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Autotuned Nonlinear Extended State Observer-Based
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Abstract—To enhance the position tracking performance of per-
manent magnet synchronous motors (PMSMs) under unknown
disturbances, this article proposes a fast fixed-time control strategy
based on an improved nonlinear extended state observer (NESO).
First, load disturbances and nonlinear friction are considered as
lumped disturbance, for which an NESO is designed to estimate
the lumped disturbance. The control parameters of the NESO
are tuned online using a neural network optimization algorithm,
eliminating the need for offline training. Then, a robust fixed-time
sliding mode control method is proposed, based on an improved
nonsingular fast terminal sliding mode manifold, which offers
better convergence performance. The Lyapunov method is used to
prove the fixed-time stability of the position tracking error system.
Finally, the effectiveness of the proposed method is validated on an
experimental platform with PMSMs, and it is compared with other
advanced fixed-time position control methods. The comparison
results confirm that the proposed method exhibits superior control
performance.

Index Terms—Fixed-time control, nonlinear extended state
observer (ESO), parameter optimization, permanent magnet
synchronous motor (PMSM).

NOMENCLATURE

id, iq dq-axis stator currents.
ud, uq dq-axis stator voltages.
Ld, Lq dq-axis stator inductance.
pn Number of pole pairs.
ψf Flux linkage.
Te Electromagnetic torque.
ω Mechanical angular velocity.
ωe Electrical angular velocity.
TL Load torque.
J Moment of inertia.
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B Viscous friction coefficient.
Rs Stator resistance.

I. INTRODUCTION

P ERMANENT magnet synchronous motors (PMSMs) are
widely employed in servo control systems because of their

efficiency, precision, and reliability [1]. In such systems, the
accuracy and response speed of the controller are pivotal factors
that directly influence the overall performance and efficiency.
However, the PMSMs system are nonlinear and easily affected
by disturbances and uncertainties, including variations in un-
known dynamics, friction, and external load disturbances.

Recently, numerous nonlinear control methods have been
developed to improve position control performance for PMSMs.
In [2], an active disturbance rejection control (ADRC) was
applied to the position servo system, providing a simple structure
and robust performance. However, ADRC was limited by the nu-
merous parameters and their intricate interdependencies, which
make parameter optimization a challenging task. To address this
issue, researchers have explored various parameter optimization
methods. A parameter optimization method based on optimal
control theory was proposed in [3], which addressed the tradeoff
between high gain and measurement noise in the extended state
observer (ESO). However, this method encountered additional
challenges in complex nonlinear systems, including unclear
relationships between parameters and sensitivity to initial val-
ues. The emergence of heuristic algorithms provided innovative
solutions to parameter optimization challenges. In [4], particle
swarm optimization (PSO) was employed to derive optimized
sliding mode control gains by addressing a tradeoff optimization
problem between the ultimate bound and the communication
burden. In [5], an improved quantum genetic algorithm (GA) was
proposed to optimize PID control. In [6], an adaptive data-driven
iterative feedforward tuning method based on a fast recursive
algorithm was proposed. This method simultaneously tunes
both the structure and parameters of the feedforward controller.
In [7], a weighting factors optimization method was proposed,
which utilized an aggregated residual network that combined
the advantages of residual connections and aggregated transfor-
mations. In [8], an online parameter identification framework
based on deep reinforcement learning (DRL) was proposed. This
framework utilized a DRL agent capable of learning the ADRC
policy through the construction of a training scenario database
in an offline manner. While the algorithms demonstrated
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effectiveness, they were burdened by significant computational
demands, particularly in the cases of PSO [4] and GA [5]. In
addition, knowledge-based methods required a large dataset for
offline training [6], [7], [8]. These existing issues served as the
impetus for this research.

In servo control systems, such as industrial robotic arms mov-
ing along a production line, stringent time response requirements
were essential to ensure safety and enhance productivity. Con-
ventional nonlinear controls, such as terminal sliding mode and
higher order sliding mode, were limited to achieving finite-time
convergence, with the settling time being contingent upon the
initial conditions [9]. The fixed-time stabilization control was
first proposed in [10], where the settling-time was bounded by
control gains and independent of initial conditions. In [11], a
fixed-time controller was designed using a double limit ho-
mogeneous method to improve the dynamic performance of
PMSM. However, this method had relatively high computational
complexity. In [12], the convergence rate of the system was
significantly enhanced by employing a fixed-time command
filter control approach. The system’s convergence under pre-
defined performance criteria was achieved through the design
of an adaptive fuzzy fixed-time control in [13]. In [14], an
adaptive quasi-fixed-time terminal sliding mode control was
proposed, which accelerates the system’s convergence rate but
faces singularity issues. In [15], the singularity issue is circum-
vented by leveraging the intrinsic properties of the saturation
function. Meanwhile, in [16], [17], and [18], fixed-time integral
sliding manifolds were constructed to ensure the convergence
of system errors within a fixed-time frame, thereby effectively
addressing the singularity challenge. In [19] and [20], dual-layer
fixed-time sliding mode manifolds were designed to guarantee
the convergence of system errors within a fixed time, effectively
reducing chattering. However, this approach results in an in-
crease in the upper bound of the convergence time. The design
of a variable-gain nonsingular terminal sliding mode manifold,
as proposed in [21], [22], and [23], has been demonstrated to
effectively enhance the convergence rate. In [24], [25], [26],
and [27], the singularity issue was addressed, and a variable-
exponent fixed-time stable system was designed, further in-
creasing the convergence speed. Although the aforementioned
efforts have made significant strides in enhancing the conver-
gence performance of fixed-time control, it remains crucial
to further explore methods with faster convergence speeds to
improve the system’s robustness, dynamic response, and static
performance.

Motivated by the above observations, this article designs
an ESO-based parameter self-tuning mechanism and a fast
fixed-time sliding mode control (FFTSMC) method. The main
contributions of this article are listed as follows:

1) The designed nonlinear extended state observer (NESO)
employs neural networks for real-time parameter auto-
tuning. The designed neural network algorithm can learn
and update parameters from real-time and historical data,
enhancing the system’s adaptability to the environment.
In comparison to existing literature [6], [7], the proposed
algorithm eliminates the need for offline data acquisition
and training.

2) The designed FFTSMC utilizes a nonsingular fast terminal
sliding mode manifold so that the system converges within
a fixed time and is independent of the initial state. In com-
parison to existing literature [26], [27], the proposed novel
fixed-time stabilization system has a faster convergence
rate.

3) The experimental results demonstrate that the NESO-
based FFTSMC improves the steady-state performance
and anti-interference capability of the PMSM servo sys-
tem compared to fixed-time position control methods pro-
posed in [28].

II. SYSTEM DESCRIPTION AND PRELIMINARIES

A. Mathematical Model

The mechanical equation of the IPMSM is expressed as [29]

dω

dt
=
Te
J

− B

J
ω − TL

J

Te =
3

2
pniq[id(Ld − Lq) + ψf ]. (1)

The state variables of the system are defined as follows:

{
x1 = θ − θ∗

x2 = ẋ1 = ω − θ̇∗
(2)

where θ and θ∗ represent actual mechanical position and refer-
ence position signal, respectively.

Combining (1) and (2), the state variables are expressed as

{
ẋ1 = ω − θ̇∗

ẋ2 = 3pn

2J [id(Ld − Lq) + ψf ]iq − B
J ω − TL

J − θ̈∗.
(3)

The reference i∗d is set to 0 to simplify the control [30]. If the
controller of id loop works well, one obtains i∗d = id = 0. Then,
the state variables are then rewritten as follows:{

ẋ1 = ω − θ̇∗

ẋ2 = χiq + d− θ̈∗
(4)

where χ = 3
2J pnψf , and d represents the lumped disturbance.

Assumption 1 (See [30]): There is an upper bound on both
the lumped disturbance d(t) and its time derivative, which are
denoted by |d| ≤ D1 and |ḋ| ≤ D2.D1 andD2 are two positive
constants.

Remark 1: In general, control inputs, external perturbations,
nonlinear friction, and the unknown dynamics of real systems are
all restricted within a certain operational range, thereby making
the lumped perturbation essentially bounded.

B. Extended State Observer

Considering the lumped disturbance of system (4), ESO is
designed to estimate the disturbance. The NESO is designed as
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follows: ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e1 = θ̂ − θ
˙̂
θ = ω̂ − β1 · fal(e1)
˙̂ω = χiq + d̂− β2 · fal(e1)
˙̂
d = −β3 · fal(e1)

(5)

where the symbol ·̂ is the estimated value of the corresponding
variable, e1 is the error the estimated and actual rotor position,
andβi(i = 1, 2, 3) are positive parameters to be determined. The
function fal(·) is nonlinear exponential function expressed as

fal(e) =

{
e

δ1−α , |e| ≤ δ
|e|α · sign(e), |e| > δ.

(6)

The tuning of parameter βi(i = 1, 2, 3) directly impacts the
ESO’s observation of the system state and the overall internal
and external perturbations. Stability analysis has been proven in
detail in [31], and state estimation errors ei(i = 1, 2, 3) meet the
following conditions in finite time Tr:

|ei| ≤M, i = (1, 2, 3), M > 0. (7)

C. Preliminary Lemmas

Lemma 1 (See [26]): If the following system satisfies:

ẏ = −αsigk1(y)− βsigk2(y) (8)

where k1 = m
sign(|y|−1)
1 , k2 = m

sign(1−|y|)
2 , m1 = m/n, m2 =

p/q, α > 0, β > 0, and sigk(y) = |y|ksign(y). m, n, p, and q
are positive odd integers that satisfy m > n and p < q. Then,
the system (8) is fixed-time stable, and the maximum of setting
time can be calculated by

Tmax =min

{
1

β(m1−1)
ln

(
1+

β

α

)
,

m2

α(1−m2)
ln

(
1+

α

β

)}

+min

{
1

β(1−m2)
ln

(
1+

α

β

)
,

m1

α(m1−1)
ln

(
1+

β

α

)}
.

(9)

Lemma 2 (See [27]): If the following system satisfies:

ẏ = − 1

μ(y)

(
αsigk(y) + βsig

p
q (y)

)
(10)

where μ(y) = a1 + (1− a1)exp(−a2|y|a3), k = 1/2 + m
2n +

( m
2n − 1/2)sign(|y| − 1), α > 0, β > 0, 0 < a1 < 1, a2 > 0,
a3 > 0 is an even integer.m,n, p, and q are positive odd integers
that satisfym > n and p < q. Then, the system (10) is fixed-time
stable and the maximum of setting time can be calculated by

Tmax =
n

α(m− n)
+

q

α(q − p)
ln

(
1 +

α

β

)
. (11)

Lemma 3: If the following system satisfies:

ẏ = − 1

μ(y)

(
αsigk1(y) + βsigk2(y)

)
(12)

where μ(y) = a1 + (1− a1)exp(−a2|y|a3), k1 = 1 + m
2n (1 +

sign(|y| − 1)), k2 = 1
2 (1 +

p
q ) +

1
2 (1− p

q )sign(|y| − 1), α >
0, β > 0, 0 < a1 < 1, a2 > 0, and a3 > 0 is an even integer.

m, n, p, and q are positive odd integers that satisfy m > n
and q > p. Then, the system (12) is fixed-time stable, and the
maximum settling time can be calculated by

Tmax =
n

βm
ln

(
1 +

β

α

)
+

q

α(q − p)
ln

(
1 +

α

β

)
. (13)

Proof: (12) can be rewritten as⎧⎨
⎩
ẏ = − 1

μ(y)

(
αsig1+m/n(y) + βy

)
, |y| > 1

ẏ = − 1
μ(y)

(
αy + βsigp/q(y)

)
, |y| ≤ 1.

(14)

For case 1: |y| > 1, introducing a variable as z = 1 + ln|y|,
and for case 2: |y| ≤ 1, introducing a variable as z = |y|1−p/q .
Then, (14) can be written as{

ż = − 1
μ(y)

(
αe(z−1)(m/n) + β

)
, |z| > 1

ż = − 1
μ(y) (αz(1− p/q) + β(1− p/q)) , 0 < |z| ≤ 1.

(15)

By solving it, the convergence time can be calculated as

Tmax = lim
y(0)→∞

T (y(0))

= lim
z0→∞

(∫ z0

1

μ(y)

αe(z−1)(m/n) + β
dz

+

∫ z1

0

μ(y)

(1− p/q)(αz + β)
dz

)

= lim
z0→∞

∫ z0

1

μ(y)

αe(z−1)(m/n) + β
dz

+
μ(y)q

α(q − p)
ln

(
1 +

α

β

)
. (16)

Let T1 = limz0→∞
∫ z0
1

μ(y)
αe(z−1)(m/n)+β

dz and ρ =

e(z−1)(m/n), and then

T1 =
nμ(y)

m
lim

ρ0→∞

∫ ρ0

1

1

ρ(αρ+ β)
dρ

=
nμ(y)

m
lim

ρ0→∞

∫ ρ0

1

1

ρβ
− α

β(ρα+ β)
dρ

=
nμ(y)

βom
ln

(
1 +

βo
αo

)
. (17)

Since μ(y) ≤ 1, the settling time can be rewritten as

Tmax =
n

βm
ln

(
1 +

β

α

)
+

q

α(q − p)
ln

(
1 +

α

β

)
. (18)

The proof is completed.
To verify the fast convergence of the proposed fixed-time

stable system, a comparison is made with a typical fixed-time
stable system [26], [27] using the same controller parameters.
α = β = 2, m = 9, n = 5, p = 7, q = 9, a1 = 0.8, a2 = 10,
and a3 = 2. From Fig. 1, it can be observed that the proposed
method achieves faster fixed-time convergence compared to the
existing fixed-time stable system.
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Fig. 1. Convergence rate under different fixed-time methods.

Fig. 2. Block diagram of the neural network-based NESO parameter tuning
design.

III. PROPOSED CONTROL METHOD

A. Parameter Tuning Based on Neural Network

By capitalizing on the robust nonlinear mapping and global
approximation capabilities inherent in neural networks, the
NESO parameters are dynamically tuned online via neural net-
works to enhance the adaptability of the controller. The neural
network comprises a conventional three-layer feed-forward ar-
chitecture consisting of an input layer, a hidden layer, and an
output layer. To visually clarify the network’s structure, Fig. 2
depicts it for illustrative purposes.

In Fig. 2, x = [x1, x2, . . . , xn] is the input neuron,
ϕ = [ϕ1, ϕ2, . . . , ϕm] is the hidden layer activation function,
w = [w1, w2, . . . , wm] is the hidden layer weight vector, and
y = [y1, y2, . . . , yp] is the output neuron.

The hidden layer activation function adopts Gaussian func-
tion, whose expression is as follows:

ϕ(x(k)) = exp

(
−‖x(k)− ci(k − 1)‖2

2b2i (k − 1)

)
i = 1, 2, . . . ,m

(19)

where ci = [c1, c2, . . . , cN ] is the Gauss center point of the
ith hidden layer neuron, bi is the base width length of the ith
hidden layer node, which is used to adjust the sensitivity of
the neuron, ‖ · ‖ is the Euclidean norm, which represents the
distance between the input neuron and the central point vector.

The output layer expression is

yj(k) =

m∑
i=1

wij(k − 1)ϕj (x(k)) j = 1, 2, . . . , p (20)

where wij(k − 1) is the output weight of the ith hidden layer
neuron at the k − 1th instant.

The training error is defined as

ej(k) = yout(k)− yj(k) (21)

where yout is the actual output of the control system. Define
the approximation performance index function based on (21) as
follows:

E(k) =
1

2

p∑
j=1

e2j (k). (22)

The combination of (21) and (22) can be

∂E(k)

∂yj(k)
=
∂E(k)

∂ej(k)
· ∂ej(k)
∂yj(k)

= −ej(k). (23)

Combining (20) and (23), based on the gradient descent
method, the update equation for wij(k) is obtained as

∂E(k)

∂wij(k − 1)
=
∂E(k)

∂yj(k)
· ∂yj(k)

∂wij(k − 1)
= −ej(k)ϕi (x(k))

(24)

Δwij(k) = −η ∂E(k)

∂wij(k − 1)
= ηej(k)ϕi (x(k)) (25)

wij(k) = wij(k − 1) + Δwij(k)

+ α (wij(k − 1)− wij(k − 2)) (26)

where η is learning rate, α is momentum, and 0 < η < 1 and
0 < α < 1. The combination of (20) and (23) can be

∂E(k)

∂ϕi(x(k))
=
∂E(k)

∂yj(k)
· ∂yj(k)

∂ϕi(x(k))
= −ej(k)wij(k − 1).

(27)

The update equation for the center point ci of the hidden layer
is as follows:

∂E(k)

∂ci(k − 1)
=

∂E(k)

∂ϕi(x(k))
· ∂ϕi(x(k))

∂ci(k − 1)

= − ej(k)wijϕi(x(k))
x(k)− ci(k − 1)

b2i (k − 1)
(28)

Δci(k) = − η
∂E(k)

∂ci(k − 1)

= − ηej(k)wij(k + 1)ϕi(x(k))
x(k)− ci(k − 1)

b2i (k − 1)
(29)

ci(k) = cij(k − 1) + Δcij(k) + α(cij(k − 1)

− cij(k − 2)). (30)

The implicit layer base width parameter bi is updated as
follows:

∂E(k)

∂bi(k − 1)
=

∂E(k)

∂ϕi(x(k))
· ‖x(k)− ci(k − 1)‖2

b3i (k − 1)

= − ej(k)wijϕi(x(k))
x(k)− ci(k − 1)

b3i (k − 1)
(31)

Δbi(k) = − η
∂E(k)

∂bi(k − 1)
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Algorithm 1: Neural Network Parameter Tuning Algorithm.
1: Initialize the parameters in Neural Network, including
wi(0), ci(0), bi(0), η, α and parameters to be optimized
βi(i = 1, 2, 3)

2: for Calculate the incremental coefficients ec1, ec2, ec3
from (34)

3: Construct a dynamic neural network and compute the
output layer yj(k) based on (19) and (20);

4: The network parameters wij(k), ci(k), bi(k) are
calculated based on (26), (30), and (33);

5: Obtain Jacobian information from the obtained
parameters wij(k), ci(k), bi(k) and (36);

6: Update the parameters βi(i = 1, 2, 3) optimized in
NESO according to (35);

7: end for

= − ηej(k)wij(k + 1)ϕi (x(k))

× ‖x(k)− ci(k − 1)‖2
b3i (k − 1)

(32)

bi(k) = bi(k − 1)+Δbi(k)+α (bi(k − 1)− bi(k−2)) .
(33)

The 3-6-1 model has been selected to represent the struc-
ture of the validated neural network. The input layer vector
is [i∗q θ(k) θ(k − 1)]. By incorporating (21), the incremental
coefficients can be defined as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
e(k) = θ(k)− θ∗(k)
ec1 = e(k)− e(k − 1)

ec2 = e(k)

ec3 = e(k)− 2e(k − 1) + e(k − 2).

(34)

Combined with (34), the expression for the parameters tuning
in the NESO is⎧⎪⎪⎨

⎪⎪⎩
β1 = β1(k − 1) + β1(k − 1) · e · ∂yout(k)

∂i∗q(k)
· ec1

β2 = β2(k − 1) + β2(k − 1) · e · ∂yout(k)
∂i∗q(k)

· ec2
β3 = β3(k − 1) + β3(k − 1) · e · ∂yout(k)

∂i∗q(k)
· ec3

(35)

where ∂yout(k)/∂i
∗
q(k) is the Jacobian information of the con-

trolled object, which indicates the sensitivity of the system’s
input to the output. Its expression is

∂yout(k)

∂i∗q(k)
=

M∑
i=1

wij(k − 1)ϕi(x(k))
ci(k − 1)− i∗q(k)

b2i (k − 1)
. (36)

The detailed implementation of the neural network calculation
optimization parameter βi(i = 1, 2, 3) is as follows.

B. Fast Fixed-Time Controller Design

Consider system (4) and define the sliding mode manifold as

s = x2 +
1

μ(x1)
(λ1sig

k1(x1) + λ2h(x1)) (37)

where μ(x1) = a1 + (1− a1)exp(−a2|x1|a3) and k1 = 1 +
m
2n (1 + sign(|x1| − 1)). λ1, λ2, a1, and a2 are positive values,

and 0 < a1 < 1. a3 > 0 is an even integer. m > n > 0 are two
odd integers

h(x1) =

{
sigk2(x1), if s̄ = 0 or s̄ �= 0, |x1| ≥ κ
σ1x1 + σ2x

2
1sign(x1), if s̄ �= 0, |x1| < κ

(38)

where k2 = 1
2 (1 + p/q) + 1

2 (1− p/q)sign(|x1| − 1), 0 < κ <

1, and 0 < p < q are two odd integers. σ1 = (2− p/q)κp/q−1

and σ2 = (p/q − 1)κp/q−2

s̄ = x2 +
1

μ(x1)

(
λ1sig

k1(x1) + λ2sig
k2(x1)

)
. (39)

Taking the time derivative of (37) yields

ṡ = ẋ2 +
x2

μ(x1)

[
λ1k1|x1|k1−1 + λ2ḣ(x1)

]

− 1

μ2(x1)

[
μ̇(x1)

(
λ1sig

k1(x1) + λ2h(x1)
)]

(40)

ḣ(x1) =

{
k2|x1|k2−1, if s̄ = 0 or (s̄ �= 0 and |x1| ≥ κ)

σ1 + 2σ2|x1|, if s̄ �= 0 and |x1| < κ.

(41)

To make the system states converge to the proposed sliding
mode manifold (37) from arbitrary initial conditions, a reaching
law designed as

ṡ = − 1

μ(s)

(
λ3sig

k3(s) + λ4sig
k4(s)

)− kdsign(s) (42)

where μ(s) = b1 + (1− b1)exp(−b2|s|b3), k3 = 1 + m1

2n1

(1 + sign(|s| − 1)), and k4 = 1
2 (1 + p1/q1) +

1
2 (1−

p1/q1)sign(|s| − 1). λ3, λ4, b1, b2, and b3 are positive values,
and 0 < b1 < 1. q1 > p1 > 0 and m1 > n1 > 0 are four odd
integers. kd > M is the switching gain.

By substituting (42) into (37), the fixed-time sliding mode
control law can be acquired as

u =
1

χ

[
−d̂− x2

μ(x1)

(
λ1k1|x1|k1−1 + λ2ḣ(x1)

)

+
μ̇(x1)

μ2(x1)

(
λ1sig

k1(x1) + λ2h(x1)
)

− 1

μ(s)

(
λ3sig

k3(s) + λ4sig
k4(s)

)− kdsign(s)

]
.

(43)

C. Stability Analysis

Theorem 1: Considering the motor system (4), the sliding
mode manifold (37) is chosen as the proposed nonsingular fast
fixed-time control, and the control law is taken as (43), then after
Tr, the closed-loop system is practically fixed-time stable.

Proof: The proof is split into two parts.
Part 1: Select one candidate Lyapunov function asV1 = 1

2s
2,

and taking the time derivative of V1 yields

V̇1 = −s
(

1

μ(s)
(λ3sig

k3(s) + λ4sig
k4(s))

+kdsign(s) + d− d̂
)
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� − s

μ(s)
(λ3sig

k3(s) + λ4sig
k4(s)) + (M − kd)|s|

� − 1

μ(s)
λ3(2V1)

(k3+1)/2− 1

μ(s)
λ4(2V1)

(k4+1)/2. (44)

When |s| � 1, one has

V̇1 � − 1

μ(s)
λ32

(L2+2)/2V1
(L2+2)/2 − 1

μ(s)
λ42V1 (45)

and when |s| < 1, (44) becomes

V̇1 � − 1

μ(s)
λ32V1 − 1

μ(s)
λ42

(r2+1)/2V1
(r2+1)/2 (46)

where L2 = m1

n1
and r2 = p1

q1
.

Since (L2+2)
2 > 1, the first expressions in (14) and (45) are

equivalent in form. Similarly, since (r2+1)
2 < 1, the second

expressions in (14) and (46) are also equivalent in form. Con-
sequently, it follows from Lemma 3 that the system states can
reach the sliding surface s = 0 within a fixed time:

T1=
1

λ4L2
ln

(
1 +

λ4

2
L2
2 λ3

)
+

1

λ3(1− r2)
ln

(
1 +

λ3

2
r2−1

2 λ4

)
.

(47)

Part 2: When s = 0, the sliding-mode manifold can be de-
noted as

s = x2 +
1

μ(x1)

(
λ1sig

k1(x1) + λ2h(x1)
)
= 0. (48)

Once the sliding-mode manifold (37) is reached, the following
three cases should be analyzed.

Case 1: If s̄ = 0 is reached, it implies that s = x2 +
1

μ(x1)
(λ1sig

k1(x1) + λ2sig
k2(x1)) = 0.

Select one candidate Lyapunov function as V2 = 1
2x

2
1, and

taking the derivative of V2 versus time yields

V̇2 = x1x2 = −x1 1

μ(x1)
(λ1sig

k1(x1) + λ2sig
k2(x1))

= − 1

μ(x1)
(λ1|x1|k1+1 + λ2|x1|k2+1)

� − 1

μ(x1)
λ1(2V2)

(k1+1)/2 − 1

μ(x1)
λ22V1

(k2+1)/2. (49)

When |x1| � 1, one has

V̇2 � − 1

μ(x1)
λ12

(L1+2)/2V2
(L1+2)/2 − 1

μ(x1)
λ22V2 (50)

and when |x1| < 1, (49) becomes

V̇2 � − 1

μ(x1)
λ12V2 − 1

μ(x1)
λ22

(r1+1)/2V2
(r1+1)/2 (51)

where L1 = m
n and r1 = p

q .

Since (L2+1)
2 > 1, the first expressions in (14) and (50) are

equivalent in form. Similarly, since (r1+1)
2 < 1, the second

expressions in (14) and (51) are also equivalent in form. Conse-
quently, according to Lemma 3, it is shown that the system state

Fig. 3. Schematic diagram of the automatic parameter tuning ESO-based fast
fixed-time nonsingular terminal sliding mode control.

can converge to origin with a fixed time T2, and the convergence
time T2 is

T2=
1

λ2L1
ln

(
1 +

λ2

2
L1
2 λ1

)
+

1

λ3(1− r1)
ln

(
1 +

λ1

2
r1−1

2 λ2

)
.

(52)

When state variable x1 settles down to the origin, the state
variable x2 also converges to zero. In this case, the settling time
T is given by

T < Tmax = T1 + T2. (53)

Case 2: If s̄ �= 0 and |x1| ≥ κ, according to (37), one
has s = x2 +

1
μ(x1)

(λ1sig
k1(x1) + λ2sig

k2(x1)) = 0. Accord-
ing to Lemma 3, it can be concluded that the state x1 will
converge to the region |x1| < κ within a bounded time given
by (53). With the convergence of x1, x2 also converges to the
region |x2| ≤ λ1

μ(x1)
κk1 + λ2

μ(x1)
κk2 = Φ1, Φ1 > 0.

Case 3: If s̄ �= 0 and |x1| < κ, one has s = x2 +
1

μ(x1)
(λ1sig

k1(x1) + λ2σ1x1 + σ2x
2
1sign(x1)) = 0. Hence,

the following inequality is obtained:

|x2| � 1

μ(x1)
(λ1|x1|k1 + λ2(σ1|x1|+ σ2x

2
1)) = Φ2 (54)

where Φ2 > 0.
Based on the previous analysis, it is shown that the sys-

tem state can converge to R = {(x1, x2) : |x1| ≤ κ, |x2| ≤
max{Φ1,Φ2}} within fixed time Tmax.

The proof of Theorem 1 is completed.
To clearly show the implementation of the proposed control

algorithm, a schematic diagram of the automatic parameter
tuning ESO-based fast fixed-time nonsingular terminal sliding
mode is provided in Fig. 3.

D. Control Parameter Selection

The implementation of the proposed approach, the work of
tuning or choosing the control gains, to achieve higher pointing
accuracy and acceptable control effort, should be carefully done.
The following details should be followed when choosing gains.

1) For the parameters a1, a2, and a3, where 0 < a1 < 1,
a2 > 0, a3 > 0, and a3 is an even number, reducing a1
or increasing a2 and a3 can lead to a decrease in μ(x1),
thereby accelerating the convergence rate. For b1, b2, and
b3, the same pattern applies.
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Fig. 4. Block diagram of the proposed control scheme for the PMSM system.

2) The convergence rate increases with the increase of the
values of λ1, λ2, λ3, and λ4. However, the excessive value
will cause the extra chattering and overshoot.

3) The parameters m, n, p, and q will also affect the con-
vergence rate of the tracking error. Usually, m > n > 0
and q > p > 0. Moreover, a larger m/n or a smaller p/q
expedites the convergence rate. Initially, a suitable set of
control parameters is selected to ensure the normal oper-
ation of the PMSM. To further improve the convergence
performance, λ1, λ2, λ3, λ4, and m/n are appropriately
increased individually while keeping the other parameters
unchanged. Conversely, these values should be reduced
when the overshoot occurs. For m1, n1, q1, and p1, the
same pattern applies.

4) When x1 > κ, the proposed sliding mode manifold (37)
can provide a faster convergence rate, so κ should be a
small positive number. However, when κ = 0, it leads to
a singularity issue.

5) Increasing the parameter kd enhances the system’s dis-
turbance rejection capability. However, a larger value of
kd can introduce chattering issues. Therefore, taking into
account chattering effects and control input amplitude,
the parameter kd must be carefully determined through
multiple trials.

IV. EXPERIMENTAL RESULTS

The system block diagram is established, as shown in Fig. 4.
The PMSM test bench is shown in Fig. 5, which comprises two
motors, two drivers, a dSPACE 1202 real-time controller, and
corresponding ControlDesk software, where one motor is the
motor applied to the proposed method, and the other is used to
provide the load torque. Both sampling and control frequency
are set to 10 kHz in the experiment. The parameters of the

Fig. 5. Test bench of the PMSM.

TABLE I
PARAMETERS OF THE EXPERIMENTAL PLATFORM

PMSM are given in Table I. To further validate the superior-
ity and effectiveness of the proposed methods, a comparative
analysis is conducted on the control performance of the FTSMC
method [28], the proposed FFTSMC method, and the proposed
FFTSMC + NESO method in the motor servo system. The
compared method FTSMC is constructed as [28]

s = e1 +

(
1

α1e
m
n − p

q

1 + β1

e2

) q
p

= e1 + (ke2)
q
p (55)

u = − 1

χ

[
α1

(
m

n
− p

q

)
e

m
n − p

q −1

1 ke22 −
p

q
k−

q
p e

2− q
p

2

−kdsign(s)− θ̈∗ − p

q
k−

q
p

(
α2s

m1
n1 + β2s

p1
q1

)]
(56)

where e1 = θ∗ − θ, e2 = θ̇∗ − ω, and k = (α1e
m/n−p/q
1

+ β1)
−1.

The complete selection procedure is provided in [28]. For a
fair comparison study, the parameters α2, β2, and kd are same
as those of the proposed FFTSMC method. The parameters of
the controllers are given in Table II.

To assess the performance of the three controllers, sinusoidal
and point-to-point motion trajectories are evaluated in the sub-
sequent experiment.
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TABLE II
EXPERIMENTAL PARAMETERS

Fig. 6. Experimental results of different control methods under step response.
(a) Position tracking results. (b) Tracking errors. (c) Speed response. (d) Control
input.

A. Comparative Experiment of Step Response Position
Tracking Performance

To demonstrate the superiority of the proposed method, this
section compares the position tracking performance and load
disturbance rejection capability of various control methods
during a position step response. Fig. 6 presents the experi-
mental results of different control methods under a position
step response. As shown in Fig. 6, the proposed FFTSMC
demonstrates superior convergence performance compared to
FTSMC. In addition, Fig. 6 shows that the proposed FFTSMC
+ NESO effectively reduces system chattering. Fig. 7 shows
the dynamic responses of the motor position under different
control methods when a load torque of 2 N · m is suddenly
applied. The experimental results, as shown in Fig. 7, clearly
indicate that both FTSMC and FFTSMC are unable to accurately
track the load following a sudden increase, which results in a
steady-state error. However, the proposed FFTSMC + NESO
method is able to quickly return to 3 rad and exhibits a shorter
recovery time. Meanwhile, Table III provides the settling time
and steady-state root-mean-square error (RMSE) for evaluating
the control performance of the three methods.

Fig. 8 illustrates the process of parameter optimization for the
neural network algorithm, with the initial values of β1, β2, and
β3 set to 100, 1000, and 1000, respectively. Fig. 8 shows that
the proposed parameter optimization method can automatically
adjust the control parameters according to different operating

Fig. 7. Experimental results of different control methods under step response
with sudden load increase conditions. (a) Position tracking results. (b) Tracking
errors. (c) Speed response. (d) Control input.

TABLE III
DETAILED RESULTS OF POSITION RESPONSES FOR DIFFERENT CONTROL

METHODS UNDER STEP RESPONSE

Fig. 8. Experiment results of the parameter optimization under different
conditions. (a) Without load. (b) Sudden increase in load.

conditions. Meanwhile, the parameters β1, β2, and β3 satisfy
the stability condition, i.e., β1β2 > β3 [32].

B. Comparative Experiment of Sinusoidal Response Position
Tracking Performance

In this section, the reference outputs of the system are
set as a sine wave, and experimental comparisons are con-
ducted between the proposed FFTSMC + NESO, FFTSMC, and
FTSMC methods. As shown in Fig. 9, the reference position is
θ∗ = 3 + 2 sin(π) rad. It can be seen from Fig. 9 that the
proposed FFTSMC + NESO method has less steady-state error
during the position tracking. In addition, as demonstrated in
Fig. 10, the FTSMC method with kd = 200 results in an unstable
system state following a sudden load increase during the loading
experiment. Consequently, kd value for the FTSMC method is
adjusted to 400, whilekd = 200value for the proposed FFTSMC
method remains unchanged. This adjustment demonstrates that
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Fig. 9. Experimental results of different control methods under sinusoidal
response. (a) Position tracking of FTSMC. (b) Position tracking of FFTSMC.
(c) Position tracking of proposed FFTSMC+NESO. (d) Tracking errors of the
three methods.

Fig. 10. Experimental results of the FTSMC methods with kd = 200 under
sinusoidal response with sudden load increase conditions. (a) Position tracking
results. (b) Tracking errors.

Fig. 11. Experimental results of different control methods under sinusoidal
response with sudden load increase conditions. (a) Position tracking of FTSMC
(kd = 400). (b) Position tracking of FFTSMC. (c) Position tracking of proposed
FFTSMC+NESO. (d) Tracking errors of the three methods.

the proposed FFTSMC method exhibits greater robustness than
the FTSMC method with the same kd value.

As shown in Fig. 11, the reference position is θ∗ = 3 +
2 sin(π) rad and the motor is loaded with 2 N · m at t = 3π
s. The proposed FFTSMC + NESO method demonstrates high
tracking accuracy and can quickly converge to a specified po-
sition, even in the presence of abrupt changes in the external
load, as shown in Fig. 11. Fig. 11(d) reveals that the proposed
FFTSMC + NESO method exhibits the smallest fluctuation in
position tracking error. The control input responses of the three

Fig. 12. Experiment results of the control input under different conditions. (a)
Without load (kd = 200 of FTSMC). (b) Sudden increase in load (kd = 400
of FTSMC).

TABLE IV
DETAILED RESULTS OF POSITION RESPONSES FOR DIFFERENT CONTROL

METHODS UNDER SINUSOIDAL RESPONSE

Fig. 13. Experiment results of the parameter optimization under different
conditions. (a) Without load. (b) Sudden increase in load.

control methods are shown in Fig. 12, where it can be seen
that the proposed FFTSMC+NESO effectively reduces system
chattering. In addition, Table IV provides the maximum absolute
value of the position tracking errors and RMSE for evaluating
the control performance of the three methods. In Fig. 13, the
parameter optimization results under sinusoidal response are
shown, indicating that the NESO with a parameter optimization
mechanism can enhance the system’s adaptability to the current
operating conditions.

V. CONCLUSION

In this article, a fast fixed-time control method based on
parameter self-tuning ESO is proposed, which improves the
control performance of the position tracking system under load
disturbances. Theoretical analysis and simulation results have
verified that the proposed novel fixed-time stabilization sys-
tem has a faster convergence rate. The proposed parameter
optimization mechanism validates on a PMSM experimental
platform, demonstrating its capability to automatically optimize
and adjust NESO parameters across various operating condi-
tions. Experimental results indicate that, under both step and
sinusoidal response conditions, the proposed control method
tracks reference commands more quickly and accurately than
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other advanced fixed-time control methods. In addition, load
experiments demonstrate the method’s robustness to distur-
bances. Therefore, in industrial automation systems requiring
high-precision position control, such as computerized numer-
ical control machines and robotic arms, the proposed control
strategy can significantly improve system stability and accuracy
under unknown disturbances. Future research should focus on
improving high-precision position tracking of motors under ex-
treme conditions to ensure optimal performance in challenging
operational environments.
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