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Abstract—The dual-active-bridge (DAB) resonant converters are
a cluster of efficient bidirectional dc-dc converters. It is commonly a
challenge to obtain the analytic expressions of the control-to-output
transfer functions especially in multi-element resonant converters.
In this article, the multifrequency modeling technique is adopted to
derive the general small-signal model for DAB resonant converters
with various resonant tanks. The analytic expression of phase-shift-
angle-to-output-voltage transfer function as well as the general
control block diagram of DAB resonant converter is obtained. It
is interesting to see that the models are different depending on
primary side phase shift or secondary side phase shift. To have a
clear picture of the differences, order reductions of the models are
conducted with the example of the DAB series resonant converter.
Finally, the prototype of the DAB series resonant converter is built
in the lab, and the phase-shift-angle-to-output-voltage transfer
function is measured, which successfully verifies the validity of the
proposed model.

Index Terms—Dual active bridge (DAB) resonant converter,
multifrequency model, primary side phase shift or secondary side
phase shift, small-signal modeling.

I. INTRODUCTION

THE dual-active-bridge (DAB) resonant converter, as shown
in Fig. 1, inherits both the advantages of DAB converters

and the unidirectional resonant converters, such as easy achieve-
ment of soft switching, flexibility of power control, wide input
voltage range, low EMI issue, making them favored bidirectional
converters in medium and high-power occasions nowadays [1],
[2], [3], [4].

Small-signal modeling is the foundation for dynamic analysis
of converters, with which, it is possible to obtain a precise
control loop design procedure, thus systematically improving
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Fig. 1. General topology of a DAB resonant converter.

the stability and dynamic performance of the converter. In [4],
a discrete-time small signal model of DAB series resonant
converter (DABSRC) with both frequency and PWM control is
established, and the relevant symbol transfer function is derived.
It shows when the time constant of the load is much higher
than the switching frequency and for pulsewidth regulation, the
converter is similar in properties to the stationary linear element
of the third order. In [5], a discrete model for single phase-shift
control DABSRC is also proposed to qualitatively discuss the
impact of dead zone on the resonance peak of the model.
Despite being accurate, discrete-time modeling rarely yields
closed-form transfer functions that can be expressed in terms
of circuit parameters, owing to the computational complexity
associated with the matrix exponential function. Consequently,
these functions cannot be evaluated symbolically in a manner
conducive to design-oriented analysis.

To simplify the modeling process, a method that mixes the
Fourier and the state-space averaging was developed in [6] to
investigate the transient response of the discontinuous mode
DABSRC. This method facilitates the modeling of converters
with multiple operating modes within one cycle and in one
of them the current is zero. However, as the authors admitted,
the accuracy is worse than the traditional state-space averaging
method. In [7] and [8], modeling under fault tolerance operation
is discussed, where the resonant network of DABSRC is approx-
imated as a single inductor as per the principle of storing the same
total energy. This leads to a second-order small signal model
of DABSRC, which is essentially a periodic averaging model
that is only applicable for analyzing low frequency oscillation
mechanisms.

It is worth mentioning that the above modeling methods are
basically limited to modeling simple converters. Some modeling
methods that combine time and frequency analysis have been
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broadly used in modeling various DAB resonant converters
owing to its relatively simple and systematic derivation. These
methods mainly include the generalized state space averag-
ing (GSSA) method, the extended describing function (EDF)
method, and the Laplace phasor transform (LPT). In [9] and
[10], the EDF and GSSA methods are, respectively, employed
to obtain the DABSRC with single phase-shift control. Seltzer
et al. [11] utilized the DPT method to construct the small
signal phasor modeling of DABSRC with multiangle phase shift
modulation, and transfer functions from random angle to the
output are deduced. Subsequently, a gain-scheduled approach
for DABSRC was demonstrated on the basis of the models
in [12], providing optimal performance at different conversion
ratios and power levels. In [13], a GSSA-based model of a dual
active half-bridge resonant converter with LC filtering circuit
is established. In [14] and [15], the small-signal models of
CLLC resonant converter are obtained by the EDF and DPT
methods, respectively. Malan et al. [16] did a similar work to
DAB CLLC converter with [14]. Although it is claimed the
dq modeling method, but essentially also fallen in the scope
of the aforementioned three methods. Li et al. [17] extended it
to bidirectional CLLLC converter. Scandola et al. [18] adopted
the DPT method to model and analyze the digital controlled
dual active half bridge resonant converter. This study extended
known results for uniformly sampled pulsewidth and phase shift
modulators, and illustrated the effects of sampling delays on the
modulator output dynamics.

Although EDF, DPT, and GSSA methods provide a clear and
universal modeling process for all kinds of resonant converters,
it should be pointed out that to obtain the explicit transfer func-
tions, all the state variables in the resonant tank are decomposed
into real and imaginary parts, forming a high-order matrix. If
the DAB resonant converter has n resonant elements, the order
of the matrix will be 2n+1. Therefore, it will be very hard to
obtain explicit transfer functions of multielement DAB resonant
converter in this way.

In addition, as shown in Fig. 2, DAB resonant converter with
phase-shift modulation has two different implementation meth-
ods. In Fig. 2(a), the secondary bridge is fixed while the primary
side bridge is regulated. In Fig. 2(b), the bridge on primary side
bridge is fixed while that on the secondary bridge is regulated.
According to the authors’ review, most of the existing literature
focuses on the modeling of Fig. 2(a), which gives the illusion
that the small-signal models of the two SPS implementation
methods are the same. However, in this article, it is interesting
to find that the two implementation methods lead to two distinct
models. In other words, there exists two possible models for any
DAB resonant converter with single-phase-control, which has
not been explained.

To address these issues, a simpler and more accurate modeling
method is expected. The multifrequency modeling method was
developed in [19] to investigate the sideband effect of the PWM
converters. In 2021, it was successfully applied to modeling
resonant converter by the authors [20]. The core idea of multifre-
quency modeling is using the ratio of the complex Fourier coef-
ficients of different frequencies to represent the transfer function
between the two frequencies. Based on this, the resonant tank

Fig. 2. Key waveforms of a DAB resonant converter with different phase shift
schemes. (a) Primary-side regulation. (b) Secondary-side regulation.

can be regarded as a whole during the modeling, thus avoiding
the 2n+1 matrices, and making it possible to obtain analytic
expressions of the transfer functions. However, the state-of-art
research is limited to unidirectional resonant converters with
simple diode rectification. With the considerations above, this
article intends to have a thorough modeling of the phase-shift
DAB resonant converters using the multifrequency modeling
method, and distinguishes the two implementation methods of
phase shift mathematically.

The rest of this article is organized as follows. Sections II
and III give the generalized modeling process of DAB reso-
nant converter with primary side regulation and secondary side
regulation, respectively. Section IV takes the DABSRC as an
example to have the order of the models reduced to obtain the
analytic expressions, based on which, the differences between
the primary side regulation and secondary side regulation are
discussed mathematically. Section V provides the experimental
result to validate the analysis. Finally, Section VI concludes this
article.

II. MODELING OF DAB RESONANT CONVERTER WITH

PRIMARY SIDE REGULATION

For the DAB resonant converter in Fig. 1, Q1–Q4 are the
switches on the primary side, Q5–Q8 are the switches on the
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Fig. 3. Spectra of the current (voltage) waveforms of state variable x of a
converter when the modulation signal of the phase-shift angle is perturbed with
ωp component.

secondary side, Cf is the output filter capacitor with the equiv-
alent series resistor Rc. RLd is the load resistor. vin is the input
voltage, vAB and ip are the output voltage and output current of
the bridge on the primary side, vCD and is are the input voltage
and input current of the bridge on the secondary side, ir is the
rectified current, vcf is the voltage across Cf, vo is the output
voltage. The phase shift angle ϕ presents the phase that vAB is
in advanced of vCD, which ranges from -π to π.

As depicted in Fig. 3, when the phase-shift angle ϕ under-
goes a small-signal perturbation at the frequency ωp (where
ωp<<ωs), signals throughout the converter produce compo-
nents of nωs ± ωp (with n � 0), referred to as sideband
components. Given that the switching frequency is closely tuned
to the resonant frequency, the ωs ± ωp components become
dominant within the resonant tank. Due to the low-pass filter
characteristics, the ωp component predominantly influences vo
and ir. Therefore, it is essential to account for the ωs ± ωp

components in the resonant tank and the ωp component in the
output port waveforms.

In this section, the multifrequency model of the DAB resonant
converter with primary-side regulation will be derived. The key
signals under phase-shift angle perturbation, including vAB, is,
ir, vo, and vCD, will be derived separately and ultimately form
a complete block diagram.

A. Small-Signal Expression of vAB

As shown in Fig. 2(a), when the phase-shift angle ϕ is
perturbed with a small-signal component ϕ̂(t), vAB will vary
accordingly, the expression of vAB in a switching cycle is as
follows:

vAB (t) =

{
Vin if − ϕ̂

2πTs ≤ t < 1
2Ts − ϕ̂

2πTs

−Vin if 1
2Ts − ϕ̂

2πTs ≤ t ≤ Ts − ϕ̂
2πTs.

(1)

Obviously, vAB is a square wave comprising numerous har-
monics. Given that the switching frequency is typically tuned
close to the resonant frequency, only the fundamental harmonic
component of vAB is effective in generating the resonant current.
Therefore, vAB can be approximated using the fundamental har-
monic analysis (FHA) method. By performing Fourier transform
on (1), the fundamental harmonic component of vAB can be
expressed as follows:

vAB (t) ≈ 4

π
Vin sin [ωst+ ϕ̂(t)] . (2)

Linearizing (2) around the equilibrium point leads to the
following equation, the small-signal expression of vAB, denoted
as v̂AB(t) is as follows:

v̂AB (t) ≈ ∂vAB (t)

∂ϕ
ϕ̂(t) =

4

π
Vinϕ̂(t) cos (ωst) . (3)

Assuming the perturbation frequency is ωp, ϕ̂(t) can be
expressed as follows:

ϕ̂(t) = Φ̂ cos (ωpt+ θϕ) =
Φ̂

2
ejθϕejωpt +

Φ̂

2
e−jθϕe−jωpt

(4)
where Φ̂ and θϕ are the amplitude and initial phase of ϕ̂(t),
respectively.

Moreover, according to Euler’s formula, we have

cos (ωst) =
1

2
ejωst +

1

2
e−jωst. (5)

Substituting (4) and (5) into (3), the expression of v̂AB(t) in
complex frequency domain is as follows:

v̂AB(t) =
4

π
Vinϕ̂ cos (ωst)

=
4

π
Vin

(
Φ̂

2
ejθϕejωpt +

Φ̂

2
e−jθϕe−jωpt

)(
1

2
ejωst+

1

2
e−jωst

)

=
Vin

π
Φ̂
(
ejθϕejωpt + e−jθϕe−jωpt

) (
ejωst + e−jωst

)
=

Vin

π
Φ̂ejθϕej(ωp−ωs)t +

Vin

π
Φ̂e−jθϕej(ωs−ωp)t

+
Vin

π
Φ̂ejθϕej(ωp+ωs)t +

Vin

π
Φ̂e−jθϕe−j(ωs+ωp)t. (6)

Note that there exist ωp ± ωs components and ωs ± ωp com-
ponents in (6), which are conjugate. As a result, only ωp ± ωs

components need to be considered for convenience. According
to (6), the Fourier coefficients of the ωp + nωs component in
v̂AB(t) is expressed as follows:

vAB[j(ωp − ωs)] =
Vin

π
Φ̂ejθϕ (7)

vAB[j(ωp + ωs)] =
Vin

π
Φ̂ejθϕ . (8)

Considering the Fourier coefficient of the ωp component in
ϕ̂(t) is as follows:

ϕ(jωp) =
Φ̂

2
ejθϕ . (9)
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Fig. 4. Control block diagram of the multifrequency model from ϕ to vAB

under primary side regulation.

Fig. 5. Uniformly two-port network representation of the resonant tank under
primary-side regulation.

Therefore, the transfer function from ϕ(jωp) to vAB [j(ωp +
nωs)], defined as GvAB /ϕ_n, is obtained as follows for n =±1:

GvAB/ϕ_−1 =
vAB[j(ωp − ωs)]

ϕ (jωp)
=

2Vin

π
. (10)

GvAB/ϕ_1 =
vAB[j(ωp+ωs)]

ϕ (jωp)
=

2Vin

π
. (11)

The control block diagram of the model from ϕ to vAB under
primary-side regulation is depicted in Fig. 4.

B. Small-Signal Expression of Is

For the DAB resonant converter in Fig. 1, the resonant tank
can be uniformly depicted with the linear time-invariant two-port
network, as shown in Fig. 5. The two port voltages are vAB and
vCD. The expression of the input current of the rectifier, is, can
be represented in frequency domain as follows:

is(s) =
vAB(s)

ZAB(s)
− vCD(s)

ZCD(s)
(12)

where ZAB(s) and ZCD(s) are the impedances subject to the
topology selected. When ϕ is perturbed, both vAB and vCD

contain the ωp ± ωs components. As a result, we have

is[j(ωp − ωs)] =
vAB[j(ωp − ωs)]

ZAB[j(ωp − ωs)]
− vCD[j(ωp − ωs)]

ZCD[j(ωp − ωs)]
.

(13)

Equation (13) is the model of the resonant tank that applies to
various DAB resonant topologies under primary-side regulation.
The corresponding control block diagram is shown in Fig. 6.
Please note that there is no interaction between ωp + ωs com-
ponent andωp −ωs component since it is a linear time-invariant
network.

Fig. 6. General multifrequency small-signal model for resonant tank under
primary-side regulation.

C. Small-Signal Expression of Ir and Vo

According to the previous deduction, is contains ωp ± ωs

components, which can be expressed as follows:

îs(t) =
∑

n=−1,+1

Îspeakn cos (ωpt+ nωst+ θisN) (14)

where the values of n are ±1.
Besides, the steady-state fundamental harmonic component

is represented as follows:

Is(t) = Ispeak cos(ωst+ΘIs). (15)

Combining (14) and (15) together, is is expressed as follows:

is(t) = Ispeak cos(ωst+ΘIs)

+
∑

n=−1,+1

Îspeakn cos (ωpt+ nωst+ θisN). (16)

The expression of ir is as follows:

ir(t) =

{
is(t) if Φ

2πTs ≤ t < Φ
2πTs +

1
2Ts

−is(t) if Φ
2πTs +

1
2Ts ≤ t < Φ

2πTs + Ts

. (17)

The ωp component in ir will be derived here. To facilitate the
derivation, it is assumed that there exists a common frequency
ω0, satisfying

ωp = Mω0, ωs = Nω0. (18)

Thus, the periods of the three frequencies meet

T0 = MTp = NTs. (19)

Here, ω0 is regarded as the “virtual” fundamental frequency,
hence, the frequency ωp+nωs (n = ±1) can also be expressed
as (M + nN)ω0. Based on (16)–(19), the Fourier coefficient of
the ωp component in ir can be obtained as follows:

ir (jωp) = ir (jMω0)

=
1

T0

N−1∑
l=0

∫ lTs+
Φ
2πTs+

1
2Ts

lTs+
Φ
2πTs

Îspeakn cos[(M + nN)ω0t

+ θisn]e
−jMω0tdt

− 1

T0

N−1∑
l=0

∫ lTs+
Φ
2πTs+Ts

lTs+
Φ
2πTs+

1
2Ts

Îspeakn cos[(M + nN)ω0t

+ θisn]e
−jMω0tdt. (20)
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After extensive derivations, it is obtained that

ir (jωp) =
ÎspeaknNejθisn

2T0

ejn(Φ+π) − ejnΦ

jnNω0

+
Îspeakn

2T0

e−jθisn

(
e−j[nN+2M ]ω0( Φ

2πTs+
1
2Ts)

−e−j[nN+2M ]ω0( Φ
2πTs)

)
−j [nN + 2M ]ω0

×
N−1∑
l=0

e−j[nN+2M ]2π l
N

− ÎspeaknNejθisn

2T0

ejn(Φ+2π) − ejn(Φ+π)

jnNω0

− Îspeakn

2T0

e−jθisn

(
e−j(nN+2M)ω0( Φ

2πTs+Ts)

−e−j(nN+2M)ω0( Φ
2πTs+

1
2Ts)

)
−j (nN + 2M)ω0

×
N−1∑
l=0

e−j(nN+2M)2π l
N . (21)

Since the sigma terms in (21) are zero, it is further simplified
to be

ir (jωp) =
ÎspeaknNejθisn

jnN2π
ejnΦ

(
ejnπ − 1

)
. (22)

It is found that the coefficient of the complex exponential
Fourier series at ωp is as follows:

ir (jωp) = − Îspeakne
jθisn

jnπ
ejnΦ. (23)

According to (14), the complex Fourier coefficient of the
ωp+nωs component in is is as follows:

is[j(ωp+nωs)] =
Îspeakn

2
ejθisn . (24)

Considering n =±1, the transfer function from is[j(ωp+ωs)]
and is[j(ωp−ωs)] to ir(jωp), denoted as Gii_−1 and Gii_1, respec-
tively, are found to be

Gii_1 =
ir(jωp)

is[j(ωp − ωs)]
=

2

jπ
e−jΦ (25)

Gii_−1 =
ir(jωp)

is[j(ωp + ωs)]
= − 2

jπ
ejΦ. (26)

With (25) and (26), Fig. 7 gives the control diagram of the
multifrequency model from is to ir.

As for the output filter after rectification, the impedance of
the Cf-RLd network is as follows:

ZRC(s) =
RLd

1 + sRLdCf
. (27)

With (27), the output volage can be readily obtained as follows:

vo(jωp) = ir(jωp)ZRC(jωp) (28)

Fig. 7. Control diagram of the multifrequency model between is and ir under
primary-side regulation.

D. Small-Signal Expression of vCD

Similarly, the expression of vCD in a switching cycle is as
follows:

vCD (t) =

⎧⎪⎨
⎪⎩
−vo if 0 ≤ t < Φ

2πTs

vo if Φ
2πTs ≤ t ≤ Ts

2 + Φ
2π

−vo if Ts

2 + Φ
2πTs < t ≤ Ts.

Ts (29)

Performing Fourier transform on (29), the fundamental har-
monic component of vCD is expressed as follows:

vCD(t) =
4

π
vo sin (ωst− Φ) . (30)

Linearizing (30) around the equilibrium point leads to the
small-signal component of vCD, denoted as v̂CD(t), is as follows:

v̂CD (t) ≈ ∂vCD (t)

∂vo
v̂o =

4

π
v̂o sin (ωst− Φ) . (31)

With the perturbation of ϕ̂(t), the small-signal variable of the
output voltage v̂o(t) contains the ωp component, which can be
expressed as follows:

v̂o(t) = V̂o cos(ωpt+ θvo) =
V̂o

2
ejθvoejωpt +

V̂o

2
e−jθvoe−jωpt.

(32)
Therefore, the small-signal expression of v̂CD(t) caused by

v̂o(t) is as follows:

v̂CD(t) =
4

π
v̂o sin (ωst− Φ)

= − 1

jπ
V̂oe

j(θvo+Φ)ej(ωp−ωs)t+
1

jπ
V̂oe

−j(θvo+Φ)ej(ωs−ωp)t

+
1

jπ
V̂oe

j(θvo−Φ)ej(ωp+ωs)t − 1

jπ
V̂oe

−j(θvo−Φ)e−j(ωs+ωp)t.

(33)

Hence, the Fourier coefficient of the ωp ± ωs component in
v̂CD(t) is expressed as follows:

vCD[j(ωp − ωs)] = − 1

jπ
V̂oe

j(θvo+Φ) (34)

vCD[j(ωp + ωs)] =
1

jπ
V̂oe

j(θvo−Φ). (35)

Considering the Fourier coefficient of the ωp component in
v̂o(t) below:

vo(jωp) =
V̂o

2
ejθo (36)
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Fig. 8. Control block diagram of the multifrequency model from vo to vCD

under primary-side regulation.

the transfer function from vo(jωp) to vCD[j(ωp ± ωs)], defined
as GvCD/vo_±1, is obtained as follows:

GvCD/vo_−1 =
vCD[j(ωp − ωs)]

vo(jωp)
= − 2

jπ
ejΦ. (37)

GvCD/vo_1 =
vCD[j(ωp+ωs)]

vo(jωp)
=

2

jπ
e−jΦ. (38)

The control block diagram of the multifrequency model from
vin to vAB is depicted in Fig. 8.

E. Complete Multifrequency Model

Combining the control block diagrams in Figs. 4–8, the com-
plete control block diagram from ϕ(jωp) to vo(jωp) is finally
obtained in Fig. 9.

On the basis of Fig. 9, the transfer function from ϕ(jωp) to
vo(jωp), designated as Gvϕ(jωp) for primary-side regulation can
be solved to be

Gvϕ_pri(jωp) =
vo(jωp)

ϕ(jωp)

=
4Vin

jπ2

ZRC(jωp)
(

e−jΦ

ZAB[j(ωp−ωs)]
− ejΦ

ZAB[j(ωp+ωs)]

)
1+

4ZRC(jωp)
π2

(
1

ZCD[j(ωp−ωs)]
+ 1

ZCD[j(ωp+ωs)]

) . (39)

Equation (39) is the analytic transfer function valid for
all kinds of DAB resonant converters under primary-side
regulation.

III. MODELING OF DAB RESONANT CONVERTER WITH

SECONDARY SIDE REGULATION

When secondary-side regulation is employed, vAB is fixed,
whereas vCD varies in accordance with the phase-shift angle ϕ.
Consequently, the signal flow pattern alters, and the subsequent
derivation is outlined below.

A. Small-Signal Expression of Is

As observed in Fig. 2(b), the pathway fromϕ to vAB is absent,
having been supplanted by a new path from ϕ to vCD. This
implies that vAB[j(ωp ± ωs)] equals zero. So, the model of the
resonant tank is simplified to be

is[j(ωp − ωs)] = − vCD[j(ωp − ωs)]

ZCD[j(ωp − ωs)]
(40)

is[j(ωp + ωs)] = − vCD[j(ωp + ωs)]

ZCD[j(ωp + ωs)]
. (41)

The corresponding control block diagram of it is shown in
Fig. 10.

B. Small-Signal Expression of Ir and Vo

Under secondary-side regulation, the relationship between is
and ir becomes

ir(t) =

{
is(t) if ϕ

2πTs ≤ t < ϕ
2πTs +

1
2Ts

−is(t) if ϕ
2πTs +

1
2Ts ≤ t < ϕ

2πTs + Ts

. (42)

Unlike (17), changes in ϕ affect the zero-crossing instant of
ir directly, as illustrated in Fig. 11. This indicates that, besides
being influenced by is [as shown in (25) and (26)], ir also has a
close relationship with ϕ, which will be derived below.

In Fig. 11, the steady-state value of is at Tϕ is denoted as
Is(Tϕ). At Tϕ, is steps from Is(Tϕ) to −Is(Tϕ). Therefore, the
small-signal component part of ir caused by phase-shift angle
change is approximated to be a pulse signal with the amplitude
being −2Is(Tϕ) and the pulsewidth being be ϕ̂Ts/2π, which can
be expressed as follows:

îr(t) =

{
−2Is(Tϕ) if Φ

2πTs ≤ t < Φ
2πTs+

ϕ̂
2πTs

0 if Φ
2πTs+

ϕ̂
2πTs ≤ t < Φ

2πTs +
Ts

2

.

(43)
Using the concept of periodic averaging, the quantitative

relationship between îr and ϕ̂ component is derived to be

îr(t) ≈ 2

Ts

∫ Φ
2πTs+

Ts
2

Φ
2πTs

îR(t)dt

=
2

Ts

∫ Φ
2πTs+

ϕ̂
2πTs

Φ
2πTs

−2Is(Tϕ)dt

= −2Is(Tϕ)

π
ϕ̂. (44)

So, the transfer function from ϕ̂ to îr is as follows:

Gir/ϕ =
ir(jωp)

ϕ(jωp)
= −2Is(Tϕ)

π
. (45)

Consequently, the actual ir(jωp) is the result of the superpo-
sition of (25), (26), and (45), as shown in Fig. 12.

C. Small-signal Expression of vCD

As shown in Fig. 2(b), the expression of vCD is as follows:

vCD (t) =

⎧⎪⎨
⎪⎩
−vo if 0 ≤ t < ϕ

2πTs

vo if ϕ
2πTs ≤ t ≤ Ts

2 + ϕ
2π

−vo if Ts

2 + ϕ
2πTs < t ≤ Ts.

Ts (46)

Comparing to (29), it is apparent that apart from vo, changes
in ϕ also affect the vCD. The relationship linking vo and vCD

stays consistent with (37) and (38), while that between ϕ and
vCD is unique for secondary-side regulation. Further elaboration
on this aspect will be provided subsequently.

The fundamental harmonic component of vCD is as follows:

vCD (t) ≈ 4

π
vo sin (ωst− ϕ) . (47)
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Fig. 9. Control block diagram of the general multifrequency small-signal model for resonant converter under primary side regulation.

Fig. 10. General multifrequency small-signal model for resonant tank under
secondary-side regulation.

Fig. 11. Key waveforms of a DAB resonant converters under secondary side
regulation.

Fig. 12. Generation of small-signal component of ir under secondary-side
regulation.

Linearizing (47) leads to the following small-signal equation:

v̂CD (t) ≈ ∂vCD (t)

∂ϕ
ϕ̂ = − 4

π
Voϕ̂ cos (ωst− Φ) . (48)

Fig. 13. Control block diagram of the multifrequency model from ϕ and vo
to vCD under secondary-side regulation.

Considering the expression of ϕ̂(t) given in (4), v̂CD(t) caused
by ϕ̂(t) is as follows:

v̂CD(t) = − 4

π
Voϕ̂ cos (ωst− Φ)

= −Vo

π
Φ̂ej(θϕ+Φ)ej(ωp−ωs)t − Vo

π
Φ̂e−j(θϕ+Φ)ej(ωs−ωp)t

− Vo

π
Φ̂ej(θϕ−Φ)ej(ωp+ωs)t − Vo

π
Φ̂e−j(θϕ−Φ)e−j(ωs+ωp)t.

(49)

The Fourier coefficients of the ωp ± ωs component in v̂CD(t)
are expressed as follows:

vCD[j(ωp − ωs)] = −Vo

π
Φ̂ej(θϕ+Φ) (50)

vCD[j(ωp + ωs)] = −Vo

π
Φ̂ej(θϕ−Φ). (51)

Considering the Fourier coefficient of the ωp component in
ϕ̂(t) is ϕ(jωp) =

Φ̂
2 e

jθϕ . Therefore, the transfer function from
ϕ(jωp) to vCD[j(ωp ± ωs)], defined as GvCD/ϕ_±1, is obtained
as follows:

GvCD/ϕ_−1 =
vCD[j(ωp − ωs)]

ϕ (jωp)
= −2Vo

π
ejΦ (52)

GvCD/ϕ_1 =
vCD[j(ωp+ωs)]

ϕ (jωp)
= −2Vo

π
e−jΦ. (53)

Equations (52) and (53), along with (37) and (38), collectively
form the final control block diagram, which is depicted in Fig. 13.
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Fig. 14. Control block diagram of the general multifrequency small-signal model for resonant converter under secondary-side regulation.

D. Complete Multifrequency Model

Combining the submodules’ models, the complete control
block diagram of DAB resonant converter under secondary-side
regulation is finally obtained as Fig. 14. Equation (54) is the
expected analytic transfer function valid for DAB resonant con-
verters with various resonant tanks.

Gvϕ_ sec(s) =
vo(jωp)

ϕ(jωp)

= ZRC(jωp)

−2Is(Tϕ)
π + 4Vo

jπ2

(
1

ZCD[j(ωp−ωs)]
− 1

ZCD[j(ωp+ωs)]

)
1+ 4

π2ZRC(jωp)
(

1
ZCD[j(ωp+ωs)]

+ 1
ZCD[j(ωp−ωs)]

)
(54)

where

Is(Tϕ)

=
4Vin

π |ZAB(jωs)|

⎡
⎣sin (Φ−ΘAB) +

cos (Φ−ΘAB) sinΘCD
|ZCD(jωs)|

Req
+ cosΘCD

⎤
⎦

(55a)

Vo = Vin

Req

|ZAB(jωs)| cos (Φ−ΘAB)

1 +
Req

|ZCD(jωs)| cos (ΘCD)
. (55b)

IV. EXAMPLE AND DISCUSSION

A. Model Applicability to Different Resonant Tanks

Among the numerous DAB resonant converters, the DABSRC
and the DAB CLLC converter are the most prevalent. Here,
we will take these two converters as examples to showcase the
effectiveness of the proposed model for DAB converters with
various resonant tanks.

The corresponding resonant tank of DABSRC is shown in
Fig. 15(a), from which, the expressions of ZAB(s) and ZCD(s)
are readily solved to be

ZAB(s) = ZCD(s) = sLr+
1

sCr
+Rr. (56)

Fig. 15. Two-port network representation of different resonant tanks. (a)
DABSRC. (b) DAB CLLC converter.

As for the CLLC resonant tank in Fig. 15(b), this derivation
process is relatively complex. Converting the secondary side
impedance of the resonant tank to the primary side, and then
employing the superposition theorem, we can finally obtain the
expressions for ZAB(s) and ZCD(s) as follows:

ZAB(s) = N

(
sLs +

1
sCs

+ sLm

N2

)(
sLp + 1

sCp

)
sLm

+N

(
sLs +

1

sCs

)
(57a)

ZCD(s) = sLs +
1

sCs
− 1

N2

(
s2Lm

2

s (Lm + Lp) +
1

sCs

− sLm

)
.

(57b)

A set of circuit parameters for DABSRC converter and DAB
CLLC converter are designed, as tabulated in Tables I and II,
respectively. Incorporating these values into the model, the trans-
fer functions from the phase-shift angle to the output voltage
can be obtained. These results are depicted in Figs. 16 and
17, accompanied by corresponding Simplis simulation results.



LI et al.: MULTIFREQUENCY MODEL OF DUAL ACTIVE BRIDGE RESONANT CONVERTERS WITH PHASE-SHIFT CONTROL 13015

Fig. 16. Bode diagrams of Gvϕ of the DABSRC by the proposed model and by simulation when (a) Ф = 0.3π, (b) Ф = 0.5π, and (c) Ф = 0.7π.

Fig. 17. Bode diagrams of Gvϕ of the DAB CLLC converter by the proposed model and by simulation when (a) Ф = 0.3π, (b) Ф = 0.5π, and (c) Ф = 0.7π.

TABLE I
Parameters of the DABSRC

TABLE II
Parameters of the DAB CLLC Converter

Notably, within the range of the switching frequency, the the-
oretical results, both Gvϕ_pri and Gvϕ_sec, matched closely
with that by simulation results. This underscores the universal
applicability of the proposed model to different DAB resonant
converters.

B. Difference Between Primary and Secondary-Side
Regulation

It is evidently found from the previous text that primary-side
and secondary-side regulation exhibit significant differences.
Based on the derivations, Fig. 18 summarizes the signal flow
graphs for both regulations, revealing the differences in the
relationships between the phase-shift angle and vAB, vCD, is,
and ir. Ultimately, this results in different transfer functions from
the phase-shift angle to the output voltage for primary-side and
secondary-side regulation. To further distinguish the differences,
the DABSRC is taken as an example here.
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Fig. 18. Small-signal-flow graphs for primary side regulation and secondary
side regulation of a DAB resonant converter. (a) Primary-side regulation.
(b) Secondary-side regulation.

For the purpose of facilitating analysis, the model is sim-
plified, with the simplification process detailed in Appendix
Section. The final approximated expressions of Gvϕ_pri(s) and
Gvϕ_sec(s) are as follows:

Gvϕ_pri(s)

=
VinReq [−sLrKeq sin (Φ) +Xeq cos (Φ)−Rr sin (Φ)](

Z2
eq + 2s2L2

rKeq + 2sRrLr +
2sRr

ω2
sCr

)
× (1 + sCoRLd)+ (sLrKeq +Rr)Req

(58)

Gvϕ_sec(s) =
Req

Zeq
·

=

− [Vin sin (Φ−ΘZr) + Vo sinΘZr]
(
Z2

eq + 2s2L2
rKeq

+2sRrLr +
2sRr

ω2
sCr

)
+ ZeqVoXeq(

Z2
eq + 2s2L2

rKeq + 2sRrLr +
2sRr

ω2
sCr

)
× (1 + sCoRLd) + (sLrKeq +Rr)Req

(59)

where s = jωp,Xeq = ωsLr − 1
ωsCr

, Zeq =
√

X2
eq+R2

r , Req =

8
π2RLd, Keq = (1 + 1

ω2
sLrCr

), Vo = Vin
Req cos(ΘZr−Φ)

|Zr(jωs)|+Req cos(ΘZr)
,

and ΘZr = arctanXeq/Rr.
From (58) and (59), it can be seen that Gvϕ_pri(s) and

Gvϕ_sec(s) share the same poles, but the zeros are different,
which will result in significant differences in the dynamic perfor-
mance. The zeros will be solved here for comparison. To ensure
the generality, the normalization of the zeros is performed. For
Gvϕ_pri(s), the zero is found to be

zpri =

(
f2
n − 1

)
fnωr

(f2
n + 1) tanΦ

(60)

while Gvϕ_sec(s) has a pair of conjugate zeros as follows:

zsec1,2 =

(
f2
n − 1

)
(f2

n + 1)

±ωr

√
(f2

n+1)Q
(f2

n−1)fn

[
sin (2Φ)− 2Qcos2 (Φ)

(
fn − 1

fn

)]
2
[
sin (Φ)−Q cos (Φ)

(
fn − 1

fn

)]
(61)

Fig. 19. Two possible relationships between Gvϕ_pri and Gvϕ_sec of the
DABSRC. (a) Gvϕ_sec is ahead of Gvϕ_pri in phase at low frequencies @
Ф = 0.5π, fs = 63.5 kHz, RLd = 10Ω. (b) Gvϕ_pri is ahead of Gvϕ_sec in
phase at low frequencies @ Ф = 0.39π, fs = 57 kHz, RLd = 3Ω.

where

fn =
fs
fr

=
ωs

ωr
, Q =

1

Req

√
Lr

Cr
. (62)

It can be observed that the zeros are closely correlated with
fn, Φ, and Q. For primary-side regulation, zpri is a real root.
Considering that the switching frequency is usually greater than
the resonant frequency for DABSRC, i.e., fn > 1, the size and
sign of zpri is determined by Φ. When Φ approaches 0.5π from
0, zpri is located in the right half plane and gradually approaches
the origin; when Ф approaches π from 0.5 π, zpri is located
in the left half plane and away from the origin. However, the
intricate relationships between zsec1,2 and fn, Ф, Q inherently
produce transcendental equations during solving, which pre-
cludes precise quantitative analysis. Therefore, it is exceedingly
challenging to quantitatively discern the superiority between
Gvϕ_pri(s) and Gvϕ_sec(s). But after extensive numerical analysis
and simulation, it is found that Gvϕ_pri(s) and Gvϕ_sec(s) have
two possible relationships from the curves, as illustrated in
Fig. 19(a) and (b), with the majority corresponding to Fig. 19(a)
and rare instances resembling Fig. 19(b). Obviously, the scenario
in Fig. 19(a) shows Gvϕ_sec(s) has better phase characteristics
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Fig. 20. Closed-loop control block diagram of the DABSRC system.

Fig. 21. Loop gain curve of the DABSRC using controller in (64) according
to the proposed model.

than Gvϕ_pri(s), indicating that secondary-side regulation is
easier to achieve good stability and dynamic performance. The
scenario in Fig. 19(b) shows that Gvϕ_pri(s) exhibits superior
phase characteristics compared to Gvϕ_sec(s) at low frequencies,
but has a more pronounced resonant peak in the mid-frequency
range [16 kHz in Fig. 19(b)]. This heightened resonance peak of
Gvϕ_pri(s) may potentially induce multiple crossing in the loop
gain after compensation, risking the stability of the system. As
a result, secondary-side regulation is still better than primary-
side regulation, unless the latter uses other control methods to
dampen its resonance peak.

In conclusion, secondary-side regulation generally surpasses
primary-side regulation for DABSRC. However, in practical
design, it is advisable to draw both transfer functions according
to the specific circuit parameters first, and then select the optimal
regulation method.

On the basis of the open loop transfer function in Fig. 19(a),
a closed loop system in the form of Fig. 20 is designed, where
1/Vm is the gain of the phase-shift modulator, Hv is the voltage
sensor, and Gc(s) is the compensator parameter.

The loop-gain expressions for both primary-side and
secondary-side regulations are as follows:

Tpri(sec)(s) =
1

Vm
HvGc(s)Gvϕ_pr(sec)(s). (63)

For the main circuit parameters in Table I, set the expected
output voltage to 1.65 V, the compensator parameter Gc(s) to

Gc (s) = 1243

(
1 + s

200π

)
s
(
1 + s

60000π

) . (64)

Fig. 22. Simulation waveforms of the closed-loop DABSRC with different
phase-shift schemes. (a) Primary-side regulation, unstable. (b) Secondary-side
regulation, stable.

Fig. 23. Comparison of the transfer functions of Gvϕ by EDF method and the
multifrequency method when Φ = 0.3π.

Fig. 21 displays the Bode plots of the corresponding loop
gains. It can be observed that the cut-off frequency and phase
margin for primary-side regulation are 13 kHz and−175°. There
exists a negative crossover at approximately 6 kHz. As for
secondary-side regulation, they are 2 kHz and 132°, and there is
no crossover. This indicates that the system should be unstable
in the former case but stable in the latter according to Nyquist
criterion. The time-domain simulation waveforms presented in
Fig. 22 aligns perfectly with the prediction by proposed model,
thereby validating the difference between primary-side regula-
tion and secondary-side regulation in control loop design and
stability assessment.

C. Comparison With Other Modeling Methods

Other popular modeling methods available for DAB resonant
converters include the GSSA, EDF, and LPT methods, whose
core idea is to find a set of slow variables with dc operating
points to depict the pure ac variables in the resonant tank. These
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Fig. 24. Illustration of the proposed model’s accuracy considering different circuit parameters. (a) and (b) Results when the dead time is 100 ns and 500 ns,
respectively, @ Ф = 0.2π, fn = 1.1. (c) and (d) Results when the forward voltage drop of diode is 0.7 V and 5 V, respectively, @ Ф = 0.2π, fn = 1.1. (e) and (f)
are the results when fn = 0.8, 3, respectively, @Ф = 0.3π, RLd = 10Ω. (g) and (h) Results when the Q value is 0.1 and 10, respectively @ Φ = 0.2π, fn = 1.1.

Fig. 25. Test platform for transfer function measurement.

methods are essentially equivalent. Here, a comparison with the
EDF method is made.

When using EDF method, a nonlinear state-space represen-
tation of the converter is built first. Then, all the state variables
in the resonant tank are decomposed into sine term and cosine
term as follows:

xi(t) = xis(t) sin (ωst) + xic(t) cos (ωst) , i = 1, 2, . . . n
(65)

where xis(t) and xic(t) are dc values in steady state, but vary
slowly around the dc values when perturbed. By substituting

(65) into the nonlinear state-space representation and subse-
quently applying harmonic balance combined with local lin-
earization techniques, we can obtain the following linearized
small-signal (66), (67), with xis(t) and xic(t) and the output
capacitor voltage vCf being the new state variables.

d

dt

⎡
⎣ x̂s

x̂c

v̂Cf

⎤
⎦=Ass

⎡
⎣ x̂s

x̂c

v̂Cf

⎤
⎦+Bssϕ̂ (66)

v̂o = Css

⎡
⎣ x̂s

x̂c

v̂Cf

⎤
⎦ (67)

where Ass, Bss, and Css are the coefficient matrices of the
equations.

Finally, the transfer function Gvϕ(jωp) are obtained via
Laplace Transform as follows:

Gvϕ(jωp) = Css(sI−Ass)
−1Bss. (68)

In light of the fact that existing literature, such as [9] and [10],
predominantly addresses small-signal modeling of DABSRC,
this work adopts DABSRC as the representative case study for
subsequent comparison. For DABSRC, the new state variables
are [

x̂s x̂c v̂Cf
]
=
[̂
iLrs v̂Crs îLrc v̂Crs v̂Cf

]
. (69)
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Fig. 26. Steady-state time-domain experimental waveforms of the DABSRC. (a) Ф = 0.3π, (b) Ф = 0.5π, (c) Ф = 0.7π, respectively.

Fig. 27. Schematic diagram of the measurement of Gvϕ(s).

The coefficients matrices have been derived to be

Ass =

⎡
⎢⎢⎢⎢⎢⎣

−Rr

Lr
ωs

−1
Lr

0 − 4
πLr

cos (Φ)
1
Cr

0 0 ωs 0

−ωs
−Rr

Lr
0 −1

Lr

4
πLr

sin (Φ)

0 1
Cr

−ωs 0 0
2

πCf
cosΦ − 2

πCf
sinΦ 0 0 − 1

CfRLd

⎤
⎥⎥⎥⎥⎥⎦

(70)

Bss =

⎡
⎢⎢⎢⎢⎣

4
πLr

Vo sin (Φ)

0
4

πLr
Vo cos (Φ)

0
− 2

πCf
[ILrs sin (Φ) + ILrc cos (Φ)]

⎤
⎥⎥⎥⎥⎦ (71)

Css =
[
0 0 0 0 1

]
(72)

where ILrs, ILrc, VCrs, VCrc, and Vo are the corresponding
steady-state values of the new state variables.

By substituting (70)–(72) into (66) and (67), the EDF-based
transfer functions of the DABSRC can be obtained and il-
lustrated in Fig. 21 for comparative analysis against the pro-
posed model. It reveals that the EDF model coincides with the
secondary-side regulation, but it loses the result of primary-
side regulation. This discrepancy arises from an inherent
limitation in conventional phase-shift control modeling
approaches—specifically, the prevalent assumption that adopts
vAB as the fixed reference frame, where vAB remains stationary

while vCD varies with perturbation. Consequently, the intricate
coupling relationship between vAB and phase-shift angle per-
turbation is overlooked, inadvertently discarding a valid dy-
namic model that could otherwise account for primary-side
regulation.

In addition, the implementation of EDF method involves
decomposing each state variable into sine term and cosine
term when modeling the resonant tank. This decomposition
necessitates the individual derivation of state equations for each
newly created variable, leading to a significant proliferation of
equations. Specifically, for an Nth-order resonant converter in-
corporating output filtering capacitors, the total number of state
equations escalates to 2N+1. This becomes prohibitively com-
plex when applied to high-order resonant topologies, severely
limiting its practical applicability. The decomposition of reso-
nant variables one by one also makes it difficult to intuitively
reflect the overall dynamic characteristics inside the resonant
tank, masking the subtle inherent relationships between resonant
elements, and posing obstacles to the simplification of the model.
In contrast, the methodology proposed herein depicts the model
of resonant tank using just two impedance parameters ZAB and
ZCD, which can be easily obtained for various high-order reso-
nant converters, based on which, a unified transfer function for
various DAB resonant converters with different resonant tanks
is derived. Therefore, this modeling method greatly simplifies
the modeling process and is very friendly to high-order resonant
converters. Also, as it treats the entire resonant network as a
whole, the inherent coupling between resonant elements is well
preserved.

D. Effect of the Parameters on the Accuracy of the Model

This section will study the impact of circuit parameters as well
as some overlooked parameters on model accuracy. The param-
eters are basically consistent with Table I, while the differences
have been marked in the title of Fig. 24.

1) Effect of the Dead Time: The dead time (DT) is ignored
while modeling. Fig. 24(a) and (b) have a comparison of the
proposed model with the simulation results at different dead
times. It shows that the dead time has little effect on Gvϕ_pri(s)
up to the switching frequency. In contrast, Gvϕ_sec(s) coincides
well with the model below 1/10 of the switching frequency,
but at higher frequency range, it has some error. The main
reason is that the dead time changes the turn-ON instant of the
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Fig. 28. Experimentally measured transfer functions of Gvϕ_pri the DABSRC with primary-side regulation. (a) Ф = 0.3π, (b) Ф = 0.5π, (c) Ф = 0.7π,
respectively.

Fig. 29. Experimentally measured transfer functions of Gvϕ_sec the DABSRC with secondary-side regulation. (a) Ф = 0.3π, (b) Ф = 0.5π, (c) Ф = 0.7π,
respectively.

rectifier bridge switches, causing calculated errors of Is(Tϕ),
which affects GIR/ϕ(s) and finally leads to errors.

2) Effect of the Forward Voltage Drop of MOSFET’s Antipar-
allel Diode: Forward voltage drop across MOSFETs’ antiparallel
diode is also not factored into the model. Fig. 24(c) and (d) show
the simulation results for diode voltage drops of 0.7 V and 5 V,
respectively. It can be seen that for Gvϕ_pri, the forward diode
voltage drop has little effect and the simulation result overlaps
with the proposed model curve across the entire frequency range.
For Gvϕ_sec, the deviation of the model is small below 1/10
of the switching frequency, and is relatively large at higher
frequencies. However, note that in the high frequency range, the
amplitude and phase of Gvϕ_sec changes so fast that the cut-off
frequency will never be set in this range in practice. Therefore,
this deviation does not affect the use of the model.

3) Effect of the Switching Frequency: Given that this article
adopts the fundamental approximation, the proposed model
achieves the highest accuracy when the switching frequency is
close to the resonant frequency. Fig. 24(e) and (f) highlight the
results when the switching frequency is far from the resonant
frequency. It can be observed that the model accuracy is accept-
able no matter when the switching frequency is below (fn = 0.8)
or above (fn = 3) the resonant frequency. As DABSRC is usually

designed in this frequency range, the proposed model is capable
of meeting practical needs.

4) Effect of the Quality Factor: The quality factor Q value
is an important parameter that characterizes the performance of
DAB resonant converters. Here, the impact of Q on the proposed
model is discussed by changing the load resistor RLd on the basis
of the parameters in Table I. The Bode plots when Q value equal
0.1 and 10 are depicted here in Fig. 24(g) and (h). It can be seen
that when the Q value is low, the proposed model exhibits very
good accuracy. When Q increases to 10, a 2 dB error between
Gvϕ_sec and the simulation model in the high frequency range.
This error is acceptable. Therefore, the proposed model has good
adaptability to the change of Q.

V. EXPERIMENTAL VERIFICATION

A test platform composed of a DABSRC prototype,
phase-shift controller and a vector network analyzer (VNA)
Bode 100 is designed and built in the lab, as provided in Fig. 25.
The circuit parameters are listed in Table I. The parameters
of the DABSRC prototype closely match those outlined in
Table I. Here, the load is configured to 73.8 Ω, and the switching
frequency is adjusted to 60.3 kHz. The digital signal processor
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(DSP) TMS320F280034 is employed to implement the phase
shift schemes. The enhanced pulsewidth modulator (ePWM)
modules of the DSP generate the driving signals, among which,
ePWM1 is used to generate signals Q1, Q2 on the primary
side, while ePWM2 is used to generate signals Q3, Q4 on the
secondary side, which is consistent with Fig. 1.

Steady-state analysis is conducted first. three different steady-
state phase-shift angle, Ф = 0.3π rad, Ф = 0.5π rad, and Ф =
0.7π rad are selected. Fig. 26 gives the time-domain operational
waveforms, including the inverter-bridge voltage vAB, the rec-
tification voltage vCD, the resonant current iAB, and the output
voltage vo. Note that no matter using primary-side regulation or
secondary-side regulation, the steady-state time-domain wave-
forms are exactly the same.

Transfer function measurement is the gold standard for vali-
dating models. The schematic diagram for measuring the transfer
function Gvϕ (s) is illustrated in Fig. 27. The measurement pro-
cess initiates with Bode100 generating a sinusoidal sweep signal
spanning frequencies from 100 Hz to 60 kHz. This signal under-
goes galvanic isolation via a signal injection transformer, then is
superimposed with offset voltage Vdc1 or Vdc2 to, respectively,
modulate the comparator register values of ePWM1 or ePWM2
module after ADC conversion. In this way, the phase shift angle
perturbation can be generated. After that, Q1/Q4 and Q2/Q3

are processed through parallel AND gates, with their respective
outputs subsequently combined via an OR gate. The OR gate
generates a rectangular wave with the pulsewidth proportional
to the phase shift angle, and is transmitted to the Ref port of
the VNA. The output voltage of the DAB resonant converter
is sent to the Test port of VNA. The transfer function is the
ratio of the Test port signal to the Ref port signal. The selection
switches Qp and Qs determine the measurement mode of the
transfer function, with Qp specifically assigned to primary-side
regulation and Qs to secondary-side regulation.

The open-loop transfer function from the phase-shift angle to
the output voltage, as derived in (39) and (54) are experimentally
measured, which are, respectively, provided in Figs. 28 and 29,
where we can see that they are consistent within half of the
switching frequency range. Besides, comparing Figs. 28 and 29,
it is also evident that the two models are indeed different. All of
these have verified the correctness of the theoretical analysis.

VI. CONCLUSION

This article established a small-signal multifrequency model
for DAB resonant converters with various resonant tanks. Gen-
eral control block diagram and the loop gain are obtained. The
findings indicate that the model of the DAB resonant converter is
contingent upon the particular manner in which its phase shifting
is implemented; specifically, opting for primary-side regula-
tion versus secondary-side regulation results in different zero

distributions, and brings about distinct dynamic performance.
Even if the same controller is used, the stability of the system
will be different. Finally, A prototype of a DABSRC was built,
and the accuracy of the proposed model was verified through
transfer function measurements.

APPENDIX

This appendix gives the order reduction process of the DAB-
SRC converter.

With regard to Gvϕ_pri(jωp), it can be mathematically ma-
nipulated into the following equivalent form (A1) shown at the
bottom of this page.

It can be found that Gvϕ_pri(jωp) and Gvϕ_sec(jωp) are
closely related to Zr [j(ωp−ωs)]·Zr[j(ωp+ωs)], Zr[j(ωp−ωs)]+
Zr[j(ωp+ωs)] and Zr [j(ωp+ωs)] − Zr[j(ωp−ωs)], which will
be simplified in sequence.

First, Zr[j(ωp−ωs)]·Zr[j(ωp+ωs)] can be solved to be

Zr[j(ωp − ωs)]Zr[j(ωp + ωs)]

=

[
j(ωp − ωs)Lr +

1

j(ωp − ωs)Cr
+Rr

]

×
[
j(ωp + ωs)Lr +

1

j(ωp + ωs)Cr
+Rr

]

=
ω2
pLrCr

(
2 + 2ω2

sLrCr − ω2
pLrCr

)
(ω2

p − ω2
s )C

2
r

−
(
1− ω2

sLrCr

)2
(ω2

p − ω2
s )C

2
r

+ j2ωpRrLr

(
1 +

1

ω2
sLrCr

)
+R2

r .

(A2)

When ωp << ωs, (A2) can be simplified as follows:

Zr[j(ωp − ωs)]Zr[j(ωp + ωs)]

≈ −2ω2
pL

2
r

(
1 +

1

ω2
sLrCr

)
+

(
ωsLr − 1

ωsCr

)2

+Rr
2 + j2ωpRrLr

[
1 +

1

ω2
sLrCr

]
. (A3)

Defining

Xeq = ωsLr − 1

ωsCr
, Zeq

2 = Xeq
2+Rr

2,Keq = 1 +
1

ω2
sLrCr

(A4)

(A3) becomes

Zr[j(ωp − ωs)]Zr[j(ωp + ωs)]

= −2ω2
pL

2
rKeq + Zeq

2 + j2ωpRrLrKeq. (A5)

As for Zr[j(ωp−ωs)]+Zr[j(ωp+ωs)], we have

Zr[j(ωp − ωs)] + Zr[j(ωp + ωs)]

Gvϕ_pri(jωp) =
4VinZRC(jωp)

jπ2
· cos (Φ) (Zr[j(ωp + ωs)]− Zr[j(ωp − ωs)])− j sin (Φ) (Zr[j(ωp − ωs)] + Zr[j(ωp + ωs)])

Zr[j(ωp − ωs)]Zr[j(ωp + ωs)]+
4
π2ZRC(jωp) (Zr[j(ωp − ωs)] + Zr[j(ωp + ωs)])

(A1)
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Gvϕ_pri(s) =
VinReq [−sLrKeq sin (Φ) +Xeq cos (Φ)−Rr sin (Φ)](

Z2
eq + 2s2L2

rKeq + 2sRrLr +
2sRr

ω2
sCr

)
(1 + sCoRLd)+ (sLrKeq +Rr)Req

(A9)

Gvϕ_sec(s) =
Req

Zeq
·
− [Vin sin (Φ−ΘZr) + Vo sinΘZr]

(
Z2

eq + 2s2L2
rKeq + 2sRrLr +

2sRr

ω2
sCr

)
+ ZeqVoXeq(

Z2
eq + 2s2L2

rKeq + 2sRrLr +
2sRr

ω2
sCr

)
(1 + sCoRLd)+ (sLrKeq +Rr)Req

(A12)

= j2ωpLr +
2ωp

j(ω2
p − ω2

s )Cr
+ 2Rr. (A6)

When ωp << ωs, (A6) can be simplified as follows:

Zr[j(ωp − ωs)] + Zr[j(ωp + ωs)] ≈ j2ωpLrKeq + 2Rr.
(A7)

Similarly, Zr[j(ωp+ωs)]−Zr[j(ωp−ωs)] is simplified to be

Zr[j(ωp + ωs)]− Zr[j(ωp − ωs)] ≈ j2Xeq. (A8)

Substitutions of (A5), (A7), and (A8) into (A1) lead to the
following simplified expression of Gvϕ_pri(s) (A9) shown at the
top of this page.

Similar methodology can also be applied to Gvϕ_sec(s). But
the difference lies that the Is(Tϕ) and the steady-state output
voltage Vo should be deduced first. According to the FHA
method, Is(Tϕ) and Vo are solved as follows:

Is (Tϕ) =
4

π
Im

[
Vine

jΦ − Vo

Zr (jωs)

]
(A10)

Vo = Vin
Req cos (ΘZr − Φ)

|Zr (jωs) |+Req cos (ΘZr)
. (A11)

With (A10), (A11), the final expression of Gvϕ_sec(s) is solved
as follows after a tedious derivation (A12) shown at the top of
this page.
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