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Analytic Solutions of Model Predictive Current
Control for SPMSM Drives

Jun Zhang ", Binyu Xia

Abstract—In this article, we present analytic solutions for model
predictive control (MPC) applied to the current control of surface-
mounted permanent magnet synchronous motor drives. A key
challenge in applying MPC to motor current control is solving
the constrained optimization problem in real time. To address
this, we develop an explicit procedure based on planar geometric
projections to solve the problem efficiently. The correctness of our
method is validated through comparisons with standard numeri-
cal solvers. Experimental results demonstrate that our algorithm
can be implemented on low-cost hardware with rapid execution,
supporting long prediction and control horizons while delivering
fast dynamic response and low total harmonic distortion at steady
state. These advantages make it suitable for both high-speed servo
systems and budget-sensitive applications.

Index Terms—Analytic solutions, model predictive control
(MPC), surface-mounted permanent magnet synchronous motor
(SPMSM).

1. INTRODUCTION

ERMANENT magnet synchronous motors (PMSMs) are

widely used in modern industry due to their high power den-
sity, fast dynamic response, and excellent energy efficiency [1].
Typically, PMSMs are controlled using a cascade structure [2],
[3], where mechanical variables such as velocity and torque are
regulated by an outer loop, while the inner loop controls the
current, addressing their distinct time scales. The inner current
controller plays an important role in ensuring a prompt dynamic
response and maintaining high efficiency across various operat-
ing conditions.

Proportional-Integral (PI) algorithm is commonly employed
for current control in PMSMs due to its simplicity and low
computational demand [2], [3], [4]. Recently, model predictive
control (MPC) has seen significant advancements in power
electronic system control [S]. MPC strategies for PMSM control
can be broadly categorized into direct and indirect approaches.
Direct MPC generates switching signals for power electronic
devices directly, as seen in finite control set (FCS) MPC [6],
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[71, [8]. However, the FCS-MPC methods have an intrinsic
drawback of variable switching frequency, resulting in undesir-
able harmonics at steady state. Some methods such as [9], [10]
tries to mitigate this problem by using optimization algorithm.
However, this issue cannot be fully eliminated, especially when
long prediction horizon is used, as discussed in [11]. Indirect
MPC, in contrast, produces voltage commands that are fed
into a modulator using modulation techniques like space vector
pulsewidth modulation (SVPWM), thus masking the inverter
switching actions. For indirect MPC, the current reference track-
ing problem can be formulated as a constrained optimization
problem with continuous-time control input at each sampling
instant.

Solving this optimization problem in real time can be ac-
complished using off-the-shelf solvers [12], [13], [14], but this
approach imposes heavy computational demands and requires
advanced hardware. Explicit MPC (EMPC) reformulates the
constrained optimization as a multiparametric Quadratic Pro-
gramming (mp-QP) problem, where the optimal controls are
expressed as piecewise affine functions of the parameter state.
By precomputing these solutions offline and storing them in
memory, EMPC enables rapid real-time control at high sampling
frequencies [15], [16], [17], [18], [19]. However, EMPC be-
comes challenging with longer prediction and control horizons,
even when solved offline, as these horizons are often desired for
better control performance [20]. This difficulty arises from the
exponential growth in computational complexity as the problem
size increases.

In recent years, there have been remarkable advancements in
MPC-based controller design for power electronic applications.
Martin etal. [21], [22] proposed analytical solutions for a contin-
uous control set MPC problem, significantly enhancing reliabil-
ity, and reducing computational burden. However, these methods
are limited to one-step MPC formulations and, therefore, do
not fully exploit the inherent advantages of MPC with longer
horizons. Cimini et al.[23] represented the latest advancement
in the application of EMPC for power electronic systems. Itrelies
on online optimization with increased computational burden
and limits the feasibility of using longer prediction horizons.
To summarize, the performance of the MPC is mainly affected
by the controller structure, the computational capability, and
the length of the predictive horizon. These factors are usually
conflicting in practice. For commercial motor drives in the
industry, it is demanding to develop an explicit MPC method
with a fast dynamic response but at a moderate cost.
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In this article, we present analytic solutions to the constrained
optimization problem in MPC, applied to the current con-
trol of surface-mounted permanent magnet synchronous motor
(SPMSM) drives. Our approach provides a computationally
efficient method for determining the control commands of the
MPC in real time through simple planar geometric projections.
The main advantages of our MPC solution are as follows:

1) All computations are performed using analytic solutions,
which require only low computational resources and can
be executed rapidly, make it suitable for both high-speed
servo systems and budget-sensitive applications.

2) Long prediction and control horizons can be employed
to achieve faster dynamic response as well as lower total
harmonic distortion (THD) at steady state.

The correctness of our solution is validated by comparisons
with established numerical solvers. Experimental results demon-
strate that our algorithm can be implemented on low-cost hard-
ware with short computation time, while achieving fast dynamic
response. These advantages make it suitable for both high-speed
servo systems and cost-sensitive applications.

II. BACKGROUND

In this section, we present some necessary backgrounds.

A. Mathematical Model of SPMSM

The continuous time current model of PMSM in the rotor
coordinate is

%i(t) = A.i(t) + Bou(t) + g, M

o [R L [La 0
Ac=-L, {de R, | =0 1,

L;* m Wiy

Here, ¢ is the stator current, u the stator voltage, L, the d-axis
inductance, L, the g-axis inductance, R, the stator resistance,
w the electrical angular velocity, and vy the permanent magnet
flux linkage. In this article, we only study the SPMSM drives
and thus Ly = L.

Discretizing (1) with zero-order holder yields

where

B _lev 9ge=—

tpr1 = Fiy + Bup +g )
where

eATs
b /
o= [ o

0

and T is the sampling period. Denote the current at the
steady state as ¢ and the voltage as w. From (2), we have i=
Fi + Bu + g, and therefore w = B~ '[(I — F)i — g|. Letting

Al B dr = A M (eAT — I)B.

Ao (Ts—)

gedr = AN (e —Dg.  (3)
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@ = i — tand v, = uj, — @, we obtain a model with no drift

input

LT+l = Fx 4+ Buy. 4)

B. Multiparametric Quadratic Programming (mp-QP)
The mp-QP problem is presented as follows (See [19] for
more details):

1
minJ = —uTHp (5a)
M 2

st. Gu < Sxp+w (5b)

where p is the optimization variable, and =z, is taken
as a parameter. To solve this problem, we form the La-
grangianas L = 1p" Hp + A(Gp — Sy — w), where A is
the Lagrange multiplier. The Karush—-Kuhn—Tucker optimality
conditions for the mp-QP are given by

Hp +GTAv =0, A e R™ (6a)
LM(Gip" —w; — Sixg)=0,i=1,....m (6b)
A >0 (6¢)

Gu' —w— Sxzy <0. (6d)

The primal feasibility condition (6d) can be split into active
and inactive constraint parts

Gap' — SaTo=wa (7a)

Gnap”™ — Syaxo < wya (7b)

where A and VA are the index sets for active and nonactive
constraints, respectively. Let A4 and L% denote the Lagrange
multipliers corresponding to inactive and active constraints,
respectively. We can obtain that

Ay = —Tg(wa+ Saxo) ®)
W= —H ' G\, ©)

where Ty = (G 4H 'G’)~". For active constraints, we have
A% > 0 and the dual feasibility region is

Pt ={zo |1}y >0} = {xo | TaSazo < —Tqwa}. (10)

For inactive constraints, we have A3, = 0 and the primal
feasibility region is

Pl ={xo | (TpSa — Sna)zo < wya — Tpwa}l (1)

where T\, = GnaH 'GLT

We have the following definition and properties from [19].

Definition 1: Define the critical region CR 4 as the set of all
parameters x( such that the active constraints are indexed by A
at the optimum.

Property 1: CRy is the intersection of P;' and P,
ie,CRa =P} NPL

Property 2: For any two neighboring full-dimensional
critical regions CR4, and CRa;, we have A; C A; and
|A;] =|A;] —1, or Aj C A; and |A;| = |A;| — 1, where | - |
denotes the cardinality (i.e., number) of a set.
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C. Model Predictive Control

MPC is an advanced control strategy that is successfully
applied across various industries. It utilizes a discrete-time plant
model, such as (4), to predict future system outputs {xxi1, - -,
xr4 N, } from a series of control inputs {vg, - -+, Vrin, -1}
where N, and N, are prediction and control horizons, respec-
tively. The control objectives are encoded into a cost function
such as that in (5a) with constraints in (5b).

The central idea of MPC is a receding horizon type of con-
trol. At each sampling instant, the outputs are measured and
the constrained optimization problem is solved. The measured
outputs are also compared with the predicted ones to generate
error signals that are fed into the model to enhance the prediction
accuracy and eliminate any offsets. At the next sampling instant,
the first control input from the optimization is applied to the
plant, and the whole procedure is repeated for newly measured
outputs. As time progresses, the prediction and control horizons
shift forward, continuously updating the control strategy.

MPC offers superior control performance with fast response
times and strong robustness against uncertainties. However, the
requirement for online optimization at each sampling instant can
be computationally intensive, especially for larger problems or
systems with complex constraints. This computational burden
can restrict the prediction and control horizons and limit the
feasibility of MPC in high-speed systems or on low-cost hard-
ware platforms.

III. MP-QP FORMULATION FOR SPMSM PREDICTIVE
CURRENT CONTROL

We now show that the predictive current control for SPMSM
can be formulated as an mp-QP problem that needs to be solved
in real time at each sampling instant.

To achieve a given reference current 2..¢, we can choose the
steady state current % = i, and then the current tracking error
T = Tk — Lef. The mathematical model of SPMSM is repre-
sented by (4). The current set-point tracking can be formulated
as the following least quadratic regulation (LQR) problem

N N-1

mvin Jo = Z %w%ka + Z %U{Rvk (12a)
k=1 k=0

S.t. xry1 = Fop + Bvg, k=0,1,...,N—1 (I2b)

xo=14(0) — 1 (12¢)

vp €U, k=0,1,...,N—1 (12d)

x, € X, k=1,...,N, (12e)

where @@ and R are positive semi-definite matrices.

From the receding horizon nature of MPC, we always take the
current time instant as ¢ = ¢y and consider the N future control
actions vy, ..., vy_1 and the resulting states x1, ..., y. In
the cost function (12a), minimizing the term >, 1z7 Qu;,
will reduce the tracking errors, effectively driving the current
to track 2., and the term ZkNgol %vav  represents a penalty
on the control action. Equation (12b) is the dynamical equation

of the current tracking error in dg-axis, and 2(0) in (12c) is the

12367

measured current at the present moment. In (12d) and (12e), Uy,
and A&, are the constraints for vy, and xj, respectively.

The MPC algorithm needs to solve the constrained optimiza-
tion problem (12) based on the measured current 2(0) in real
time, and to apply only the first control vo. The same procedure
will be repeated at each sampling instant as time evolves. In
the rest of this section, we will first discuss the details of the
constraints for the inputs and states, and then translate (12) into
an mp-QP problem.

A. Constraints on the Control Inputs

Consider a motor driven by power electronic devices us-
ing SVPWM, a widely applied modulating scheme. To fully
utilize the control boundary within the SVPWM scheme, the
constrained set for the input voltage g is a regular hexagon
defined by {uns € R? | Ayuns < by}, where A, € R®2 and
its mth row is

2m—1

m o 2m—1
AT = [cos 221,

& W],m:1,...,6

sin

13)

and b, = @blg, b= %Vdc, 14 is the vector in R® whose the

elements are all 1. The equation A} u,s = @b defines an edge
of the regular hexagon, where A" gives its unit normal vector,
and the distance from the origin to this edge is %gb.

To transform this constraint from aS-frame into dg-frame, we
suppose that at the present moment the motor angular position
is § and the velocity w. Because uq, = R(—0)uag, the voltage
constraints can then be represented by A, R(0)uqq < by,.

Equation (12d) represents the voltage constraints on all the
future time instants from g to ¢t_1. We now transform them
into a vector form. Because the time scale of electrical part is
much smaller than that of mechanical part, the angular position at
future time instant ¢y + k75 can be approximated by 6 + kwTs,
where k = 0, 1, -- -, N — 1. Therefore, the constraints on future
input voltages are

AL RO+ kwTs)u, < b,. (14)
Letting
A, = diag{ A, R(0), A, R(6 + wT5)
< JALRO+ (N — 1)wTy)} (15)
we can rewrite (14) collectively as
AV <1y®b, — A,(1n @ u) (16)

where Vg = [vg, -+, wx_1]7, and ® denotes the tensor
(aka Kronecker) product. The constraints on all the control
voltages at future time instants in (12d) can now be represented
by (16).

B. Constraints on the Future States

In motor control, it is common practice to impose a bound
on the magnitude of the current vector. When this bound is
exceeded, a protective mechanism is activated to safeguard the
motor. We assume the current vector is constrained within a
circle, i.e., ||2]l2 < Imax, Where I represents the bound. To
simplify the analysis, we approximate the circular boundary
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using a regular N;-gon, defined by {i € R? | A;i < b;}, where
Nj is a large integer, A; € RY:*2 and its nth row is

A} = [cos -tr, sin2n] n=1,..., N

Here, we select N; = 12 to tradeoff the approximation accuracy
and constraints complexity. Then, the future tracking errors xy,
has to satisfy

Ajmy, = Aji, — Aji <b; — Aii £ b, (17)
where k = 1, ---, N. From (12b), x;, can be obtained as
TS kao + Fk71390 +---+ Bovg_1.
Putting all the equations of x;, together, we can obtain
L1 F B Vo
xo F? FB B vy
= N $O+ . .
TN FN FN'B FB B| |vna
N——
X Sa Su Vo
(18)

The constraints in (17) can be compactly written as
(IN ® AZ)X = (IN ® AZ)(Szwo + SUVO) <1y ®b,

where Iy is the identity matrix in RY*¥_ Since future states
are generated by future control voltages, this constraint can in
turn be transformed to constraints on the voltage vector V:

(In®A)SVo<—(Iny®A)Ssxo+1nv @b, (19)
The constraints on all the states at future time instants in (12e)

is now characterized by (19).

C. mp-QP Problem Formulation

We now combine the two constraints in (16) and (19) as

GVO < E:Eo +w (20)
where
_ Ay B 0
G = {(IN ® Ai)su] , B= [—(IN ® Ai)SJ
_ [In®b, — Ay @)
w = { 1y @b, } . 2D

For simplicity, MPC implementations often select Q and R as
diagonal matrices with identical diagonal entries. In particular,
letQ=1/ S2BI and R = r1. Here, sp is a constant determined
by the motor’s physical parameters [as will be defined in (25)],
making 7 a tuning parameter. Substituting these two equations
and (18) into the cost function Jj in (12a), we get

1

T —
0 2s%

XTX + gVOTVO

1
=57 (Sozo +SuVo) (Sao + SuVo) + gvgvo

1 1
5VOT HV,+xlMV,+ §a:§Yx0
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where H = S8TS,/s% +rl, M = SETSU/S%, and Y =
SzTSx/52B. Letting p L2Vo+ H’IMTmO, we can get

1 1
Jo=-u"Hpu+ -2l (Y - MH'M)x,.

2 2 22)

The initial state x( is obtained from measurement, and thus the
second term in (22) is a constant and can be discarded from the
optimization. We can now transform the LQR problem in (12)
to an equivalent mp-QP problem as follows:

1
minJ = —pu T Hp (23a)
© 2

st.Gu < Sxy+ w (23b)

where S = E+GH 'M7T.

D. Properties of F and B

For the SPMSM under study, we let Ly = Lg = L,. The
matrices F' and B in (3) can both be expressed as a rotation
matrix multiplied with a scalar (SRM). Explicit computation
yields that

sinwT

_RsTs | coswT
F=e & [ coswTs (24)

. = —wTy

—sinwT spR(-wTy)
RsTs . . .

where sp = ¢ Ls < 1,and R(-) is the rotation matrix. Hence,

F is the product of rotation matrix R(—w7Ty) and the scalar sp.

We can also show that B = sp R(0), where

e 2Rs/LsTs — 90=Rs/LsTs coswTy + 1
S =
B R? 4+ w22
fp = atan2 (67 e (wLssinwTy — Ry coswTs) + Ry

RsTs

e Ls (wLgcoswTs + RgsinwTy) — st> (25)

and atan2 is the four-quadrant tangent inverse. Then B is the
product of rotation matrix R(fp) and the scalar sp. It is clear
that both F' and B are 2 x2 SRMs and they satisfy F7 F = s2.1
and BT B = s%1. An important property for F' and B is that
they commute, i.e., BF = F B. In later discussions, we will
see that this property makes it possible to derive the analytic
solutions.

IV. ANALYTIC SOLUTIONS TO PREDICTIVE CURRENT CONTROL

We begin by presenting our analytic procedure for solving
the control commands of the MPC applied to SPMSM cur-
rent control, followed by the mathematical derivations. This
approach provides readers with a clear idea on how to implement
the algorithm. While the derivation process is complicated, the
resulting control algorithm is simple and easy to implement.
For readers not interested in the detailed mathematical steps,
the analytic solution can be directly applied to control the motor
by following the procedures presented in Section IV-A, without
needing to delve into the underlying mathematics.
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MPC Algorithm

‘ SVPWMS VSI
pea LR
] VAR
> /\ n
JT 0 )
i .
dq |dgq Labe
e
0 Encod?f

Fig. 1. Block diagram for analytic implementation of MPC for SPMSM
current control.

g — g

iqg — id

() (b)

iq —idq

Fig. 2. (a) Geometric interpretation of MPC implementation in the plane of
motor currents; (b) The detailed distribution of critical regions.

A. Analytic Implementation of MPC Current Control

We present the main result of this article, that is, the analytic
implementation of predictive current control. Assume that the
motor runs at the speed w. The SPMSM discrete model can be
computed online by (24) and (25). The diagram of MPC for
motor current control is illustrated in Fig. 1, and the detailed
procedure is described as follows:

1) At the current sampling instant, measure the motor phase
current .., get the angular position € (sensor) or its
estimation 6 (sensor-less).

2) Transform %44 into 2 in the dg-frame, and subtract 2. to
form tracking error x.

3) Compute control zones partitioned as in Fig. 2(a).

a) The blue circle depicts the magnitude constrain on the
current vector, i.e., |22 < Inax-

b) The yellow hexagon is given by (31a).

c) The edges of spike-like zones are perpendicular to the
corresponding edges of the yellow hexagon.

4) Get the equivalent control state xy from x¢:

a) if xg is in the yellow hexagon, let £ = xo;

b) if x¢ is in a pie region such as cyan area, let ; be the
vertex,

c) if xp isin a long strip region such as green area, let x,
be its projection to the neighboring hexagon edge.

5) Calculate the control input at the present moment by v =
—[I,0,...,0|H *M"x}, and apply u}, = v}, + .
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6) Repeat Steps 1-5 as time evolves to form a receding
horizon control.

B. Partition of Feasible Region Into Control Zones

The core of our analytic solution lies in Step 3, which
partitions the feasible region of motor currents in dg-frame,
represented by the interior of the blue circle in Fig. 2, into control
zones. Among these, the inner yellow hexagon encompasses
all states @y, where none of the constraints are active. Each
spoke-like zone (e.g. the green area) or wedge-like zone (e.g.
the cyan area) represents states with the same active control
constraints at the present moment, although their future active
control constraints may differ. In this section, we provide an
intuitive and constructive description on how this partition is
obtained.

Fig. 2(b) shows a finer structure of control zones, where each
cell represents a critical region, with numbers inside indicating
the associated active sets. Recall that all states within a critical
region share the same set of active constraints. We consider
constraints on both the input voltage and motor current, with
time spanning from the present moment t; to the future time
instant ¢ _1. In the following, we describe the procedure for
deriving these cells and forming the control zones.

1) No active constraints. This is the simplest case. From
Property 1, the critical region is determined by the inter-
section of dual feasibility region (10) and primal feasibility
region (11), which is derived as the inner yellow hexagon
in Fig. 2(b) in Section IV-C. Equation (23) becomes an
unconstrained optimization problem.

2) Active constraints at t = ty. Using Property 2, Sec-

tion I'V-D first shows that each edge of the yellow hexagon
neighbors arectangular critical region with active set {m},
for m =1, ---, 6, representing the mth sector in the
SVPWM hexagon is constrained.
Next, since the number of active constraints for a wedge-
like area can only increase by 1 from that of its neighbors,
its active set must be the union of two neighboring active
sets. For example, the wedge-like area between rectangu-
lar areas {4} and {5} has active set {4,5}, as shown in
Fig. 2(b). Its two magenta boundaries are defined by the
dual condition, while the two green boundaries are deter-
mined by the primal condition. Together, these rectangular
and wedge-like areas form the gray zone, which consists
of states with active constraints only at ¢t = ¢;.

3) Active constraints att = ¢y and ¢t = ¢;. By computing the
dual and primal conditions, we can derive that the active set
for the rectangular area outside {1} is {1, 7}, representing
the Ist sector in the SVPWM hexagon is constrained at
both t = ¢y and t = ¢;. Proceeding further, all the critical
regions with active constraints at these two time instants
form the orange zone.

4) Active constraints at t = g, - - -, ty_1. We progressively
compute the critical regions for active constraints at more
future time instants, getting more zones until they cover
the entire blue current circle.
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For critical regions with active sets {1}, {1,7}, and
{1,7,13}, they all have the same active constraint 1 at
t = ty, and all states along the line perpendicular to the
yellow hexagon edge have the same first control input.
Since MPC applies only the first control, these regions
can be combined into the green spoke zone in Fig. 2(a).
Similarly, all critical regions with the active set of {4, 5}
at t = ty can be combined into the cyan zone.

The rest of this section will discuss the technical details

involved in deriving the control zones.

C. Yellow Hexagon for No Active Constraints

We show that when there is no active constraint, the critical
region is given by the innermost yellow hexagon. In this case,
the control is given by Vi = —H 'M7Tx,. Because both F
and B are SRMs and they commute, we obtain from (18)

1
H=—8I'S, +rI
SB

(r+14- 421 (FTyN-1

FN-1 (r+10I

Notice that H is symmetric and contains only F, F7, and their
powers. So does H ~1 and it can be written as

I I InF" Ini(FT)N-1
g L InF lood Ina(FT)N-2
dy : :
INtFN7Y Iy (FT)N-2 InnT
(26)

where dg = v det H. Moreover, we have
H'M"=H'H-rI)S;'S, = (I -rH™")S,'S,.

Because
S.71S,
B! F B'F
-B'F B! F? 0
-B'F B! FY 0
the optimal control is given by
Vi=—H 'M"xz,
B'F nF
0 —1 p2F2
=(rH'-T = -1
(T ) o dH : o
0 pNFN
(27
where p1 = dyg — rli1, p2 = —7rls1, -+, py = —7rln1. From
the MPC strategy, we apply only the first control, i.e.,
v = LLFB ey = PR (W, — 05)zo.  (28)
dy HSB
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Next, we derive the boundary for this critical region. The dual
feasibility condition (10) is trivially satisfied, and the critical
region is solely determined by the primal feasibility condition
(11), which can be rewritten as

Pp={zo| —(E+GH 'M")zo <w}. (29)
The inequality in (29) consists of the following two inequalities:
- AH M 2y <1y®b, — A,(1y@a)  (30a)
(In® A)(Sy — SuH 'MT)xg <1y ®b,.  (30b)

The inequality (30a) can be written as

PlsgAu
-1 PastAy
A H Mz, = P RO — Ty — 0p)0
dHSB :
pNSgAu
b, — ALR(0)u
by — AL R(0 + wT,)u
<

by, — AyR(O+ (N — VwTs)u

which is equivalent to

A,R(O—wTs —0p +7)

d d
(;co ~ CH5B BT, + 9B)u) < By, (31a)
bPisSFr P1SF
ALR(O — T, — O +7)
dusp _ dysp
Ty — ~R(NwTs +0p)u | < ~bu- (31b)
PNSF PNSFE

The inequalities in (31) define a set of regular hexagons with

the same orientation angle — (6 — wTs — 0 + 7), and the kth

one is centered at iIZ—S,fR(kwTQ + 0p)u with the side length
Sp

‘;f:;,? %Vdc. Extensive numerical computations show that this
F

is a progressively larger set of hexagons, and (31a) defines the
innermost yellow hexagon in Fig. 2.

For the inequality (30b), we get from (27)

x| (1- (%,)Fwo
) (]. — Pild‘:[pz )F2CC0
=S, x0 + S,V = . (32)

(1 _ pittpN )FN.’IJO

N an

Since {py} is positive, decreasing, and Z,ivzl o =dg — 1V,

the norm of x, is decreasing. Hence, the predicted states all stay
within the current circle and (30b) is satisfied.

D. Gray Regions for One or Two Active Constraints Only at
the Present Moment

From the property of critical regions in Section II-B, we know
that the full-dimensional critical regions neighboring yellow
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hexagon can have only one active constraint. We show that these
correspond to rectangular gray regions in Fig. 2(b).

Consider the case when one constraint on V' is active at the
present moment. From (13) and (15), we can write this constraint
as

GAVy—bp=0 (33)

where

G4 = [m"R(9), 0, -, 0]

2m—1 th 2m

T t—m, sin 6’17r],f0rsomel <m<6

m- = [COS

3
bong—mT

R(9)a.

Without loss of generality, we consider the case when m = 1.
Hence G 4 is the first row in G. For the dual condition (10), we
have

dH

T,=(G,H'G)™! SA GAH 'M7" w,=b.

Equation (10) becomes
3
Py = {-’Bo |GAH "M"x < —gb—k mTR(G)a} )

From (27), we have
P1SF
HSB

< - ?b +m'R(0)u

G H ‘M7z, = mTR( — wT, — 0p)xo

which can be rewritten as

m?R(O — wT, — 0p +7)

(:BO - dusp R(wTs + 93)&) >

PisFr

dusp V3

p1sp 2

—b. (34)

Comparing with (31a), we know that (34) defines a shared
boundary with the yellow hexagon, shown as the magenta edge
of the hexagon in Fig. 2(b).

For the primal condition (11), we have

T,=GnaH™ 1GA

. , Sya=GnaH 'MT.

Then, (11) becomes
du

11

Pp Z{:Bo | Gna (H 1GLG = — I) H 'M"x,

d
< wna — GNAHlGAleA}. (35)

11

From (26), we have

1GTGAI— -1
11
R(—0)(mm™ — I)R(0)

L pR(—0)ymmTR(O) 1

i

L pN-IR(— 9)mmTR(9) 0

l11
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Here, mm” is a projection operator along the direction of m,

and mm” — I yields a vector orthogonal to m.
For G na, first consider the kth inactive constraint at the
current time (i.e., the kth row in G):

GNA - [kTR(G)v Oa T O}

kT = [cos 2k=lr sin Mw]

5 5 k # m.

The left-hand side of the inequality in (35) becomes

G%4 ( H'G,G, d—H — I) H 'MTx,
I
T T P1isF
=k’ (mm’ —I)R(0 —wTs —0p) xo.  (36)
dHSB
We also have

3 l

whiy = gb ~ K" R(O)u, GhyH G = T kTm

H

and the right-hand side of the inequality in (35) becomes

G AH 1GAd7’wA
lll

= ?b(l —kTm) + kT (mm” —I)R(@®)u.  (37)
Combining (36) and (37), we get
PISE 1T (mm™ — I)R(0 — wTs — 05)
dHSB
(sco _ dusp R(WT, + 03)u> < ﬁbu —k"m)
P1SF 2
which can be further simplified to
—-m - B B ™
cot ™m R(G wT 03+2>
(:co _ dusp R(WTs + 9B)u) dusp V3, (38)
P1SF p1SFp 2

Equation (38) defines a half-plane, and different & generates
parallel line that is orthogonal to the magenta edge defined by
(34). When |k — m| = 3, the line vanishes. When k —m =1
or k —m = 5, | cot 27| achieves maximum value and these
two lines define the boundaries of the critical region shown as
green line segments in Fig. 2(b), and they are perpendicular to
the magenta edge.

Next consider the kth inactive constraint at the next sampling

instant (i.e., the (k + 6)th row in G)
Gia=[0, KTR(O+wTy),

kT = [cos %ﬂ sin —77] k # m.

. 0]

(39
Then, we have

Gk ( H GG,
G.H 'G)

l
= (pll LT mm” — png)
11

— I) H Mg,

2

Sk

_°F —WT, —

SBdHR(G w 0p)xo
(40)
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The right-hand side of the inequality in (35) becomes

wh,, = ?b — kTR0 + wT)u

GhH Gk = 2oy,

dy
which leads to
d 3
why — GNAH*GAﬁwA = %b — kTR +wT,)u
l
- 2l18F ?b ~mT R(0)u | k"'m. 1)
11

We can show when k = m, it generates the smallest area.
Combining (40) and (41), we have

l
mTR(0 —wT, —0p + ) (:Bo + ll—lFﬂB'a — F1B11>

21
l 3
< STB (S F— 11) £b
2
Comparing with (34), we know that this defines a line that is
parallel to the magenta edge of the innermost hexagon, which is
plotted as the black line in Fig. 2(b). Now the magenta, green,
and black lines form a rectangular critical region corresponding
to the active set {1}.
The control input Vj can be obtained as

Vi=-H 'MTzo+p =—H 'M 2y — H 'G5\
. wa + Saxg - wA+GAH_1MT330
G, H 'G% li1/dy '

As MPC applies only the control input at the current sampling
instant, we have

v = Pip-lpg, + My = _—plB’lFa:S
du dg
where x; = ¢ — i—’fF‘lBu’{,. It is easy to show that xj is on
the magenta hexagon edge and ) — x is the dashed line that
is parallel to blue spoke lines as shown in Fig. 2.

Furthermore, the control performance, especially the tran-
sient response is related to N by the pole location of the
closed-loop system. When none of the constraints active, the
optimal control v{; can be treated as a state feedback law
vy = —pl/dHFB’lack..Thus,the closed-loop system becomes

(43)

The poles of this system are (1 —p;/dpg)sp(coswTs +
jsin w7y ), and thus smaller magnitude of the closed-loop system
poles (1 —p1/dy)sp yields faster convergent dynamics. In
Fig. 3, we numerically illustrates the relationship between the
magnitude and the prediction horizon N for different values of
the penalty parameter r. The results demonstrate that as the pre-
diction horizon length increases, the magnitude increases across
all values of r, indicating improved convergence performance
with a longer prediction horizon. However, it also shows that the
reduction in (1 — p1/dy)sF becomes marginal as N exceeds a
certain threshold N = 10.

(42)

Tp1 = Foxy, + Bvy = (1 —p1/dy) Fay,.
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tion horizon N and (b) different control penalty 7.

TABLE I
SPECIFICATIONS FOR THE SPMSM USED IN BOTH SIMULATION AND
EXPERIMENTS
Stator resistance R 6.7Q Rated power 100 W
D-axis inductance L4 9mH Rated current 1.0A
Q-axis inductance L 9mH Maximum current 1.5A
Back EMF constant ¢y  0.037V -s || Rated speed 50Hz
Pole pairs p 4 Rated dc-link voltage 150V

V. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we show the simulation and experimental
results.

A. Simulation Results

Our algorithm provides an efficient way of solving the con-
strained optimization problem resulting from the MPC formu-
lation. We perform numerical simulations to show that it yields
the same optimal solutions as those from standard optimization
solvers.

Consider a 100 W servo motor with the specifications listed in
Table I. We conduct simulations of the current control, where the
reference trajectories for 44 and i, are given, and the MPC algo-
rithm needs to determine the voltage commands at each sampling
instant. In particular, we set the motor currents ¢4 and %, to track
step inputs from OA to 0.5A at 0.01s and back to 0A and —1A at
0.02s, respectively. The prediction horizon is set to N = 10 and
control penalty weight to » = 10. At each sampling instant, the
optimal solution for (23) is computed by both our algorithm and
MATLAB quadprog command. Fig. 4(a) displays the current
reference commands and output responses, whereas Fig. 4(b)
shows the corresponding voltage controls. Since it is critical to
assess cases of saturation, Fig. 4(c) plots the voltage controls
in the a3-frame, revealing that immediately after the reference
command changes, the control signals saturate along the edges
of the SVPWM hexagon. Finally, Fig. 4(d) shows the difference
of these two methods, which is within the numerical accuracy.
This simulation confirms that our algorithm produces the same
optimal solution as MATLAB optimization toolbox.

B. Experimental Results

For the experiments, we again use the motor with the specifi-
cations listed in Table I, and the experimental platform is shown
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Fig. 4. Optimization results from our MPC algorithm vs those from MAT-

LAB guadprog command. (a) The current reference commands and output
responses; (b) The obtained voltage controls in the time domain; (c) The voltage
controls in aS-frame; and (d) The difference between two methods (data points
with values at 0 are not shown).

Torsion Bar

Experimental platform of the PMSM drives.

Fig. 5.

in Fig. 5. Another servo PMSM drive is used as a high dynamic
loading system, capable of operating in either pure loading or
speed control mode. The MPC algorithm is implemented on
a DSP board integrated with a low-cost Micro Control Unit
(MCU) SPC2168, priced at around 1 USD each [24]. Phase
currents are measured by sampling circuits on the DSP board
with 16 kHz sampling frequency, whereas the rotor position is
measured by a 17-bit absolute encoder. Dead-time effects and
inverter nonlinearities are compensated by the hybrid VSI error
model-based method described in [25].

Time delays, particularly computation delays, are common in
engineering applications, often resulting in a one sample period
delay between computation and execution of control inputs. This
can degrade system performance, especially in high-precision,
fast-dynamics applications. To address this, we use a delay
compensation strategy for the MPC from [19], where the current
at the next instant is predicted and used as the starting point for
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Fig. 7.  Effects of the prediction horizon /N on (a) transient performance and
(b) spectrum distribution of steady-state currents.

MPC optimization. The optimal control law is then computed
based on this prediction and applied at the next time instant.

First, we present the current tracking performance of our
explicit MPC algorithm when the motor speed is controlled at
zero in Fig. 6, with parameters set to N = 10 and 7 = 10. ! The
d-axis current is regulated at 0 A, while the g-axis current tracks
a step input from 0 A to 1.0 A, followed by a return to 0 A. The
results show prompt current response with no steady-state error.

Subsequently, we evaluate the control performance of
the proposed controller with different prediction horizons
N =1,3,10,20in Fig. 7. The experimental results demonstrate
that the current transient becomes significantly faster as the
prediction horizon increases, together with better THD perfor-
mance. This improvement highlights the benefit of a longer
prediction horizon in achieving better dynamic performance. In
addition, we observe that the dynamic response for N = 20 is
almost identical to that of NV = 10. This finding again confirms
that increasing /N beyond a certain value offers limited returns
in terms of performance improvement, which aligns well with
the theoretical analysis discussed in Section IV.

We also perform experiments under varying operating condi-
tions where the motor currents track ¢g = 0 A and i, = 0.3 A,
0.7 A, 1.0 A while the motor operates at 100 and 200 Hz. These
results, shown in Fig. 8, demonstrate good tracking performance
across all cases. In addition, we show the current tracking perfor-
mances when the motor follows a speed profile in Fig. 9(a), and
when being subjected to aload change in Fig. 9(b). Att = 0.06s,
the load torque steps up from 0.06 to 0.12 N-m, and thus the

! As the regular N;-polygon approximates the outermost boundary in Fig. 2
without affecting solver performance due to geometric projection, we simplify
by using a circular current constraint corresponding to N; goes to infinity.
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Fig.9.  Current tracking performances when the motor is (a) to follow a speed
profile, and (b) subject to a load change.

g-axis reference increases to compensate for the additional load.
We observe that the achieved g-axis current closely tracks the
reference due to the prompt dynamics of the proposed current
controller. Meanwhile, the d-axis current remains at zero as
desired. In addition, it is worthy to mention that we utilized a
disturbance observer with a feed-forward compensation mech-
anism in our experiments to reject the internal and external
disturbance such that the proposed MPC can achieve offset-free
tracking performance reference.

In Fig. 10, we illustrate the control performance under active
current constraints. From ¢ = 0 ms to ¢ = 15 ms, a step change
is applied to the g-axis current reference, following the sequence
from 1 to 1.2 A and finally settling at 1.7 A, while the d-axis
current is maintained at 0 A. Under normal operating conditions,
the current reference is set within the current limitation circle,
which corresponds to ||i™||; < 1.5 A. However, we intention-
ally set the current reference to 1.7 A in Fig. 10 to demonstrate
how our controller handles cases of current constraint violation.
Since Iier > Imax = 1.5 A, the original optimization problem be-
comes infeasible. To address this issue, our controller performs
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sampling frequency fs = 8 kHz and f; = 16 kHz.

a geometric projection to drag i™f onto the boundary of the
current limitation circle, as discussed in Section IV-A. As seen
in Fig. 10(a), when the current reference is less than or equal to
maximum current value, the controller exhibits superior tracking
performance; however, when the current reference is set beyond
the current limitation, the current response will stay at maximum
allowable value at steady state. Fig. 10(b) further shows the
current trajectories on the 7,-i3-plane.

Now, we evaluate the proposed MPC solver performance
under different sampling frequencies. In Fig. 11, the sampling
frequency of the compared experiment is set to 8 kHz, with the
prediction horizon N and regularization parameter r unchanged.
The experimental results show that a lower sampling frequency
can degrade transient performance, particularly causing larger
overshoots. This is because the control frequency matches the
sampling frequency, so reduced sampling lowers the update
rate, limiting the controller’s responsiveness. Conversely, higher
sampling frequencies enable more frequent updates, enhancing
transient response and precision in tracking reference signals.

In the following, we compare the current tracking perfor-
mance of the MPC algorithm with a PI controller, e.g., the an-
alytical discrete-time pole-placement design method presented
in [4]. Although the objective of this article is not to demonstrate
the performance advantages of MPC over PI, we include these
comparison experiments for completeness. We set N = 10 and
r = 10 for MPC, while the PI controller is tested with band-
widths of 2.0, 2.2, 2.4, and 2.6 kHz. Fig. 12(a) shows the g-axis
currents for both the MPC and PI controllers, while (b) and (c)
display the three-phase currents. For clarity, only the currents
from the PI controller with bandwidth 2.2 kHz are shown in
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tional PI method under control saturation.

(c). As can be seen, MPC has a clear advantage in balancing
fast response with minimal overshoot. While PI controllers
with higher bandwidths can match the response speed of MPC,
they tend to exhibit significant overshoots and undershoots.
Conversely, lower-bandwidth PI controllers reduce overshoot
but are noticeably slower than MPC. Note that the performance
of the PI controller can be further enhanced through fine-tuning
and incorporating additional features.

We then compare the control performance of the proposed
MPC with the PI-based controller under control saturation. In
Fig. 13, we intentionally reduced the dc-link voltage to 30% of
its original value, imposing a stringent voltage constraint on both
controllers. As anticipated, due to the limited available voltage,
both controllers exhibit control saturation and are unable to drive
the current to the desired reference value. At t = 25 ms, the cur-
rent reference suddenly steps down to OA. Despite being initially
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Fig. 14. Robustness evaluations for our MPC algorithm and PI controller,
when subject to parameter variations. (a) MPC with stator resistance variations;
(b) MPC with inductance variations; (c¢) PI with stator resistance variations;
and (d) PI with inductance variations.

constrained by the voltage limit, our method efficiently exits the
saturation region and quickly adjusts to the new unconstrained
voltage command, resulting in a rapid response and accurate
tracking of the new reference. In contrast, the PI-based controller
exhibits sluggish behavior due to integrator windup.

In Fig. 14, we evaluate the robustness performance of our
MPC algorithm together with PI controller, when subject to
model parameter variations. For MPC, set N = 10 and r = 10.
Take nominal values of stator resistance R,y and inductance L
as those shown in Table I, and their real values may deviate from
the nominal ones when the motor works at different operating
conditions. Fig. 14(a) shows the current tracking performance
from our MPC algorithm when the stator resistance is taken as
0.5Rs0, Rso, and 1.5 R, and Fig. 14(b) the results when the
inductance is taken as 0.5Lgg, Lso, and 1.5L, respectively.
Fig. 14(c) and (d) is the corresponding results for PI controller.
We observe that larger resistance and smaller inductance pro-
duce faster transient response, but they all yield quite similar
dynamic responses. PI controller produces acceptable robust-
ness performance, with slightly larger overshoots in some cases.

Now we compare the control performance of the proposed
MPC with the analytical-solution-based solver aVsls [21], fast
solver from [26], and the decaying amplification aggregation
MPC (DAA-MPC) [27]. The recommended parameter setting
are adopted for the aVsls, fast solver in [26], and DAA-MPC
in Fig. 15. For aVsls, only the first time step is considered
in both the constraint and cost functions, meaning that the
control and prediction horizons are set to N = 1. In contrast, our
method accounts for both future states and control actions with
N = 10. While both aVsls and our method use a similar geo-
metric projection approach for the first step constraint, achieving
comparable dynamic responses to reference step changes, aVsls
shows significant overshoots when responding to both step-up
and step-down reference signal changes, whereas our method
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TABLE II
TRANSIENT AND STEADY-STATE PERFORMANCE COMPARISON

Proposed aVsls  DAA PI Ref.
-MPC  (2.6kHz) [26]
Overshoot (%) 1.4 12.6 2.3 8.9 9.1
Settling time (ms) 6.0 4.0 9.2 10.0 4.2
THD (%) 0.53 0.57 0.87 0.65 0.54
TABLE III
COMPARISON OF COMPUTATIONAL TIMES (us)
No. of active constraints 0 1 2 3 4
Proposed MPC 345 3,55  3.60 345 3.50
EMPC in [23] 405 475 745 1025 25.15
aVsls in [21] 4.15
Solver in [26] 4.60
DAA-MPC in [27] 6.85
Decoupled PI in [4] 1.75

exhibits almost no overshoot. This difference can be primarily
attributed to the longer prediction and control horizons used in
our approach. The fast solver from [26], on the other hand, shows
a small overshoot comparable to our method for the step-up
response, but a large overshoot for the step-down response.

Meanwhile, the DAA-MPC is a modification of traditional ex-
plicit MPC, incorporating a decaying amplification aggregation
strategy to extend the prediction horizon without introducing
exponential complexity. The results in Fig. 15 show that both
the DAA-MPC and our method exhibit no significant overshoot
during reference step-up and step-down changes, due to the use
of long prediction horizons in both approaches. However, the
proposed method demonstrates a faster transient response, as
the DAA-MPC can only provide a suboptimal solution due to
its formulation.

Moreover, Table II summarizes the transient and steady-state
performance indices of these controllers. Overshoot and settling
time evaluate transient performance, while THD reflects har-
monic content and noise levels in the steady-state current. The
overshoot is averaged over both step-up and step-down stages.
The reduced overshoot and lower THD highlight the superior
overall performance of our proposed method.

Last, Table III lists the computational times for our proposed
MPC, the EMPC method from [23], the aVsIs method [21],
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and the DAA-MPC [27] method on the MCU in experiments.
These results are shown for cases with 0, 1, ---, and 4 active
constraints. Here, the DSP board is configured to perform only
these computations, without controlling the motor. Notably, our
MPC method maintains a nearly constant computational time of
approximately 3.5 us, regardless of the number of active con-
straints. In contrast, the times for EMPC increase significantly
as the number of constraints grows. Moreover, the average com-
putational times for the aVsls and DAA-MPC are approximately
4.15 and 6.85 s, respectively. While both aVsls and DAA-MPC
offer computational efficiency for normal industrial drives, the
proposed MPC can deliver an analytical solution with a longer
prediction horizon, resulting in superior control performance.
For reference, the real-time control sampling period in previous
experiments is 66 s.

VI. CONCLUSION

In this article, we derived analytic solutions for explicit MPC
applied to current control of SPMSM drives. We showed a
simple geometric representation of the MPC algorithm, which
facilitates ease of engineering implementation. Experimental
results demonstrate that the proposed MPC algorithm delivers
fast dynamic response and is computationally efficient, making
it suitable for both high-speed servo systems and cost-sensitive
applications.

The proposed MPC algorithm can be further extended to Inte-
rior permanent magnet synchronous motor drives. These results
will be presented in an ensuing paper. Moreover, due to similar
mathematical model and modulator constraints, we are imple-
menting this technique to other power electronics applications
such as static synchronous compensator, and grid-connected
converters in distributed generation system.
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