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Real-Time Optimized Pulse Patterns to Compensate
for Distorted Grid Voltages

Ellis Tsekouras
and Tobias Geyer

Abstract—For high-power converters, optimized pulse patterns
(OPPs) offer excellent harmonic performance at low pulse num-
bers or switching frequencies. To design them, a set of nonlinear
programs are typically solved offline and stored in a look-up table.
An underlying limitation of precomputing OPPs is the assump-
tion of an ideal grid voltage. In practice, voltage disturbances
can emerge at a converter’s point of common coupling to the
grid. Consequently, precomputed OPPs are no longer optimal
when the grid voltage is distorted. To overcome this limitation,
a real-time OPP (RT-OPP) to compensate for a distorted grid
voltage is proposed. It introduces a bilinear dynamic model of
the converter’s voltage harmonics with respect to switching angle
adjustments. Using this, a quadratic program that can be tailored
towards different objectives, such as selective harmonic control
or harmonic distortion minimization, is formed. Then, an optimal
analytic update policy for the switching angles is derived. To verify
its performance, RT-OPP is implemented on a standard microcon-
troller while a grid-connected converter system is emulated on a
real-time simulation platform. Experimental results demonstrate
that the proposed RT-OPP algorithm can rapidly adjust a pulse
pattern to compensate for a distorted grid voltage in real-time.

Index Terms—Distorted grid voltage, grid-connected converters,
harmonic distortion, optimized pulse patterns (OPPs), quadratic
program, selective harmonic control (SHC), selective harmonic
elimination (SHE).

I. INTRODUCTION

OR high-power converters, reducing semiconductor com-

mutations in conjunction with lowering output current dis-
tortion is a conflicting, yet optimal objective to maximize output
power [1], [2], [3]. To address this compromise, pulse patterns
are an effective modulation strategy. Compared to carrier-based
pulsewidth modulation (CB-PWM), the harmonic performance
of pulse patterns is unparalleled at switching frequencies below
1 kHz [4]. The most popular types are selective harmonic elim-
ination (SHE), mitigation (SHM) and optimized pulse patterns
(OPPs) [5], [6], [7].
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A common trait among all pulse patterns is their Fourier
coefficients; these model each voltage harmonic as a function of
switching angles. However, these equations are transcendental,
so designing a pulse pattern is a cumbersome task. It is typically
undertaken offline with the solution set stored in a look-up table
(LUT). Exploring different methods for solving these equations
is an ongoing area of research [8], [9], [10]. Of recent times,
nonlinear programming (NLP) [11] continues to be the preferred
approach [12], [13], [14], [15], [16], [17].

Since pulse patterns are computed offline, assuming nominal
or ideal conditions, they are susceptible to input disturbances.
This is especially relevant for grid-connected converters, as
voltage distortions at their PCC to the grid are prevalent in
practice [18]. Consequently, a salient challenge to advance the
state-of-the-art for pulse patterns is computing them in real-time
to compensate for the effect of grid voltage harmonics.

In [19], this was partially addressed by precomputing an
OPP for a distorted grid voltage. An assumption of known
harmonic disturbances is the key limitation. This is because
grid voltage distortions or the contribution of harmonic current
by neighboring converters is generally unknown [20]. Conse-
quently, precomputing OPPs for harmonic disturbances, such as
a distorted grid voltage, is ineffective [21].

The authors of this article then explored computing an OPP
in real-time to compensate for estimated grid voltage harmon-
ics [22]. This pioneering work successfully demonstrated that
pulse patterns could be computed online to significantly improve
harmonic performance. A limitation was the real-time OPP
solver could not yield solutions at a high sample rate. Therefore,
a means to adjust the OPP in between solutions is still needed.
Nonetheless, it demonstrated that an OPP could be computed
to compensate for a distorted grid voltage within a few hundred
milliseconds.

Continuing our focus on computing pulse patterns in real-
time, an artificial neural network (ANN) for selective harmonic
control (SHC) has shown potential as a modulator [23]. Sim-
ilar to [19] and [22], it used half-wave symmetric (HWS)
pulse patterns to control a voltage harmonic’s magnitude and
phase. Despite exhibiting sub-millisecond execution times [24],
it needs powerful research hardware to refine the pulse pattern
with sequential quadratic programming (SQP).

Relying on NLP to compute pulse patterns in real-time can
impact a proposal’s technical feasibility. Being a cumbersome
method, long execution times can limit the achievable bandwidth
of a converter’s grid current controller [25].
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Acknowledging that a pulse pattern’s transcendental Fourier
coefficients are the sole culprit of their computational burden,
new techniques have emerged to simplify them for expedited
solving in real-time [26], [27], [28], [29]. Of these efforts,
a common shortfall is their use of quarter-wave symmetric
(QWS) pulse patterns. In contrast to HWS, a harmonic’s phase
is confined to 0° or +180° with QWS. Considering the phase of
grid voltage harmonics are diverse, QWS consequently renders
a pulse pattern vulnerable to them. Furthermore, we can infer
that to safeguard the harmonic performance of a pulse pattern
for grid-connected converters, HWS must be assumed. Only
with control of a harmonic’s magnitude and phase in a pulse
pattern can the effects of a distorted grid voltage be properly
compensated for.

To address this challenge, a sequel to the author’s preceding
efforts [22] is explored in this work. The proposal is a real-time
OPP (RT-OPP) to compensate for distorted grid voltages.

In contrast to the abovementioned literature, the HWS Fourier
coefficients are streamlined into a bilinear dynamic model.
Being linear for small switching angle adjustments, optimizing
a pulse pattern can be performed with quadratic programming
(QP). The distinct advantage of RT-OPP is an optimal analytic
update policy to sequentially adjust switching angles with low
computational burden. An agnostic formulation allows RT-OPP
to be tailored toward different objectives, namely SHC and
harmonic distortion minimization (HDM). The former is limited
to compensating a select number of harmonics, whereas the latter
minimizes a broader spectrum, like an OPP. Both objectives aim
to reduce the harmonic components of the converter’s output
current when the grid voltage is distorted. Therefore, SHC and
HDM can reduce conduction losses and improve the converter’s
efficiency under such conditions.

The rest of this article is organized as follows, Section II
describes the formulation of HWS pulse patterns. This serves
as a foundation for Section III, where RT-OPP is proposed. For
completeness, three additional stages necessary to implement
the proposal in real-time are also given. Section IV presents
supporting experimental results for a challenging and practical
case study—a converter operating with voltage distortions at its
PCC to the grid. Closing remarks are then given in Section V to
facilitate further exploration.

II. HALF-WAVE SYMMETRIC PULSE PATTERNS

A. Fourier Coefficients

Pulse patterns have a modulation cycle that is of a variable
length [4]. Consequently, standard carrier-based methods [3]
cannot be used to synthesize them. Instead, each harmonic is
modeled with respect to the switching angles

Up (e, wt) = ap(a) - cos(n - wt) + by () - sin(n - wt). (1)

The HWS Fourier coefficients for the nth harmonic are

2d

an(a) = ;j Z Au; sin(na;)

nm -
=1

(2a)
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Fig. 1. HWS pulse pattern with three output voltage levels and d = 5 switch-
ing angles in the first quarter-cycle.

2d

bp () = 2 ZAui cos(nay;) (2b)
i=1

nm “

where there are 2d switching angles, & = [a - - - aia4), in the
half-wave. An example of a HWS pulse pattern with three output
voltage levels, Au; = (—1)*!, is shown in Fig. 1.

Solving (2) for the magnitude and phase of a single harmonic,
Zy, = G, — jby, let alone a broad spectrum, is particularly dif-
ficult for following three reasons.

1) The Fourier coefficients are formed by summing trigono-
metric expressions. In conjunction with their transcenden-
tal nature, nonlinear equations of this structure can lead to
multiple solutions.

2) The number of switching angles sets the converter’s effec-
tive switching frequency, fow = d - f1 Hz. This can create
an overdetermined system of equations from (2) if many
harmonics are modeled, Njpoa = len([1---n--- NJ), such
that d < Npoa. A common example is an OPP, as tens or
hundreds of harmonics are typically modeled with only a
few switching angles [12].

3) The switching angles are constrained. For HWS Fourier
coefficients, a box constraint from O to = must be added;
« € [0, 7]. Then, to ensure they are ascending, an inequal-
ity constraint is enforced; o; < vjyq.

Considering their transcendental nature, a tendency for an
overdetermined system, and inequality constraints on the switch-
ing angles, designing a pulse pattern using (2) is clearly a
nontrivial and cumbersome task.

B. Nonlinear Programming

To this end, optimizing a pulse pattern with NLP has emerged
as a consistently successful and versatile approach [17]. An
example of a generalized NLP problem for a pulse pattern is
given by

N
Y.t (an 4107

n=>5,7,11,...

min f(a) =

subjectto a; =0, by =m*

o <ap <. .<agyg < 3)

where m™ is the desired modulation index and ¢,, weights each

voltage harmonic to achieve a desired harmonic objective.
Setting g, = 1 with d = N will uniformly penalize the

modeled voltage harmonics for an exactly determined system —
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Fig. 2. Precomputed switching angles with respect to the modulation index
for storage in a LUT. (a) SHE. (b) OPP.

solving this NLP will lead to an SHE pattern. To instead yield an
OPP that minimizes the current total harmonic distortion (THD1)
for an inductive output filter [4], one can set ¢, = 1/ n? and
d << Nmod. Adding inequality constraints on individual voltage
or currents harmonics for conformance to grid-code limits, such
as IEEE-519 [30], would lead to an SHM pattern.

Assuming the pulse pattern is applied by a three-phase con-
verter, all line-to-neutral triplen harmonics are respectively elim-
inated in the line-to-line quantities. In addition, there are no even
harmonics since odd-symmetry is imposed. Therefore, only the
non-triplen odd (NTO) harmonics are modeled in (3).

C. Offline Computation and LUTs

Despite NLP being an effective approach to design pulse
patterns, it has significant computational burden. Therefore,
optimizing a pulse pattern is typically undertaken offline. The
switching angles are precomputed for a set of modulation in-
dexes, m* € (0,4/], and stored in a LUT.

During converter operation, these switching angles are then
recalled from the LUT to reconstruct the pulse pattern in real-
time. An example of an SHE and OPP LUT for d = 5 with QWS
are shown in Fig. 2.

To precompute pulse patterns, nominal operating conditions
are typically assumed —namely, an ideal grid voltage. In practice,
this approach can lead to poor harmonic performance since the
grid voltage is distorted. Consequently, a converter operating
with nominal pulse patterns from a LUT is susceptible to grid
voltage harmonics. Overcoming this limitation is the key moti-
vation of this work.

D. Precomputing Pulse Patterns for a Distorted Grid Voltage

To compute a pulse pattern that compensates for grid voltage
distortions, the Fourier coefficient terms from (3) are updated to
include them. This yields the following NLP problem:

N

>

n=>5,7,11,...

min f(a) = Gn - (Daj, + AB)

subjectto a; =0, by =m*

ap<ag<...<ay ST 4

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 41, NO. 3, MARCH 2026

where Aa,, = a,, — ag4;, and Ab,, = b, — by, encapsulate the
difference in Fourier coefficients of the pulse pattern and grid
voltage. If Aa,, = Ab,, = 0, the converter will match the mag-
nitude and phase of the nth grid voltage harmonic. Under this
condition, there is no voltage drop across the converter’s output
filter and this component is thereby eliminated from its output
current.

A key observation is the objective function in (4) varies with
the Fourier coefficients of the grid voltage harmonics, a4, and
bg:n,. Therefore, the optimal solution, a®, to (4) is unique and
anew LUT is required for each case of grid voltage distortions.
As a consequence, the overall size of this LUT grows exponen-
tially with respect to the Npoq — 1 grid voltage harmonics it
compensates for.

The number of bytes required to store a LUT of HWS pulse
patterns to compensate for a distorted grid voltage is

. Nmod -1
N = 2d - Ny - Nin - (N;igg : N;g) (5)
where IV, i is the number of bytes used to store a single switch-

ing angle and N,, is the number of modulation index entries.
N[f,ﬁg and N;;g denote the number of entries for the magnitude
and phase of each grid voltage harmonic. To investigate whether
it is feasible to store such a LUT, an example evaluation of (5)
will be given.

Storing a switching angle as an unsigned 8-bit integer in 8Q2.6
notation occupies one byte, Ny, = 1, and yields a resolution
0f 0.895° for v; € [0, 7). Assuming this is sufficient for accurate
linear interpolation between entries, a HWS pulse pattern with
d =5 then consumes ten bytes of memory. For the modula-
tion index, a resolution of 0.01 yields N,, = 127 entries for
m* € (0,1.27]. For the magnitudes of a grid voltage harmonic,
a resolution of 0.01 pu yields Npss = 10 for |7,| € (0,0.1] p -
u. whereas for the phase, a resolution of 1° yields N;:-" = 360
for arg () € (0°,360°]. To then compensate for the Sth and 7th
grid voltage harmonics, Npoq = 3.

Substituting these values into (5), the number of bytes re-
quired to store this LUT exceeds 16 GB — far beyond the external
memory capabilities of any microcontroller. Clearly, precomput-
ing pulse patterns for grid voltage distortions and storing them
in a LUT demands significant memory. In addition, the LUT’s
size will grow exponentially with respect to the Npoq — 1 grid
voltage harmonics it compensates for.

As proposed in [23], an ANN can reduce the LUT memory
to a more feasible size. However, this comes at the expense of
increased computational burden, since an SQP must be solved
to refine the ANN’s result. Compared to an NLP approach, this
work proposes to optimize a pulse pattern in real-time by solving
a QP.

III. REAL-TIME OPTIMIZED PULSE PATTERNS

For completeness, the three supporting stages to implement
the proposal in real-time will first be given. Then, RT-OPP is
described as a QP that is constructed from a bilinear dynamic
model of a pulse pattern’s Fourier Coefficients. The algorithm
to efficiently solve this QP is then given. Following this, design
guidelines for RT-OPP is supported with numerical results.
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Fig. 3. Block diagram of the proposed RT-OPP with the three supporting
stages to compensate for a distorted grid voltage in real-time.

A block diagram of how the proposed RT-OPP interfaces with
the three supporting stages is illustrated in Fig. 3. Each stage is
summarized as follows.

1) A steady-state Kalman filter (SSKF) estimates the voltage

harmonics, ¥y, 1, at the converter’s PCC to the grid.

2) A power controller generates the fundamental input volt-

age setpoint, v] ;, to track a fundamental apparent power

setpoint, g{k =Pl +JQ1 -

3) A reference design stage creates the Fourier coefficients
setpoints of the pulse pattern, ;.. Forn > 1, their phase is
adjusted to match the harmonics of a distorted grid voltage
with respect to the converter.

4) The proposed RT-OPP is a QP that optimizes a pulse
pattern to embody the Fourier coefficient setpoints, xj..
It sequentially adjusts the switching angles, Aay, from
a to yield the optimal switching angles, )", ;. To begin,
a, can be initialized with a nominal pulse pattern from
an LUT or ANN [23]. Then, a% is set to the previous
solution, azpt, to accumulate the consecutive adjustments
in switching angles.

A. Steady-State Kalman Filter

To estimate the harmonic components of a distorted grid
voltage, a Kalman filter (KF) can be used [31], [32], [33],
[34]. Compared to Discrete Fast Fourier Transforms, a KF can
accurately estimate a few harmonics of interest, rather than an
entire spectrum. Moreover, it introduces less delay since it does
not use large windows of time-domain data.

The design of a KF to estimate grid voltage harmonics begins
with a quadrature-oscillator model for the nth harmonic

Vo k1| _ cos(nwits) —sin(nwits) | Vasn.k ©)
VBim k1 sin(nwits)  cos(nwits) VBink
Un,k+1 A, Un,k

where ¢ is the sampling period and w; is the fundamental fre-
quency. For notational brevity, the o3 subscript is omitted from
the complete state vector for the nth harmonic. An advantage
of v, 1, being in the a3 frame is that its phase can be directly
computed: 0, 5, = tan~! (vg.n k/Vasn,k)-

This simple quadrature model in (6) can then be extrapolated
for up to N harmonics. In addition, as proposed in [22], a
residual harmonics state, vy x, is appended to accumulate the

4291
unmodeled harmonics
V1, k+1 A -+ O 0 Vi
— . . . . . . . (7)
VN k41 0o - Ay O VN K
VUres,k+1 0 0 Ares Vres,k
Vh k41 A Vh,k

Assuming a constant fundamental frequency, (7) is a linear
time-invariant (LTT) system. Therefore, the recursive KF algo-
rithm can be streamlined to an SSKF with a constant estimation
gain [35]. Using the familiar Luenberger Observer, the state
estimation law is

Vp 1 = A-Vpp + L (v, — 0p) (8)
where
lﬂ - {I I I} i )
g 4
—— c
Dy

models the estimated grid voltage in the a3 frame as the sum
of all harmonic states. For the output measurement, a Clarke
Transform is applied to the grid voltage, vy, = T‘ébﬁc “Vg k-

To determine the optimal estimation gain, L, the duality be-
tween control and estimation can be applied to the Discrete-time
Algebraic Ricatti Equation (DARE)

AP - PC"(R;+CPC")'CP)A" +Q; =P (10)

where Q; and R are the respective process and measurement
covariance matrices that couple white Gaussian noise into (7).
Solving (10) for P yields the optimal estimation gain

L=APCT(R+CPCT) . (11)

To design an SSKF, the output sensor’s covariance can be
measured to give Ry. Whereas for Q, this encapsulates any
parameter or modeling uncertainties, so designing it is an iter-
ative process [36]. To ensure the residual harmonics state is a
multifrequency bin that accumulates unmodeled harmonics, a
higher process covariance is assigned to it

Qf:pobs'diag[I"'Ialo'I]' (12)

The scalar parameter pops can be adjusted to fine-tune the
desired bandwidth and estimation performance.

To demonstrate how the residual harmonics state can improve
estimation performance without needing to model many har-
monics, numerical results of two SSKFs are compared in Fig. 4.
The sample rates are set to 5 kHz and pops = max(R r ). Remarks
for each sub-figure will now be given

InFig. 4(a), the standard SSKF’s estimated fundamental, 0,1,
and 5th voltage harmonic, 9.5, are corrupted upon distorting the
grid voltage. Recalling (9), this occurs since v, must be com-
pletely reconstructed by summing 9,1 and 9,,5. Consequently,
the unmodeled 7th, 11th, and 13th harmonics are forced into
these states.
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Fig.4. Numerical results comparing two SSKFs that estimate the fundamental
and 5th harmonic of a distorted grid voltage. At t =0ms, a step distortion of the
5th—13th NTO harmonics is applied. The dotted grey lines indicate the true state
which the SSKF is tasked with estimating. (a) Standard SSKF with no residual
harmonic state. (b) Improved SSKF with residual harmonic state, shown in red,
to accumulate the unmodelled harmonics.

In Fig. 4(b), a residual harmonics state is included to improve
the SSKF’s estimation performance. Examining 0.res, it accu-
mulates the unmodeled 7th, 11th, and 13th harmonics to prevent
Ua;1, and 4,5 from being incorrectly estimated. Furthermore,
the residual harmonics state ensures the estimation performance
of an SSKF for a distorted grid voltage is independent from the
number of modeled harmonics.

For the remainder of this proposal, the residual harmonic
state, Vres i, 1 not required by the downstream stages. It is just
an internal state to improve the SSKF’s performance. Moving
forward, it is discarded and the estimated states are truncated to
Nmoa grid voltage harmonics

Ong = [O1 Vg ONg]” (13)

Note that 91 j, is used in the succeeding Section III-B for
the power controller stage and then later replaced by v}, in
Section III-C for the reference design stage.

B. Power Controller

To control the power flow in a grid-connected converter, a
standard voltage-oriented control (VOC) strategy in the syn-
chronous dq frame will be used. A block diagram of this popular
control strategy is shown in Fig. 9.18 and thoroughly described
in Ref. [2, Sec. 9.4.1].

To suit the proposal, two changes to the typical VOC structure
have been made

1) The grid voltage component is the estimated fundamen-

tal, ©1 j, from the upstream SSKF — not the complete
measurement, v, . This removes the need to filter out
the harmonics of a distorted grid voltage from the feed-
forward component and calculation of 5{ % In addition,
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this also removes the need for a PLL. The phase of the
grid voltage is conveniently yielded from the SSKF’s es-
timate of the fundamental grid voltage component, 99;1 =
tan ™" (051 /Vas1)-

2) The input voltage setpoint is kept in the stationary o3
frame, v} ;, = [v5,.1, vg;l]T, for the reference design stage.
This allows the estimated grid voltage harmonic’s phase
to be adjusted with respect to the converter.

C. Reference Design

Given an input voltage setpoint, v7 ;, and the estimated grid
voltage harmonics, ¥y, 1, the reference design stage yields the
Fourier coefficient setpoints, &, for RT-OPP. This stage can be
consolidated into a set of transformations

x, =T v (14)
where
T = [w*{k : mjzk : "w}ﬁv,k]T
T = [T T - Ty
v = [V v "U}‘v,k]T- (15)

Note that for 1 < n < N, the voltage setpoints are the esti-
mated grid voltage harmonics from the SSKF, v;, | = vy, . The
remainder of this section is focused on explaining the setpoint
transformation, T'),.

Since vi  and vy, ;, are in the af frame, a Park Transform,

Tg‘f , can extract the nth harmonic’s dg components, such
that v,, = d,, + jgn. Recalling (1), the Fourier coefficients in
Cartesian coordinates are similarly x,, = a,, — jb,,. Therefore,
by inverting the quadrature axis, it is aligned with b,,. However,
for negative-sequence harmonics, their reversed rotation negates
this inversion, so b,, = —sign(n) - g,.

To yield the nth Fourier coefficient setpoint, x;, ., the respec-
tive setpoint transformation, 1", , is given by

ar 1 0 vl
L . . T;‘ﬁ | e (16)
b 0 —sign(n) v,
~——
T, T, U,k

The Park Transform, Tzqﬂ , is synchronized with the funda-
mental input voltage setpoint, 6 = tan™" (v}, /v},.,), instead
of the grid voltage, ég;l. Otherwise, the phase of each voltage
harmonic applied by the converter would not track the respective
grid voltage harmonic as 67 is displaced from ég;l when power
is flowing. To account for this phase shift introduced by a

grid-connected converter, the Park Transform in (16) is given
by

sin(né;)

cos(nby)

b _ cos(nf;)

5 (17)

— sin(n#y)

For the Reference Design stage, the n > 1 Fourier coefficient
setpoints, ), ,, are the magnitude and phase of each estimated
grid voltage harmonic with respect to the converter. Therefore,
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tracking these setpoints will compensate for a distorted grid
voltage.

D. Quadratic Program

Optimizing a pulse pattern to perfectly embody all Fourier
coefficient setpoints, o} = «}, may not always be possible.
Therefore, the objective is to control the converter’s fundamental
component while mitigating the effect of grid voltage harmonics.
To do so, this work proposes to streamline the incumbent NLP
optimization problem from (4) into a QP for efficient solving in
real-time.

A pragmatic approach to ease the computational burden of
optimizing pulse patterns is to simplify their nonlinear Fourier
coefficients (2). To do so, the ith switching angle from the set o
can be split into ; = a + Aq;. There are now two switching
angles — the nominal, a?, and an adjustment term, Ac«;. Then,
the trigonometric expressions in (2) can be separated by applying
the angle sum and difference identity

cos(a? + Aa;) = cos(al) - cos(Aa;) F sin(al) - sin(Aay)
(18a)
sin(a) + Aa;) = sin(al) - cos(Aa;) & cos(a?) - sin(Aay).
(18b)
For a?, it can be initialized from a LUT, or as later suggested,
the previous set of switching angles.
If Acy; is small, then cos(Aq;) ~ 1 and sin(A«q;) ~ Aq;.

Substituting these approximations into (18) yields a linear ex-
pression with respect to Ac; when o is held constant

cos(af + Aa;) ~ cos(af) F Aa; - sin(ay)

a?) £ Aaq; - cos(ad).

(19a)

sin(a? &+ Aa;) ~ sin( (19b)

A dynamic interpretation of (19) is a difference equation,
where Aq . is a small linear update from o, to yield af |,

cos(a?7k+1) A~ cos(aak) —Aayy - sin(a%k) (20a)

sin(o .y 1) A sin(oy ) + A - cos(oy ). (20b)

Applying (20) to (2), the dynamic bilinear expression for the
nth harmonic’s HWS Fourier Coefficients is given by

an akH Z Auz &111 na &) + Ay cos(naok)]
(21a)
bn(af,y) Z Awu; [cos(nal ) — nAa; g sin(nag )]
21b)
where
ap =[af - a9.,] . Aoy =[Aark - Aaggr]. (22)

Examining (21), it is a dynamic linear model with respect
to Aay, when a% is held constant. Whereas (2) is static and
nonlinear with respect to a. Despite their differences, (21)
correctly converges to (2) as Aay, — 0.
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The constant and coefficient terms in (21) can be separated to
yield a more compact expression

Aal
an| _ |an| _ " 1 2d 23)
b, by, Q1 Gn,2d
——' ———
T k41 T,k B, i (xk) N——
Aak

The k and k + 1 subscripts are omitted from the expanded
matrices for notational brevity.

The Fourier coefficients, x,, , are evaluated at ag using (2).
As are a,, ; and b,, ;, where each column in B,, 1, () is the ith
switching angle from the summation in (2).

Furthermore, (23) can be extrapolated up to Nth harmonic to
yield a dynamic bilinear model of a pulse pattern’s HWS Fourier
coefficients

T T B1 (151) A041
= |- . (24)
TN Ty By (zn)| [Aaz
| —
Ty Ty By (zk) Aay

The k and k + 1 subscripts are omitted from the expanded
matrices for notational brevity.

Based on this dynamic bilinear model (24) of the voltage har-
monics in a pulse pattern, the NLP from (4) can be approximated
into the following QP:

rAmn flAagp) =28 - Q -z +1, - A} - Aay,.
WTHD llAck|f?
Subject to :
0<al+Aaq; < <ady+Aagg <7 (25)
where
Te =T — Ty Q=diag(qr---qn).  (26)

Examining the two quadratic terms in (25), first, the weighted
THD (WTHD) is set by the positive-definite diagonal matrix
Q. The nth diagonal element of @ is g,, from (4). This biases
the error in Fourier coefficients, x., to tailor the pulse pattern’s
spectrum toward a harmonic objective.

Second, the squared magnitude of switching angle adjust-
ments, || Aa||?, is biased by the scalar penalty, A,,. This assists
in limiting A« to safeguard the small angle approximation’s
accuracy, as will be shown in Section III-E.

Assuming Aqy is kept small, the ascending inequality con-
straint can be enforced retrospectively. From this, (25) can be
cast as an unconstrained QP. Therefore, at the kth instant, (25)
is minimized by solving

of(Aayg)
19JANs" k

Using the common derivative identities of a quadratic,

=0. Q27)

8‘1( TQx) = 2Q=, and linear term, ar( z7Q) = Q7 the op-
timal analytic update policy to minimize (25) is
Ao = Ky - (z) — ) (28)
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Algorithm 1: RT-OPP.

Given xj,

1) Form xj, and By, of the bilinear dynamic model for the
Ninoa harmonics linearised at o).

2) Evaluate the optimal analytic update policy,

Aa?' = Ky - (z}, — xx)
3) Adjust the switching angles from their initial point,
o, = Ao + o)
4) Enforce the ascending inequality constraint,
0<aP' <. <ol <
opt

Return a;”* and update initial point, of) | + %) .

where

K, =W,' F;

Wr=Bl.Q By +xr,-T

F. =B} .Q. (29)
For notational brevity, By, = By ().
The optimal adjustment gain, K, is computed by solving
a linear system of equations — this requires a fixed number of
arithmetic operations. Therefore, (25) can be minimized at a
precise rate using the optimal analytic update policy (28).
Upon evaluating (28), the initial switching angles are then

shifted from o) by Aa™, to yield

opt opt 0
oy, = Aoy + oy

(30)
Since Acqy, must be kept small, it is proposed to minimize
(25) in a sequential manner

0 _ _opt
Q1 = Q- (31)

Such an approach is inspired from the Newton’s Method step
of an SQP. By setting the next initial point as the present solution,
sequentially small steps in Aay, accumulate to yield larger
changes to the Fourier coefficients. Recalling the ascending
inequality constraints in (25), they are enforced on a;” " prior
to assigning a%H —in between (30) and (31).

In all, the proposed RT-OPP can be distilled into an optimiza-
tion algorithm, as given by the listing in Algorithm 1.

Note that o is initialized from a nominal pulse pattern, such
as the LUTs shown in Fig. 2. If m* were to change, then o
could be reinitialized to restart RT-OPP from this new nominal
pulse pattern.

E. Design Guidelines for Switching Angle Adjustment Penalty

To provide guidelines for designing A, its effect on Aof,;pt for

three different values, A, € {0.1,0.05,0.01}, will be explored
using numerical results.

Upon distorting the grid voltage with the 5th—13th NTO har-
monics, RT-OPP is challenged with uniformly rejecting, Q = I,
them with d = 5 switching angles. & is initialized from the
SHE LUT in Fig. 2(a) at m* = 1.1377 and the sample rate for

RT-OPP is set to f; = 5 kHz.
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Fig. 5. Numerical results of RT-OPP illustrating the effect of 1,, on Acy

for A, € {0.1,0.05,0.01}. (a) Grid voltage. (b) Maximum switching angle
adjustments. (c) Adjustments from SHE LUT. (d) Half-cycle comparison of
SHE and RT-OPP. (e) Steady-state setpoint tracking of Fourier coefficients.

The numerical results are presented in Fig. 5 and remarks for
each sub-figure will now be given.

In Fig. 5(a), the grid voltage is stepped from ideal to distorted
at t = 0 ms. The pu magnitude and phase of the 5Sth—13th NTO
grid voltage harmonics are set to

¥,5 = 0.10105°
¥, 7 = 0.08/85°

¥, 11 = 0.04/350°

Ty13 = 0.02£255°, (32)
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InFig. 5(b), upon distorting the grid voltage, a tracking error in
Fourier coefficients is introduced and the RT-OPP algorithm be-
gins adjusting the switching angles. The maximum adjustments
for all three cases are shown with annotations added for their
respective peaks. As A, is decreased from 0.1 to 0.01, the peak
Aazpt increases from 0.28° to 0.44°. This implies an inverse
relationship between A,, and || Aa™||2.

In Fig. 5(c), the optimized switching angles, "', adjusted
from the SHE LUT are shown. Of the ten switching angles
RT-OPP is adjusting, a select few are highlighted. As seen
by comparing the solid, dashed and dotted lines, A, adjusts
the trajectory of switching adjustments. Yet for all cases, o™
converges on the same values since @ is kept constant. This
verifies A, is decoupled from the harmonic objective.

In Fig. 5(d), the positive half-cycles of the initialized LUT
SHE pulse pattern to that yielded by RT-OPP after 20 ms are
compared. By sequentially updating the initial switching angles
between optimizations, o , ; + o, ;, small and accurate ad-
justments accumulate to noticeable changes.

In Fig. 5(e), to verify that RT-OPP has compensated for the
distorted grid voltage, the Fourier coefficients are compared
against their setpoints. As intended, RT-OPP has successfully
minimized x. to match the magnitude and phase of the 5th—13th
NTO grid voltage harmonics.

The key observation from these numerical results is that A,

is inversely proportional to ||A azpt| |2
4 : (33)
u X .
| Aay™||?

Therefore, A, is an effective means to safeguard the small
angle approximation used in formulating the dynamic bilinear
model (24)—provided it is not set too small. As suggested by
(33), the appropriate value for X, is dependent on the desired
magnitude of switching angle adjustments. For an initial design,
it is recommended to first set A,, = 0.01 and then tune further if
needed.

Most importantly, it has been shown that A, affects the tra-
jectory of azpt, not its final value. This maintains an emphasis
on @ to tailor the harmonic objective.

IV. EXPERIMENTAL RESULTS

Having proposed a quadratic optimization algorithm to com-
pute pulse patterns that compensate for distorted grid voltages,
the focus is now executing it in real-time. To acquire experi-
mental results, RT-OPP is implemented in C++ on a standard
microcontroller.

The proposed RT-OPP and all supporting stages shown in
Fig. 3 are executed at f; = 5 kHz on an STM32H7RS micro-
controller. For the grid-connected 3L-NPC converter system, a
hardware-in-loop (HIL) setup is adopted by modeling a digital
twin on an OPAL-RT 4510 using the parameters given in Ap-
pendix A. The grid voltage and current are the analog outputs,
whereas the gate drive signals are the digital inputs. An image
of the laboratory setup is given in Appendix B.

For the experimental results, two contrasting harmonic ob-
jectives are explored to demonstrate the proposal’s versatility—
SHC in Section IV-A and HDM in Section IV-B. The initial
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TABLE I
RT-OPP DESIGN FOR SHC
Parameter Symbol  Values
Selected NTO Harmonics ~ Njoq 5 (up to 131)
Tracking Error Penalty Q diag([1,1,1,1,1])
Adjustment Penalty Ay 0.01

points for SHC and HDM are, respectively, extracted from the
nominal SHE and OPP LUTs in Fig. 2. From then on, the initial
point is sequentially updated, ag 1 O‘;T-r For both cases, the
grid voltage is stepped from ideal to distorted (32). Throughout
this transient, the power controller’s setpoint is kept constant at
maximum active power §{k =1Z0°p-u.

Monte-carlo results for HDM are additionally presented to ex-
plore the proposal’s effectiveness for 10 000 randomly distorted
grid voltages. Then, execution times of RT-OPP performing SHC
and HDM are discussed and compared against incumbent NLP
approaches in Section IV-C.

A. Selective Harmonic Control

For SHC, the objective is to control the Sth—13th NTO har-
monics to match their respective grid voltage harmonics. In
doing so, the corresponding grid current harmonics are then
eliminated—much like SHE. To indiscriminately control a se-
lected number of harmonics, @ is set to an identity matrix. The
design of RT-OPP for SHC is given in Table I.

The experimental results of RT-OPP for SHC are shown in
Fig. 6 and remarks for each sub-figure will now be given

In Fig. 6(a), RT-OPP has adjusted a pulse pattern to reject the
5th—13th NTO grid voltage harmonics within less than 10 ms
from distorting the grid voltage. During this transient, RT-OPP
demonstrates excellent tracking performance and each harmonic
correctly settles to their setpoints, as shown by the dashed-dotted
lines.

In Fig. 6(b), the SHE pulse pattern from an LUT, shown
in orange, is initialized as @ for RT-OPP. The green pulse
pattern is yielded by RT-OPP after 10 ms; as seen by examining
Vi, abe iN Fig. 6(a). The converter’s grid current waveforms when
subjected to this distorted grid voltage are then shown below the
respective pulse patterns. Examining the magnitude spectrum of
these currents, |i4 .|, the susceptibility of an SHE LUT pulse pat-
tern to grid voltage harmonics is evidenced by large magnitudes
of the 5th—13th NTO harmonics. Whereas for RT-OPP, by simply
adjusting this precomputed SHE pattern, it has eliminated these
current harmonics. This verifies that the proposed RT-OPP has
successfully compensated for this distorted grid voltage.

B. Harmonic Distortion Minimization

For HDM, the objective is to minimize a broader spectrum
of harmonics. To do so, RT-OPP is extended up to the 49th
harmonic by setting M,oq = 17. To reduce THDi for an RL out-
put filter, the voltage harmonics are penalized with the diagonal
entries of @Q set to ¢, = 1/n? —like an OPP.

The same Reference Design from SHC is used — the Fourier
coefficient setpoints match the estimated grid voltage harmonics
with respect to the converter. In all, RT-OPP is tasked with
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Fig. 6. Experimental results of the proposed RT-OPP performing SHC. (a) At
t =0ms, the grid voltage, Vg, abes is distorted with the 5th—13th NTO harmonics
from (32). RT-OPP then adjusts the converter’s SHE pulse pattern from an LUT
to match the grid voltage harmonics, as shown by examining v; 4. The bottom
plot depicts the setpoint tracking performance for the selected harmonics; the
setpoints, |x7, |, are shown by the dashed-dotted lines. (b) A half-cycle of the
pulse patterns from an SHE LUT and RT-OPP are compared. Below this, the
resultant grid current waveform from applying the above pulse patterns with
the distorted grid voltage from (a) are, respectively, given. Then, the magnitude
spectrum of these currents is shown for the Sth—13th NTO harmonics.

rejecting the Sth—13th grid voltage harmonics whilst eliminating
the 17th—49th NTO harmonics with only d = 5 switching an-
gles. This impossible objective is no different to compensating
an OPP for grid voltage harmonics, as undertaken in [22]. The
design of RT-OPP for HDM is summarised in Table II.

The experimental results of RT-OPP for HDM are shown in
Fig. 7 and remarks for each sub-figure will now be given.

In Fig. 7(a), upon distorting the grid voltage at ¢ = 0 ms, the
converter’s ripple current immediately increases. This is evident
by examining the direct and quadrature grid current components
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TABLE II
RT-OPP DESIGN FOR HDM
Parameter Symbol  Values
Selected NTO Harmonics ~ Njoq 17 (up to 49)
Tracking Error Penalty Q diag([1,1/52, ..., 1/492])
Adjustment Penalty Au 0.01

of the fundamental, ¢4 1 and 7,1 . Within less than 10 ms after this
transient, RT-OPP has adjusted the OPP from an LUT, v; 4., to
reduce the current ripple.

In Fig. 7(b), the adjustments made by RT-OPP can be seen
by comparing the orange and green pulse patterns. The orange
is a nominal OPP from an LUT. RT-OPP is initialized from
this and adjusts the switching angles to yield the green pulse
pattern. Below are the grid current waveforms when the above
pulse patterns are subjected to the distorted grid voltage —
the reduction in current distortions from RT-OPP are visibly
clear. To quantify this improvement, the magnitude spectrum
and THDi are compared. By designing @ to minimize current
harmonics, RT-OPP has adjusted an OPP to reduce THDi from
7.29% to 2.88%; an improvement of more than 50%.

To further analyze the proposed RT-OPP, a Monte-Carlo
experiment is performed by repeating the above case 10 000
times for random grid voltage distortions. The goal is to un-
derstand how quickly RT-OPP can compensate for a distorted
grid voltage to reduce THDi in real-time. This is key to ver-
ifying the potential of RT-OPP in practice, as the phase and
magnitude of grid voltage harmonics are random and generally
unknown.

The THDi is given with respect to the OPP from an LUT. The
solving time from stepping an ideal grid voltage to a random
distortion of the 5th—13th NTO harmonics is then recorded. The
maximum magnitude is limited to 0.1 p - u- and the phase is
unconstrained.

The Monte-Carlo results of RT-OPP for HDM are shown in
Fig. 8 and remarks for each sub-figure will now be given.

In Fig. 8(a), on average, RT-OPP has reduced THDi from
6.32% to 5.05% within less than 100 ms; an improvement in
harmonic performance of more than 25%. It is promising to
highlight that 90% of this prospective improvement is delivered
in almost a single 50 Hz cycle.

In Fig. 8(b), a histogram of the Monte-Carlo results is pre-
sented. Here, the red solid line indicates the mean reduction in
THDi is 25%. One standard deviation of 0 = 11% is shown by
the red dotted lines. This implies that RT-OPP reduces THDi by
14% to 36% in more than 50% of cases.

Since RT-OPP performs local optimization from af, mini-
mizing (25) may yield a sub-optimal solution. Whereas in [22],
global optimization was performed using an NLP solver that
iterates through a queue of quasi-random initial points. Com-
pared to the Monte-Carlo results of this proposal, it yielded a
larger reduction in THDi of 65% in 900 ms.

Despite a disparity in optimality, RT-OPP can complement
cumbersome NLP solvers. For example, if a more optimal
solution is found for a similar 7, RT-OPP can be restarted from
it by simply updating . From this new initial point, RT-OPP
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Fig.7. Experimental results of the proposed RT-OPP performing HDM. (a) At
t =0ms, the grid voltage, Vg, abes is distorted with the 5th—13th NTO harmonics
from (32). Examining the converter’s voltage, v; qpc, RT-OPP adjusts the OPP
from a LUT to minimize the ripple current. This transient is shown by the dg
components of the fundamental grid current, 74,1 and 44;1. (b) A half-cycle of
an OPP from a LUT and the resulting by RT-OPP are shown. Below this, the
grid current waveforms when subjected to the distorted grid voltage from (a) are
respectively given. Then, the magnitude spectrum and THDi of these currents
for NTO harmonics up to the 49th is shown.

can then refine the harmonic performance in real-time as small
changes in grid voltage harmonics occur.

A final remark on RT-OPP for HDM, is the potential to enforce
conformance to harmonic current limits, such as IEEE-519 [30].
Recalling that «}, and @Q for n > 1 correlates to minimizing
the spectrum of current harmonics — inclusive of grid voltage
distortions. If the nth current harmonic begins to exceed a
limit, its respective weighting in @ can simply be increased.
By increasing the tracking error penalty for the nth harmonic,
RT-OPP is more biased toward minimizing it.
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Fig. 8. Experimental Monte-Carlo results for 10,000 steps from an ideal to
a randomly distorted grid voltage of RT-OPP performing HDM. (a) Average
solving time of RT-OPP with respect to the THDi of an OPP from an LUT at
t = 0 is shown by the solid green line. The settling time to a variety of values
is given as per the legend. (b) Histogram of the data set is shown with the mean
and a single standard deviation added.

TABLE III
RT-OPP EXECUTION TIMES

Objective  Min (us)  Mean (us)  Max (us)
SHC 34.76 34.82 34.88
HDM 99.76 99.85 100.56

C. Execution Times

For the preceding results, the RT-OPP algorithm was executed
at a rate of 5 kHz. The min, mean, and max execution times for
SHC and HDM are given in Table III.

To investigate the computational burden of RT-OPP, the ex-
ecution times in Table III are discussed and compared against
incumbent NLP approaches for SHC and HDM.

1) SHC Using ANN-SQP: For SHC, ANN-SQP [23] is a
promising strategy. However, before comparing execution times,
the hardware platform used in their work must be examined.
In [23], a powerful Intel i7 4.2 GHz quad core CPU yielded
execution times within the range of 20 us to 210 p s. Compared
to the 600 MHz microcontroller used in this work, that used
in [23] is significantly more powerful. Despite this considerable
difference in computing power, RT-OPP performs SHC in less
than 35 us.

A large variability in execution times of almost 200 us
for ANN-SQP diminishes the benefits of occasional fast
executions—the sample rate is limited by the maximum exe-
cution time. Whereas for RT-OPP, by using an optimal analytic
update policy (28) for optimization, precise execution times no
more than 35 ;v s and within 60 ns of the mean are yielded. There-
fore, RT-OPP can be executed at more than five times the sample
rate of ANN-SQP with comparably less computing power.

A final remark for ANN-SQP is a limited versatility. For
each harmonic objective, a new ANN must be trained. This
cumbersome task is in contrast to RT-OPP; a new harmonic
objective can be tailored online by simply adjusting Q.

2) HDM Using a Real-Time OPP Solver: Prior to this pro-
posal, the authors explored computing an OPP to compensate for
estimated grid voltage harmonics in real-time [22]. Compared
to RT-OPP, a key difference is it performed global optimization,
rather than local optimization. Therefore, it could yield larger
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reductions in THDi at the expense of variable execution times
within a few hundred milliseconds.

A limitation is it returned a single solution, so an additional
stage to adjust the OPP during converter operation is required. As
suggested earlier, RT-OPP can serve as a real-time companion
to NLP solvers. It can adjust their more optimal pulse patterns
in real-time while preserving their original harmonic objective.

V. CONCLUSION

The key contribution of this work is a new algorithm to
optimize pulse patterns in real-time. The proposed RT-OPP
leverages an optimal analytic update policy to sequentially adjust
the switching angles to achieve a given harmonic objective.
Unlike cumbersome NLP approaches, RT-OPP is of low compu-
tational burden and is feasible for implementation on a standard
microcontroller at a high sample rate.

To verify the proposal’s potential, a challenging case study of a
grid-connected converter system operating with a distorted PCC
voltage was explored. As supported by experimental results for
two contrasting harmonic objectives, RT-OPP successfully com-
pensates for a distorted grid voltage. For SHC, the grid voltage
harmonics are rejected to eliminate the respective components
from the converter’s output current. Whereas for HDM, RT-OPP
compensates for these grid voltage distortions to significantly
improve harmonic performance. Unlike ANNSs, the proposed
RT-OPP requires a simple pulse pattern LUT that assumes nom-
inal operating conditions. In addition, it is more versatile, as it
was tailored for these different harmonic objectives by adjusting
a single weighting matrix.

For future work, this versatility of RT-OPP affords it the
potential to excel at other challenging applications. One example
discussed is enforcing conformance to current harmonic limits,
such as IEEE-519 [30]. Other potential endeavors could be
exploring weak grids, penalizing commutations that occur at
high currents to reduce switching losses or interfacing RT-OPP
with more advanced pulse pattern controllers.

APPENDIX A
SYSTEM MODEL PARAMETERS

The parameters used to model the grid-connected converter
system for the experimental results are given in Table IV. These
system model parameters were originally from [37] and then
streamlined from an LC to an L output filter in [22].

TABLE IV
SYSTEM MODEL PARAMETERS

Parameter Symbol  SI Value pu
Rated Apparent Power SB 9 MVA 1.0
Rated Voltage VB 3.15 kV 1.0
Rated Current Ip 1.65 kA 1.0
Rated Frequency f1 50 Hz 1.0
DC-Link Voltage Vbe 4.84 kV 1.53
Filter ESL Ly 876 uH 0.25
Filter ESR Ry 16.8 mQ  0.018
Grid ESL Ly 351 pH 0.1
Grid ESR Ry 11 mQ 0.025
Grid Voltage Vy 3.15kV 1.0
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Oscilloscope

Fig.9. Complete laboratory setup for the experimental results. A digital twin
of the grid-connected converter system is modeled by the OPAL RT-4510 with
the proposed RT-OPP implemented on a standard microcontroller.

APPENDIX B
LABORATORY SETUP

The complete laboratory setup used to acquire the experimen-
tal results is depicted in Fig. 9.
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