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Abstract—This article addresses the main performance issues
of multistep-finite-control-set model predictive control (MFCS-
MPC) that make it impractical in medium-voltage high-power grid-
connected converters. Current MFCS-MPC techniques synthesize
nonperiodic steady-state voltages that produce harmonic-rich con-
tinuous and unpredictable Fourier spectra with variable switching
frequency. This article leverages advances in optimized pulse pat-
terns and MFCS-MPC to meet grid codes while operating at a low,
fixed switching frequency and rendering a fast dynamic response.
To keep the strategy viable in real time, enhancements to the sphere
decoder algorithm that solves the optimization problem were made,
and the computationally efficient Frank–Wolfe algorithm was used
to find a new center for the sphere during transients. The control
scheme is assessed through simulation and hardware-in-the-loop
experiments, demonstrating its real-time viability.

Index Terms—Grid-connected converters, model predictive
control (MPC), multistep-finite-control-set (MFCS), optimized
pulse patterns (OPPs).

I. INTRODUCTION

GRID-CONNECTED power converters must comply with
various requirements defined in technical standards [1],

mostly related to the harmonic emission resulting from switch-
ing. In medium-voltage high-power (MVHP) applications,
switching frequency is critical, as high-switching frequency
leads to significant losses due to large nominal currents and
high-blocking voltages [2].

Because of industry advances in the computing capacity of
commercial control platforms, optimization-based control tech-
niques such as model predictive control (MPC) have gained
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popularity over the last decade for multiobjective control prob-
lems [2], [3]. MPC has shown promising results regarding
steady-state and dynamic performance, and with long prediction
horizons, it can naturally deal with the oscillations of the LCL
filters used in MVHP applications.

Nevertheless, the high overhead of solving the MPC opti-
mization problem in real time is still an issue. In that line,
multistep finite-control-set (MFCS) MPC has been proven to
be executable in real time by commercial control platforms by
solving the optimization problem through the sphere-decoder-
algorithm (SDA) [2], [4]. However, the SDA overhead is still
high during transient operation when the sphere’s center location
is away from the feasible set. This issue was solved effectively
by dynamically modifying the center of the sphere [5]; however,
an analysis of computational resources is still pending.

In addition, in steady state, MFCS-MPC does not generate
periodic voltage waveforms nor three-phase-symmetrical volt-
ages, resulting in continuous and unpredictable Fourier spectra
and asymmetric losses between phases. Therefore, in its current
form, MFCS-MPC approaches are unsuitable for grid-connected
applications [6].

On the other hand, optimized pulse patterns (OPPs) are an
excellent option for low and fixed switching frequency op-
eration, as they optimize some system performance metrics
while fixing the switching frequency [7]. On their own, OPPs
yield a slow dynamic response but provide an excellent trade-
off between harmonic distortion and switching frequency. To
improve their dynamic response, previous works [8], [9], [10]
have incorporated OPPs into an MPC scheme, resulting in a
fast dynamic response and excellent steady-state performance.
Regarding grid-connected applications, the incorporation of the
LCL filter model in the OPP optimization problem [9] along
with constraints over the amplitude of the grid currents harmon-
ics has proved to be effective in meeting grid codes [11].

Controlling an LCL filter grid-connected MVHP converter
poses a set of control objectives. On the one hand, long-term
goals include minimizing the distortion of the grid currents,
operating at a low and fixed switching frequency, and producing
periodic and three-phase symmetrical voltages. On the other
hand, short-term and general objectives must also be met, such
as a fast dynamic response, a low computational burden, long
prediction horizons to avoid additional elements such as active
damping, and a simple control structure.

To deal with all these objectives, this article bridges OPPs with
MFCS-MPC to address the weak spots of the latter, enhancing
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Fig. 1. Circuit schematic of the system under study.

its performance so it can be suitable for MVHP applications.
Programmed patterns have been included into FCS-MPC before
in [12], by sampling selective harmonic elimination patterns
and adding them to the cost function as tracking references for
the converter voltage. However, the concept of output trajectory
tracking was not considered. A first exploration of this concept in
the context of OPP-MFCS was performed by the authors of this
article through a simple case study in [13], showing promising
results. With the main objective of addressing performance is-
sues of MFCS-MPC, this article formalizes and extends [13] for
MVHP applications, and, very importantly, it proposes practical
methods to improve the MFCS-MPC computational efficiency,
verifying the strategy viability for real-time implementation
during both steady-state and transient operation. This work also
extends the MFCS-MPC formulation used in [13] to address
the burst in switching frequency during transients, introducing a
constraint that adds an additional degree of flexibility to alleviate
this issue.

The contributions of this article are the following.
1) An MPC strategy that addresses the main performance

issues of MFCS-MPC in grid-connected MVHP applica-
tions by leveraging its features with those of OPPs.

2) It proposes and validates a generalized exploration pattern
for the SDA, improving its computational efficiency at no
additional computation cost and leaving more computa-
tion time for additional elements.

3) It implements and verifies the real-time viability of the
Frank–Wolfe algorithm (FWA) to obtain a new sphere
center for the SDA, ensuring it is viable in real time during
transient operation.

The rest of this article is organized as follows. Section II
presents the model of the system and control objectives,
Section III describes each element of the proposed control
strategy, Section IV details the main contributions in MFCS-
MPC efficiency, Section V presents simulation results, whereas
Section VI validates the strategy via high-level synthesis (HLS)
and hardware-in-the-loop (HIL) results. Finally, Section VII
concludes this article.

II. SYSTEM UNDER STUDY

A. Mathematical Model

The analyzed system is an LCL filter grid-connected three-
level neutral point clamped (3L-NPC) converter, as shown in

Fig. 1, which is a widely used architecture for MVHP applica-
tions. Consider a grid with angular frequency ωg , rated apparent
power Snom, rated line-to-line rms voltage Vg , and rated rms
current Inom. The continuous-time model of the system, in per
unit (p.u.) (with base values the peak rated current and peak
phase voltage of the grid), is

ẋ(t) = Fx(t) +GPuabc(t)

y(t) = Cx(t) (1)

where

F = ωg

⎡
⎢⎢⎣
−R+Rc

L I2
Rc

L I2 − 1
LI2 02

Rc

Lg
I2 −Rg+Rc

Lg
I2

1
Lg

I2 − 1
Lg

I2
1
C I2 − 1

C I2 02 02

02 02 02 Mg

⎤
⎥⎥⎦

G =
Vdcωg

2VB

[
1
LI2

06×2

]
C =

[
I6

06×2

]�
Mg =

[
0 −1
1 0

]

and ξabc = [ξa ξb ξc]
�, ξαβ = [ξα ξβ ]

�, ξαβ = Pξabc, and P
is the well-known Clarke’s transformation matrix. The state-
space vector is defined as x = [i�αβ i�g,αβ v�

c,αβ v�
g,αβ ]

�, with
the grid voltage included as an oscillator, and the input vec-
tor uabc ∈ U comprising the converter’s equivalent switches
and U � U × U × U with U := {−1, 0, 1}. Finally, the output
vector is defined as y = [i�αβ i�g,αβ v�

c,αβ ]
�, In is the identity

matrix of order n, 0n×m is an n by m zero matrix, and 0n is
a square zero matrix of order n. Through exact discretization,
based on a sampling periodTs, the discrete-time model becomes

x(k + 1) = Ax(k) +Buabc(k)

y(k) = Cx(k) (2)

where A = eFTs and B = −F−1(I8 −A)GP .

B. Control Objectives

The type of grid code analyzed in this work poses limits on
specific harmonics of the grid currents and on the total demand
distortion (TDD) [1]. Together with meeting grid codes, the
system operation must be efficient by reducing thermal losses,
and safe, by preventing overheating of the semiconductors and
having a fast dynamic response when needed. Hence, in steady
state, the semiconductors must operate at a fixed and low switch-
ing frequency, generating periodic and three-phase-symmetrical
voltages to obtain discrete Fourier spectra and symmetrical
losses between phases. At the same time, the grid currents must
meet grid codes (TDD and harmonics). Finally, it is also manda-
tory to track the grid’s active and reactive power references
precisely and with a fast dynamic response.

All the objectives besides the last one involve steady-state
metrics. These metrics, such as switching frequency, TDD, and
general grid code harmonic requirements, can be adjusted ap-
propriately, can be adjusted appropriately with offline calculated
patterns such as OPPs. However, on their own, OPPs generate
a slow dynamic response. On the other hand, MFCS-MPC
is viable in real time and provides a fast dynamic response
with excellent reference tracking. To meet all control objectives
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Fig. 2. Block diagram of the proposed control strategy.

simultaneously, the proposed strategy (OPP-MFCS) integrates
both OPPs and MFCS-MPC in the control scheme detailed in
the following section.

III. CONTROL SCHEME

The proposed control scheme is depicted in Fig. 2. In general
terms, it consists in storing the OPPs in look-up-tables (LUTs)
so a reference generator can use them to calculate, in real time,
the trajectories that the system would follow in steady state if the
system operates with the corresponding OPP. These trajectories
are then used by the MFCS-MPC controller as references. The
details regarding the proposed control structure are given in the
following sections.

A. Optimized Pulse Patterns

This section gives a brief description of the OPPs used in this
work. The reader is referred to [7] for a detailed mathematical
model of OPPs. In general terms, OPPsu(θ) are periodic voltage
waveforms designed for steady-state operation, consisting of a
sequence of voltage steps at specific angular positions called
switching angles (SAs). For simplicity, this work considers
patterns with half and quarter-wave symmetry, with only pos-
itive values in the first half-wave (unipolar pattern). However,
more generalized formulations, such as those in [7], may also
be considered. Because of the symmetry, the pattern is fully
described by its definition in the interval [0, π

2 ], where d is the
number of switching transitions in a quarter-wave. Moreover,
even harmonics are zero, and the remaining harmonics have
only sine part. Only the fundamental and harmonics of order
h = 6j ± 1 with j ∈ Z>0 can produce currents.

Let H be the set of cardinality H comprising the order of all
consecutive harmonics that satisfy this condition, starting with
h = 5, i.e., H = {5, 7, 11, . . . }. To include grid codes, namely
the IEEE Std. 519-2022 [1], the approach detailed in [11] was
followed. To use the OPPs in the control strategy, the SAs (αd)
and the harmonic content of the pattern (ũ), i.e., the signed
amplitude of the sine part of each harmonic h ∈ H, are stored
in LUTs indexed by the modulation index m.

B. Multistep-Finite-Control-Set MPC

The variable-step-size formulation utilized here is based on a
recent conference paper drafted by the authors [14]. The step size
of theN steps in the prediction horizon is equal to the control pe-
riodTs scaled by the elements in the setS := {s1, s2, . . . , sN},
so the step sizes can differ from each other across the horizon,
taking the values Tss1, Tss2, . . . , TssN .

In every control period k, the behavior of the system is
predicted for instants k + 1 to k +N . The vector comprising the
predicted outputs is defined as Y (k) = [y�(k + 1) . . . y�(k +
N)]�, while the predicted control actions are ordered in the
vector U(k) = [u�

abc(k) . . . u�
abc(k +N − 1)]�. In the tradi-

tional approach, the MFCS problem aims to track ideal ref-
erences Y �(k) (defined as Y (k)), whereas in the proposed
strategy, the objective is to track the optimal trajectories that the
system would follow in steady state when operating with OPPs.
The trajectories Ỹ (k) and the OPP sampled along the prediction
horizon Ũ(k) are obtained from the reference generator, leading
to the proposed formulation of the MFCS-MPC problem:

min
U(k)

J =

k+N∑
�=k+1

‖Δỹ(�)‖2λy
�
+

k+N−1∑
�=k

‖Δũabc(�)‖2λu
�

s.t.

x(�+ 1) = A�x(�) +B�uabc(�) ∀� ∈ K0:N−1 (3a)

y(�) = Cx(�) ∀� ∈ K1:N (3b)

x(k) = x0 (3c)

‖Δuabc(�)‖∞ ≤ 1 ∀� ∈ K0:N−1 (3d)

k+N−1∑
�=k

‖Δuχ(�)‖1 ≤ ĉχ(k) ∀χ ∈ {a, b, c} (3e)

U(k) ∈ U (3f)

where (2) is included as constraints, and because of the
variable-step-size formulation, matrices A� and B� depend on
�. The weighted norms in the cost function are adjusted by
the weighting factor matrices λ

y
� and λu

� . The initial condi-
tion x0 is the vector of measured states at instant k, while
Kη:ξ = {k + η, . . . , k + ξ} with η < ξ. The L-infinity norm
is defined as ‖ε‖∞ := maxi |εi|, and Δuabc(�) = uabc(�)−
uabc(�− 1), so (3d) is imposed to limit the amplitude of the
transitions in the converter voltage. The L1 norm is defined as
‖ε‖1 :=

∑
i |εi|, and Δuχ(�) = uχ(�)− uχ(�− 1), so (3e) is

a constraint added to prevent an excessive number of additional
switching transitions during transients, on a per phase basis, with
ĉχ(k) forcing a limit over the total predicted commutations. Fi-
nally, U � U × . . .× U is the N -times cartesian product of U .
The cost functionJ defines the objectives of tracking the optimal
trajectories and the sampled OPP, where Δỹ(�) = ỹ(�)− y(�)
andΔũabc(�) = ũabc(�)− uabc(�), with ũabc(�) being tracked
in a similar way as in [12]. Through the procedure detailed in [4],
problem (3) can be written as

min
U(k)

J = ‖HU(k)− Ū unc(k)‖22

s.t. (3d), (3e), and (3f) (4)

where all constraints besides (3d), (3e), and (3f) are part of the
cost function,U unc is the unconstrained solution of the problem,
H is a transformation lower-triangular matrix called lattice
generator, and Ū unc = HU unc. The reader is referred to [14]
for further details.
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Regarding the extension of the traditional MFCS-MPC for-
mulation by introducing constraint (3e), it is pointed out that a
constraint with such structure can be written in different forms
and adds a degree of flexibility to (3). First, the parameter
ĉχ(k) can be defined according to different criteria. Since it
can be adjusted on each control step, it can, for example, be set
depending on the number of commutations that have occurred
in the previous Npast steps before k. In that way, ĉχ(k) would
set the upper bound of the commutations in a time window of
Npast +N steps. On the other hand, it is also possible to define
ĉχ(k) = cũ,χ + |ũχ(k)− uχ(k − 1)|, where cũ,χ is the number
of switching transitions of the sampled OPP, in phaseχ, along the
prediction horizon, while ũχ(k) is the switching position of the
OPP at instant k in phase χ. This allows that during transients,
the converter can switch at least as many times as the sampled
OPP, plus the number of commutations needed to go from
uχ(k − 1) to ũχ(k). Such a definition of ĉχ(k) also guarantees
that the original OPP always complies with (3e). Moreover, a
simpler version of this constraint, such as

k+N−1∑
�=k

‖uabc(�)− uabc(�− 1)‖1 ≤ ĉ (5)

that encompasses all three phases simultaneously and uses a
constant bound is also an option. There are many ways of
implementing a constraint over the switching transitions of the
converter. However, this analysis is out of the work’s scope and
is suggested as future work.

C. Reference Generator

This entity calculates Ỹ and Ũ in real time using the in-
formation from the OPPs. The tracking references Ỹ are the
trajectories the system’s outputs would follow in steady state
when operating with the corresponding OPPs. On the other hand,
Ũ is the pattern sampled along the prediction horizon, hence,
its generation is straightforward.

The output trajectory in the first step of the prediction hori-
zon is ỹ(�=k + 1) = ỹ(θ1=θPLL + s1ωgTs), where θPLL is the
angular position reference calculated by a phase-locked-loop
(PLL). Since ỹ(θ1) is part of a steady-state trajectory resulting
from periodic inputs (the OPPs), it can be found using Fourier
series and phasor theory. Consider a set Hr that is the subset
of H comprising the first Hr elements of H, and that those
Hr harmonic components of the OPPs are stored for each
modulation index. Recall that the OPPs’ harmonics only have a
sine part, so only the signed amplitude is needed to store each
harmonic. Therefore, the harmonic part in the trajectory of a
generic output wαβ can be determined as

w̃H
αβ(θ1) = P

∑
h∈Hr

|Wh|
⎡
⎣ sin

(
θ1h+ Wh

)
sin

(
θ1h+ Wh + 4πh

3

)
sin

(
θ1h+ Wh + 2πh

3

)
⎤
⎦ (6)

where Wh is the phasor of the hth harmonic of the output w,
calculated using phasor theory. Consequently, the trajectories to
be followed in the first step of the prediction horizon are ỹ(θ1) =
[(ĩαβ(θ1))

�, (ĩg,αβ(θ1))�, (ṽc,αβ(θ1))
�]�, where w̃αβ(θ1) =

w�
αβ(θ1) + w̃H

αβ(θ1). Recall that the fundamental component

in the trajectory of an output wαβ is equal to the ideal reference
w�

αβ .
To determine the tracking references for the rest of the pre-

diction horizon, the following model is used:

Ỹ r = Γrx̃(θ1) +ΥrŨ [4:3N ] (7)

where x̃(θ1) has the same elements as ỹ(θ1), and also includes
the grid voltage vg,αβ(θ1), and the matrices Υr and Γr are

Υr =⎡
⎢⎢⎢⎢⎣

CB2

CA3B2 CB3

...
...

. . .

C
(∏�=3

�=N A�

)
B2 C

(∏�=4
�=N A�

)
B3 · · · CBN

⎤
⎥⎥⎥⎥⎦

Γr =

[
(CA2)

� (CA3A2)
� . . .

(
C

∏�=2
�=N A�

)�
]�

.

Note that Υr is a submatrix of the standard matrix Υ in [14],
so it is not necessary to calculate it again. Hence, the tracking
references are determined as

Ỹ (k) =
[
ỹ�(θ1) Ỹ

�
r

]�
. (8)

Notice that Ỹ r is obtained by using Ũ as the input in (7), which
is generated by sampling the OPP using zero-order-hold with
the sampling periods along the prediction horizon defined by
S . This means that Ũ is not identical to the respective OPP;
therefore, Ỹ r is not the exact steady-state trajectory. However,
these are good approximations when the step sizes considered
in the variable-step-size prediction horizon are small.

IV. EFFICIENT IMPLEMENTATION OF MFCS-MPC

This section presents the two contributions that enhance the
efficiency of the SDA and its viability in real time.

A. Generalized SDA Exploration Pattern

This section assumes that the reader is familiarized with the
SDA [15].

Consider a converter with output voltage levels going from
−η to η (e.g., for a 3L-NPC, η = 1, and the levels are [−1, 0, 1],
or [©− , ©0 , ©+ ] ). The whole set U is organized in a search-
tree, structured using the conventional approach as shown in
Fig. 3(a). In this case, the exploration of each level j starts with
the node uj = −η (understood as exploring the tree from left
to right when using this tree arrangement). In Fig. 3(a), the first
explored candidate is marked in red, and the initial solution,
located anywhere in the tree, is marked in green.

The SDA initial candidate is always feasible and is chosen to
render a small cost function value. Hence, instead of arbitrarily
starting the exploration of the tree, it is proposed to first explore
the zones of the tree that are close to the initial solution. This
exploration pattern can be understood as a rearrangement of the
search tree’s elements while maintaining the original left-to-
right exploration pattern; as a result, the first explored path is
the initial solution.
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Fig. 3. Exploration of the search trees by the SDA. (a) Conventional exploration pattern. (b) Proposed rearrangement.

Understanding this proposed pattern as a rearrangement of
the tree allows its representation as shown in Fig. 3(b), where
the first explored path is the initial solution. The arrangement
modifies the order of the nodes at each level. It places the
corresponding entry in the initial solution as the first node on
the left, while the rest can be sorted arbitrarily. In this case, for
simplicity, and only to illustrate the working principle, a circular
shift was used, so all the nodes initially located to the left of
the corresponding entry are positioned at the extreme right in
the same order. For example, if the initial solution entry is of
type ©+ , the level is sorted from left to right as [©+ ,©− ,©0 ]. To
incorporate this exploration pattern into the traditional SDA, an
array Oep containing the order of each level is added as an input.
This addition allows sorting each level as desired, providing the
flexibility to define the tree arrangement based on any chosen
criteria, enabling easy implementation of any convenient search
pattern [16], [17]. Note that defining the best searching pattern
is out of the scope of this work, and a circular shift is used only
for illustrative purposes.

Incorporating Oep as an input in the SDA only requires a few
modifications and does not increase the SDA computational cost.
Notice that this modification to the SDA is applicable to any η,
making it suitable for any multilevel converter. It is important to
highlight that, due to the proposed exploration pattern, the first
explored path is always that of the initial candidate, which is
perfectly known before starting the exploration. This differs sig-
nificantly from the traditional approach, where the cost function
of the full-depth path of the initial candidate is known before
starting the exploration. The traditional SDA does not exploit
this initial information, and during its execution, it goes from
left to right, where it can eventually reach the initial candidate’s
path and reevaluate it according to its feasibility, unless a better
candidate is found before.

With the proposed exploration pattern, the SDA can start
directly at the end of the path, reducing the nodes explored
by 3N , as shown in [16]. Finally, the parallelization method
presented in [18] can be incorporated by dividing the tree so each
parallel SDA explores a subtree following its own exploration
pattern. To illustrate the effectiveness of this rearrangement,
numerical results are presented in Section V-A.

B. Transient Operation: The FWA

The SDA searches for potential candidates inside a sphere,
where the initial radius depends on the location of its center
Ū unc and the initial incumbent. Let CU be the convex hull of U.
Whenever U unc is located far from CU, the initial radius will be
large. As detailed in [5], this frequently happens during transient
operation. In such cases, regardless of the initial incumbent, the

number of candidates inside the sphere will be large as all points
in CU are far from U unc.

This work adopts the strategy used in [5] to deal with this issue.
It consists in modifying the cost function of (4) every timeU unc is
far from CU, which primarily occurs during transient operation.
In these cases, the cost function considered is

Jmod = ‖HU(k)− Ū bc(k)‖22 (9)

where Jmod is an approximation of the original cost function
J , in which Ū unc (the center of the sphere) is replaced by
Ū bc = HU bc, and U bc is the euclidean projection of U unc over
CU, which is obtained by solving the following box-constrained
quadratic programming problem:

min
U(k)∈CU

J = U(k)�QU(k) + 2Θ�U(k). (10)

An efficient solver for (10) is required, as most of the available
computation time must be reserved for the SDA to find the
optimal actuation. Although [5] used an exterior-point active-
set-method (EP-ASM) to solve the problem, its computational
feasibility on a commercial platform was not verified and is still
a pending issue. Moreover, EP-ASMs do not guarantee strictly
descent iterations [19], meaning that the algorithm cannot be
early-stopped based on the available computational resources.
For these reasons, this article proposes using a simple condi-
tional gradient algorithm primarily based on closed-form ex-
pressions and simple operations: the FWA [20].

In simple terms, the FWA starts at a feasible point and then
advances in the direction of a vertex of the feasible set that
minimizes the current gradient of the cost function. The step size
for moving in the new direction can be determined in various
ways; however, in this work, the simplest option is used, as it
has a closed-form expression that can be easily evaluated. The
algorithm starts at a feasible pointU0. Then, at each tth iteration,
the following optimization problem is solved:

ζt ∈ argmin
U∈CU

(ζt)�∇J
(
U t−1

)
(11)

where ∇J(U t−1) = 2QU t−1 + 2Θ. Notice that, if the jth el-
ement of Λt = QU t−1 +Θ is nonnegative, the jth element of
ζt (i.e., ζt

j) is equal to −η, whereas, if negative, ζt
j = η. Once

ζt is calculated, the solution is updated as

U t = (1− γ)U t−1 + γtζt (12)

where the step size γt is defined as γt = 2/(t+ 2). This process
is repeated for Niter iterations, which is a parameter defined by
the designer. Finally, to keep the initial radius of the SDA small,
a convenient initial candidate U sq is calculated following the
same procedure as described in [5], where U sq is obtained by
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quantizing U bc to the closest element in U and then modifying
the vector to meet (3d) and (3e).

V. SIMULATION ANALYSIS

The system studied is the MVHP grid-connected converter
depicted in Fig. 1, with the parameters used in [9] and speci-
fied as Snom = 9 MVA, Vg = 3150 V (rms), Inom = 1649.6 A
(rms), Vdc = 4840 V, R = 0.3 m Ω, Rg = 27.51 mΩ, L = 350
μ H, Lg = 875.6 μH, Rc = 4 m Ω, and C = 420 μF. The
filter resonances are located at 262 and 491 Hz, the control
period is Ts = 25μs, and the system nominal frequency is fg =
50 Hz. Because of long-prediction horizons clearly improving
the steady-state performance of MFCS-MPC for high-order
systems [3], in all cases the prediction horizon considered was
S = {1, 4, 4, 4, 4} (i.e., the size of the N steps were, in order,
{Ts, 4Ts, 4Ts, 4Ts, 4Ts}), with the weighting factors being
scaled with the corresponding elements of S [14]. When com-
paring the proposed strategy with MFCS-MPC, the following
optimization problem is solved by MFCS-MPC:

min
U(k)

J =
k+N∑
�=k+1

‖Δy�(�)‖2λy
�
+ λu

k+N−1∑
�=k

‖Δuabc(�)‖22

s.t. (3a)–(3f)

where Δy�(�) = y�(�)− y(�) and Δuabc(�) = uabc(�)−
uabc(�− 1). Notice that constraint (3e) is not part of the standard
MFCS-MPC formulation, so it is only added when specified.
The prediction horizon and sampling period used are the same
as those of the proposed OPP-MFCS.

A. SDA Exploration Pattern

The naive circular shift that always locate the initial incumbent
as the first explored path, and implemented through the novel
generalized exploration pattern matrix, is tested to verify its
effectiveness in reducing the number of nodes explored to find
the solution. A total of 5601 cases were generated by simulating
the system during seven fundamental cycles, where the problem
solved at each control period was stored.

Recall that the algorithm finishes when no more nodes are left
to explore, or the node limit is reached. Therefore, the algorithm
generally keeps exploring nodes after the solution is found. The
algorithm was never stopped by node limit during this analysis,
so the problem was always solved optimally.

The probability mass function (PMF) of the explored nodes, in
percentage, is shown in Fig. 4. As shown, the proposed approach,
in general, decreases the number of explored nodes required
to find the solution, with its PMF having a shorter tail and all
marked percentiles concentrated at smaller numbers. In 67.5% of
the cases, the proposed approach explored fewer nodes, whereas
in 85%, it explored fewer or the same number of nodes.

These results prove that the proposed approach reduces the
maximum number of explored nodes that can early-stop the
execution of the SDA. This is the main goal, as this limit defines
the computational burden of the SDA. One key benefit of the
proposed exploration pattern is the possibility of starting the
SDA from level j = 3N in the search tree, as the first path is

Fig. 4. PMF and percentiles of the nodes explored by the SDA. Upper plot:
conventional exploration pattern. Lower plot: proposed approach.

Fig. 5. Fourier spectrum of a grid current for different operating conditions.
Comparison between OPP-MFCS and OPPs.

the initial incumbent [16]. In all cases where the nodes required
to find the solution are nonzero, this initialization reduces in
3N = 15 the number of nodes explored. This leads the pro-
posed exploration pattern to perform better than the traditional
pattern in 69.4% of the cases and better or equally in 87%.
Even though this might seem like a small improvement, 3N
fewer nodes can be a considerable number when early stopping
the SDA.

B. Steady-State Performance and OPP Comparison

Four steady-state cases were executed to verify the capability
of OPP-MFCS MPC in generating periodic and symmetrical
three-phase voltages, using d = 5, i.e., fsw = 250 Hz. The cases
are as follow: (C1) p� = −0.6, q� = 0.2; (C2) p� = 1, q� = 0;
(C3) p� = 0, q� = −1; and (C4) p� = 0.8, q� = −0.8. The
Fourier spectra of one grid current are plotted for each case
with a granularity of 25 Hz, i.e., the harmonic components
are H = {1.5, 2, 2.5, . . . , 49.5, 50}. The results from directly
applying the corresponding OPPs are shown alongside the
OPP-MFCS results for comparison, to visualize the impact of
incorporating them into the MFCS-MPC strategy, and analyze
the effect of quantization. The results presented in Fig. 5 show
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Fig. 6. Fourier spectra comparison between both control strategies in simula-
tion. Left: MFCS-MPC. Right: Proposed OPP-MFCS controller.

that in all cases the respective Fourier spectrum is discrete.
Small interharmonics exist in some cases, originating from slight
deviations from the original OPP due to the discrete nature of
MFCS-MPC. This introduces small quantization errors. The
discrete spectra obtained by the proposed strategy are a key
improvement over traditional MFCS-MPC, and result from the
periodic and approximately three-phase-symmetric voltages ob-
tained in steady-state operation. However, due to quantization
error, some low-order harmonics appear, and others increase
their amplitude.

A remark is made regarding triplen harmonics. The simple
fact of sampling the OPPs leads to small differences in the
patterns of the three phases, causing the triplen harmonics
to exhibit slightly different amplitudes and phases. Since the
common-mode voltage of the OPPs was not minimized during
its calculation, these triplen harmonics have large amplitudes,
hence, small differences can still cause noticeable unbalanced
triplen-harmonics currents. Reducing the amplitude of the OPP’s
common-mode harmonic components is beyond the scope of this
article, thus, it was not part of the OPP calculation. However,
this can be included by defining upper bounds for the amplitudes
of triplen harmonics, just as it is done for the rest of components
considered in the grid codes. It can also be done by adding the
square of their amplitudes as extra terms in the cost function of
the problem, minimizing the amplitudes together with the grid
current TDD. In the same line, the sampling of OPPs naturally
leads to an increment on the grid currents TDD. However,
that increment is, in general, small. For example, for nominal
power and unity power factor (C2), the said TDD is 1.55%
when operating with the original OPPs, while it is 1.62% for
OPP-MFCS, with a difference of only 0.07% in terms of absolute
percentage. Moreover, in all four cases the TDD was small [(C1)
1.89%, (C2) 1.62%, (C3) 1.67%, (C4) 1.91%], and compliant
with grid codes requirement. In any case, attenuating the impact
on power quality caused by OPP sampling is an important topic
and is suggested as future research.

Finally, the steady-state performance of traditional MFCS-
MPC [without constraint (3e)], with the proposed OPP-MFCS
are compared, for two operating points (H1) p� = 1, q� = 0, and
(H2) p� = q� = −0.8, with both strategies operating at fsw =
250 Hz. Fig. 6 illustrates the results. It can be seen MFCS-MPC
only meets the grid code requirements in the (H1) scenario,
while in (H2) both TDD and harmonics amplitudes are above the

Fig. 7. OPP-MFCS and MFCS-MPC step-response comparison.

permitted limits. On the other hand, the proposed OPP-MFCS
meets all limits defined by grid codes in both scenarios, showing
a significantly reduction, in both cases, in the grid current TDD
and harmonic amplitudes. Note also that the Fourier spectra are
discrete for the proposed strategy. These results suggest OPP-
MFCS achieves all steady-state control objectives.

C. Dynamic Response

OPPs are designed for steady-state operation, and their direct
application would result in a slow dynamic response. Thus,
it is essential to evaluate the impact of combining OPPs with
MFCS-MPC, along with the reduced switching frequency of
the semiconductors on the dynamic response. To this end, the
system is initialized with p� = 1 and q� = 0, followed by simul-
taneous steps on active and reactive power references, leading
to p� = −0.8 and q� = −0.8. OPP-MFCS operating at fsw =
250 Hz was compared with MFCS-MPC adjusted approximately
for the same switching frequency. Both strategies included the
constraint (3e) in the MPC optimization problem to prevent the
switching frequency from spiking right after step in the refer-
ences. For OPP-MFCS, ĉχ(k) = cũ,χ + |ũχ(k)− uχ(k − 1)|,
while for MFCS-MPC, ĉχ(k) was set constant to ĉχ(k) = 3,
which was adjusted so the additional commutations are similar in
both strategies. With this constraint a hard limit is posed over the
predicted commutations, regulating excessive switching during
transients. The prediction horizon was set asS = {1, 4, 4, 4, 4}
and Ts = 25 μs, with a total of 425 μs.

The instantaneous powers are shown in Fig. 7, whereas the
behavior of the system outputs with OPP-MFCS in Fig. 8. As
shown, the proposed strategy is as fast and has considerably
smaller overshoots than MFCS-MPC, preserving the strongest
feature of MFCS-MPC. In addition, it can be seen how the
trajectory references of the outputs are quickly tracked.

Regarding the actuation, depicted in Fig. 9, the steady-state
pattern is quickly reached with only a few additional switching
transitions during the transient, as can be seen in the close-up
view presented in Fig. 10. These results also verify the effective-
ness of constraint (3e) in reducing the additional commutations
during transients. It is important to note that, based on the
results in [13], it is expected that additional short pulses could
be removed by penalizing the switching transitions in the cost
function. Thus, combining the cost functions from [13] and
the one currently used may yield a better performance. A deep
analysis of the cost function is beyond of the scope of this work
and is reserved for future research.
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Fig. 8. Dynamic behavior of the system outputs when using OPP-MFCS.
Black lines correspond to the steady-state trajectories obtained with OPPs.

Fig. 9. OPP-MFCS switching patterns during step response. The original OPP
patterns are depicted in black lines.

Fig. 10. Close-up view of OPP-MFCS switching patterns during step re-
sponse. The original OPP patterns are depicted in black lines.

D. SDA Initial Solution

Another benefit of OPP-MFCS concerning SDA efficiency
is that Ũ(k) can serve as the initial incumbent for the SDA,
provided it meets constraint (3d). When feasible, the term Ju in
the cost function becomes zero, potentially leading to a signifi-
cant reduction in the initial radius of the sphere. In addition, as
Ũ(k) is the sampled OPP, it is the steady-state solution of the
MFCS problem, directly initializing the SDA with the solution.
The proposed initialization method is straightforward: U sq is
used when the FWA is required. Otherwise, every time Ũ(k)
is feasible, the SDA is initialized with it; if not, the traditional
educated guess is used.

This procedure is different from evaluating the cost function
for both options and selecting the one with the lower cost, which

Fig. 11. PMF and percentiles of nodes explored by the SDA. Upper plot:
initialization with educated guess. Lower plot: proposed initialization.

requires the computational burden of evaluating two full-depth
paths in the search-tree.

The initialization strategy was tested by solving 5601 cases
using the proposed exploration pattern and comparing the nodes
explored using both the traditional educated guess and the
proposed initialization. The PMF histograms, in percentage,
are shown in Fig. 11. For the proposed initialization, in 74%
of the cases explored zero nodes, meaning the strategy starts
the algorithm with the solution. In contrast, for the traditional
educated guess, this occured only in 27% of the cases. The PMF
for the proposed strategy is primarily concentrated toward the
origin, indicating that in the vast majority of cases the number
of nodes explored is really low. However, it has a longer tail due
to a few instants during transient behavior. This can, however,
be mitigated by tightening the condition for when the FWA
is used. Although this may lead to occasional small losses
in optimality during transients, it would significantly reduce
the computational burden overall. This reduction is proved by
the fact that the same or fewer nodes were explored with the
proposed initialization in 87.07% of the cases (with 62.04%
requiring fewer nodes).

VI. REAL-TIME IMPLEMENTATION AND TESTS

A thorough computational burden analysis was done em-
ploying the software Vitis HLS, whereas the performance of
OPP-MFCS was evaluated via HIL experiments.

A. High-Level Synthesis

For the HLS analysis, the controller parameters were set so
the resulting computational requirements of the strategy would
fit in a commercial FPGA, while still obtaining the steady-state
performance shown in Section V-B. This implies reducing the
amount of operations required by the controller, while still
obtaining sampled OPPs in steady state. This procedure results in
a slower dynamic response, as it requires reducing the number of
harmonic components used to generate the trajectory references,
and, more importantly, reduces the limit for nodes explored,
which significantly impact the transient behavior. However,
implementing the strategy via HLS provides the worst-case com-
putational resources, meaning that considerable improvements
in terms of implementation efficiency are possible.

Thus, the prediction horizon was set as N = 5 with three
SDAs running in parallel. The number of harmonics used for
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TABLE I
FPGA UTILIZATION AND COMPUTATION TIME OF OPP-MFCS MPC

the reference generator were Hi
r = 34, Hc

r = Hg
r = 0 (where

Hi
r is for the converter currents, Hc

r for the capacitors voltages
and Hg

r for the grid currents). The trajectory references for the
capacitor voltages and grid currents were approximated by their
fundamental components (i.e., Hc

r = Hg
r = 0), as it was ob-

served that such approximations were sufficient for OPP-MFCS
to achieve the desired steady-state performance. For the FWA,
the iterations were set at 20, and each SDA had a limit of 20 nodes
explored. This low node limit is achievable only because of the
proposed efficient implementation. This not only enhances the
overall efficiency of the SDA but also saves exploring 15 nodes
by starting the algorithm from the last level, which is significant
compared to the limit used.

The implementation was synthesized using the Vitis HLS
tool with a 25μs control period, assuming a Xilinx XC7Z020
Zynq-7000 FGPA, a standard low-cost FPGA [21], featuring
220 DSP slices (DSP-s) (with a single 25× 18 bit multiplier),
53 200 LUTs for combinatorial operations (CLUT), 106 400
FFs, and 140 BRAM. Besides the SDA, the whole controller was
implemented using a 100 MHz clock and fixed-point arithmetic,
where 18-b words were used for all variables that are not integers,
as it allows multiplications to be executed by a single DSP-s [21].
For integers, in general, shorter words were used depending on
the values the variable can take. For the SDA, a clock of 200 MHz
was used, and to set the word lengths, a testbench with 3900 cases
was run, adjusting the lengths to ensure the exact solution was
obtained in all cases. With that configuration, the worst elapsed
time per SDA was 9.75μs. Allsine andatan2 functions were
implemented usign LUTs to reduce the computation time and
the DSP-s required. In addition, the control strategy was divided
into sections executed sequentially (worst case).

The summary of the resource usage per section is presented
in Table I. From Table I, it is important to highlight the low
computational burden of the FWA, which allows solving (10) in
a time- and resource-efficient manner, allowing MFCS-MPC to
be viable in real time, even during transients [5]. These results
confirm that OPP-MFCS can run in real time on a commer-
cial control platform, as the worst-case scenario of resources
required and computation time are within limits.

B. Hardware-in-the-Loop

The proposed control strategy was tested using an OPAL-RT
real-time simulator in a HIL configuration. The model used was

an OP4510 with an OP4520 expansion unit. The OP4510 is
equipped with a Xilinx FPGA of the Kintex 7 family and an
Intel Xeon E3-1240 V6 Quad-Core @3.7 GHz processor unit.
The system’s real-time simulation ran on the platform’s FPGA
using the eHSx64 electrical solver. The real-time execution of
the controller is done in the processor of the OP4510, running at
a control period of 25μs. The measurements, coming from the
analog outputs of the OP4520, are fed to the processor through
the analog inputs of the OP4520. The control actions, which are
the gating signals of the semiconductors, are taken out from the
processor using the digital outputs and are fed to the eHSx64
solver using the digital inputs.

The parameters were set exactly as in the HLS analysis, with
the only difference being that the SDA was not parallelized, due
to the fixed architecture of the processor unit, so a node limit
of 60 was used to achieve a similar performance as in the HLS
analysis. With the main objective of assessing the impact of
incorporating OPPs into the standard MFCS-MPC method, the
proposed strategy’s steady-state performance was benchmarked
against state-of-the-art MFCS-MPC adjusted with the same
parameters, to clearly illustrate the benefits of the proposed
method. Again, the prediction horizon for both strategies was
set as S = {1, 4, 4, 4, 4}, with the weighting factors being
scaled with the corresponding elements ofS [14], and, to use the
standard state-of-the-art MFCS-MPC, the constraint (3e) was
not applied to any of the strategies. The OPP-MFCS controller
was operated at a switching frequency of 250 Hz.

During the test, significant delays were observed in the
measurements, a phenomenon commonly encountered in real
systems. This led to large oscillations in the system steady-state
behavior with the standard MFCS-MPC, and an extended delay
compensation strategy alone was insufficient to fix the problem.
To solve it without adding any additional elements to the control
loop, it was necessary to extend the delay compensation and in-
crease the switching frequency of MFCS-MPC to ensure proper
tracking of the references and a performance close to what is
demanded by grid codes. Therefore, the weighting factor λu

was adjusted to obtain an approximate switching frequency of
600 Hz. On the other hand, for the OPP-MFCS strategy, the only
necessary modifications were the same extended delay compen-
sation and an increase in λu

� to regulate the aggressiveness of the
response. This ensured the desired steady-state performance.
It was not necessary to use a pattern with a higher switching
frequency to meet the grid codes.

The steady-state comparison between the two strategies is
presented in Fig. 12 for the operation points (H1) p� = 1,
q� = 0, and (H2) p� = q� = −0.8. The grid code is verified
by including the limits for TDD (5%) and current harmonics
defined by the IEEE Std. 519-2022 [1]. From the Fourier spectra
of the grid current, it is observed that the MFCS-MPC strategy
meets the harmonic limits only in one of the cases, but fails
to comply with the maximum TDD in both. In contrast, the
proposed OPP-MFCS strategy achieves both goals in both cases.
Regarding TDD, it is not only below 5% but also significantly
smaller than that of MFCS-MPC, getting a reduction of more
than 70%. Note that, in case (H1), as seen in simulation, some
even and triplen harmonics appear in the grid currents. This is
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Fig. 12. Fourier spectra comparison between both control strategies in HIL
tests. Left: MFCS-MPC. Right: Proposed OPP-MFCS controller.

Fig. 13. HIL and simulation step response comparison.

Fig. 14. Step response during HIL test. Black lines correspond to the steady-
state trajectories obtained with OPPs.

attributed to measurement delay causing tracking error, which
the controller compensates by barely modifying the steady-state
pattern, resulting in a slight loss of the symmetry between the
three phases and the pattern’s quarter- and half-wave symmetry.
However, the amplitudes are negligible and smaller than the limit
defined by the grid codes in all cases.

The step response transitioning between those two operation
points was compared to simulation results for the same horizon,
where the OPP-MFCS problem was always solved to optimality.
Figs. 13 and 14 show the dynamic behavior of active and reactive
power, as well as the system outputs. Although both responses

Fig. 15. OPP-MFCS switching patterns during step response in HIL test. Black
lines depict the original OPPs.

Fig. 16. Close-up view of OPP-MFCS switching patterns during step response
in HIL test. Black lines depict the original OPPs.

are fast, the high value of λu
� and the low limit for explored

nodes caused the response to be slower and to exhibit oscillations
in power, resulting from the interaction of the unidirectional
currents and the grid voltage. Recall that transitory unidirec-
tional currents appear because of the natural response of the
filter. Moreover, the small node limit used for the SDA required
increasing λu

� to reduce the strategy’s sensitivity to suboptimal
solutions and ensuring that the steady-state patterns closely
match the OPPs. Thus, the loop speed was reduced.

On the other hand, the switching patterns of the converter are
presented in Fig. 15, with a close-up view in Fig. 16. It can be
seen how the steady-state patterns are quickly reached. However,
immediately after the step, a large number of additional pulses
are added. This demonstrates the effectiveness of the proposed
constraint (3e) in limiting additional switching transitions, a
feature not included in standard MFCS-MPC formulation.

The various tests and results above have assessed the proposed
OPP-MFCS strategy. It showed satisfactory performance despite
the low number of nodes explored, showing the benefits of
the proposed improvements, and confirming and concluding
that all the control objectives outlined in Section II-B were
successfully met.

VII. CONCLUSION

This work addresses the main weaknesses of MFCS-MPC and
aims to make it suitable for grid-connected applications, specifi-
cally LCL-filter grid-connected MVHP converters, where mul-
tiple control objectives must be achieved simultaneously. By
combining the strengths of MFCS-MPC with the performance
benefits of OPPs, the proposed OPP-MFCS strategy meets grid
codes, while operating at a fixed, low switching frequency with
periodic and approximately three-phase symmetric voltages,
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while still providing a fast dynamic response. To maintain real-
time viability, this work proposed several efficiency enhance-
ments for the SDA. A generalized exploration pattern for the
SDA’s search-tree and an SDA initialization based on OPPs were
introduced. In addition, the FWA was implemented to enable
transient operation. All the contributions were tested through
simulation and HIL experiments, along with a computational
burden analysis. The results confirmed that the proposed strategy
meets all control objectives while complying with the grid
connection requirements stated in the IEEE Std. 519-2022.

Future research activities to further enhance the strategy in-
clude: developing an approach for the tuning of the weighting
factors in the cost function; alleviate the impact of sampled OPPs
on common-mode harmonics; evaluating alternative approaches
to manage the number of additional switching transitions during
transients; implementing MFCS-MPC using industrial hard-
ware; and addressing other grid issues, such as ensuring com-
pliance with grid codes during frequency variations.
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