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Adaptive High-Order Sliding-Mode Low-speed
Control With RBF Neural Network Nonlinear

Disturbance Observer for PMSM Drive
System
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Abstract—The impact of friction torque, cogging torque, and
uncertain disturbances on permanent magnet synchronous motor
drive system (PMSMDS) is more pronounced at low speeds com-
pared to high speeds. Therefore, this article proposes an adaptive
integral high-order sliding-mode low-speed composite controller
(AIHOSMC) based on an radial basis function neural network
(RBFNN) nonlinear disturbance observer (RBFNNDO), aimed at
enhancing speed tracking accuracy and antidisturbance capability.
First, a PMSMDS model that includes adverse disturbances is es-
tablished, and the fast-changing and slow-changing characteristics
of these disturbances are analyzed. Then, AIHOSMC is developed
to enhance dynamic response speeds, eliminate steady-state er-
rors, and dynamically adjust control gains to achieve finite-time
convergence (FTC) of PMSMDS. In addition, by combining the
nonlinear disturbance observer (NDO) with the infinite approx-
imation capability of RBF neural networks, an RBFNNDO is
utilized to accurately estimate fast-changing and slow-changing
disturbances in real time, improving the control performance of
the AIHOSMC. Thereafter, a closed-loop stability analysis of the
proposed controller is performed using Lyapunov theorem. Finally,
experimental results validate the effectiveness of the proposed
controller, demonstrating significant improvements in low-speed
tracking accuracy and antidisturbance performance in PMSMDS.

Index Terms—Adaptive high-order sliding-mode control, low-
speed control, nonlinear disturbance observer (NDO), permanent
magnet synchronous motor drive system (PMSMDS), RBF neural
network approximation.
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I. INTRODUCTION

P ERMANENT magnet synchronous motor drive system
(PMSMDS) is widely utilized in power transmission sys-

tems, such as industrial uncrewed aerial vehicles [1], automated
guided vehicles [2], and new energy generation systems [3], due
to its high efficiency, high integration, wide speed regulation
range, and reliability. As application fields expand, modern
industry demands higher tracking accuracy, faster dynamic re-
sponse, and better antidisturbance capabilities from PMSMDS.
Notably, in systems [1], [2], [3], PMSMDS operates at low
speeds where the effects of cogging and friction torque are
more pronounced compared to those at high speeds [4], [5], [6].
Both cogging torque and friction torque are nonlinear functions
related to position and speed, respectively. The time-varying
operating conditions result in complex disturbance mechanisms
that seriously affect the dynamic and static characteristics of the
system [7], [8]. Attributing adverse disturbances and uncertainty
to lumped disturbance is a mainstream method, but it has its
limitations [9], [10]. Analyzing the mechanism of disturbance
and compensating for it purposefully is the key to improving the
control performance of low-speed PMSMDS.

Extended state observer (ESO) and nonlinear disturbance ob-
server (NDO) are important methods for observing and compen-
sating disturbances. However, ESO typically requires systems
to be represented in a companion form [11], and high gain peaks
and parameter sensitivity need to be considered during the design
process [12], [13]. NDO has an independent and relatively
simple control structure, with good dynamic performance and
global stability [14]. The ability of NDO to handle nonlinear
disturbances is superior to ESO, but it is generally used for
slow-changing disturbances [14], [15]. The parallel observer
can achieve online adaptive identification of friction torque [7],
but its adaptive approximation ability is limited and insufficient
for handling nonlinearities. To effectively handle nonlinear and
fast-changing disturbances at low speeds, a radial basis function
neural network (RBFNN) based on online adaptive optimization
is a feasible strategy. Unlike data-driven RBFNN, it does not
require complex training rules and only relies on the input state of
the system [16], [17]. It can effectively solve uncertainties, input
nonlinearities, and external disturbances that NDO cannot com-
pletely solve, and demonstrates good approximation ability to
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fast-changing nonlinear disturbances. Research in [18] and [19]
primarily emphasizes the infinite approximation capability of
RBFNN for nonlinear problems, focusing on theoretical and
simulation aspects without practical verification under com-
plex conditions. Research in [20] and [21] employ RBFNN
controllers to tackle the nonlinear and uncertain challenges of
induction motor position control systems, achieving promising
results, however, further investigation is needed to assess their
suitability at low speeds. Practical applications indicate that
the multilayer structure of RBFNN can effectively approximate
any nonlinear function [22], [23], offering a viable solution for
low-speed control of PMSMDS.

In addition to the requirements for antidisturbance capability
and robustness, the system state convergence performance, con-
trol accuracy, and adaptability to complex operating conditions
of PMSMDS are worth further discussion. For instance, the
novel parameter estimation method can effectively compensate
for the disturbance torque. Nevertheless, triple-step controllers
based on PID have limitations in dynamic response [9]. Although
numerous studies have proposed relatively intelligent controllers
to address these challenges, issues remain. Fuzzy strategies [24],
particle swarm optimization methods [25], and quantum genetic
algorithms [26] can intelligently optimize the system, but their
controller complexity, high model dependency, and difficulty in
parameter tuning cannot be ignored. In addition, while focusing
on the compensation effects of the observers, further research is
needed on the response and convergence speed of the controllers,
as well as their adaptability to complex operating conditions.

Compared to the limitations of PID and the complexity of
intelligent algorithms, various traditional and enhanced sliding-
mode control (SMC) methods [27], [28], [29], [30], [31], [32]
have gained popularity due to their unique advantages, such as
fast dynamic response, independence from model accuracy, and
strong robustness. In [27], improvements to traditional SMC
are proposed in both the controller structure and convergence
laws to reduce system chattering and accelerate convergence
speed. However, the effectiveness of compensating for load
disturbances and system uncertainties, treated as total distur-
bances, remains limited. The super-twisting algorithm in high-
order SMC can achieve chattering-free control for systems with
relative orders of one. Nonetheless, fixed control gains may
lead to parameter overestimation and challenges in achieving
finite-time convergence (FTC) [28], [29]. By utilizing dynamic
adaptive control gains, it is possible to establish a true high-order
sliding mode within a finite time while maintaining strong ro-
bustness. The introduction of adaptive control gains undoubtedly
enhances robustness of the system [30], [31], however, com-
plex judgment conditions can slow the convergence rate, and
an excess of control parameters can complicate optimization,
making experimental verification difficult [32]. Inspired by the
advantages of high-order sliding-mode and adaptive control
theory, this article aims to employ these concepts as the primary
controller to achieve precise speed tracking.

This article designs an adaptive integral high-order sliding-
mode low-speed composite controller (AIHOSMC) based on
RBFNN nonlinear disturbance observer (RBFNNDO) to im-
prove the low-speed control performance of PMSMDS with as

low controller complexity as possible. The main contributions
are summarized as follows.

1) Unlike [5], [7], [14], [24], this article investigates the
performance of PMSMDS under specific low-speed oper-
ating conditions where nonlinear characteristics are sig-
nificantly prominent, a low-speed PMSMDS model is
developed, incorporating various adverse disturbances.

2) Unlike [4], [6], [8], [9], [10], [25], [26], a novel RBFN-
NDO is designed to compensate for disturbance pur-
posefully, which utilizes NDO to estimate slow-changing
disturbances and adaptively compensates for fast-
changing nonlinear disturbances using the infinite approx-
imation ability of RBFNN, ensuring the low-speed robust-
ness. This is an improvement on the existing research on
unified classification and compensation of disturbance.

3) Unlike the adaptive SMC methods proposed in [27], [28],
[29], [30], and [31], this article does not provide overall
adaptation for the controller, but rather adapts the gains
that affect the convergence speed and steady-state error
of AIHOSMC to ensure accurate convergence of the sys-
tem state and adaptability to complex operating condi-
tions, achieving FTC and optimized tracking accuracy of
PMSMDS.

4) A unified Lyapunov function, encompassing the main
controller, disturbance observer, and adaptive laws, is
established to measure the asymptotic stability of the
system. Finally, the practicality of the proposed composite
controller is validated through experiments conducted on
a PMSMDS experimental platform.

II. LOW-SPEED PMSMDS MODELING

This article uses rotor flux oriented axial and radial magnetic
field decoupling strategy, and based on the dq-axis two-phase
rotating coordinate frame, a dynamic model of stator voltage and
mechanical motion for low-speed PMSMDS can be obtained as⎧⎪⎪⎨

⎪⎪⎩
i̇d = (ud −Rsid − npωLqiq)/Ld

i̇q = (uq −Rsiq − npωLdid − npωφf )/Lq

θ̈ = (Te − TL − Tf − Tcog)/J
Te = 1.5npiq [φf + (Ld − Lq) id]

(1)

where id, iq, ud, uq, Ld, and Lq are the stator d-axis and q-axis
currents, voltages, inductances, respectively; Rs is the stator
resistance; J is the moment of inertia; θ is the rotor position
angle; ω is the mechanical actual angular velocity; np is the
number of pole pairs; φf is the rotor permanent magnet flux
linkage; TL, Tf , and Tcog are the load torque, friction torque,
and cogging torque, respectively.

Since the Stirbeck static model Tfs cannot describe the
time-varying dynamic friction torque characteristics, the friction
torque Tf in (1) is described using the LuGre dynamic model,
and it can be expressed as [6]⎧⎪⎨

⎪⎩
Tfl (ω) = b0ω + a0Θ+ a1

dΘ
dt

dΘ
dt = ω − b0

|ω|
Z(ω)

Z (ω) =
[
Tc + (Ts − Tc)e

−(ω/ωs)
ς ]

sgn(ω)

(2)
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where Θ is the bristle deformation state; a0 and a1 are the
stiffness and damping coefficients of the bristle, respectively;
Z(ω) is a nonlinear function greater than zero; a0Θ is the
friction torque caused by the bristle state and is the dominant
term in Tfl; a1(dΘ/dt) and b0ω representing Stribeck effect
friction torque and viscous friction torque, respectively; b0 is
the coefficient of viscous friction; Tc is the coulomb friction
torque, which is related to the pressure on the surface of the
object; Ts is the maximum static friction torque; ωs and ς are
empirical parameters, in general, ωs ∈ [10−5, 10−1], ς = 2.

The cogging torque is a periodic function related to position,
and it is described by Fourier expansion as [9]

Tcog(θ) =

Ni∑
i=1

Ai sin (niLCM(Qp, 2np) θ + ψi) (3)

where Ai is the amplitude of nith cogging torque harmonic
component; LCM(Qp, 2np) is the least common multiple of the
slots number Qp and the number of poles 2np, in this article,
Qp=12 and 2np=8; ψi is the harmonic phase.

Remark 1: Tfl(ω) is a nonlinear function related to ω, which
includes Θ and dΘ/dt. When the speed of PMSMDS exceeds
zero, Tfl(ω) changes direction instantaneously. Therefore, the
operating conditions determine the fast-changing and slow-
changing characteristics of Tfl(ω), while the direction change
and speed determine the rate of change of the internal state. In
addition, the longer PMSMDS runs, the higher the temperature,
resulting in reduced friction torque. Tcog(θ) exhibits central
symmetry relative to the stator slots, showing both positive
and negative values and demonstrating periodic changes. Al-
though PMSMDS operates at low speed, fast-changing, and
slow-changing disturbance torque pulsations occur due to the
increase in high-frequency signals as ni increases.

Based on (1)–(3), taking e1 = θref − θ and e2 = ωref − ω as
state variables x1 and x2, where θref and ωref are the reference
position and reference speed, respectively, meanwhile, taking
iq as control variable u, PMSMDS dynamic model in the state-
space form can be obtained as{

ẋ = Ax+Buu−B0 (ktΥ+�)
y = Cx

(4)

where x = [x1 x2]
T = [e1 e2]

T, A =
[
0 1
0 −kb

]
, Bu =

[0 ku]
T, B0 = CT = [0 1]T, ku =

3npφf

2J , kb=
b0
J , kt= 1

J ,
�=kbθ̇ref+ω̇ref, Υ=D(x) + F (x) is total disturbance that
includes fast-changing and slow-changing disturbances,
D=TL + ρ1Tfl(ω) + ρ2Tcog(θ) is slow-changing disturbance
mainly caused by TL, where, 0< ρ1 <1 and 0< ρ2 <1 are the
slow-changing proportional coefficients of Tfl(ω) and Tcog(θ).
F (x)=f+d+Δd is fast-changing disturbance, which includes
the fast-changing parts of Tfl(ω) and Tcog(θ) (f), unmodeled
disturbance (d), and unknown disturbance on the loading side
(Δd), f and d can be written as{

f=(1− ρ1)Tfl (ω) + (1− ρ2)Tcog (θ)

d=Δkuiq +Δkbθ̇ +Δkt (TL + Tfl (ω) + Tcog (θ))
(5)

Fig. 1. Control structure of PMSMDS with the proposed controller.

where Δku =
3npΔφf

2ΔJ , Δkb = −Δb0
ΔJ , Δkt = − 1

ΔJ . ΔJ , Δφf ,
and Δb0 are time-varying parameter disturbances during
PMSMDS operation.

III. CONTROLLER DESIGN

The goal of this article is to improve the low-speed tracking
accuracy and antidisturbance capability of PMSMDS under
time-varying conditions, adverse disturbances, and parameter
fluctuations. AIHOMSC based on FTC theorem is designed to
improve the chattering and limitations of fixed gain in high-order
SMC. RBFNNDO aims to improve the estimation accuracy of
disturbance. The following presents the design of AIHOSMC,
RBFNNDO, and stability analysis, respectively.

Fig. 1 shows the control structure of PMSMDS with the pro-
posed controller. The outer speed loop is based on the composite
controller. Both d-axis and q-axis inner current loops are based
on PI.

A. Adaptive Integral High-Order Sliding-Mode Controller

To reduce system chattering caused by variable derivatives,
an integral is added to the traditional SMC. The integral sliding-
mode surface is designed as

s = Gx (6)

where G = [g 1], g > 0, g+p satisfies Hurwitz, and p is a
Laplace operator. Constructing the relationship between state
variables and control variables, the SMC convergence law is
designed as

ṡ = Gẋ = −βsgn(s)− γs (7)

where β > 0 and γ > 0 are adjustable control parameters. Com-
bining (6), (7) with PMSMDS model (4), the speed tracking
control input is designed as

i∗q = (GBu)
−1 (−GAx+ ktΥ+� − βsgn(s)− γs) . (8)

Remark 2: If the control parameters are appropriate, (8) can
effectively improve the dynamic response of the system. How-
ever, chattering is the main drawback of (8) in applications, as
the switching term βsgn(s) in the exponential convergence law
acts directly on the controller, causing discontinuity in i∗q and
resulting in chattering.
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Fig. 2. Impact of fixed gain on tracking error and convergence rate. (a) α1

fixed and α2 variable. (b) α2 fixed and α1 variable.

For controller (8), a high-order super-twisting algorithm is
used to reconstruct it as [28]

u = (GBu)
−1

( −GAx+ ktΥ+�

−α1|s|1/2sgn(s)− α2

∫
sgn(s)

)
(9)

where α1>0 and α2>0 are adjustable control parameters.
Remark 3: It can be seen from Fig. 2(a) that whenα1 is fixed,

as α2 increases, the convergence speed of the system becomes
faster, but the tracking error also increases. From Fig. 2(b), it can
be seen that when α2 is fixed, as α1 increases, the convergence
speed of the system becomes faster, and the tracking error change
is not obvious. Tracking error is less sensitive to α1 than to α2,
but convergence speed is more sensitive to both α1 and α2.
Unlike β and γ, α1 and α2 each have an impact on convergence
speed and tracking error. Selecting α1 and α2 requires a balance
between convergence time and system chattering, making it
difficult to establish a true high-order super-twisting controller
within a finite time using fixed control gain parameters.

Based on (9), a high-order super-twisting controller with
adaptive control gains is designed as

u = (GBu)
−1

(
−GAx+ kt

(
D̂ + F̂ (x)

)
+�

−α̂1|s|1/2sgn(s)− α̂2

∫
sgn(s)

)
(10)

⎧⎪⎨
⎪⎩

˙̂α1 =

{
w1

√
δ1
2 sgn(s), |s| > �

0 |s| ≤ �
˙̂α2 = 2ε ˙̂α1,

(11)

where w1, δ1, and ε are both positive parameters, and � is an
arbitrary small positive coefficient. Large w1, δ1, and ε can
obtain smaller tracking error and larger convergence rate.

When the amount of disturbances of PMSMDS is considered,
based on (4) and (10), the following can be obtained:

ṡ = −α̂1|s|1/2sgn(s)− α̂2

∫
sgn(s)− kt

(
D̃ + F̃ (x)

)
.

(12)
Assumption 1: It is reasonable that the adaptive control gains

α̂1 and α̂2 are bounded under (11), i.e., there exist positive
constants α∗

1 and α∗
2 such that α̃1 = α∗

1 − α̂1 > 0 and α̃2 =
α∗
2 − α̂2 > 0, ∀t ≥ 0.
To effectively analyze the global stability through Lyapunov

theorem, it is usually considered to use a convenient form
to describe (12) [32]. The following new state variables are
introduced:

Φ=
[
Φ1 Φ2

]T
=
[
|s|1/2sgn(s) −α̂2

∫
sgn(s)

]T
. (13)

The derivative of Φ is given by

Φ̇ = (Ψ1Φ−Ψ2) / (2 |Φ1|) (14)

where Ψ1 =
[
−α̂1 1
−2α̂2 0

]
, Ψ2 =

[
kt(D̃ + F̃ (x))

0

]
.

Remark 4: For V0 = ΦTΓ1Φ, there exists a positive definite

matrix Γ1=
[
4ε2 + σ −2ε
−2ε 1

]
that satisfies V0 ≥ 0, where, σ is an

arbitrary small positive coefficient.
The derivative of V0 is given by

V̇0 = Φ̇TΓ1Φ+ ΦTΓ1Φ̇

= − 1

2 |Φ1|Φ
TΓ2Φ− 1

|Φ1|Φ
TΓ1Ψ2 (15)

where Γ2=−(ΨT
1 Γ1+Γ1Ψ1). The following inequality holds:{

λmin (∗) ‖Φ‖2 ≤ ΦT ∗ Φ ≤ λmax (∗) ‖Φ‖2
‖Φ‖ =

√
Φ2

1 +Φ2
2 ≤ |Φ1| (16)

where λmax(∗) and λmin(∗) are maximum and minimum eigen-
value of matrix ∗, respectively. Substituting (16) into (15), one
can obtain

V̇0 ≤ − λmin (Γ2)

2λ
1/2
max (Γ1)

(
ΦTΓ1Φ

)1/2
− λmin (Γ1) kt

(∣∣∣D̃∣∣∣− ∣∣∣F̃ (x)∣∣∣) . (17)

Remark 5: It can be observed that if Φ → 0 in finite time
then s→ 0 and ṡ→ 0 in finite time. The transformation in (13)–
(17) will be included in the global Lyapunov function stability
analysis of PMSMDS. The complete proof is in Section III-C.

B. RBF Neural Network Nonlinear Disturbance Observer

In practical PMSMDS (4),Υ is unavoidable and undetectable.
Typically, NDO utilizes internal state variables to observe
unknown disturbances, thereby enhancing system robustness.
Given the limitations of NDO in accurately observing fast-
changing disturbances and parameter uncertainties, the infinite
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approximation capability of RBFNN is utilized to more effec-
tively estimate disturbances.

To estimate slow-changing disturbances, NDO can be de-
signed as{

χ̇=−η1ktχ−η1 (ktη1ω + kuiq − ktF (x)− kbω)

D̂ = −χ− η1ω
(18)

where χ is the internal state of NDO, and η1 > 0 is the observer
gain. Define the observer error as D̃ = D − D̂, and taking the
derivative of D̃ and substituting (18) into it yields

˙̃D = Ḋ − ˙̂
D

= Ḋ + χ̇+ η1ω̇

= Ḋ − η1kt

(
−D̂ − η1ω

)
− η21ktω

+ η1ktF (x) + η1kbω − η1kuiq

+ η1kuiq − η1kbω − η1ktD − η1ktF (x)

= Ḋ − η1ktD̃. (19)

Assumption 2: The slow-changing disturbanceD is bounded
and it changes slowly with time, i.e., |D| ≤ D̄ and Ḋ ≈ 0, where
D̄ is an unknown positive constant.

Inspired by [18], [19], [20], [21], F (X) is defined over a
compact set U , which can be described by an RBFNN system
F (X)=WTh(X) where W=[W1, . . .,Wm]T is the weights
vector, X=[X1, . . ., Xn]

T ∈ Rn is the input variable of the
RBFNN system, h(X) = [h1, . . ., hn]

T stands for the RBFNN
hidden layer output vector, which is described as

hj(X) =
1√
2πbj

exp

(
−‖X − cj‖2

2b2j

)
(20)

where cj is the coordinate vector of the center point of the Gaus-
sian basis function of the jth neuron variable in the hidden layer,
b=[b1, . . ., bm]T, bj is the width of the Gaussian basis function
of the jth neuron variable in the hidden layer, i = 1, 2, . . . , n,
j = 1, 2, . . . ,m.

Remark 6: RBFNN transforms the input vector from the input
layer to the hidden layer, which is equivalent to mapping a large
amount of data from low-dimensional space to high-dimensional
space. The RBFNN based on data-driven utilizes the learning
ability of NN to achieve optimization goals. The training process
is highly dependent on the training data, requiring additional
experiments and time-consuming training processes [22]. In
contrast, the RBFNN based on online optimization can reduce
dependence on training data and adapt well to changes in
operating conditions [16], [23]. In general, the approximation
efficiency of neural networks increases with the increase of
the number of hidden nodes, but the selection of the number
of hidden nodes is limited by the computing power of the
processor. In real-time systems running at millisecond speeds,
the usual practice is to select approximately 5–20 neurons based
on previous experience [21].

This article adopts a 2-5-1 RBFNN structure, i.e., m=
5, n=2. The output of RBFNN can be approximated as
F (x) = ŴTh(x), and there is an ideal weight value W ∗ =

Fig. 3. Comparison of observation effects of different observers.

[W ∗
1 , . . .,W

∗
m]T, which can be obtained by

W ∗ = argmin
W∈Rn

[
sup
x∈U

∣∣∣ŴTh(x)−WTh(x)
∣∣∣] (21)

where Ŵ is the estimated value of W ∗ and W ∗ is bounded,
i.e., ‖W ∗‖ ≤ μmax, μmax is a constant. Therefore, F (x) can be
rewritten as

F (x) =W ∗Th(x) + εW (22)

where εW is the minimum approximation error and bounded,
i.e., ‖εW ‖ ≤ εW max, εW max is a constant.

In order to quickly approximate the optimal weights of the
neural network, and to make the observation error and system
tracking error approach zero at the same time, a novel adaptive
law of the weights is designed as

˙̂
W = −η2

(
|Φ1|1/2sgn (Φ1)h(x) + τŴ

)
(23)

where η2 > 0 and τ > 0 are adjustable control parameters.
Define W̃ =W ∗ − Ŵ , and the estimated error is given by

F̃ (x) = F (x)− F̂ (x) = W̃Th(x) + εW . (24)

Fig. 3 shows the observation effects of traditional NDO and
RBFNNDO, where the reference consists of fast-changing and
slow-changing disturbance. It can be clearly seen that traditional
NDO only has a good observation effect on slow-changing
disturbance, but cannot observe the fast-changing disturbance,
resulting in a large observation error and limiting the compensa-
tion effect. However, RBFNNDO has made good observations
on both fast-changing and slow-changing disturbance, with an
observation error close to zero, thus compensating for the short-
comings of traditional NDO.

C. Stability Analysis

Theorem 1: Considering PMSMDS dynamic model (4)
satisfying Assumptions 1 and 2. The main controller (10),
adaptive control gain (11), and RBFNNDO (18) with neu-
ral network weight adaptive law (23), are designed as w1 >

0, w2 > 0, λmin(Γ2)

2λ
1/2
max(Γ1)

− 1

2λ
1/2
min(Γ1)

> 0, λmin(Γ1)kt
√
2η1 > 0,

and λmin(Γ1)
√
2η2 > 0, the composite control confirms that
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PMSMDS is FTC and all the errors will converge into a region
near the origin.

Proof: Based on the abovementioned derivation, for the eval-
uation of the closed-loop stability of PMSMDS, this article
chooses a Lyapunov function

V = V0 +
1

2δ1
α̃2
1 +

1

2δ1
α̃2
2 +

1

2η1
D̃2 +

1

2η2
W̃TW̃ . (25)

The derivative of V is given by

V̇ = V̇0+δ
−1
1 α̃1

˙̃α1+δ
−1
2 α̃2

˙̃α2 + η−1
1 D̃ ˙̃D + η−1

2 W̃T ˙̃W. (26)

Substituting (17) into (26), and then the derivative of V can be
obtained as

V̇ ≤ − λmin (Γ2)

2λ
1/2
max (Γ1)

(
ΦTΓ1Φ

)1/2− w1√
2δ1

|α̃1|− w2√
2δ2

|α̃2|

− λmin (Γ1) kt

∣∣∣D̃∣∣∣− λmin (Γ1) kt

∥∥∥W̃T
∥∥∥

+ λmin (Γ1) kt

∥∥∥W̃T
∥∥∥+ λmin (Γ1)

∣∣∣F̃ (x)∣∣∣
+ η−1

1 D̃ ˙̃D + η−1
2 W̃T ˙̃W + δ−1

1 α̃1
˙̃α1 + δ−1

2 α̃2
˙̃α2

+
w1√
2δ1

|α̃1|+ w2√
2δ2

|α̃2| . (27)

Substituting (19), (23) and (24) into (27), and considering the
Assumptions 1 and 2, the result is simplified as

V̇ ≤− λmin (Γ2)

2λ
1/2
max (Γ1)

(
ΦTΓ1Φ

)1/2− w1√
2δ1

|α̃1|− w2√
2δ2

|α̃2|

− λmin (Γ1) kt

∣∣∣D̃∣∣∣− λmin (Γ1)
∥∥∥W̃T

∥∥∥+ τW̃T Ŵ

+ λmin (Γ1)
∥∥∥W̃T

∥∥∥+ λmin (Γ1) kt ‖h(x)‖
∥∥∥W̃T

∥∥∥
+ λmin (Γ1) kt |εW |+ |Φ1|1/2sgn (Φ1) W̃

Th(x)

−|α̃1|
(
δ−1
1

˙̂α1− w1√
2δ1

)
−|α̃2|

(
δ−1
2

˙̂α2− w2√
2δ2

)
. (28)

Based on the Young’s inequality and the basis function boundary,
the following can be obtained:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

hT(x)h(x) ≤ m√
2πb

τW̃TŴ ≤ τ

(
− 1

2

∥∥∥W̃∥∥∥2 + 1
2‖W ∗‖2

)
≤ τμ2

max

|Φ1|1/2sgn (Φ1) W̃
Th(x)≤ V

1/2
0

2λ
1/2
min(Γ1)

+ m
2
√
2πb

W̃TW̃ .

(29)

Therefore, (28) can be transformed as follows:

V̇ ≤−
(

λmin (Γ2)

2λ
1/2
max (Γ1)

− 1

2λ
1/2
min (Γ1)

)(
ΦTΓ1Φ

)1/2
− w1√

2δ1
|α̃1|− w2√

2δ2
|α̃2|−λmin (Γ1) kt

∣∣∣D̃∣∣∣
−λmin (Γ1)

∥∥∥W̃T
∥∥∥+ λ2

min (Γ1)

2
+
(λmin (Γ1) kt)

2

2

+

(
m√
2πb

+
1

2
− τ

2

)
W̃TW̃ + λmin (Γ1) ktεW max

+ τμ2
max−|α̃1|

(
δ−1
1

˙̂α1− w1√
2δ1

)
−|α̃2|

(
δ−1
2

˙̂α2− w2√
2δ2

)
.

(30)

1) Case 1: Here, when s > �, substitute (11) into (30) and
design ε and τ as ε = w2

√
2δ2

2w1

√
2δ1

and τ = 1 + 2m√
2πb

. Ac-

cording to the inequality
√
a2 + b2 + c2 ≤ |a|+ |b|+ |c|,

(30) can be expressed as

V̇ ≤ −
(

λmin (Γ2)

2λ
1/2
max (Γ1)

− 1

2λ
1/2
min (Γ1)

)(
ΦTΓ1Φ

)1/2
− w1√

2δ1
|α̃1|− w2√

2δ2
|α̃2|−λmin (Γ1) kt

∣∣∣D̃∣∣∣
−λmin (Γ1)

∥∥∥W̃T
∥∥∥+ λ2

min (Γ1)

2
+
(λmin (Γ1) kt)

2

2

+ λmin (Γ1) ktεW max + τμ2
max

≤ − ξ1V
1/2 + Ξ1 (31)

where

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ξ1 = min

{
λmin(Γ2)

2λ
1/2
max(Γ1)

− 1

2λ
1/2
min(Γ1)

, w1, w2,

λmin(Γ1)kt
√
2η1, λmin(Γ1)

√
2η2

}

Ξ1 = λ2
min(Γ1)/2 + (λmin(Γ1)kt)

2/2
+ λmin(Γ1)ktεW max + τμ2

max.
2) Case 2: When s < −�, substitute (11) into (30), and it can

be expressed as

V̇ ≤ −
(

λmin (Γ2)

2λ
1/2
max (Γ1)

− 1

2λ
1/2
min (Γ1)

)(
ΦTΓ1Φ

)1/2
− w1√

2δ1
|α̃1|− w2√

2δ2
|α̃2|−λmin (Γ1) kt

∣∣∣D̃∣∣∣
−λmin (Γ1)

∥∥∥W̃T
∥∥∥+ λ2

min (Γ1)

2
+
(λmin (Γ1) kt)

2

2

+ λmin (Γ1) ktεWmax+ τμ2
max+ |α̃1| 2w1√

2δ1

+ |α̃2|
(
2δ−1

2 εw1

√
δ1
2

+
w2√
2δ2

)

≤ − ξ2V
1/2 + Ξ2 (32)

where

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ξ2 = min

{
λmin(Γ2)

2λ
1/2
max(Γ1)

− 1

2λ
1/2
min(Γ1)

, w1, w2,

λmin(Γ1)kt
√
2η1, λmin(Γ1)

√
2η2

}

Ξ2 = λ2
min(Γ1)/2 + (λmin(Γ1)kt)

2/2 + τμ2
max

+λmin(Γ1)ktεW max + |α̃1| 2w1√
2δ1

+|α̃2|(2δ−1
2 εw1

√
δ1
2 + w2√

2δ2
).

3) Case 3: Similarly, when |s| ≤ �, ˙̂α1 = 0, one can obtain⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ξ3=ξ2=min

{
λmin(Γ2)

2λ
1/2
max(Γ1)

− 1

2λ
1/2
min(Γ1)

, w1, w2,

λmin (Γ1) kt
√
2η1, λmin (Γ1)

√
2η2

}

Ξ3 = λ2
min (Γ1) /2 + (λmin (Γ1) kt)

2/2 + τμ2
max

+ λmin (Γ1) ktεW max +
w1√
2δ1

|α̃1|+ w2√
2δ2

|α̃2| .
(33)
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Fig. 4. PMSMDS drive test setup.

TABLE I
PARAMETERS IN THE PMSMDS

TABLE II
PARAMETERS OF DIFFERENT CONTROLLERS

Remark 7: Based on (31)–(33) and FTC stability princi-
ple [31], following the parameter design rule in Theorem 1,
the abovementioned analysis demonstrates that all closed-loop
signals are bounded, and the tracking error converges to a
neighborhood of the origin within a fixed time.

IV. EXPERIMENTAL RESULTS

In order to verify the effectiveness and practicality of the
proposed composite controller, a PMSMDS drive test setup
is built as illustrated in Fig. 4. The test setup consists of a
Quanser system, a driver circuit board, a transceiver circuit
board, a dynamometer, and a PMSM. The PMSM parameters
are listed in Table I. The sampling frequencies of the speed and
current loops are chosen as 1 kHz and 10 kHz, respectively.
The control algorithms are executed in the Quanser system. The
comparison studies with PI, integral SMC (ISMC), AIHOSMC,
AIHOSMC+NDO, and AIHOSMC+RBFNNDO (the compos-
ite controller) are implemented from three aspects of tracking
performance, antidisturbance capability, and robustness. The
controller parameters are shown in Table II.

Remark 8: The following gives the selection method of the
controller parameters in details.

For ISMC, g+p satisfies Hurwitz, and p is a Laplace operator,
a larger g may lead to significant overshoot, and the selection of
g involves a trial-and-error process with g <1000. β and γ are
necessary conditions to ensure that the tracking error approaches
zero after the system state reaches the sliding surface. In theory,
the larger γ, the faster the system convergence speed, the greater
the overshoot, and the larger β, the greater the system tracking
error.

For AIHOSMC, as adaptive gains, larger positive real
numbers δ1, w1, ε and will result in smaller tracking er-
rors and faster convergence speeds. The parameters based on
the FTC stability principle should simultaneously satisfy ε =
w2

√
2δ2/2w1

√
2δ1.

For NDO, η1 > 0 is the observer gain, and the larger η1, the
faster the observer convergence speed, but the observation error
is also larger and overshoot may occur during the convergence
process.

For RBFNN, n is related to the system state, and cj and m
should cover the entire range of input vector. Generally, the
largerm, the better the approximation performance of RBFNN,
but the corresponding computational cost is also higher. bj deter-
mines the influence range or locality of each basis function, and
continuously adjusts it through experiments until the most suit-
able width is determined to ensure optimal performance. Select-
ing adaptive gain η2 > 0 and τ > 0 to ensure system stability,
and then further adjusting them to enhance closed-loop tracking
performance, the larger τ , the faster the convergence speed of
the neural network, but the oscillation around the weights will
eventually become larger, indicating no absolute convergence.
The parameters based on the FTC stability principle should
simultaneously satisfy τ = 1 + 2m/

√
2πb. η2 is closely related

to the adjustment time and overall stability: A larger one will
adjust the control input more quickly, but it will lead to a decrease
in system stability; a smaller one will cause the system to react
slowly and cannot effectively correct system deviations. The
selection of η2 should ensure that the system can effectively
respond to parameter changes and external disturbances, while
avoiding overcompensation or instability.

For the current controller, PI is used to achieve a good bal-
ance between tracking accuracy and computational burden. In
practice, the null-pole cancellation method is generally used, but
fine tuning is still needed on this basis to ensure optimal system
operation.

A. Low-Speed Tracking Accuracy Experiment

1) Group-1. Tracking Performance of Suddenly Changing
Speed Without Load: The experimental results obtained
from a step change of the reference speeds between 5 and
15 rpm are shown in Fig. 5. As illustrated in Fig. 5(a) and
(b), when the reference speed steps from 5 to 15 r/min,
PMSMDS using PI and ISMC reach the reference speed
in about 0.43 s and 0.46 s, respectively, with overshoots of
9.35 r/min and 10.18 r/min, respectively. The stabilization
times for AIHOSMC and AIHOSMC+NDO are 0.58 s
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Fig. 5. Tracking performance of suddenly changing speed without load for different controllers. (a) and (b) Speed responses. (c) Speed error responses. (d) and
(e) Control input responses. (f) Estimated values of disturbances.

and 0.6 s, respectively. In contrast, the system with the
composite controller exhibits a shorter stabilization time
of around 0.22 s and shows no significant overshoot.
As seen in Fig. 5(c), the start-up performances of PI
and ISMC are suboptimal, with noticeable vibrations,
whereas composite controller achieves a smooth start.
At the steady-state speeds of 5 r/min and 15 r/min, the
maximum absolute values of tracking errors for PI, ISMC,
AIHOSMC, AIHOSMC+NDO, and composite controller
are 2.47 r/min and 3.34 r/min, 2.71 r/min and 4.46 r/min,
2.11 r/min and 2.05 r/min, 2.12 r/min and 2.04 r/min, and
0.91 r/min and 1.23 r/min, respectively. Adaptive control
gains can significantly reduce tracking errors and chatters.
As shown in Fig. 5(d) and (e), during a sudden change in
speed, there is a drop in the control input signals for PI and
ISMC (−1.37 A and−0.59 A, respectively). However, the
compensation effect of composite controller prevents any
drop in the control input signal. Fig. 5(f) demonstrates that
RBFNNDO effectively observes the fast-changing distur-
bances present in the system at all times and compensates
for them in the control input, thereby reducing steady-state
errors and improve the robustness of the system during
transients.

2) Group-2. Tracking Performance of Continuously Chang-
ing Speed Without Load: To evaluate the performance
of the composite controller under continuously changing
speed, the reference speed signal is configured as both
a step signal at 10 r/min and a sine signal given by
5 sin(0.4πt) r/min. The experimental results are shown
in Fig. 6. As shown in Fig. 6(a) and (b), when reference
is a sine signal, the maximum absolute values of track-
ing errors for PI, ISMC, AIHOSMC, AIHOSMC+NDO,
and composite controller are 3.47 r/min, 3.38 r/min,
2.11 r/min, 1.94 r/min, and 1.01 r/min, respectively.

In Fig. 6(d), compared to a constant speed, when the speed
changes sinusoidally, the value of the fast-changing disturbance

TABLE III
DETAILED PERFORMANCE RESULTS OF TRACKING ACCURACY

will increase and change more irregularly. However, due to
the addition of RBFNNDO, the system can effectively compen-
sate for this part of the disturbance [see Fig. 6(c)] and improve
tracking performance of the system. It is obvious that the control
effect of composite controller is better than that of the other four
controllers, and it has better adaptability to constantly changing
speed. Detailed performance comparison results of tracking
accuracy are shown in Table III.

B. Antidisturbance Experiment

In this section, the speed fluctuations caused by load torque
disturbances are evaluated. In the first test, the reference speed
remains unchanged at 10 r/min, and a load torque of 0.5 N ·
m is applied at t = 15 s and removed t = 25 s, respectively.
Fig. 7 depicts the experimental results of the speed and q-axis
current. It can be clearly seen from Fig. 7(a) that the speeds
drop with load torque under the control of PI, AIHOSMC,
AIHOSMC+NDO, and the composite controller are 4.92 r/min,
6.98 r/min, 8.33 r/min, and 8.99 r/min, respectively. When the
0.5 N ·m load is suddenly added at t= 15 s, composite controller
exhibits the most excellent characteristics.

Due to the limited antidisturbance capabilities of PI and
AIHOSMC, their speeds drop significantly after the load is in-
creased, making speeds recovery difficult. As shown in Fig. 7(b)
and (c), the presence of NDO enables both the AIHOSMC+NDO
and composite controller to resist slow-changing load torque.
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Fig. 6. Tracking performance of continuously changing speed without load for different controllers. (a) and (b) Speed responses. (c) and (d) Speed error responses.
(e) Control input responses. (f) Estimated values of disturbances.

Fig. 7. Tracking performance of constant speed with load step up for different controllers. (a) Speed responses. (b) q-axis current responses. (c) Estimated values
of disturbances.

TABLE IV
DETAILED PERFORMANCE RESULTS WITH LOAD STEP UP

After the load is applied, there is no significant speed drop com-
pared to the no-load condition. For fast-changing disturbances,
RBFNNDO exhibits significant real-time adaptive training ca-
pability, effectively attenuating relevant load disturbances and
enhancing the robustness of the system. Consequently, using
composite controller minimizes the impact of disturbances on
the system and exhibits the smallest steady-state error. Detailed
performance results with load step up are shown in Table IV.

In addition, harmonic suppression controller (HSC) is an ad-
vanced speed control strategy [33], [34]. To verify whether HSC
is suitable for PMSMDS low-speed control, further analysis
of performance is conducted for PI, PI+HSC (in [33]), and
composite controller. The experimental results are shown in
Fig. 8. It can be seen that after applying a load of 0.5 N · m to the
system, the maximum absolute values of tracking errors for PI,
PI+HSCS, and composite controller are 8.23 r/min, 6.11 r/min,
and 2.18 r/min, respectively. Compared with PI, PI+HSCS
reduces speed ripple and improves low-speed performance. It
suppresses disturbance from a distinctive perspective, improves
current smoothness and overall performance. The ripple of
composite controller is minimal. After compensating for the
fast-changing and slow-changing disturbance, it improves the
overall smoothness of the q-axis andA-phase current. Compared
with other controllers, the improvement effect is the most obvi-
ous. The current analysis results in Fig. 8 also demonstrate the
strength of composite controller in minimizing current ripple.
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Fig. 8. Experimental results of current and harmonic for different controllers (a) PI. (b) PI+HSCS. (c) Proposed composite controller.

Fig. 9. Tracking performance of constant speed with rated load for different controllers. (a) Speed responses. (b) q-axis current responses. (c) Estimated values
of disturbances.

TABLE V
DETAILED PERFORMANCE RESULTS WITH RATED LOAD

The total harmonic distortion of PI is 25.38%, PI+HSCS is
19.52%, and composite controller is 14.09%.

In the second test, the speed and q-axis current responses are
evaluated under rated load torque. The reference speed is also set
to 10 r/min. Fig. 9 and Table V show the detailed experimental
results. As shown in Fig. 9(a), composite controller achieves the
best transient speed tracking and steady-state performance at 2
N · m load start-up. Furthermore, when the load torque changes
to the rated load torque of 5 N.m at t= 15 s, composite controller
maintains nearly no significant speed drop, achieving the optimal
speed tracking curve within 0.5 s. In contrast, the speed drops
for the PI and AIHOSMC+NDO are 7.29 r/min and 5.17 r/min,
respectively, with PI demonstrating the worst robustness. As
shown in Fig. 9(b), the q-axis current response of composite
controller also provides an excellent performance, exhibiting

minimal ripple and smoothness at 2 N · m start-up and 5 N · m
rated load. The current ripple of PI is the largest, and its ability to
cope with rated torque is insufficient, while NDO can effectively
compensate. As shown in Fig. 9(c), the disturbance estimation
results clearly indicate that the good tracking performance and
antidisturbance capabilities of composite controller are due to
the accurate approximation and compensation of the RBFNN for
fast-changing disturbances. The proposed composite controller
has the strongest robustness under variable load conditions.

C. Parameter Uncertainty Robustness Experiment

The motor parameters in (4) are difficult to accurately deter-
mine due to influences from both the motor itself and external
operating conditions. This means that the motor parameters
used in the controller may differ from the actual motor pa-
rameters. Therefore, experiments are conducted by increasing
and decreasing the moment of inertia J in the motor model
within the controller by 20% in (5) to more effectively verify
the performance of the composite controller.

The speed tracking performance under parameter uncertainty
is shown in Fig. 10(a). It can be observed that, under parameter
variations, the speed tracking error of AIHOSMC is larger
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Fig. 10. Tracking performance with parameter uncertainty for AIHOSMC (C1) and the composite controller (C2). (a) Speed responses. (b) q-axis current
responses.

TABLE VI
DETAILED PERFORMANCE RESULTS WITH PARAMETER VARIATIONS

than that of composite controller, and the error of AIHOSMC
tends to increase over time. This suggests that if the system
continues to run, its tracking performance will degrade, whereas
the control performance of composite controller remains largely
unaffected by parameter changes. Detailed performance results
with parameter variations are shown in Table VI.

The q-axis current is shown in Fig. 10(b). When AIHOSMC
is used under parameter variations, the control input fluctuates
significantly and is highly sensitive to complex operating condi-
tions. In contrast, composite controller shows strong resilience
to parameter changes, with its control input remaining almost
unchanged during these variations. This indicates that composite
controller maintains superior control performance for PMSMDS
under complex operating conditions.

V. CONCLUSION

This article proposes an adaptive integral high-order sliding-
mode low-speed controller based on RBFNNDO, aimed to
improve low-speed tracking accuracy and antidisturbance ca-
pability. Comparative experiments are conducted on PI, ISMC,
AIHOSMC, AIHOSMC+NDO, and the proposed composite
controller. The experimental results showed that composite
controller outperformed the other four controllers in terms of
low-speed tracking error, convergence speed, antidisturbance
capability, and robustness. Adaptive control gains can achieve
FTC of the system, and RBFNNDO can effectively observe both
the fast-changing and slow-changing disturbances of PMSMDS.
The proposed composite controller has enhanced robustness and
superior dynamic performance.
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