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Abstract—Recent advancements in the dual-single-layer
printed-circuit-board (DSL-PCB) resonators open a door to
designing megahertz (MHz) wireless power transfer (WPT)
systems characterized by high-quality factor, energy efficiency,
and suitability for mass production. This article introduces a
novel procedure to characterize the DSL-PCB resonator structure
and derive the parameters for an equivalent circuit model
capable of addressing both capacitive and inductive WPT for
a wide-frequency range. The proposed DSL-PCB resonator
circuit model is practically evaluated using various dielectric
materials in the gap between the two single-layer PCBs. Then, two
resonator models are used to form the transmitter and receiver
resonators in a hybrid inductive and capacitive WPT system. A
new mathematical proof is included to confirm that the coupling
coefficient of hybrid WPT is always higher than those of the
inductive WPT and capacitive WPT. Theoretical predictions and
experimental validations of the system are conducted within the
MHz frequency range. The predicted performance characteristics
of the WPT system based on DSL-PCB resonators align closely
with experimental measurements. The proposed resonator model,
along with its corresponding WPT framework, establishes a solid
theoretical foundation for future research into MHz WPT systems
leveraging DSL-PCB resonators.

Index Terms—Capacitive power transfer (CPT), hybrid wireless
power transfer (WPT), inductive power transfer (IPT), printed-
circuit-board (PCB) resonators.

I. INTRODUCTION

With the revival of modern wireless power transfer (WPT)
research and developments in the 1990s and early 2000s [2], [3],
[4], [5], [6] and the establishment of the Qi wireless charging
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Fig. 1. Power profile of existing WPT applications [12] (IEEE copyright).

standard launched by the Wireless Power Consortium (WPC) [7]
in 2010, the WPT market has grown to USD 22.17 billion in 2022
and is projected to grow to USD 129 billion by 2023 according
to Fortune Business Insights [8] in the sectors of consumer
electronics, automotive, industrial, healthcare, aerospace, and
defense. Hui et al. [9], [10] point out that Tesla’s early patents,
such as [11], have visually pointed to the use of magnetic
resonance and high-quality factor requirement for high energy
efficiency in WPT. In general, the energy efficiency of a WPT
system is proportional to the product of k and Q, where k is
the coupling coefficient of the transmitter and receiver coil res-
onators and Q is the quality factor of the coil resonator [9]. Fig. 1
shows the existing power profile of WPT applications [12] based
on the wireless charging standards of the Society for Automobile
Engineers, WPC, and Airfuel Alliance. It is noted that there is an
uncharted territory at the high-frequency (MHz) and high-power
region. There are individual reports on attempts to operate WPT
systems at the megahertz (MHz) range. On the one hand, some
researchers have pioneered various forms of discrete inductors
for MHz operation [13], [14], [15], [16]. On the other hand,
other researchers have investigated printed-circuit-board (PCB)
resonators for WPT applications [17], [18], [19]. Compared with
kilohertz WPT systems, these MHz WPT systems generally
feature high transmission efficiency because of an improved kQ
factor, small size, and high manufacturing precision because of
PCB manufacturing techniques [12].

A traditional PCB resonator for WPT application has cop-
per coils printed on the “two sides” of the same PCB board
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Fig. 2. Potential applications [31]. (a) Wireless charging/docking station for
lawn mowers. (b) Side view of the lawn mower.

and is, therefore, referred as a two-layer or double-layer PCB
(DL-PCB) resonator [19]. At an operating frequency below the
MHz range, such DL-PCB resonators work very well as demon-
strated in the wireless power domino system [19]. However, it
was pointed out in [20] and [21] that the dielectric power loss
in the PCB materials enclosed by two printed coils could be
significant at MHz operation.

In this article, the dual-single-layer printed-circuit-board
(DSL-PCB) resonator structure originally reported in [1], [20],
and [21] is further investigated for hybrid inductive and capaci-
tive WPT. The additional capacitive coupling relies solely on the
near-field electric flux for wireless power transmission, without
significantly increasing the conduction current, and therefore
results in high transmission efficiency. Moreover, the incorpo-
ration of capacitive power transfer (CPT) introduces a parallel
transmission path, effectively increasing the overall coupling,
transmission efficiency, and power.

DSL-PCB resonators achieve high performance through the
synergy of self-resonance and hybrid coupling. Self-resonance
alters the current and voltage distribution within the resonator
[1], [21], which facilitates a high-Q resonance and reshapes
the electric and magnetic fields to enhance coupling. The con-
ventional circuit models for inductive couplers [22], [23], ca-
pacitive couplers [24], [25], and hybrid couplers [26], [27],
[28] are insufficient for analyzing this structure because they
overlook the synergistic effects of self-resonance and hybrid
coupling. Notably, Wang et al. [29], [30] present a similar
resonator structure, published after our conference publication
[1]. Their models oversimplify the combined effects. Alterna-
tive, 3-D finite-element modeling could provide the accurate
results, but its high computational cost and incompatibility with
circuit simulator make it less practical for system studies. The
proposed equivalent circuit model enables both time-domain
and frequency-domain analysis of the resonator and the WPT
system. Moreover, the equivalent circuit model allows for cosim-
ulation with power electronics’ circuits and control, facilitating
system-level integration and optimization.

The DSL-PCB resonators can be used for charging mobile
robots, such as electric lawn mowers [31]. As shown in Fig. 2(a),
the lawn mowers are charged inside the charging/docking station
with a roof-top wireless charger. Traditional wireless chargers
with the transmitter on the ground do not suit this application
because there are metallic blades in the bottom structure of
the electric lawn mowers, as shown in Fig. 2(b). Charging
mobile robots from the top can minimize the distance between

TABLE I
PHYSICAL PARAMETERS OF THE SPIRAL WINDINGS

the transmitter and receiver (potentially reduce to millimeter
level) to achieve higher transmission efficiency. This paper is an
extension of a previous conference publication [1].

To summarize, the novel contributions include the following:
1) an equivalent circuit model of the DSL-PCB resonator for

both capacitive and inductive WPT;
2) a parameter extraction procedure for such resonator

model;
3) a model of two coupled DSL-PCB resonators for use as a

WPT system;
4) practical verification of the DSL-PCB resonator model;
5) practical verification of the WPT system model based on

the DSL-PCB resonators;
6) proof that hybrid coupling is stronger than both capacitive

and inductive coupling;
7) enhanced kQ factor and optimal transmission efficiency

for a pair of coupled DSL-PCB resonators;
8) improved Pareto fronts that optimize the tradeoffs between

transmission efficiency and power.

II. DSL-PCB RESONATOR STRUCTURES WITH HYBRID

INDUCTIVE POWER TRANSFER (IPT) AND CPT CAPABILITY

Fig. 3(a) shows the general structure of the DSL-PCB res-
onator with hybrid IPT and CPT capability. As an example, it
may consist of two asymmetric printed spiral windings, as shown
in Fig. 3(b) and (c). Note that the coil is printed on “one side” of a
PCB. These two single-layer PCB coils (separated with a middle
layer that can be an airgap with no dielectric loss or a dielectric
material with very low-loss tangent) form one resonator. For this
reason, this structure is named DSL-PCB resonator.

When one of the PCB windings is electrically excited in
an ac manner, an ac electromagnetic field is generated within
the region between the two spiral windings of each DSL-PCB
resonator. This phenomenon can be represented as a resonator
tank with distributed inductance and capacitance. The windings
are designed with the aid of finite-element simulation. The
flowchart is shown in Fig. 3(d). In this example, there are five
turns for winding-1 and two turns for winding-2. The dimensions
of the PCB boards are 200 mm × 200 mm. The specific physical
parameters of these two windings are shown in Table I. It should
be noted that these two spiral windings, as shown in Fig. 3(b) and
(c), differ in their conductor areas. The overlapped conductor
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Fig. 3. General structure of the DSL-PCB resonator with hybrid IPT and CPT
capability. (a) Physical structure. (b) Spiral winding 1. (c) Spiral winding 2. (The
conductor area of spiral winding 1 is larger than that of spiral winding 2 in this
example.) (d) Design flowchart of the spiral windings.

Fig. 4. Pair of DSL-PCB resonators forming the transmitter and receiver
resonators in WPT system [1], [20].

area contributes to self-capacitance, while the nonoverlapped
conductor area enables mutual capacitive coupling with another
DSL-PCB resonator.

Two DRL-PCB resonators can be used to form the transmitter
and receiver resonators in a WPT system, as shown in Fig. 4.
To enable hybrid inductive and capacitive coupling, the bottom
layers (winding-2) of the transmitter and receiver resonators
are positioned face-to-face. This arrangement allows both the

TABLE II
COMPARISON OF DIELECTRIC MATERIALS

TABLE III
PHYSICAL PARAMETERS OF THREE RESONATOR DESIGNS

electric and magnetic flux generated by the electrically excited
spiral windings to be directly coupled between the resonators. If
the resonators were not placed in this orientation, the magnetic
flux coupling would remain unchanged. But the electric flux
generated by spiral winding-2 of one resonator is canceled out by
the electric flux from the spiral winding-1 of another resonator,
thereby weakening capacitive coupling between the resonators.

The main self-capacitance of the resonator arises from the
electric field between the copper traces. The main electric flux
predominantly flows across the middle dielectric layer (e.g., a
layer of air or mica). A small amount of fringing electric flux be-
tween adjacent copper traces can be represented as intrawinding
capacitance. The self-capacitance is also affected by dielectric
materials. For comparison, FR4, mica, and air are selected as the
middle dielectric layers. The key properties of these materials
are shown in Table II. The mica sheets used in Design 2 exhibit
a measured dielectric constant of only 1.3, lower than their
nominal value. The mica sheets used in this test may contain
some impurities.

Fig. 5(a)–(c) shows three different implementations based on
the general DSL-PCB resonator structure. For the first design,
as shown in Fig. 5(a), the top and bottom layer dielectrics
are FR-4 PCB substrates, while the middle layer dielectric is
air. For the second design, as shown in Fig. 5(b), the top and
bottom layer dielectrics are FR-4 PCB substrates, while the
middle layer dielectric is mica. For the third design, as shown
in Fig. 5(c), the top and bottom layer dielectrics are air, while
the middle layer dielectric is FR-4 (i.e., a traditional DL-PCB
resonator structure). The specific design parameters of these
three resonators are listed in Table III.

III. ACCURATE MODELS FOR THE PCB RESONATORS

A. Circuit Model and Parameter Extraction of the Standalone
DSL-PCB Resonator

1) Magnetic and Electric Flux Distribution of the Standalone
DSL-PCB Resonator: Given the similar properties of these three
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Fig. 5. Three different implementations based on the general PCB resonator
structure. (a) Design 1. (b) Design 2. (c) Design 3.

designs, Design 1 is selected as an example to perform the
magnetic and electric flux analysis. This analysis will provide
heuristic to derive the corresponding circuit model. The finite-
element simulation is performed using eigenmode. The resulting
eigenfrequency of the resonator is 12.122 + i2.988×10−2 MHz.
Fig. 6(a)–(d) shows the magnetic flux, electric flux, and surface
current distributions on spiral windings 1 and 2, respectively.

2) Circuit Model of a DSL-PCB Resonator: Fig. 7(a) shows
the equivalent circuit model derived from the physical structure
of DSL-PCB resonator. The dielectric layers are hidden to
better illustrate how the equivalent circuit model is constructed.
Windings 1 and 2 are corresponding to the main inductor L. The
middle dielectric layer contributes to the interwinding capaci-
tance Cs. The stray capacitance between adjacent turns of the
spiral windings contributes to the intrawinding capacitance Cp,
which is in parallel with L.

Fig. 7(b) shows the equivalent circuit model for a standalone
DSL-PCB resonator. From the finite-element analysis, as shown
in Fig. 6, the main magnetic flux is observed to concentrate at the

Fig. 6. Finite-element simulation results of the resonator at eigenfrequency.
(a) Magnetic flux distribution. (b) Electric flux distribution. (c) and (d) Surface
current distribution of spiral windings 1 and 2.

Fig. 7. Equivalent circuit model and its correspondence to the physical struc-
ture of a standalone DSL-PCB resonator. (a) Model-structure correspondence
(dielectric layers are hidden). (b) Circuit model.

center of the resonator, while the main electric flux concentrates
between the two copper spiral windings. These magnetic and
electric fluxes will contribute to the main inductor L and the in-
terwinding capacitance Cs. In addition, some electric flux is ob-
served between the adjacent turns of the spiral windings, which
results in the intrawinding capacitance Cp. The conducting area
of spiral windings is sufficiently utilized, suggesting a relatively
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low conduction loss resistance R. In the central area of spiral
winding 1 [see Fig. 6(c)], the current decreases significantly due
to self-resonance. This challenges the assumptions of consistent
current distribution used in inductor modeling [22], [23]. As a
result, the magnetic field and inductive coupling of DSL-PCB
resonator cannot be accurately characterized by conventional
inductor models.

The state-space model of the standalone DSL-PCB resonator,
with ac input voltage vin as source and ac current iin as output
variable, can be written as⎡⎢⎣

diL(t)
dt

dvCs(t)
dt

dvCp(t)
dt

⎤⎥⎦ =

⎡⎣ 0 0 1
L

0 − 1
RCs

− 1
RCs− 1

Cp
− 1

RCp
− 1

RCp

⎤⎦⎡⎣ iL (t)
vCs (t)
vCp (t)

⎤⎦

+

⎡⎣ 0
1

RCs
1

RCp

⎤⎦ vin (t) ;

iin (t) =
[
0 − 1

R − 1
R

] ⎡⎣ iL (t)
vCs (t)
vCp (t)

⎤⎦+
1

R
vin (t) . (1)

The self-resonant frequency fr and quality factor Qresonator

of the resonator are derived from the state matrix of (1) using
the eigenvalues λ [32], [33]

fr =
|λ|
2π

; (2)

Qresonator =

∣∣∣∣ imag (λ)
2× real (λ)

∣∣∣∣ . (3)

where imag(λ) and real(λ) are the imaginary and real parts of
λ, respectively. The complex resonant angular frequency of the
model ωc = iλ [33]. For modeling a high-Q resonator, real(λ) is
much smaller than imag(λ), and, hence, the resonant frequency
can also be approximated as fr ≈ | imag(λ)

2π |.
3) New Circuit Parameter Extraction Procedure: The circuit

parameters can be extracted using the measured input impedance
of the resonator Zresonator (i.e., Zresonator(ω) =

vin(ω)
iin(ω) ) and

quality factor Qresonator. The data for the input impedance
Zresonator ˙data of the standalone resonator at different frequen-
cies are measured using a network analyzer. The data for the
quality factor of the resonator Qresonator_data are obtained by
measuring the 3-dB bandwidth of Zresonator˙data. The theoretical
frequency response Zresonator(ω) is derived from the state-space
model (1). Over a wide-frequency range, the reactive compo-
nents show much higher impedance than the resistance R, and
hence, the traditional curve fitting method used in [21] is not
suitable to extract the accurate resistance R. As a result, we
proposed to use a two-step approach to extract the parameters.

In the first step, the reactive components (i.e., Cs, Cp, and L)
are characterized using Zresonator˙data as

L̂, Ĉs, Ĉp = argmin
L,R,Cs,Cp

||20 log10 |Zresonator|

− 20 log10 |Zresonator_data| ||2 (4)

where the hat notation ^ represents the adopted estimated
value, the operator |·| represents the amplitude of the complex
impedance, and the operator ‖·‖2 represents the Euclidean norm.
The resulting Cs, Cp, and L are finalized after solving the
optimization problem (4). The first step is consistent with the
curve fitting method outlined in [21].

In the second step, the resulting parameters Ĉs, Ĉp, and L̂
will be substituted into the state-space model and used to derive
the quality factor Qresonator based on (3). The final value of R is
obtained by minimizing the difference between Qresonator and
the measured quality factor Qresonator˙data

R̂ = argmin
R

∥∥∥Qresonator

(
L = L̂, Cs = Ĉs, Cp = Ĉp

)
− |Qresonator_data|

∥∥∥
2
. (5)

It is worth noting that the estimated R obtained from (4) can
be used as the initial searching value to expedite solving the
optimization problem (5).

B. Circuit Model and Parameter Extraction of the Coupled
DSL-PCB Resonators

1) Magnetic and Electric Flux Distribution of the Cou-
pled DSL-PCB Resonators: The finite-element simulation of
a pair of coupled DSL-PCB resonators, with 10-mm distance
along the z-axis and 100-Ω load resistance, is performed using
eigenmode. The resulting eigenfrequency of the resonator is
10.005 + i1.1341 MHz. Fig. 8(a)–(c) shows the magnetic flux,
electric flux, and displacement current density of these two
coupled DSL-PCB resonators, respectively.

2) Circuit Model of the Coupled DSL-PCB Resonators:
Fig. 9(a) shows the equivalent circuit model derived from the
physical structure of coupled DSL-PCB resonators. The dielec-
tric layers are hidden to better illustrate how the equivalent
circuit model is constructed. The magnetic flux is observed to
pass through and link both resonators, which can be represented
by a mutual inductance M in the equivalent circuit model. Stray
capacitance between the outer windings constitutes one part of
the mutual capacitance Cm; stray capacitance between the inner
windings constitutes the remaining part.

Fig. 9(b) shows the equivalent circuit model for a pair of
coupled DSL-PCB resonators. Based on the finite-element anal-
ysis, as shown in Fig. 8, both electric and magnetic fluxes are
utilized for coupling between the resonators. The magnetic flux
is observed to pass through and link both resonators, which
can be represented by a mutual inductance M in the equivalent
circuit model. In addition, electric flux is observed between
the two resonators, as represented by the mutual capacitance
Cm in the circuit model. Furthermore, as a portion of dis-
placement current penetrates the PCB substrate through mutual
electric flux, a series resistance Rm is included in the circuit
model to account for the dielectric loss caused by this electric
coupling.

Finally, the electric flux also affects the intrawinding capac-
itance Cp and interwinding capacitances Cs of the individual
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Fig. 8. Finite-element simulation results of a pair of coupled resonators at
eigenfrequency. (a) Magnetic flux distribution. (b) Electric flux distribution.
(c) Displacement current density.

Fig. 9. Physical WPT system structure based on a pair of coupled DSL-PCB
resonators and its equivalent circuit model. (a) WPT system structure (dielectric
layers are hidden). (b) Full-order model. (c) Reduced-order model and the
resulting CPT system at low operating frequency.

resonators, and they are represented by Cpc and Csc, respectively,
in the circuit model of coupled resonators.

The full-order circuit model of these coupled DSL-PCB res-
onators as a WPT system is shown in Fig. 9(b). A low-frequency
(reduced-order) equivalent model, as shown in Fig. 9(c), can be
derived from the full-order model by assuming that the reactance
of the self-inductance L in the low-frequency range is almost
zero, i.e., limω→0 ωL = 0, allowing it to be short circuited at
low operating frequency. The low-frequency equivalent model
is a typical CPT system.

This model illustrates the nature of the hybrid coupling
mechanism. At low frequencies, the electric flux dominates the
coupling between the resonators (i.e., Cm). However, as the
frequency increases, the magnetic flux introduced by the elec-
trically excited spiral windings (i.e., M) pronounces, realizing
the hybrid capacitive and inductive coupling between the two
DSL-PCB resonators.

The full-order model of the coupled PCB resonators,
with ac input voltage vin as source and ac current iin
and io as output variable, can be represented as (6)
shown at the bottom the next page,where Lmatrix =[
L M
M L

]
, Cs_matrix =

⎡⎣Csc − Cm Cm 0
0 Cm 0
0 −Cm Csc − Cm

⎤⎦,

Cp_matrix =

[
Cpc 0
0 Cpc

]
, Y matrix1 =⎡⎣−1/R 0 0

1/Rm −1/Rm −1/Rm

0 0 −1/(RL +R)

⎤⎦,Y matrix2 =⎡⎣−1/R 0
0 0
0 −1/(RL +R)

⎤⎦,Y matrix3 =[−1/R 0
0 −1/(RL +R)

]
, Ymartrix4 = [1/R, 0, 0]T, Ymartrix5

= [1/R, 0]T, iL˙martrix = [iL1(t), iL2(t)]T, vs˙martrix = [vCs1(t),
vCm(t), vCs2(t)]T, vp˙martrix = [vCp1(t), vCp2(t)]T, and 0 is the
zero matrix.

Similarly, the reduced-order model, which can be derived
from the full-order model by eliminating iL˙matrix and vp˙matrix,
is expressed as

dvs_matrix

dt
= Cs_matrix

−1 Y matrix1vs_matrix

+Cs_matrix
−1Y matrix4vin;[

iin

io

]
= Y matrix2

T vp_matrix + Y matrix5vin.

(7)

The frequency response of the input impedance of the coupled
resonators ZHybrid(ω) and ZCPT(ω) can be derived from the
state-space models in (6) and (7), respectively.

3) Circuit Parameter Extraction: The circuit parameters of
the coupled resonators are extracted using the input impedance
of the coupled resonators. Since the coupling mechanism in-
volves both electric and magnetic flux, extracting both the
mutual capacitance Cm and mutual inductance M concurrently
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using the impedance ZHybrid may lead to significant discrepan-
cies and convergence issues. To address this issue, a successive
data-fitting approach is employed to extract these parameters
separately.

At the low-frequency region, inductive coupling is negligi-
ble. The self- and mutual capacitances Csc, Cpc, and CM can
be independently extracted based on the reduced-order model.
Once mutual capacitances are extracted, mutual inductance M
can be independently determined based on the full-order model.
Consequently, the parameter extraction process involves two
successive steps.

The first step is to use the low-frequency (e.g., from 0.05fr
to 0.15fr) impedance data for extracting the capacitance Csc,
Cpc, and CM. To further improve the accuracy, both impedance
data with an open-circuit load (i.e., RL = +�), denoted as
ZCPT˙OC˙data, and a short-circuit load (i.e., RL = 0), denoted
as ZCPT˙SC˙data, are utilized. The impedance data at different
frequencies are measured using the network analyzer

Ĉpc, Ĉsc, ̂CM = argmin
Cpc,Csc,CM

∣∣∣∣20 log10 |ZCPT (R

= R̂, RM = 0, RL = +∞
)∣∣∣

− 20 log10
∣∣ZCPT_OC_data

∣∣∣∣∣∣
2

+
∣∣∣∣20 log10 ∣∣∣ZCPT

(
R = R̂, RM = 0, RL = 0

)∣∣∣
− 20 log10

∣∣ZCPT_SC_data

∣∣∣∣∣∣
2
. (8)

The second step is to extract the mutual inductance M and
the high-frequency resistance associated with the mutual ca-
pacitance. Based on the full-range impedance data with an
open-circuit load, i.e., ZHybrid˙OC˙data, and a short-circuit load,
i.e., ZHybrid˙SC˙data, these parameters are extracted as follows:

̂RM , M̂ = argmin
RM ,M

∣∣∣∣20 log10 ∣∣∣ZHybrid

(
R = R̂, L = L̂, Csc

= Ĉsc, Cpc = Ĉpc, RL

= +∞)| − 20 log10
∣∣ZHybrid_OC_data

∣∣∣∣∣∣
2

+
∣∣∣∣20 log10 ∣∣∣ZHybrid

(
R = R̂, L = L̂, Csc

= Ĉsc, Cpc = Ĉpc, RL = 0
)∣∣∣

− 20 log10
∣∣ZHybrid_SC_data

∣∣∣∣∣∣
2
. (9)

TABLE IV
CIRCUIT PARAMETERS OF THREE RESONATOR DESIGNS

Fig. 10. Input impedance curves of the standalone resonators. Amplitude and
phase plots of the input impedance for (a) resonator design 1, (b) resonator
design 2, and (c) resonator design 3.

Since the running time is not a primary concern when char-
acterizing the resonators, the optimization problems can be ef-
fectively solved using derivative-free methods, without deriving
the gradient.

IV. WPT SYSTEM WITH HYBRID INDUCTIVE AND CAPACITIVE

COUPLINGS

A. Circuit Parameters of the Standalone Resonators

The circuit parameters of the standalone resonators were
extracted using the procedure in Section III and are summarized
in Table IV. The input impedance curves of these three designs
are shown in Fig. 10. The results obtained from the circuit model
and measurements are in good agreement.

⎡⎢⎣
diLmatrix

dt
dvsmatrix

dt
dvpmatrix

dt

⎤⎥⎦ =

⎡⎣ 0 0 Lmatrix
−1

0 Cs_matrix
−1Y matrix1 Cs_matrix

−1Y matrix2

−Cp_matrix
−1 Cp_matrix

−1Y matrix2
T Cp_matrix

−1Y matrix3

⎤⎦⎡⎣iL_matrix

vs_matrix

vp_matrix

⎤⎦

+

⎡⎣ 0
Cs_matrix

−1Y matrix4

Cp_matrix
−1Y matrix5

⎤⎦ vin

[
iin

io

]
=

[
0 Y matrix2

T Y matrix3

] ⎡⎣iL_matrix

vp_matrix

vs_matrix

⎤⎦
+ Y matrix5vin (6)
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Fig. 11. Circuit model for separating dielectric loss and ohmic loss.

As Table IV shows, Design 1 shows the highest quality
factor of 210.6 at its resonant frequency of 11.64 MHz, while
Designs 2 and 3 achieve the quality factors of 177.5 and 56.2,
respectively. Although the equivalent inductances L of the three
designs are similar, the equivalent capacitances Cs and Cp vary
significantly, with Design 3 featuring the largest capacitance.
These differences reflect the properties of the three dielectric
materials particularly in the middle layer. Air possesses the low-
est dielectric constant and loss, while FR4 exhibits a relatively
high dielectric constant and dielectric loss. Mica features high
dielectric constant and low loss.

The equivalent capacitances Cs and Cp in Design 2 are only
slightly higher than those in Design 1, which are still much lower
than those in Design 3. This is attributed to imperfect contact
between the middle dielectric layer and the spiral windings, as
well as impurities within the mica sheets used for constructing
Design 2. Table II summarizes the nominal and measured di-
electric constant values for three different dielectric materials.
The mica sheets used in Design 2 exhibit a measured dielectric
constant of only 1.3, lower than their nominal value.

B. Characterization of Dielectric Loss

We characterize the dielectric loss by adapting the technique
in [21]. This involves using full-wave finite-element simulation
[34] to separate the total loss into its dielectric loss and ohmic
loss, as shown in Fig. 11. The resonator impedance curves are
obtained through adaptive frequency sweeping in finite-element
simulations. The dielectric constant of the middle layer in
Design 2 is set to the measured value of 1.30 to maintain
consistency with the experiment.

In the first set of simulations, the dielectric material’s loss
tangent is set to its nominal value. Using a parameter extraction
method [i.e., (4) and (5)], the circuit parameters, including the
total resistance, can be derived from the simulated impedance
curves. This total resistance R includes both dielectric loss and
ohmic loss, i.e., R = Rdielectric+Rohmic.

To separate these loss components, a second set of simulations
is performed. In this case, the dielectric material’s loss tangent
is artificially set to zero, so the impedance curve only reflects
the ohmic loss, i.e., R = Rohmic. By comparing the results of
the two simulation sets, Rdielectric and Rohmic are determined
and summarized in Table V. The results indicate that the ohmic
losses are similar in the three designs. However, Design 1 and
Design 2 demonstrate a significant reduction (∼80% reduction)
in dielectric loss as compared with Design 3.

TABLE V
FINITE-ELEMENT CHARACTERIZATION OF DIELECTRIC LOSS

Fig. 12. Input impedance curves of the coupled resonators of Design 1 with
a distance of 2.5 mm along the z-axis. Amplitude and phase plots of the input
impedance with (a) short-circuit load (i.e., RL = 0) and (b) open-circuit load
(i.e., RL = +�).

Fig. 13. Input impedance curves of the coupled resonators of Design 2 with
a distance of 2.5 mm along the z-axis. Amplitude and phase plots of the input
impedance with (a) short-circuit load (i.e., RL = 0) and (b) open-circuit load
(i.e., RL = +�).

C. Circuit Parameters for Hybrid Coupling

To investigate the hybrid coupling, the circuit parameters
(e.g., mutual inductance M and mutual capacitance Cm) of the
coupled resonators with different transmission distances are
extracted. Figs. 12–14 show the input impedance curves of
coupled DSL-PCB resonators with a transmission distance of
2.5 mm along the z-axis for Design 1, Design 2, and Design 3.
These results show good agreement between the full-order
model and practical measurements, validating the equivalent
circuit model. The reduced-order model accurately characterizes
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Fig. 14. Input impedance curves of the coupled resonators of Design 3 with
a distance of 2.5 mm along the z-axis. Amplitude and phase plots of the input
impedance with (a) short-circuit load (i.e., RL = 0) and (b) open-circuit load
(i.e., RL = +�).

TABLE VI
CIRCUIT PARAMETERS OF COUPLED RESONATOR DESIGNS AT VARYING

DISTANCES

the system impedance up to 3 MHz and the error becomes more
obvious after 5 MHz.

D. Characterization of Hybrid Coupling Between Resonators
With Varying Transmission Distances

By repeating the parameters extraction for a range of trans-
mission distances along the z-axis (see Fig. 5), the correspond-
ing circuit parameters are tabulated in Table VI. These results
reflect the performance against vertical misalignment (along the
z-axis). For the lawn mower charging application, horizontal
misalignment (along the x- or y-axis) is minimized by the

Fig. 15. Relationship of the mutual coupling kIPT as a function of the effective
distance.

Fig. 16. Relationship of mutual capacitance as a function of effective distance.
The results from the measurement and simulation of (a) Design 1, (b) Design 2,
and (c) Design 3.

robot’s charging station docking. Although the circular wind-
ing structure of DSL-PCB resonator is sensitive to horizontal
misalignment, this is less of a concern in this application.

As Designs 1 and 2 involve DSL-PCB materials on top and
bottom layers, the effective distance (i.e., the distance between
the copper spiral windings of two resonators) is larger than that in
Design 3 (of traditional DL-PCB). To ensure a fair comparison,
we use the effective distance as a variable in studying the hybrid
coupling. Fig. 15 shows the relationship of coupling coefficient
kIPT (kIPT = M/L) as a function of effective distance. The
results obtained from Duffy–Hurley equation [22], [23], [35] are
included for reference. In addition, since the inductive coupling
mechanism of the three designs is identical, only the full-wave
finite-element simulation of Design 3 is provided for reference.
Notably, self-inductance and mutual inductance cannot be de-
rived from the Duffy–Hurley equation, as it does not account for
the effects of stray capacitance and self-resonance.

Fig. 16 shows the relationship of mutual capacitance Cm

as a function of the effective distance. The simulation results,
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obtained through electrostatic finite-element simulation, are pro-
vided for references. The simulation provides the capacitance
of six coupling capacitors between two couplers. The mutual
capacitance Cm is derived based on these six capacitor values
[24], [25]. These results indicate that the experimental results
and theoretical predictions are consistent.

E. Mixed Coupling Coefficient

The mixed coupling coefficient kmix [36], [37], which
accounts for both inductive and capacitive coupling, can be
derived for DSL-PCB resonators. The procedure is provided in
Appendix I. The mixed coupling coefficient kmix is written as
follows:

kmix =
kIPT − kCPT

1− kCPTkIPT
(10)

where inductive coupling coefficient kIPT = M
L and capacitive

coupling coefficient kCPT = Cm

Cpc+Csc
.

Based on Table VI, 0 > kIPT > −1 and 1 > kCPT > 0. The
mixed coupling coefficient is greater than the inductive coupling
coefficient kIPT and capacitive coupling coefficient kCPT

|kmix| = |kIPT|+|kCPT|
1+|kCPT||kIPT| >

|kIPT|+|kIPT|2|kCPT|
1+|kCPT||kIPT| = |kIPT|

and

|kmix| = |kIPT|+|kCPT|
1+|kCPT||kIPT| >

|kCPT|+|kCPT|2|kIPT|
1+|kCPT||kIPT| = |kCPT| .

(11)

The sign of the coupling coefficient is critical. If kIPT is
positive, kIPT and kCPT will cancel out each other and weaken
kmix. From a circuit perspective, a positive kIPT indicates that
the transmission power through the inductive and capacitive
coupling paths is in the opposite directions. This leads to a
circulating power and extra conduction loss.

Fig. 17 illustrates the relationship between the coupling coef-
ficient and effective distance. At a short distance, the capacitive
coupling kCPT is strong; the mixed coupling kmix shows an
improvement over inductive coupling kIPT. As the distance
increases, the capacitive coupling kCPT reduces. Therefore,
the mixed coupling kmix gradually decreases to the inductive
coupling kIPT value.

F. General kQ Factor and Optimal Transmission Efficiency

Conventional kQ factor for inductive coupler is not suitable
for characterizing DSL-PCB resonators because of the hybrid
coupling mechanism. To address this, we use the general kQ
factor [38], which is applicable to various types of couplers.
The derivation of the general kQ factor for DSL-PCB resonators
is detailed in Appendix II. The general kQ factor of the coupled
DSL-PCB resonators kQHybrid can be expressed as follows:

kQHybrid =
1

|1−ω2Cpc (L+M)| |1−ω2Cpc (L−M)|
ω |M |
R︸ ︷︷ ︸

Contribution of inductive coupling, kQIPT

+
Cm

ωR
(
Csc

2 − Cm
2
)︸ ︷︷ ︸

Contribution of capacitive coupling,kQCPT

. (12)

Fig. 17. Coupling coefficients as a function of effective distance. (a) Design
1. (b) Design 2. (c) Design 3.

The kQ factor of the coupled DSL-PCB resonators kQHybrid

is improved by two factors: First, the self-resonant opera-
tion amplifies that of the inductive coupling (kQIPT > ω|M |

R ),
and second, the additional contribution of kQCPT. Based on
kQHybrid, the optimal efficiency of DSL-PCB resonators can be
derived [39]

ηmax =
(kQHybrid)

2(
1 +

√
1 + (kQHybrid)

2

)2 . (13)

Fig. 18 shows the relationship between kQ factors and effec-
tive distance, while Fig. 19 shows the optimal efficiency of three
designs as a function of effective distance.

G. Pareto Front of Transmission Efficiency and Power

This study examines the tradeoff between transmission effi-
ciency and power by presenting the Pareto fronts of three designs
at different transmission distances. The Pareto fronts of three
designs are obtained by solving a multiobjective optimization
problem. The genetic algorithm is used for solver

min
f,RL

{−Po (f,RL)
−η (f,RL)

s.t.

{
fmin ≤ f ≤ fmax

RL_min ≤ RL ≤ RL_max.
(14)
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Fig. 18. kQ factors as a function of effective distance. (a) Design 1.
(b) Design 2. (c) Design 3.

Fig. 19. Optimal transmission efficiency of three designs.

The output power Po and efficiency η are obtained through
numerical calculation in Appendix III. The output power is
normalized to the unity input voltage (Vin = 1 V). The minimum
and maximum operating frequencies are set at 0.8fr–1.2fr, re-
spectively. The load resistance range is set to vary from 1–105 Ω.

Fig. 20 shows the Pareto fronts of three designs at different
transmission distances. The data points located in the upper-left
corner of each Pareto front correspond to the optimal transmis-
sion efficiencies of three designs. Conversely, the points in the
lower right corner represent the maximum achievable output
power when the minimum required transmission efficiency is set
at 85% . Design 1, with a higher kQ factor, outperforms the other
two designs by achieving higher optimal transmission efficiency
and a wider output power range. Therefore, high-Q DSL-PCB
resonator simultaneously improves efficiency and power per-
formance, expanding the boundaries of the power–efficiency
tradeoff.

Fig. 20. Pareto fronts of three designs at different transmission distances.
(a) Design 1. (b) Design 2. (c) Design 3.

Fig. 21. Experimental setup for testing the DSL-PCB resonators.

V. EXPERIMENTAL RESULTS

The experimental setup for verifying the WPT system with
two coupled DSL-PCB resonators is shown in Fig. 21. A
75A250A power amplifier and an AFG31000 signal generator
are used to generate a high-frequency ac power source. The
following instruments are used for practical measurements: one
500 MHz DSOS054A oscilloscope, two 100 MHz N2783B
current probes, one 100 MHz N2790A differential voltage probe,
and one 500 MHz N2873A passive voltage probe. These instru-
ments are used to measure the voltage and current waveforms
of the WPT system. The ground terminal of the passive volt-
age probe is connected to the ground of the power amplifier,
establishing a common ground connection among the oscillo-
scope, signal generator, and power amplifier, which alleviates the
common-mode interference. Moreover, to ensure more accurate
measurements, these probes are calibrated using the U1880A
Deskew Fixture [40].
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Fig. 22. Key waveforms of the WPT system with Design 1. (a) Input voltage.
(b) Input current. (c) Output voltage. (d) Output current.

Fig. 23. Key waveforms of the WPT system with Design 2. (a) Input voltage.
(b) Input current. (c) Output voltage. (d) Output current.

Fig. 24. Key waveforms of the WPT system with Design 3. (a) Input voltage.
(b) Input current. (c) Output voltage. (d) Output current.

A. Model Verifications and Loss Analysis

Figs. 22–24 present the time-domain measurements and cor-
responding simulated waveforms obtained from the full-order
circuit model. The coupled resonators are separated by 2.5 mm,
and a 50-Ω load resistance is used. The operating frequencies for

Fig. 25. Power flow analysis and loss breakdown of the WPT systems.
(a) Estimated loss breakdown. (b) Power flow analysis.

Fig. 26. Efficiency comparison of three designs under varying load conditions
at a distance of 50 mm.

these three designs are 8.4 MHz, 7.6 MHz, and 5.1 MHz, respec-
tively. These frequencies are close to the parity-time symmetry
frequencies [41], resulting in an input impedance near 50 Ω as
seen from the transmitter. This impedance matches that of the
power amplifier, which allows effective power generation from
the power amplifier. The measurement data closely match the
results from the full-order circuit model, validating the model’s
effectiveness.

The circuit model enables an analysis of power flow. This
analysis characterizes the power distribution through the two
distinct coupling paths. Fig. 25(a) and (b) presents the estimated
loss breakdowns and power flow analysis, respectively. The loss
breakdown in Fig. 25(a) is estimated based on the model. In
the power flow analysis, as shown in Fig. 25(b), the output
power, efficiency, and loss are derived from waveforms, and
the power of the IPT and CPT paths is estimated based on the
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Fig. 27. Comparative study to quantify the extra area required by the in-
ductive coupler. (a) Full-wave finite-element analysis for DSL-PCB resonator.
(b) Quasistatic finite-element analysis for inductive coupler. (c) Additional
area required by inductive couplers to achieve equivalent performance with
DSL-PCB resonators.

model. Fig. 25(b) shows that the WPT system based on Design 1
achieves the highest transmission efficiency of 97.4% at 27.9 W
output power. Design 2 exhibits a similarly high efficiency of
97.3% at 29.3 W output power. Design 3 shows a slightly lower
efficiency of 94.9% at 20.2 W. In Fig. 25(a), the loss breakdown
indicates the contribution of the capacitive coupling path, which
transfers an additional 15% of power, as evidenced by the results
from Design 1. These findings further validate the effectiveness
of hybrid inductive and capacitive WPT.

B. Efficiency Comparison

In the experiment, we use high-bandwidth current probes and
a high-resolution oscilloscope to obtain the root-mean-square
values of iin and io. The efficiency is then determined using (21).
Similar measurement methods have been previously employed
to determine ac power [42] and efficiency [43] in MHz-range
WPT systems.

Fig. 26 presents the efficiency of three WPT system designs
under varying load conditions at a distance of 50 mm. The sys-
tems operate at the resonators’ respective self-resonant frequen-
cies: 11.64, 10.50, and 5.85 MHz. The maximum efficiencies
achieved by the three designs are 95.8%, 95.2%, and 88.0%,

respectively. These results are consistent with the optimal effi-
ciency prediction in Fig. 19. Design 3 consistently demonstrated
lower efficiency than the other two designs, and this efficiency
decreased substantially with higher load resistances. The ob-
served trend is consistent with the resonator quality factors, with
Design 3 possessing the lowest quality factor.

These tests verify that DSL-PCB resonators are suitable for
both short- and long-distance wireless power transmission ap-
plications.

VI. COMPARISON

A. Comparison of Coupler Area

This section presents a comparative analysis designed to
determine the additional area required by inductive couplers to
achieve equivalent performance with DSL-PCB resonators. The
kQ factor is used as the performance indicator.

Consequently, an inductive coupler with the spiral winding
parameters, as listed in Table I, is used for comparison with the
DSL-PCB resonator. Therefore, the size of inductive coupler is
200 mm × 200 mm. Quasistatic finite-element solver is carried
out to evaluate the inductive coupler to minimize the effects of
stray capacitance and dielectric loss at MHz frequencies. For
consistency, the dielectric materials of the DSL-PCB resonators
are excluded in the full-wave finite-element solver. In the com-
parative study, the operating frequency is set at 11.64 MHz.

Given an identical coupler area (i.e., the DSL-PCB resonator
area AreaHybrid equals the inductive coupler area AreaIPT),
kQHybrid is generally greater than kQIPT. Increasing the in-
ductive coupler area AreaIPT results in improved kQIPT. This
enables the identification of critical inductive coupler area where
kQIPT = kQHybrid. Fig. 27(a) and (b) shows the finite-element
analysis for the comparative study. Fig. 27(c) shows the re-
lationship between the ratios kQIPT

kQHybrid
and AreaIPT

AreaHybrid
for three

transmission distances. The data show that the inductive coupler
requires a larger area increase at shorter distances to achieve an
identical kQ factor. For example, at the transmission distance
of 2 mm, the area needs to increase by approximately 53.8%
(from 200 mm × 200 mm to 248 mm × 248 mm), while at the
transmission distance of 6 mm, the additional area is only about
14.5% (from 200 mm × 200 mm to 214 mm × 214 mm). This
is consistent with the previous analysis. At larger transmission
distances, capacitive coupling diminishes, and the performance
of the hybrid coupler becomes similar to that of the inductive
coupler.

B. Comparison With Couplers From Literature

The comparison of various couplers is shown in Table VII. The
kQ factor, mixed coupling coefficient, and optimal efficiency are
also used as a performance indicator. As these resonators have
different dimensions, the performance indicators are evaluated
at a distance corresponding to a specific ratio of their sizes.
The distance is set at 2.85% of the length. This distance corre-
sponds to the smallest effective distances for characterizing the
hybrid coupling in Figs. 15 and 16. The coupling coefficients
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TABLE VII
COMPARISON BETWEEN INDUCTIVE AND CAPACITIVE COUPLERS

for the inductive couplers are derived from the Duffy–Hurley
equation [22], while the coupling coefficient for the capacitive
coupler is obtained from finite-element analysis. However, the
coupling coefficients of the hybrid couplers are obtained from
finite-element analysis. The quality factors of these resonators
are extracted from the literature.

In Table VII, the inductive couplers [19], [21], capacitive
couplers [24], [25], and hybrid couplers with self- or partial self-
compensation [26], [27] are included. The operating principles
of these hybrid couplers are different from those of DSL-PCB
resonators. These hybrid couplers [26], [27] employ electrically
connected metallic plates (CPT coupler) and coils (IPT) for
hybrid coupling and self-compensation, resulting in separated
inductive (coil based) and capacitive (metallic plate based)
coupling. DSL-PCB resonators, however, feature a monolithic
structure without such electrical connections. Instead, the in-
herent stray capacitance and PCB windings interact to create
self-resonance, which alters the current and voltage distribution
within the resonator. In turn, the electric and magnetic field

distributions are influenced. This results in a strong interde-
pendence among inductive coupling, capacitive coupling, and
self-resonant operation.

By comparing the data reported in the literature with the
evaluated performance indicators, the DSL-PCB resonators
demonstrate outstanding performance in enhancing the coupling
coefficient, kQ factor, and optimal efficiency.

VII. CONCLUSION

This article presents a new wide-frequency equivalent circuit
model for DSL-PCB resonators, based on which a WPT system
comprising two DSL-PCB resonators is formed. Procedures for
extracting the model parameters for both the resonators and
WPT system are introduced. The DSL-PCB resonator circuit
model and the corresponding WPT system model are verified in
the MHz range experimentally. The first key advantage of the
DSL-PCB resonators is the elimination of the dielectric power
loss in the middle layer of the resonator. Its second advantage is
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Fig. 28. (a) Alternative form of the circuit model. T–T′ represents the symme-
try plane for the circuit. (b) Left half of the circuit after replacing the symmetry
plane with a short circuit. (c) Left half of the circuit after replacing the symmetry
plane with an open circuit.

the reduction of both interwinding capacitance and intrawinding
capacitance of the PCB resonators. Consequently, WPT systems
based on DSL-PCB resonators can be operated in the MHz with
high energy efficiency as practically proven in this study. A third
advantage is that they allow both inductive and capacitive WPT.
Finally, because the DSL-PCB resonators can be manufactured
with relatively tight parameter tolerance using modern printing
technology, they are suitable for mass production for WPT
applications in the MHz range.

APPENDIX I
DERIVATION OF MIXED COUPLING COEFFICIENT

A mixed coupling coefficient kmix is derived following the
procedure in [36] and [37]. The equivalent circuit for a pair of
coupled DSL-PCB resonators can be transformed into an alter-
native form by using impedance inverter for inductive coupling
and admittance inverter for capacitive coupling. Fig. 28(a) shows
the alternative form of the circuit model. The equivalent resistors
are hidden to simplify the derivation. The line T–T′ represents
the symmetry plane for the circuit. By replacing the symmetry
plane with a short circuit, the left and right halves of the circuit
are decoupled, as shown in Fig. 28(b). The resonance frequency
fshort of the left-half part is

fshort =
1

2π
√
(L−M) (Cpc + Csc + Cm)

. (15)

Likewise, by replacing the symmetry plane with an open
circuit, the left and right halves of the circuit are separated,
as shown in Fig. 28(c). The resonance frequency fopen of the

left-half part is

fopen =
1

2π
√
(L+M) (Cpc + Csc − Cm)

. (16)

The mixed coupling can be derived as

kmix =
fshort

2 − fopen
2

fshort
2 + fopen

2 =

M
L − Cm

Cpc+Csc

1− M
L

Cm

Cpc+Csc

=
kIPT − kCPT

1− kCPTkIPT
.

(17)

APPENDIX II
DERIVATION OF THE GENERAL KQ FACTOR

The general kQ factor [38] is used to characterize the hybrid
coupling between two DSL-PCB resonators, which is defined as

kQ =
|Z21|√

real (Z11) real (Z22)− real (Z12) real (Z21)
. (18)

Based on the circuit model [in Fig. 9(a)], the real parts of Z11

and Z22 are

real (Z11) = real (Z22) = R. (19)

Since the circuit model in Fig. 9(a) is reciprocal, Z21 and Z12

are identical. As the loss on Rm is negligible, the real part of
Z21 and Z12 can be assumed to be zero, and hence, Z21 becomes
a pure imaginary number. Z21 can be derived from the input
impedance of the equivalent circuits in Fig. 28(b) and (c) [36]

Z21 = Z12 =
Zinopen − Zinshort

2

=
1

2

[
jω (L+M)

1− ω2Cpc (L+M)
− jω (L−M)

1− ω2Cpc (L−M)

]
+

1

2

[
1

jω (Csc − Cm)
− 1

jω (Csc + Cm)

]
=

jωM

[1− ω2Cpc (L+M)] [1− ω2Cpc (L−M)]

− j
Cm

ω
(
Csc

2 − Cm
2
) . (20)

The kQ factor is

kQ =
1

|1− ω2Cpc (L+M)| |1− ω2Cpc (L−M)|
ω |M |
R

+
Cm

ωR
(
Csc

2 − Cm
2
) . (21)
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APPENDIX III
OUTPUT POWER AND EFFICIENCY OF THE COUPLED DSL-PCB

RESONATORS

The circuit model of coupled resonators is of seventh order; it
is not straightforward to derive a closed-form analytical expres-
sion for efficiency and output power calculation. Therefore, we
use numerical methods to determine efficiency in time domain
and frequency domain.

A. Time-Domain Calculation

Since the loss associated with Rm is small enough to be
considered negligible [see Fig. 25(a)], the output power and
efficiency of the WPT system can be simplified as (22) shown at
the bottom of this page,where Po is the output power, Ploss is the
loss, T (=1/f) is the period of sinusoidal input vin=Vinsin(2πft),
τ is the starting time for efficiency calculation, and n is a positive
natural number. By solving the differential equations [see (6)]
of the coupled DSL-PCB resonators, the values of iin(t) and io(t)
are obtained. To increase the accuracy of efficiency calculation, a
sufficiently large τ is used such that the WPT system is operating
at steady state. Power is calculated over n cycles to reduce the
effects of noise.

B. Frequency-Domain Calculation

Moreover, the output power and efficiency can be numerically
determined in the frequency domain. The Z parameters for
the coupled DSL-PCB resonators are derived from the input
impedance of the equivalent circuits, as shown in Fig. 28(b) and
(c) [36]. The Z parameters are expressed as follows:

Z11 = Z22 =
Zin_open + Zin_short

2
+R

=
1

2

[
jω (L+M)

1− ω2Cpc (L+M)
+

jω (L−M)

1− ω2Cpc (L−M)

]
+

1

2

[
1

jω (Csc − Cm)
+

1

jω (Csc + Cm)

]
+R

=
j
[
ωL− ω3Cpc (L+M) (L−M)

]
[1− ω2Cpc (L+M)] [1− ω2Cpc (L−M)]

− j
Csc

ω
(
Csc

2 − Cm
2
) +R

Z21 = Z12 =
Zin_open − Zin_short

2

=
jωM

[1− ω2Cpc (L+M)] [1− ω2Cpc (L−M)]

− j
Cm

ω
(
Csc

2 − Cm
2
) . (23)

The input and output current are obtained by solving the
matrix inversion[

iin

io

]
=

[
Z11 Z12

Z21 Z22 +RL

]−1 [
Vin

0

]

=

[
(Z22+RL)Vin

Z11(Z22+RL)−Z12Z21−Z21Vin
Z11(Z22+RL)−Z12Z21

]
. (24)

Through substituting the circuit parameters, the output power
and efficiency are numerically obtained

Po =
1

2
|io|2 RL =

|Z21|2|Vin|2RL

2|Z11 (Z22 +RL)− Z12Z21|2

η =
|io|2RL

|io|2 (RL +R) + |iin|2R

=
|Z21|2RL

|Z21|2 (RL +R) + |Z22 +RL|2R
. (25)
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