V̇ (x) ≤ −�2V (x)p2 (35)

holds, the equilibrium point x = 0 is finite time stable. And the
convergence time tc2 satisfies

tc2 ≤ V 1−p2
0

�2(1− p2)
. (36)

Lemma 3 (See [33]): Suppose that a Lyapunov functionV (x)
in Rn satisfies

V̇ (x) ≤ −[r1V (x)m + r2V (x)n]q (37)

where r1, r2, m, n, and q are positive constants, besides, the
conditions 0 < mq < 1 and nq > 1 need to be satisfied. In this
case, the equilibrium point x = 0 will converge in fixed time,
and the convergence time tc3 satisfies

tc3 ≤ 1

rq1(1−mq)
+

1

rq2(nq − 1)
. (38)

APPENDIX B
DERIVATIVE OF V1

Differentiating V1 yields

V̇1 = sṡ+ η̃ ˙̃η = s(Σγ + γ̇ − ḋ)− η̃ ˙̂η

= −(ε+ η̂)|s| − ḋs− η̃(−χη̂ + |s|)
≤ (|ḋ| − η̂)|s| − ε|s|+ χη̃η̂ − η̃|s|
≤ (η − η̂)|s| − ε|s|+ χη̃η̂ − η̃|s| = −ε|s|+ χη̃η̂

= −ε|s|+ χη̃(η − η̃) ≤ −ε|s|+ χ(
η2

2
− η̃2

2
)

= −ε|s| − χ

2
(η̃2)

1
2 +

χ

2
(η̃2)

1
2 − χ

2
η̃2 +

χ

2
η2

≤ −min{
√
2ε,

χ√
2
} · ( |s|√

2
+

(η̃2)
1
2

√
2

) + δ1

≤ −min{
√
2ε,

χ√
2
}V 1

2
1 + δ1 (39)

where δ1 = (χ+ 4χη2)/8.

APPENDIX C
DERIVATIVE OF V2

Differentiating V2 yields

V̇2 = sṡ+ [fγ(s)− fγ(0)]ḟγ(s)

= −fγ(s) |s| − ḋs+ 2fγ(s) · [fγ(s)− ε]

· (−fγ(s)− ḋsign(s))

≤ −(−η + fγ(s)) |s| − 2fγ(s) · |fγ(s)− ε|
· (−η + fγ(s))

= −(fγ(s)− η) · [|s|+ 2fγ(s) · |fγ(s)− ε|]

= −
√
2(fγ(s)− η) · [ |s|√

2
+

2fγ(s) |fγ(s)− ε|√
2

]

≤ −
√
2(fγ(s)− η) ·min{1, 2fγ(s)}[ |s|√

2
+

|fγ(s)− ε|√
2

]

≤ −
√
2(fγ(s)− η) ·min{1, 2fγ(s)}V

1
2
2 .

(40)
If ε < η, when s satisfies sc < |s| < δ0, since fγ(s) rises

monotonically on [0, δ0), then fγ(s) > fγ(sc) = η holds, that
is, V̇2 < 0 holds. On the contrary, if ε ≥ η, |s| > sc = 0, then
fγ(s) > fγ(sc) = ε > η holds, and V̇2 < 0 also holds.
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