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Fast Circuit Simulation of Power Electronic Circuits
Using Modified Nodal Analysis
N. Voyer , A. Nakabayashi, and R. Kondo , Senior Member, IEEE

Abstract—This article introduces a method that reaches the
closed-form expression of waveforms in linear electronic circuits,
enabling fast and accurate simulations. The method is automated
for circuits described with modified nodal analysis formalism, that
is easy to reach with collection of Kirchhoff laws. The method
produces same closed-form expressions of waveforms as in state-
space analysis (SSA), expressed as sums of weighted exponential
functions of time, driven by characteristic frequencies of the circuit.
However, the proposed method does not use SSA formalism and
can therefore be applied to any circuit. The precise formulation of
waveforms enables its computation in a single step with ultimate
accuracy and constant CPU effort. Significant acceleration ratio
was verified on dc/dc circuit by comparison with commercial simu-
lation tool. Methodology is also applied to the simulation of motor
drive circuits. The proposed method can effectively reduce the cal-
culation effort at the design and verification stages of applications
which need loss analysis over long mission profiles, like mobility
applications.

Index Terms—Electronic circuits, modified nodal analysis
(MNA), simulation, state-space analysis (SSA).

I. INTRODUCTION

S IMULATION-BASED design of e-mobility power elec-
tronic converters involves a very large number of simula-

tions at various scales, that gets further amplified by the necessity
to check the control interactions across successive conversion
stages and across evolving drive conditions. Key performance in-
dicators, such as losses, temperature, and stabilization of control
waveforms must be verified and/or optimized over a large design
space of circuit and control parameters. Each design of each
converter must be verified across the many operating conditions
met during the various desired missions of the application [1],
[2], [3], [4]. To deal with such a high number of simulations,
the execution speed of simulation becomes crucial. Speed of
execution and the related computing resource is also critical for
other applications (e.g., virtual twin, model-predicted control,
simulation/hardware-in-the-loop), which must run simulation
faster than in real-time, in parallel to the real converter.
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For simulation over long mission profiles, electrothermal
averaged model significantly relaxes the simulation effort by
means of steady-state formulation of converter, skipping the
simulation of switching transients, of current ripples and of
controller-circuit interactions [20]. Neglecting current ripple
however biases the estimation of switching losses. To repli-
cate with accuracy the switching currents and the correspond-
ing losses for each switching device, simulation must address
current ripple and replicate pulsewidth modulation (PWM)
operation.

For a given circuit model, the speed of simulation gener-
ally relates to the level of expected computation accuracy (or
tolerance). In modified nodal analysis (MNA) approach, the
differential equations of circuit waveforms, derived from the
collection of Kirchhoff laws, are generally solved in literature
[5], [6], [7], [8], [9], [10] locally as linear or polynomial func-
tions of time and evaluated over consecutive simulation steps.
Polynomial solvers fundamentally control the accuracy through
appropriate step size and approximation order, meaning that
they are inaccurate by principle, with the risk of cumulating
inaccuracies over long simulation scenarios. To limit this risk,
the accuracy of simulation is driven by an appropriate choice
of simulation step and polynomial order, at the price of CPU
complexity.

In contrast, approximation-free closed-form expression of
waveforms is possible for linear time invariant (LTI) circuits
which can get represented by means of state-space analysis
(SSA) [11], [12]. SSA formalism yields precise formulation
of circuit waveforms as weighted sum of exponential functions
of time, which polynomial time series expansion have infinite
number of terms. Being free of truncation error, SSA solvers
can realize event-driven simulation, where the simulation step
is enlarged to the interval between simulation events (sampling,
switching), skipping the simulation of circuit waveforms at
intermediate timesteps. Reaching SSA formalism for any kind of
electronic circuit is however not straightforward and SSA cannot
automatically be applied for any circuit topology. Relations
between MNA and SSA formalisms were investigated over
special cases [14], [15], [16].

The closed-form expression of LTI circuit waveforms was
recently shown to be reachable from MNA formalism, using the
built-in symbolic ODE solver available in Maple software [17].
The method however hides the underlying analytical develop-
ments and lacks a proof of general applicability. A clear method
was recently introduced [19] that systematically reaches the pre-
cise closed-form expression of linear circuit waveforms, starting
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from MNA representation of any LTI circuit. The proposed
fast circuit simulator (FCS) method combines the advantages
of both MNA and of SSA solvers: applicability to any circuit
topology using Kirchhoff equations, approximation-free results
with minimal complexity using closed-form expression.

When analyzing nonlinear circuits with SSA, closed-form so-
lutions unfortunately no longer apply and truncated polynomials
must be used, as explored in [13] for the simulation of motor
drive applications. While FCS was initially only investigated
for static converters, the present article aims at extending the
applicability of MNA closed-form expressions to more complex
circuits including motor drives.

The rest of this article is organized as follows. Section II first
recalls the mathematical equations of MNA and SSA formalisms
for static electric circuits and the closed-form expression of
waveforms reachable by SSA. Section III develops the similar
closed-form waveform formulation reached by FCS. Section IV
then addresses the usage of FCS in circuit composed of active
devices driven by a circuit controller. Applicability of FCS to
motor drive circuits is then explored and discussed in Section V.
Section VI examines performance of simulation for traction
drive application, composed of dc/dc step up converter and
an inverter driving a salient permanent magnet synchronous
machine (PMSM). Finally, Section VII concludes this article,
discussing the applicability and the foreseen limits of the pro-
posed methodology.

II. MNA AND SSA FORMALISMS

A. Modified Nodal Analysis

An electronic circuit consisting of Nb branches and Nn nodes
is analyzed in this section. Considering that the last node of the
circuit is grounded, the electrical circuit exhibits Nw = Nb +
Nn − 1 circuit waveforms, collected in waveform vector �x

�x(t) = (V1, . . . , VNn−1, i1, . . . , iNb
)T . (1)

Branch impedance analysis yieldsNb branch voltage relations
as function of branch current. Kirchhoff law of currents brings
Nn − 1 independent additional current balance relations. From
the collected set of Nw equations, the dynamics of the circuit
are then represented by an equation system

C.�̇x(t) +G.�x(t) = �u(t) (2)

where �u(t) is the input power source vector representing the in-
put power source of each branch. The merit of MNA framework
is that the Nw ×Nwmatrices C and G can get automated from
the description of the circuit. The matrix C contains inductance
or capacitance values of each branch of the circuit, while matrix
G contains resistance values of each branch, as well as sign
conventions for currents of branches connected to each node of
the circuit.

For a circuit comprising NC capacitors and NL inductors, the
energy state of the circuit is represented by the state vector �X
of size NP = NC +NL

�X(t) =
(
VC1

, . . . , VCNC
, IL1

, . . . , ILNL

)T
. (3)

The state vector �X(t) also relates to the waveform vector �x(t)
through a simple and easy to determine matrix relation

�X(t) = K.�x(t) (4)

where K is a NP ×Nw matrix filled with values in {−1, 0, 1}.
Collecting first the voltage equations of branches containing
passive energy storage components (inductances, capacitances),
MNA formulation (2) can be driven to have

C =

[
Δ.K
0

]
(4b)

where Δ is a NP× NP diagonal matrix containing values of
inductances and capacitances.

B. Truncated Taylor-Series Approximation

The MNA system represented by (2) can be numerically
solved, using polynomial approximation. The waveform vector
is searched under a polynomial form with coefficient vectors
{−→bk}k≤K

�x(t) =
∞∑

k=0

−→
bk .t

k =
K∑

k=0

−→
bk .t

k + �o
(
tK
)
. (5)

The derivation of waveform vector is then expressed as

�̇x(t) =

K−1∑
k=0

(k + 1) .
−−→
bk+1.t

k + �o
(
tK−1

)
. (6)

The resolution must start from the initial conditions observed
on passive energy storage components of the circuit, bringing
NP relations for Nw unknowns on vector

−→
b0

�X(0) = K.
−→
b0 . (7)

Other missing relation terms may be found through recursive
identification of polynomial terms arising from (2). Identifica-
tion on the kth order each time adds Nw new relations and Nw

new unknowns on vector
−−→
bk+1

(k + 1).C.
−−→
bk+1 +G.

−→
bk = −→uk (8)

where input power source term �u (t) =
∑∞

k=0
−→uk.t

k is repre-
sented by its Taylor-series expansion. Eventually, this builds
a linear system with (kNw +NP ) relations with (k + 1)Nw

unknowns. The apparent lack of relations can be resolved by
neglecting highest order, and by setting Nw −NP terms to zero
in the last

−−→
bk+1 expression. The accuracy is driven by the term

�o(tK), which is a function of approximation order K and of step
size t and is approximated as∥∥�o (tK)∥∥ ∼=

∥∥∥−−→bk+1

∥∥∥ .tK+1. (9)

The complexity of the linear system to be inverted increases
with the approximation order.

As seen in Fig. 1, approximating a sine function over a
duration of one or multiple periods with a polynomial requires
quite large polynomial orders. The added complexity brought
by higher order approximation may thus not always guarantee a
significant complexity gain compared with using smaller steps.
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Fig. 1. Approximation of a 1000 Hz sine function by truncation at different
orders of Taylor polynomial expansion.

C. Solution Formulation With State-Space Analysis

In SSA framework [11], [12], [17], the state vector relates to
its derivatives according to

�̇X(t) = ASSA. �X(t) + �U(t) (10)

where ASSA is a full-rank Np ×Np matrix, and �U(t) is repre-
sentative of the input power source vector �u(t).

From (10), and assuming constant power sources �U(t) = �U ,
the solution elegantly comes as

�X(t) = −ASSA
−1.�U +

∑
i

αi.e
λit.�Vi (11)

where {λi}i≤NP
are eigenvalues of matrix ASSA identified as

characteristic frequencies of electrical circuit, and �Vi, i ≤ NP

are corresponding eigenvectors of matrix A, i.e., ASSA.�Vi =
λi.�Vi.

The weights {αi}i≤NP
are identified from initial conditions

�X(0) = −ASSA
−1.�U +

∑
i

αi.�Vi (12)

�α = V −1.
(
�X(0) +ASSA

−1.�U
)

(13)

where V is a matrix gathering eigenvectors of matrix ASSA.
The weight vector �α is thus determined from (13), enabling the
identification of state vector �X(t) at any time instant with (11).

Using (2), (4) and (11), considering that G is of full rank, the
expression of full waveform vector is ultimately reached

�x (t) = G−1.

(
�u (t)−

[
Δ. �̇X(t)

0

)
(14)

where

�̇X(t) = −ASSA
−1. �̇U +

∑
i

αi.λi.e
λit.�Vi. (15)

The formal solution (15) brought by SSA thus allows the
computation of waveforms at any time with perfect accuracy.
SSA has great benefit of absence of any approximation, and

Fig. 2. Workflow of proposed fast circuit solver.

repeatable CPU complexity that is independent of initial condi-
tions of the circuit.

The approximated MNA solver is thus more complex than
the SSA solver, and less accurate. However, translating MNA
equation system into SSA is not a trivial task and could not yet
be generalized especially for circuits with a large number of
circuit branches.

III. FAST CIRCUIT SOLVER

The fast circuit solver (FCS) presented in this section ad-
dresses static circuits, composed of RLC components and vari-
able power sources. The proposed framework is equally appli-
cable for circuits with transformers (e.g., CIC, LLC, DAB) or
waveform-controlled power sources (e.g., transconductance of
power device), as long as circuits be described with linear MNA
formulation (2).

A. Overall Solver Workflow

Fig. 2 depicts the general workflow of the proposed FCS.
An initialization stage gathers computation steps that are in-
dependent of circuit state. This includes the identification of
MNA matrices C and G, a triangulation of the related Laplace
matrix AMNA(s) using two Gauss–Jordan elimination steps,
the identification of a vector characteristic frequencies �λ, the
determination of a filter matrix K.H of input power sources,
and the determination and the inversion of a matrix K.F of
weights of transfer functions. The simulation step determines a
vector �V of filtered functions of power sources, a weight vector
�α, and characteristic functions of time �E(t) and finally the circuit
waveforms �X(t) at any instant t from the initial conditions of
passive components �X(0). The complexity of the simulation
step is independent of the time at which the waveforms must be
computed.

B. Notations and Lower-Upper (LU) Decomposition

MNA (2) can get rewritten as

AMNA(s).�x(t) = �u(t) (16)
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Fig. 3. MNA matrix of transfer function AMNA(s) is modified with two
successive Gauss-Jordan elimination steps with matrices TU (s) and TG(s).
Final matrix D(s) is identity matrix with nonzero elements on its last column.

where AMNA(s) = G+Cs is a matrix of transfer functions,
and s is the Laplace operator: sk.x(t) = ∂k/∂tk(x(t)). Consid-
ering AMNA(s) is of full rank, a first Gauss-Jordan elimination
step is applied. Using pivotal matrix TG(s), we get

B(s).�x(t) = TG(s).�u(t) (17)

where B(s) = TG(s).AMNA(s) is an upper triangular matrix
of transfer functions, with bi,j (s) = 0 (∀j,∀i > j), and unity
diagonal terms: ∀i, bi,i (s) = 1.

As also shown in Fig. 3, a second partial Gauss–Jordan
elimination step is then applied. Using upper triangular matrix
TU (s), we get

D(s).�x(t) = TU (s).TG(s).�u(t) (18)

where D(s) = TU (s).TG(s).AMNA(s) is still an upper
triangular matrix of transfer functions, with di,j (s) =
0 (∀i < Nw, ∀j �= i), and unity diagonal terms : ∀i, di,i(s) = 1,
zero terms elsewhere di,j (s) = 0, (∀j, i < j < Nw), except
on the last column, where di,Nw

(s) = −Fi(s) �= 0 (∀i < Nw).
Unlike traditional LU decomposition, the second Gauss-Jordan
elimination is applied on the Nw − 1 first dimensions only,
preserving transfer relations between the last waveform and all
other waveforms in the circuit. Some terms Fi(s) on the last
column could be zero if the electronic circuit can be severed into
disjoint subcircuits, in which case waveforms of one subcircuit
cannot get interrelated to waveforms of other subcircuits. For
circuits that cannot be reduced into disjoint subcircuits, all circuit
waveforms are interrelated with nonzero transfer functions, and
Fi(s) represents the transfer function between each ith wave-
form and the last waveform of circuit waveform vector �x(t).
Gains Fi(s) are analogue to the Mason’s gains applied to the
signal flow graph of the circuit [18].

C. Identification of Characteristic Frequencies

On its last dimension, (18) expresses the last waveform as

xNw
(t) =

∑
k

TG,Nw,k(s).uk(t). (19)

By pivotal construction, TG,Nw,k(s) is a transfer function,
equal to a ratio of s polynomials

TG,Nwk(s) =
PNw,k(s)

Q(s)
. (20)

Equation (19) can thus be reduced to the following ordinary
differential equation (ODE) driven by characteristic polynomial

Q(s), the common denominator of matrix TG(s)

Q(s).(xNw
(t)− y(t)) = 0 (21)

where y (t) =
∑

k PNw,k(s).uk(t) . The last waveform xNw
(t)

thus necessarily takes the following formal expression of time:

xNw
(t) = y(t) +

∑
k

αk.e
λkt (22)

where �α = {αk} is a vector of complex weights and {λk} are
the characteristic frequencies of the circuit, identified as complex
roots of the characteristic polynomial Q(s)

Q(λk) = 0. (23)

For high polynomial orders, finding symbolic solutions to
characteristic frequencies from (23) is not always possible.
Polynomial roots can however get identified digitally using e.g.,
native potentially CPU-intensive MATLAB routine.

D. Intermediate Formulation of Circuit Waveforms

When the circuit is not built of independent subcircuits, the
terms Fi(s) are not zero: each ith waveform is related to the
last waveform xNw

(t) through a transfer function Fi(s). For

the sake of notations, the canonical vector
−→
δi is introduced

(�δi(i) = 1, �δi(j �= i) = 0) to reach

xi(t) = Fi(s).xNw
(t) + �δi.TU (s).TG(s).�u(t). (24)

From (22) and identification of characteristic components
in (24), the expression of each circuit waveform can be reached

xi(t) =
∑

k≤NP

αk.Fi(λk).e
λkt + vi(t) (25)

where vi(t) are filtered functions of input power sources and
transfer function Hi(s) of corresponding filters are expressed
as

vi(t) = Hi(s).�u(t) (26)

Hi(s) =
(
�δi + Fi(s).�δNw

)
.TU (s).TG(s). (27)

E. Filtered Function of Example Power Sources

By construction (27), transfer functions of filters are deter-
mined as ratios of polynomial transfer functions

Hi(s) =
P i(s)

Q(s)
=

∑
k piks

k∑
k qks

k
. (28)

When power source is sinusoidal with time, then filtered
functions vi(t) are also oscillating with same frequency but
different amplitude and phase

�u(t) = 𝓡
(
ejωt+φ

)
.�U0, (29)

vi(t) = 𝓡

(
ejωt+φ.Hi (jω) .�U0

)
. (30)

When power source is linear with time

�u(t) = �U0 + �U1.t. (31)
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Then, if q0 �= 0, vi(t) is also linear with time vi (t) = Vi0 +
Vi1.t {

Vi1 = pi0

q0
.�U1

Vi0 = pi0

q0
.�U0 +

q0.pi1−q1.pi0

q02 .�U1
. (32)

Some derated cases may occur with q0 = 0 : as example when
a capacitor is connected in series with a current source, or when
an inductance is connected in parallel to a voltage source. Then
vi(t) gets quadratic with time vi(t) = Vi1.t+ Vi2.t

2

{
Vi2 = pi0

q1
.�U1

Vi1 = pi0

q1
.�U0 +

q1.pi1−q2.pi0

q12 .�U1
. (33)

Nevertheless, it is possible to always avoid derated cases,
simply adding artificial (large) resistances Rε in parallel to
capacitors, and (small) in series to inductors. With an appro-
priate choice of each resistance Rε, the resulting time constants
τC = Rε C, τL = L/Rε is significantly higher than the sim-
ulation step time (e.g., switching period), and eventually the
associated inaccuracy brought by adding artificial resistance is
limited to a desired level t/τC .

F. Identification of Weights From Initial Conditions

Waveforms of energetic passive components �X(0) = K.�x(0)
are known at initial time t = 0. Introducing a ma-
trix F = {Fij = Fi(λj)} , and noting �V (t) = K.�v(t), where
�v(t) = (v1(t), . . . , vNw

(t))T , initial conditions are expressed as

�X(0) = K.�x(0) = K.F .�α+ �V (0). (34)

Eventually, the weight vector �α is identified from

�α = (K.F )−1.
(
�X(0)− �V (0)

)
. (35)

It should be noted here that the matrix (K.F ) to get inverted
is independent of initial circuit conditions and of dimensions
NP ×NP , equal to that of SSA formulation, and of much
reduced complexity compared with the Nw ×Nw dimension
of matrix G of initial MNA problem expressed from (9). Some
derated cases may occur when (K.F ) is singular and cannot get
inverted. This occurs as example when capacitors are connected
in parallel, or inductors are connected in series and therefore
share the same transfer function Fi(s). Such derated case can
get avoided by simplification of circuit, merging the parallel
capacitors or the series-connected inductances into a single
component.

G. Final Formulation of Waveforms

Once weight vector �α is identified, the waveform vector is
identified from (25) as

�x(t) = �v(t) + F .
(
�α ∨ �E (t)

)
(36)

where �E (t) = (eλ1t, . . . , eλNP
t)

T
are characteristic functions

of time of the circuit, identified by characteristic frequencies
{λk}. ∨ is the term-by-term product operator. Using (4), state

vector becomes

�X(t) = �V (t) +K.F .
(
�α ∨ �E (t)

)
. (37)

The final expressions (36) and (37) are very similar to (14)
and (11), but required no identification of SSA framework, nor
eigenvector analysis of SSA matrix. MNA and SSA frameworks
lead to the same analytical solution, built with identical expo-
nential characteristic functions: they are both equally precise,
for any time instant, and without approximation/truncation of
polynomial solution. The proposed analysis is furthermore ap-
plicable to any input power sources.

H. Nonlinear Circuits

In nonlinear circuits, some circuit parameters evolve as func-
tion of circuit waveforms. Assuming local stability of parameter
value, the FCS strategy might be applied in-between consecutive
simulation events. At each simulation event, the circuit wave-
forms are updated together with circuit parameters. In contrast
to simulation of LTI circuits, the initialization stage, including
the triangulation, the identification of characteristic frequencies,
the computation and inversion of matrix (K.F ) must then get
recomputed.

Considering the CPU costs associated to the initialization
stage and the inaccuracy induced by the local stability assump-
tion, FCS does not seem very attractive for the simulation of
nonlinear circuits, which therefore were not addressed in the
present article.

IV. CIRCUITS WITH ACTIVE DEVICES

A. Ideal Switch Concept

Modern power electronic designs generally also comprise
switching devices, such as diodes or transistors. In these circuits,
the circuit state changes together with the conduction or the
blocking state of its switching components. After switching
transients, the circuit derates into RLC subcircuits, which can
be analyzed with the proposed FCS method.

Switching transients observed in double pulse tests (DPTs)
carry information on switching losses and EMC emissions, and
occur at nanoseconds scale, especially for wide bandgap devices
(SiC, GaN). This time scale is generally small with respect to
the precision of PWM (few hundreds of nanoseconds), and to
the deadtime (few microseconds or less) applied to top and
bottom switches of half bridges. Switching transient results
also describe the voltage overshoot and the associated current
ringing associated to the EMC emissions of the converter. The
switching transients may get replicated in detail by means of
analytic models described as lumped elements equivalent circuit,
which comprises ideal switches, parasitic RLC components,
waveform-controlled power source (transconductance) and e.g.,
nonlinear Miller or output capacitance. Such simulations in-
volve nanosecond-scale precision, hardly compatible with the
objective of reduction of CPU simulation effort. While in prin-
ciples, the proposed FCS might be used for the simulation of
such models, this was not explored in this article due to the
very nonlinear nature of the associated circuit parameters. In
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(a) (b)

(c) (d)

Fig. 4. Decomposition of boost converter circuit. (a) Into disjoint subcircuits
for each half-bridge state. (b) Bottom-side connected. (c) Disconnected. (d)
Top-side connected.

practice, the accuracy of transient simulation models is always
questionable and reliable DPT results are preferably built from
measurement instead of simulation. DPT results are assumed
available beforehand for each switching condition (voltage,
current, gate resistance, and junction temperature).

Using ideal switches in the simulation of power converter
over complex long mission profiles can relax the simulation
effort, as switching losses and EMC emissions can be later be
accounted for using lookup tables, such as loss maps where
switching losses are functions of arm current and bus voltage,
of gate circuit parameters (e.g., gate resistance and low/high gate
voltages) and/or of junction temperature.

The scheme can be adapted to any technique for loss verifica-
tion but will rely on the accuracy of loss estimation. As example
loss map may be built with high accuracy from the DPT results
measured with calorimeter. For wide bandgap device with high
dV/dt gate control, it is not recommended to estimate the losses
from voltage/current DPT waveforms, due to (bandwidth/delay)
limitations in market available probes and oscilloscopes.

B. Circuit / Controller Interactions

The active devices (IGBTs, MOSFETs) being modelled as ideal
switches, the circuit topology evolves dynamically according
to the conduction state of circuit switches, as shown in Fig. 4
for a simple dc/dc boost circuit example. For a given switch-
ing state, the circuit derates into one or several independent
subcircuits built of only passive and power source elements,
as nonconductive switches get removed from the circuit, and
conductive switches are replaced with shortcut current paths. At
initialization stage, FCS initialization is run for all subcircuits
of all possible states of the circuit. The associated relatively
CPU-consuming tasks are realized only once. At simulation
stage, the circuit simulator must operate in coordination with
one or more circuit controller. Circuit controller takes as input
some waveform data sampled at precise ADC sampling events,
and then determines the timing of next switching and next ADC
events. As an example, the circuit controller decides switching
events according to PWM, by comparison of a triangular PWM
carrier and desired modulating voltage, and the timing of ADC
events are aligned with the edges of PWM carrier.

C. Transitions Between Circuit States

The circuit simulator applies FCS individually for each subcir-
cuit concerned by the present state of the circuit. The waveforms
of the circuits are partitioned across subcircuits and determined
by each solver according to the initial conditions of the passive
circuit component (at the time of entering the circuit state), and
to the timings of ADC and next switching events. At the effective
time of switching, the state of the circuit is updated according to
the controller output, leading to different active subcircuits. The
solvers associated with these subcircuits are then used for the
following simulation step, until a new switching event occurs.
The initial state conditions �X(0) of the circuit is used to estimate
weights �α from (35). For subsequent time events following
the change of circuit, the state waveforms �X(t) is determined
using (37). Optionally, all other circuit waveforms �x(t) may get
computed using (36).

D. Timing of Switching Events

Switching of current path in active device is typically delayed
compared to the switching events computed with PWM rules.
Such delays of actual switching events can be predicted.

Significant delays (few microseconds) may occur during
deadtime between top and bottom switches. Conduction may
even get interrupted during deadtimes in discontinuous current
mode (DCM), as analyzed in [19].

Smaller delays result from the gate driver settings (e.g., high
and low gate voltage levels, gate resistance), timings of turn-
ON and turn-OFF may vary with operation condition. In high
switching frequency applications, mismatched delays affect the
effective duty cycle, possibly impacting the stabilization of the
control. This behavior can get replicated with accuracy through
appropriate lookup tables, derived from DPT results.

V. CIRCUITS WITH ROTATING MACHINES

Previous section showed the possibility to automate the anal-
ysis of power electronic circuits composed of passive RLC
and active switch devices. Yet, similar analysis method is
equally applicable to motor drive circuits including rotating
machines.

A. Foreword on Matrix Decomposition

The following algebraic properties will be used later in this
section for the analysis of motor drive circuits.

Any matrix A(s) can decomposed as the sum of two matrices
of different kinds, parallel A‖(s) and antiparallel A⊥(s)

A‖(s) =
[
a‖(s) b‖(s)
−b‖(s) a‖(s)

]
; A⊥(s) =

[
a⊥(s) b⊥(s)
b⊥(s) −a⊥(s)

]
.

(38)
As example, rotation matrix M(t) is of parallel type

M(t) =

[
cos (ωt) sin (ωt)
−sin (ωt) cos (ωt)

]
. (39)
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Fig. 5. Electrical model of motor drive (inverter and PMSM).

The product of rotation matrix M(t) has different commuta-
tion behaviour with A‖(s) and A⊥(s){

M .A‖(s) = A‖(s− ωJ).M
M .A⊥(s) = A⊥(s− ωJ).M−1 . (40)

B. Motor Modeling

Let us now consider a traction drive circuit, with a PMSM
modeled by its impedance equation

�Vdq − �VPM = Zdq(s).�Idq (41)

where �Idq, �Vdq are current and voltage vectors in dq frame, �VPM

is the back electromagnetic force vector resulting from the
presence of the magnet flux linkage φPM, andZdq(s) is machine
impedance matrix

Zdq(s) = R+ J .L.ω + l.s (42)

J =

[
0 −1
1 0

]
; L =

[
Ld 0
0 Lq

]
; l =

[
ld 0
0 lq

]
. (43)

L and l are chord and incremental inductances matrices that
differ due to saturation conditions of the machine, ω is the
electric pulsation associated to mechanical rotation.

The question of solving the expression of motor current
waveforms �Idq(t) relates to the formulation of motor supplied
voltage �Vdq(t). �Vdq is related to circuit voltage vector �Vαβ in
stator frame through Park transformation, using rotation matrix
M(t)

�Vdq = M(t).�Vαβ . (44)

As shown in Fig. 5, the voltage waveform �Vαβ results from
waveforms in abc frame through Concordia transformation and
is a simple function of the dc-bus voltage Vbus and of inverter
state Sbt

abc.

C. Connection of Motor to Electrical Circuit

From (18), the automated analysis of electric drive circuit
ultimately leads to a simplified expression

�Eαβ − �Vαβ = Zαβ(s).�Iαβ . (45)

Combining (41), (44) and (45), the differential equation driv-
ing �Idq expression becomes(

Zdq(s)−M .Zαβ(s).M
−1
)
.�Idq = �Y (t). (46)

The excitation waveform �Y (t) is independent of circuit wave-
forms and only depends on the back electro-motive force �VPM

of the magnets, on the voltage sources �Eαβ of the drive circuit,
and the rotation matrix M(t) of the machine

�Y (t) = M(t). �Eαβ − �VPM. (47)

The problem of formalizing an analytic solution �Idq(t)
from (46) looks very similar to (16) expressed in previous
section. A difficulty is however brought by the time-varying
impedance term M .Zαβ(s).M

−1.
1) Balanced Phase Impedance Circuits: When circuit is

symmetric, Zαβ⊥(s) = 0 and Zαβ(s) = Zαβ‖(s). From (40),
the driving differential (46) becomes

C(s). �Idq = �Y (t) (48)

where C(s) = Zdq(s) +Zαβ(s− ωJ) is now a time invariant
impedance matrix. Similarly to SSA, such equation system gets
elegantly resolved in dq framework as

�Idq(t) = C(s)−1.�Y (t) +
∑
k

αk.e
λkt.�Vi (49)

where C(λk).�Vk = 0. Characteristic frequencies {λk} verify
det (C(λ)) = 0. Characteristic vector �Vk is eigenvector corre-
sponding to zero eigen value of matrix C(λk), and weights �α
are determined from initial conditions

�α = V −1.
(
�Idq (0)−C(s)−1.�Y (0)

)
. (50)

Ultimately, motor currents are determined in stator framework−→
Iαβ(t)

�Iαβ = M(t)−1. �Idq (t) . (51)

2) Nonsalient Pole Machines: When machine is nonsalient,
Ld = Lq = L, ld = lq = l, the machine impedance matrix
becomes of parallel type so that Zdq⊥(s) = 0 and Zdq(s) =
Zdq‖(s)

Zdq(s) = (R+ ls) .I + J .L.ω. (52)

Then, using (40), the driving differential (46) can be rewritten
as

C(s). �Iαβ = M−1.�Y (53)

where C(s) = Zdq (s− ωJ) +Zαβ(s) is a time-invariant
impedance matrix. Such equation system gets elegantly resolved
in αβ framework as

�Iαβ(t) = C(s)−1.M−1.�Y +
∑
k

αk.e
λkt.�Vk (54)

where C(λk).�Vk = 0. Characteristic frequencies {λk} verify
det (C(λ)) = 0.

3) General Case: As the circuit impedances seen from motor
phases vary with switching conditions, they are necessarily
unbalanced at least in some of the inverter states.

Unfortunately, for salient-pole machines fed with such un-
balanced circuit impedances, (46) no longer represents an ODE
system with constant coefficients, and its solution can no longer
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Fig. 6. Simulation of (a) traction chain combining DC/DC Boost converter
and three-phase Inverter traction chain using and (b) split circuits.

get determined as a closed-form expression built from exponen-
tial functions.

In absence of closed-form expression, solutions could be
approximated by polynomial functions. The associated approx-
imation error might be kept below a target accuracy amid com-
putational costs resulting from large truncation orders and/or
reduced simulation step.

4) Work-Around for Salient Machines: To keep advantages
of closed-form expression of waveforms for motor drive circuits
controlling salient-pole machines, a possible way forward con-
sists in splitting the motor drive circuit into three unconnected
parts.

In the split representation shown in Fig. 6, the input and output
stages are connected to voltage sources representative of the
dc bus, and the dc-bus stage is connected to current sources,
representative of currents flowing in input and output stages.

Input and output stages are solved separately to determine the
current waveforms flowing to/from the dc bus. As the machine
is fed using voltage source instead of capacitance, the phase
impedances can be regarded as balanced across phases, and
formulation (49) applies. Then, dc-bus stage is simulated by
integration of current waveforms obtained in the input and output
stages.

Both input and output stages are solved using closed-form
solutions. The split method enables the simulation of small
variations on the dc-bus voltage, as the bus capacitor voltage
is updated from the current of both input and output stage at
each simulation event (ADC sampling, switching events)

VC(t+Δt) = VC(t) +
C

Δt

∫ Δt

0

(Iin + Iout) dt. (55)

The average current flown during time interval Δt can get
precisely formulated from current expression given by (54)

1

Δt

∫ Δt

0

(
α0 +

∑
αk.e

λkt
)
dt = α0 +

∑
αk.

eλkΔt − 1

λk.Δt
.

(56)

Fig. 7. Circuit configuration for the verification of simulation concept (DC/DC
converter).

TABLE I
PARAMETERS FOR VERIFICATION OF SIMULATION CONCEPT

While input and output stages may be controlled indepen-
dently with different control and switching frequencies, all
stages are simulated at same timing events, collecting sampling
and switching events of both controllers.

On the output stage, the input circuit (45) derates as �Vαβ =
�Eαβ where �Eαβ only depends on inverter state and on volt-
age level VDC dc source. As Zαβ (s) = 0, the formulation of
Laplace matrix C(s) is simplified as

C(s) = Zdq(s) =

[
R+ lds −ωLq

ωLd R+ lqs

]
. (57)

The characteristic frequencies of the machine are reached
from det (C(λ)) = 0 criterion

λk =
−R (ld + lq)±R (ld − lq)

√
1− 4ω2ldlqLdLq

R2(ld−lq)
2

2ldlq
. (58)

The characteristic eigenvector vectors associated to each char-
acteristic frequency of the motor are given by

�Vk =

[
R+ lqλk

−ωLd
. (59)

VI. VERIFICATION OF FCS PERFORMANCE

A. Step-Up DC/DC Converter

In a first example shown in Fig. 7 and Table I, a bidirectional
dc/dc boost chopper is fed by a battery and aims at delivering
higher dc voltage to a load with regeneration capability. The load
is symbolized as a controllable current source. The circuit con-
troller decides the activation timing of the unique half bridge to
steer the dc-bus voltage to some predetermined dc-bus voltage.
Switching frequency was set to 5 kHz, and controller operates
at 10 kHz, with dc-bus voltage sampled at both edges of PWM
carrier. The duty cycle of the half bridge is controlled by an
integral regulator to steer the capacitor voltage to the desired
regulation voltage.
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Fig. 8. Reversal of controllable load current source.

As shown in Fig. 8, at t = 0.05 s, the load current source
Iloadchanges from power consumption mode to power regenera-
tion mode. During the power ramp period, the energy collected
in the passive energy storage device must adapt to new levels,
causing an inevitable overshoot in dc-bus voltage VCbus. Such
overshoot may be harmful to the design of the dc/dc converter
and needs to get evaluated with accuracy.

The verification of this power reversal scenario was realized
with proposed fast circuit simulation (FCS) and compared with
the results of commercial circuit simulation tool (PSIM [5]).
Waveform results are gathered in Figs. 9. Left side of Fig. 9
shows all simulation steps evaluated using the fixed-step com-
mercial simulation tool. In contrast in right side, FCS computed
the waveforms only at timings of following events: switching
timings decided by controller (CTRL events), sampling events
(ADC events), end of deadtimes (DT events), and possibly zero-
crossing events (ZC/DCM events) during deadtimes. With both
simulators, the circuit exhibits secondary overshoots amplified
by the duration of deadtime, with DCM occurrence when the
inductor current iL enters (around t = 0.06 s ) and leaves
(around t = 0.07 s) the zero-current area, as indicated in Fig. 9
by the presence of zero-crossing DCM events. To replicate such
secondary overshoot with accuracy, the simulation of precise
behavior of DCM in such situation typically requires a high
precision on the simulation step, which should be typically much
smaller than the deadtime.

Fig. 10 shows the differences in the results obtained with
commercial simulation software under different timesteps ver-
sus results reached with proposed approach, around the main
peak in dc-bus voltage overshoot. The observed differences not
only lie in the accuracy of waveform prediction between two
simulation steps:

1) It also lies in the setting of switching timings. In con-
ventional simulators, the granularity of the control and
switching timing (including deadtime and zero-crossing)
is necessarily set by the simulation step.

2) Between simulation steps surrounding a zero crossing, the
simulated circuit behavior is ambiguous as the circuit state
is not clearly defined in that period.

3) In conventional simulation tool, the linear nature of time
piecewise linear current source is also neglected and
translated into as multistep current source, affecting the
accuracy.

4) The controller response to waveform inaccuracy causes
changes in duty cycles, also causing supplemental
marginal errors.

TABLE II
COMPARISON OF SIMULATORS FOR DC/DC BOOST CIRCUIT

TABLE III
PARAMETERS OF EVALUATED MOTOR DRIVE

CPU results gathered in Table II confirm that the truncation
error of fixed-step simulator gets reduced with smaller fixed
simulation step, and the results of fixed step simulator pro-
gressively converge towards FCS results, that are free of any
approximation. To near the inherent accuracy of FCS simula-
tion, fixed timestep must get significantly reduced, with major
impairment on CPU complexity. To reach similar asymptote
accuracy, the elapsed CPU time was reduced by several orders
of magnitudes (∼1/1000) compared with linear solver and fixed
simulation step. The reduction of CPU complexity is heavily
driven by the reduction in the number of simulation steps.
FCS simulation over 200 ms simulation time took 97 ms CPU
time on i7-1265U/1.8 GHz laptop, showing the potential of
the method for real-time implementation or for simulation-in-
the-loop, just using standard computing unit and interpreted
programming language. FCS was implemented as a MATLAB
interpreted routine, and elapsed CPU time was therefore not opti-
mized, in contrast to compiled commercial software. FCS would
largely benefit from additional CPU gain using e.g., compiled
C++ implementation without need for hardware implementation
(e.g., FPGA).

B. PMSM Drive With Stabilized DC Source

In this second example case, the investigated motor drive
circuit is composed of only the output stage of Fig. 6, where
three-phase inverter is fed with a stabilized dc voltage source
and controlled under constant rotational speed with Field Ori-
ented Control, shown in Fig. 11. Parameters of motor drive are
collected in Table III. The machine impedances are linearized
around maximum-torque-per-ampere operation condition.

As seen in Fig. 12, proposed simulation method perfectly
reproduces PWM details of phase current waveforms, while the
number of simulation steps was drastically reduced by a ratio
10 000, compared with 10ns fixed-step simulation.
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Fig. 9. Comparison of circuit waveforms (left) fixed simulation step (blue : 1 µs red : 10 ns) versus (right) fast circuit simulator (FCS).

Fig. 10. Comparison of detailed circuit waveform using FCS versus commer-
cial simulation software with different simulation steps.

Fig. 11. Field oriented controller (FOC).

C. PMSM Drive With Battery and DC/DC Converter

The proposed analysis method was then also verified for the
salient / unbalanced phase impedance case, investigated in our
last example. The studied motor drive circuit is composed of
dc/dc converter (from our first example, Fig. 7) coupled to
inverter/PMSM drive circuit (from our second example) through
a stronger dc bus (650 V instead of 290 V). The simulation was
realized with FCS according to the proposed work-around using

Fig. 12. Comparison of simulated current waveforms of a traction chain
combining stabilized DC-bus voltage source, three-phase PWM inverter, and
PMSM.

split circuits. DC/DC converter and inverter are operated with
individual control and switching frequencies.

Fig. 13 shows the simulated waveforms with conventional
circuit simulator and with FCS. For both simulators, the power
circuit was configured with initial conditions expected at steady
state, while internal variables of controllers were configured with
arbitrary misconfigured values. Poor configuration of controller
produces shaken behavior of circuit waveforms until controllers
reach steady state again. This behavior applies with both sim-
ulators, showing that the proposed work-around method can
precisely replicate the oscillations of dc-bus voltage caused
by the combination of currents flowing from both dc/dc chop-
per and inverter circuits. Although FCS computes waveforms
only at ADC and switching events, the obtained time-domain
waveforms properly replicate the ripple details observed with
fixed-step simulation.
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Fig. 13. Simulated waveforms of (DC/DC + INV + PMSM) circuit. (a) With fixed 1 µs simulation step. (b) With FCS.

The computation of average bus capacitor current (56) slows
down FCS, that no longer meets the faster-than-real-time crite-
rion. FCS simulation over 100 ms took 7s CPU time, still much
less than the 269s CPU time measured with commercial simula-
tor. The acceleration factor is thus less in motor drive application,
but still of significant interest for steady state simulations.

In contrast, speed-transient simulation with variable speed
and/or torque would be further slowed down, as initialization
step shown in Fig. 2 (identification of characteristic frequencies
from (58), of eigen vectors (59), and inversion of matrix V )
must regularly be recomputed to meet instant speed/inductance
conditions, as speed ωe and inductances Ld, Lq , ld, lq may vary
according to nonlinear saturation.

VII. CONCLUSION

Simulation of power electronic circuit can be greatly acceler-
ated using closed-form expression of its waveforms as function
of time: waveforms are directly expressed at the event timings of
interest, skipping the need for evaluation at intermediate simula-
tion steps. The formal solutions are expressed as a weighted sum
of exponential functions of time. The formulation is exact and
free of any truncation approximation. The precise formulation
of complex characteristics frequencies and weights can get

determined from either SSA or MNA formalisms and for any
linear circuit.

This article explored and showed the extension of proposed
FCS principles to motor drive circuits that combine dc/dc con-
verter, three-phase inverter and a rotational PMSM machine. For
salient machines where the solution waveforms may no longer
take an exponential analytical form, a workaround was proposed
and shown effective in reproducing circuit waveforms with
reasonable accuracy. For each evaluation case, the proposed fast
circuit simulation method could drastically reduce the number
of simulation steps and the elapsed CPU time, compared with
existing commercial simulation software. CPU performance
will get further improved using compiled software rather than
interpreted software. The proposed FCS structure can address
steady state operation of motor drive at constant torque × speed
operation points, and this is possibly sufficient to evaluate in a
short time the performance of the drive on large automotive or
railway mission profiles.

More investigation is necessary to fully assess with FCS the
dynamic performance (e.g., stiff response to torque steps and/or
speed ramp) of motor drive controllers for other demanding
applications such as servo drives.

Frequency-domain analysis may be applied offline to FCS
waveforms, through waveform interpolation at regular time
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Fig. 14. Example circuit.

intervals before application of Fourier analysis. This method
is however not suited for frequencies much higher than the
switching frequency. In principles, the application of FCS solver
for EMC tones associated to switching transients may be possi-
ble but deserves to be investigated in full details, with specific
challenges related to the nonlinearities of circuit parameters in
switching device models.

The approach is very promising for accelerating simulation
time and may enable new usages of real-time simulation in em-
bedded applications, e.g., simulation-in-the-loop, digital twins,
or model-predicted control.

APPENDIX:
EXAMPLE CIRCUIT

For the sake of clarity, the proposed approach is exemplified
in the simple circuit shown in Fig. 14, where a battery voltage
source is connected to a capacitor connected in parallel to an
inductor.

The circuit waveform vector is given by �x = (Vc, ib, ic, iL)
T .

For this circuit with NP = 2, Nb = 3, Nn = 2, and the C,
G matrices representing the MNA equation system (2) have the
following contents:

C =

⎡
⎢⎢⎣
C 0 0 0
0 0 0 L
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦; G=

⎡
⎢⎢⎣

0 0 −1 0
−1 0 0 RL

1 −Rb 0 0
0 1 1 1

⎤
⎥⎥⎦; �u=

⎡
⎢⎢⎣
0
0
Eb

0

C =

[
Δ.K
0

]
withK =

[
1 0 0 0
0 0 0 1

]
andΔ =

[
C 0
0 L

]
.

(60)

The Laplace matrix AMNA(s) in (16) takes the form

AMNA(s) =

⎡
⎢⎢⎣
Cs 0 −1 0
−1 0 0 RL + Ls
1 −Rb 0 0
0 1 1 1

⎤
⎥⎥⎦ . (61)

Using (18), the result of triangulation of AMNA(s) brings
D(s).�x = �V with

D(s) =

⎡
⎢⎢⎣
1 0 0 −(RL + Ls)
0 1 0 1 + (RL + Ls)Cs
0 0 1 −(RL + Ls)Cs
0 0 0 1

⎤
⎥⎥⎦ (62)

�V =
1

Rb +RL + Ls+RbRcCs+RbLCs2

⎡
⎢⎢⎣
0
0
0
Eb

. (63)

Quotient polynomial Q (s) = Rb +RL + Ls+RbRcCs+
RbLCs2 has 2 complex roots λ1 and λ2 verifying Q (λ) = 0.
In this example, roots are analytically identified as

λ1,2 =

−L−RbRcC ±
√

(L+RbRcC)2 − 4 (Rb +RL)RbLC

2RbLC
.

(64)

From D(s) expression, the transfer functions between each
waveform and the last waveform iL(t)are identified as⎧⎪⎪⎨

⎪⎪⎩
F1(s) =

Vc

iL
= RL + Ls

F2(s) =
ib
iL

= −1− (RL + Ls)Cs

F3(s) =
ic
iL

= (RL + Ls) Cs

F4(s) = iL / iL = 1

. (65)

Finally the matrix K.F used for the computation of
weights (35), of the circuit waveforms (36) and of the passive
waveforms (37) comes as

K.F = K.

⎡
⎢⎢⎣
F1 (λ1) F1 (λ2)
F2 (λ1) F2 (λ2)
F3 (λ1)
F4 (λ1)

F3 (λ2)
F4 (λ2)

⎤
⎥⎥⎦ =

[
RL + Lλ1 RL + Lλ2

1 1

]
.

(66)
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