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Abstract—This article proposes a novel fuzzy tensor space
method to analyze the interaction large-signal stability of mod-
ular multilevel matrix converter and grid-forming/following
(GFM/GFL) hybrid control strategy converters. By addressing the
challenges of high-order, strong nonlinearity, and multi-frequency
coupling in the system’s dynamic model, the complexity is reduced
from exponential to constant levels using sector nonlinearity theory.
It is achieved by optimizing the original membership function set
into a linearly independent fuzzy tensor basis. In addition, lever-
aging the physical significance of the fuzzy tensor space reduces
the mapping area for solving the Lyapunov functional problem,
effectively lowering the conservatism. Furthermore, the stability
analysis results obtained from this method offer a better balance
of complexity and accuracy compared to traditional TS fuzzy
theory. Based on the improved method, the complex coupling
stability mechanism caused by the interaction of multiple power
electronic devices and control strategies can be analyzed quickly
and accurately. In particular, these results are used to study the
impact of different configurations of GFM/GFL converters under
various disturbance conditions, as well as the interaction stability
mechanism of different configuration ratios combined with grid
strength. Finally, the validity of these results is confirmed through
theoretical and experimental verification.

Index Terms—Fuzzy tensor space method, grid-forming/
following (GFM/GFL), large-signal stability, modular multilevel
matrix converter (M3C).

NOMENCLATURE
wrrlwrpyr  Angular frequency of GFL/GFM.
WAMT Angular frequency of MI side.
WML Angular frequency of ML side.
v M3C DC voltage.
Xdq x in corresponding dq coordinate system.
Xpeflx Reference value of x.
Cur M3C ML filter capacitor.
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Fuvw Industrial frequency power voltage.

'L /iFM GFL/GFM converters output current.

iML M3C ML side current.

1 gabe Common bus current.

J/D/A Inertia and damping of GFM converter.
kL PI parameters of GFL converter outer loop.
kP PI parameters of GFL converter PLL.

kEM PI parameters of GFM converter outer loop.
kJTE PI parameters of M3C MI PLL.

kévif 1 PI parameters of M3C MI outer loop.

k- PI parameters of M3C ML outer loop.
Lpr,/Crr,  GFL converter filter parameters.

Ly /Cry GEM converter filter parameters.

Ly M3C arm-bridge inductor.

PFL/pPFM  GFL/GFM converters active power.
QFE/QFM  GFL/GFM converters reactive power.
Qumr M3C MI side reactive power.

Rf Ly Lg L GFL converter line parameters.
Rf My Lg M GFM converter line parameters.
R /Ly, Common bus parameters.
ML M3C ML side voltage.
uft JuFM  GFL/GFM converters output voltage.
uM!l M3C MI side voltage.

I. INTRODUCTION

ODULAR multilevel technology has become the most
M promising option for the design of converter topology
in medium and high voltage industrial applications. As the
global low-carbon process accelerates, a direct ac/ac converter
known as modular multilevel matrix converter (M3C), which
boasts excellent scalability and high reliability, has found wide
applications in renewable energy power conversion, all-electric
marine vessel propulsion, railway electric traction, and industrial
motor drives [1], [2].

The typical M3C topology, illustrated in Fig. 1, comprises
nine bridge arms, each containing a series-connected full-bridge
submodule and an inductor, enhancing the system’s redundancy
and reliability. And without requiring a dc link, M3C directly
converts ac power on both sides. Consequently, in high-power
energy conversion and variable-speed drive applications, M3C
is often connected to industrial motors or power grids on one
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Fig. 1. Interaction system of M3C with GFM/GFL hybrid control strategies
converters.

side and to renewable energy sources such as wind power,
photovoltaics, and energy storage via grid-connected converters
on the other side [3], [4]. These renewable energy grid-connected
converters typically employ control strategies tailored to the en-
ergy source, including grid-forming (GFM) and grid-following
(GFL) types [5]. Due to the issues associated with using either
the GFM or GFL control strategy individually, such as GFL’s
tendency to cause stability problems under weak grid conditions,
and GFM’s loss of dynamic tracking speed due to the lack of an
inner loop hybrid approach, combining both control strategies,
is currently widely employed [6]. It involves the integration
of multiple power electronic converters with different control
strategies, which, by complementing the advantages of each, en-
sures the stable operation of the overall system [7]. Furthermore,
when large-signal disturbances, such as power fluctuations or
line faults, the interaction between grid-connected converters
with different control strategies and the M3C can trigger various
unstable modes, jeopardizing the safe and stable operation [8],
[9], [10]. However, due to the complexity of control strategies,
high-order dynamic models, and multifrequency coupling in
such GFM/GFL hybrid control strategies converter and M3C
interaction system, analyzing their large-signal stability interac-
tions has become a focal point in M3C industrial applications.
Many scholars have investigated these issues, but some gaps
remain. Stability research on complex interconnected power
electronic systems has predominantly focused on small-signal
analysis, with methods such as impedance analysis, state-space
model, and harmonic state-space theory [11], [12]. However,
when power electronic devices face large-signal disturbances,
the steady-state operating point shifts after the transient pro-
cess [13], making small-signal linearization inadequate.
Therefore, the interaction large-signal stability must be thor-
oughly analyzed using Lyapunov stability criteria, which involve
energy functions and attraction domain. Consequently, scholars
have proposed various methods for constructing Lyapunov func-
tions in multiconverter interaction systems within power trans-
mission field and microgrids, including the direct method [14],
[15], mixed potential function [16], [17], artificial intelligence
method [18], [19], and sector nonlinearity theory [20], [21],
[22], [23]. However, on one hand, due to the high order and
strong nonlinearity, it is challenging to directly provide a well-
established Lyapunov function similar to that for synchronous
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machine. In addition, methods such as TS fuzzy models, and
sum-of-squares (SOS) optimization based on sector nonlinearity
theory face dimensionality issues due to the excessive number
of nonlinear terms. On the other hand, simplifying the system
by ignoring some nonlinear dynamics can compromise the con-
servatism of the attraction domain results, leading to inaccurate
stability analysis. In conclusion, for analyzing the large-signal
stability interactions in the complex interconnected system of
M3C and GFM/GFL hybrid converters, a method that balances
computational efficiency and accuracy is still required.

In addition, artificial intelligence methods simulate the Lya-
punov function using neural networks. While their strong non-
linear fitting capabilities can address some functional problems,
these black-box approaches cannot analyze the mechanisms of
instability in the solutions. For example, the impact of the pro-
portional configuration of GFM and GFL converters on stability
and the transmission of disturbances across different locations
and types among multiple power electronic devices present new
analytical challenges [24], [25], [26].

To address these issues, this article makes the following
contributions: Firstly, it establishes a dynamic model of the
interaction system of M3C and GFM/GFL hybrid control
strategy converters, considering their multifrequency coupling
characteristics and retaining their high-order and strong
nonlinear features. Then, based on sector nonlinearity theory, the
complexity of constructing the fuzzy model system is reduced
from exponential to constant by optimizing the linear indepen-
dent combinations in the original membership functions and
extracting the fuzzy tensor basis. Furthermore, by integrating
the physical significance of the fuzzy tensor space, the mapping
area is optimized, reducing the conservatism of the attraction
domain obtained from solving the linear matrix inequality (LMI)
problem. By comparing the novel fuzzy tensor space method
with traditional TS fuzzy theory and higher-order SOS methods,
it is shown to balance complexity and accuracy effectively.
Finally, based on the stability analysis results, the study exam-
ines how different configurations of GFM and GFL converters
impact system stability under various disturbance conditions.
And the impact mechanism of different configuration ratios
and grid strength on system interaction stability is analyzed by
incorporating the interfrequency interaction characteristics. In
conclusion, this article provides a reference framework for the
novel analysis of large-signal stability in complex multimachine
and multifrequency interacting power electronic converter
systems. Building on the improved method, the complex
stability mechanisms arising from the interactions between
multiple power electronic devices and the coupling of various
control strategies can be efficiently and accurately analyzed.

The rest of this article is organized as follows. Section II
covers the dynamic modeling of the interaction system. Sec-
tion III presents the novel fuzzy tensor space method. Section
IV validates the results through theoretical and experimental
verification. Finally, Section V concludes this article.

II. SYSTEM MODELING AND PROBLEM FORMULATION

The system for analyzing the large-signal interaction stabil-
ity between M3C and grid-connected converters with different
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Fig.2. GFM/GFL control strategies for the hybrid grid-connected converters.

control modes is shown in Fig. 1. It is worth noting that to
investigate the large-signal stability mechanism of grid-
connected converters using GFM/GFL hybrid control strategies
in low-frequency systems, we simplify the structure, without
loss of generality, to a configuration in which two converters
with different control strategies are connected in parallel to the
same low-frequency bus. By neglecting the internal coupling
within converters using the same control strategy, we focus
primarily on the interaction mechanisms between converters
with different control strategies and between these converters
and the M3C. Thus it can be divided into three parts: 1) the
GFL/GFM converters; 2) the connecting lines; and 3) the M3C.

As for part I, to simplify the analysis, these converters are
further integrated into two parallel VSCs, each employing either
GFL or GFM control strategies, as illustrated in Fig. 2. First, the
outer loop of the GFL control strategy regulates the dc capacitor
voltage v1'F and reactive power Q¥'Z, of which dynamic model
can be represented as

FL FLAyFL | FLGFL §FL

res ~ kFL AUC}?CL kFL dFCL FL ~ Avag. G ()
il e f =k, " AQ"" + k; = AQ

where A represents the difference between the relevant variables
and their corresponding steady-state values and ig qL represents
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Control strategies for the M3C.

the output current of the GFL converter in the dq reference frame.
Furthermore, considering that the dynamic response of the inner
loop is significantly faster than that of the outer loop, the inner
loop dynamics can be neglected [13]. Then, the PLL calculates
the phase using the voltage at PCC and its dynamic expression
is given by

_kFLP FL kFLP “FL FL (2)

WFEL Ueq +wFL sp =Ueq -

Finally, the dynamic expression of the GFL filter circuit can be
written as

{LFLZd —ugL quinLLFLZFdL (3)

L _ _
CpLucdq qu ngq:thLCFLuch.

In contrast, the GFM control strategy simulates the dynamic
characteristics of a virtual synchronous machine to provide
inertia support. Its dynamic model can be represented as

JU:)FZW = APPM — DWF]V[ Auf;l];,/[ej = AQFM (4)

where J and D represent the inertia constant and damping coef-
ficient of GFM converter. Furthermore, the dynamic expression
of the GFM filter circuit can be represented as

FM FM FM
{LFMZd = Uy —ucd inMLFMZ d (5)

M _ ;FM __
CFA['LLqu qu gdq :tWFMCFMUqu .

In allusion to part II, the GFL and GFM converters connect to
the grid or supply power to loads via the low-frequency common
bus (LFCB) after being processed by the M3C. Regarding the
selection of LFCB frequency, [27] provides large-signal stability
analysis for offshore wind power low-frequency systems. How-
ever, in the analysis of the interaction between VSC and M3C
hybrid power electronic devices, without considering economic
conditions, the analysis can initially be based on one-third of
the industrial frequency, according to the static stability limit
formula. If the voltage of the LFCB is defined as uc d q, then the
dynamic expression between the GFL/GFM converter and the
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bus can be expressed as

uFL FL;F FL} FL;FL
G e R
Uedg — Uedqg = Rg tgdq JrL Lgdq :FwFML Lgqd
(6)

On the other hand, calculating from the bus to the low-frequency
side of the M3C, the relationship between the bus node current
and the bus voltage can be derived as i’ 9 dq + zqF djzf +iM g dq =0.
Then, the dynamics expression corresponding to the voltage of

the M3C and LFCB can also be expressed by

L _ ML ‘ML
== Rngd + LLng
LF _ , ML _ ML ML

U ug = Rngq + Lngq

ML
wMLLLz

+ wMLLLng .

(7

Finally, in Part III, the low-frequency (ML) and high-frequency
(MI) sides of the M3C are controlled using distinct strategies:
the GFM control for the ML side and the GFL control for
the MI side. The M3C is composed of nine bridge arms that
serve as the critical components connecting the two frequency
domains in the circuit structure, facilitating direct ac/ac fre-
quency conversion [28]. Each of the nine arms is designed
to incorporate two frequency components, which are coupled
together. The energy transfer between these components occurs
through the capacitors located in the submodules. To ensure
efficient frequency decoupling control within the M3C, it is
essential that the electrical components within each arm undergo
Park transformations at both the low and high frequencies. This
transformation allows the decomposition of the system into
distinct components, enabling independent control and synthesis
of the MI and ML frequency components [29], [30], [31]. This
control strategy ensures that the different frequency domains of
the M3C can operate independently, which enhances its overall
performance and stability.

On the ML side, M3C uses the Vf-based GFM control strategy
to provide frequency support for the VSC grid connection. Since
the VSC part employs a hybrid GFL and GFM grid connection
control strategy, the ML side is required to provide voltage
and angular frequency phase references with sufficient active
support capability. Compared to the VSC with the GFM control
strategy, the M3C has a larger capacity and greater inertia. In
power electronic interconnected systems with low-frequency
integration of renewable energy, the introdution of the Vf-based
GFEM control strategy on the ML side is more reasonable. Thus,
the dynamic model of its outer loop is related to the voltage
of the parallel capacitor at the ML port and can be specifically
represented as

ML = (ML 4 kMLAuML 4 kMLgML _ C«ML (szL
{ ML _ ZML + kMLAuML Jrkml ML +wMLCML ML

q
®)

M L represent the output current of M3C ML side, and

where i

iy represent the current in the connection line between M3C

and the grid-connected converters. It should be noted that the
voltage regulation and circulating current control strategies of
M3C belong to the modulation part, which follows a similar
principle to the simplification of the inner loop dynamics. In
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the context of large-signal disturbances and the analysis of the
mixed interaction and coupling stability mechanisms of multiple
power electronic devices focused on in this article, correspond-
ing simplifications can be applied.

On the other hand, on the MI side, the M3C utilizes a GFL
control strategy to connect with an industrial frequency source or
industrial motor, enabling industrial operations such as stirring
and heating for load management or motor driving applications.
Therefore, the dynamic expression of the outer loop is given by

ZA4I _
dref —

ZAII
gref

Furthermore, assuming the industrial frequency source voltage
is constant and connected to the MI side of M3C through one
transmission line, combined with the PLL dynamics on the MI
side, its model can be represented as

kA/[IAVMI+k1VII (Ji\gl '(]i\/[I_
]CMIAQJWI—F]CMI é\)/II M T

AV M1
AQAH 9)

_ p.MIP, MI | .MIP MI | 0 GMI _ o MI
{wMI—k:p ug kMg Wy, Sp
MI _ ; _ M1 M1 'MI
uM? = By sin g — (Rgid" + Lgid™ + W Lyil'T) .
(10)

In summary, all state variables of the system are organized
and transformed into the form of differences from their corre-
sponding steady-state values. This approach sets the steady-state
operating point of the system as the origin of the state space
coordinates. The superscript O represents the steady-state value
of the system at the initial operating point. For example, w9, ,
denotes the steady-state value of the GFM converter, and other
state variables are represented in such similar manner. And the
specific expression is given by

— 0 _ ., FM FMO
T1 =WFM —Wpy T2 = Ueqg  — Ueq

— FM FMO _ sFM _ FMO
xr3 = ?\/[ ch Ty =1y

— F FJVIO _ 0
s =1 q q T = WFL —Wpp,

_ ,FL FLO _ ., FL FLO
L7 = Upg = Ueq ryg = uc}g — U

_ ;FL -F'LO __ ;FL S F'LO
Tg =157 — 14 T10 ’Lq 7’Lq

_ L _ FL _ NHFL _ HFL
T11 = Vg, vduef T2 = Q ref
T :ZF]W ZFMO T :/L'FMfiFMO

13 gd gd 14 = %gq 99

_ ML __ ]WLO _ ML MLO
T15 = Uy Ug T16 — U q

_ <ML __ ]\/ILO _ X/IL MLO
L17 = Sud ud T18 = 5y, Su

_ _ _ M1 o
T1g = wWpr — Wiy 120 = Sprr, — SPLL

_ ;MI M 10 / _ ;MI <M I0
To1 =11g  — 14 I22 —Zq Zq
To3 zsinHMI—sinG?VH x24:coseM1—cosﬁ?VH

_ J\II MIO _ MI MI
o5 = dc SSC T2 — Q — SQ
Tor = ML MLO Tog = ZML MLO

27 = lyq tgd 28 = Yygq tgq

(1)

Furthermore, the dynamic model of the system can be specif-
ically introduced in (12) and the rest of the complex formulas
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are on the last page of this article.

FMO FMO)

(f3 = (%2 +’LLcd )$1 i’4 = — (1'5 + iq X1
C.E5 = (%4 + 7;5]\40) T Slﬂg = kaLpiL'g -+ k'iFLPZL'14
i7 = (wh Crras + a9 — 215) /CrL

ig = (—wh, Crror + 10 — 216) /CrL

g = — (z10+if ) xg  dno = (w0 + 50
&1 = —T12/ [CdCL (z11 + U,IchO)]

i}15 = (7161?[[‘1'15 + k'z!WLI17) /CéWL

j316 = (—k‘lj)WLl‘16 + nglejg) /OéWL

) z6

MI0

Ty = —T15  T1s = —T1e L0 = Taz + U
Lo MT0 L M0
T21 = — (5622 + 1 ) T19 T2 = ($21 + iy ) T19

Toz = <1‘24 + cos 93“) T19 Loy = — (CC23 + sin Q?VH) Z19
o5 = kM (221 — 3was) /30T
i726 - kfwl (1722 — 31‘26) /3]{151]

12)

Comprehensive analysis of the aforementioned state-space ex-
pressions reveals that the system is characterized by high order,
strong nonlinearity, and multifrequency coupling. These fea-
tures make it challenging to perform large-signal interaction
stability analysis using direct methods to construct Lyapunov
function. Additionally, the excessive number of nonlinear terms
leads to a dimensionality curse for traditional sector nonlinearity
methods, such as TS fuzzy and SOS methods.

III. PROPOSED FuzzY TENSOR SPACE METHOD

Based on the characteristics of the dynamic system model
described in Section II, improvements to the sector nonlinearity
method need to be made in two aspects. First, the number
of membership functions should be reduced to address the
dimensionality curse. Second, the solution methods should be
optimized to reduce the conservativeness of classical solution
strategies such as TS fuzzy and SOS. This article integrates both
aspects by combining the linear independence of membership
function tensors and spatial mapping relationships. The fuzzy
tensor space method is proposed to analyze the large-signal sta-
bility of complex interactive power electronic converter systems.

A. Dimensionality Curse Solution

The complexity of constructing the system’s Lyapunov func-
tion based on the sector nonlinearity method primarily arises
from the number of nonlinear terms. Therefore, it is essential to
first extract all these terms from the dynamic model. The specific
forms of the p = 14 nonlinear terms are as follows:

g1 () = 21 + Wiy, go (m):x2+u£iM0

g3 (x) = x3 + W MO g (x) = 24 + 50

g5 (@) = a5+ V0 go (@) = a7 + ul

g7 () = xg + ul L0 gs (x) = wg + 1510

go (x) = w10 + i[O gio (z) = w11 + [0
g11 (®) = w91 + 15110 g12 (®) = x99 + )10
913 (T) = 293 +5in 8%, g14 (T) = 224 + cos6Y,;

13)

Due to the high order of the system, it is necessary to establish
sectors in the high-dimensional space to cover the regions of each
quadrant in order to accurately represent the original nonlinear
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system. Let each quadrant on the input space be considered as a
local region. In each local region, any function can be globally
or semiglobally covered by sectors. First, it is necessary to
define the quadrants in the high-dimensional space, considering
a certain situation

1 20,20 <0,23<0,24 20,...,2, = 0. (14)

The quadrant R it represents can be defined as
R (s1,82,83,84,...,8,) = R(1,0,0,1,...,1) (15)
where 51 =1,8455,...,5, =1,59 =53 =0 and s;=

1(xz; > 0),s; =0(x; <0). Using the above definitions,
the first and second quadrants in a single-variable system
are represented as R(1) and R(0), respectively. In each
symmetric quadrant region relative to the origin, a common
sector can be used to cover a function. In a two-variable
system, the common sector in R(1,1) and R(0,0) can be used
for coverage. For regions that combine symmetric quadrants
relative to the origin, a common sector can cover the original
multivariable nonlinear equation y = f(x). Therefore, by
extending this to n-dimensional space, the overlapping and
coverage relationships of these quadrants can be expressed as
the following regions:

R(1,1,1,...,1,1,1)UR(0,0,0,...,0,0,0)
R(0,1,1,...,1,1,1)UR(1,0,0,...,0,0,0)
R(1,0,1,...,1,1,1)UR(0,1,0,...,0,0,0)
R(1,1,0,...,1,1,1)UR(0,0,1,...,0,0,0)  (16)
R(0,0,0,...,0,0,1)UR(1,1,1,...,1,1,0)

where the total number of regions is ) = 2"~ 1 and R* is defined
as the symmetric quadrant of R. Next, in the multivariable
high-dimensional space, some constraints need to be assumed in
order to uniquely construct a multidimensional sector. Suppose
aregion p that satisfies

R($1,--y8p—1,Sps---s8n) UR" (S1,...,8p-1,5p,-- -, Sn)
(17)
where s1,...,5,-1 =0, 5p,...,5, = 1. After performing first-

order differentiation on the variables of the original multivariable
nonlinear equation, the maximum and minimum values in the
region p can be found as

_ 9 . 9
a1p = max % ay, = min %
L1see3Tn 5 1 L1yee3Tn 5
dgp = max 8—f a5, = min 9f
L1y T T2 LlyeeyTm T2 (18)
E .9
Gpp = max % a,, = min mf )
L1y Tm " L1yee3Tn "

On the basis of the extension of high-dimensional sector nonlin-
ear method, its theory can be applied to the specific analysis of
large signal stability in multipower electronic device interaction
system. Assuming that the values of these nonlinear terms
lie within a bounded compact set, they can be represented as
follows:

9, < gk (@) <gr (Vke{l,2,...,p}). (19)
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Therefore, the membership function h,(g) can be represented
as follows:

faton e G- g
Hy(9) = GF (1) / S TThzy GF (ax)

2g=1Hq(g9) =1
(20)

Then, high-dimensional sectors can be constructed based on
the extreme values of the system’s nonlinear terms, and the
corresponding membership functions possess normalization and
standardization properties, which comply with the application
conditions of the sector nonlinear method.

Specifically, based on the aforementioned p = 14 nonlinear
terms, the system’s TS fuzzy rules consist of r = 214 = 16384
rules, each corresponding to a different local linear fuzzy model
formed by the permutations and combinations of the extreme
values of the nonlinear terms. The system matrix of the fuzzy
model can be defined as X, and the specific expression of the
fuzzy rules is as follows:

1) Fuzzy Rule 1: if gi(x) = 9, =2 +wls g2(z) =
Gy - ,g1a(x) = g,, the local system fuzzy matrix

Xi1(9,,94---+9,,) could describe the system as @(t) =
flx) = Xqx.

2) Fuzzy Rule 2:if g1(x) = g, g2() = G2, -+ , gra(x) =
g,,» the local system fuzzy matrix X2(g,, g2, ...,g,,) could
describe the system as &(t) = f(x) = Xox.

1) Fuzzy Rule r: if g1(z) = g1, g2(x) = go, -+ , g1a(x) =
g14, the local system fuzzy matrix X,.(g1, go, . - 7914) could

describe the system as &(t) = f(x) = X, .
Finally, the dynamic model of the entire system can be ex-
pressed by the TS fuzzy model as

() = [ (x) =) Hy(9)X,(t) (r=2")

where the membership functions H,(g) is described by the
subordinate equations named GY, (g ), the specific form can be
expressed as

2n

g1 (z) — g, (z)
X

G? (gr) = gi () —g, (x) ~ ga(x)— g, (=
CiEe @

7 (ar) = ST
CUReae

Thus, the membership functions H,(g) can be calculated as

Hi(g) = G5 (1) / S GF (gn) -
k=1

T

=G7 (gk)/ZGZ (gr)-

k=1

= H.(g9) (24)
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Based on (21), in the simplest case, the number of fuzzy rules
will reach 2'* = 16384, which increases exponentially with the
number of nonlinear terms. It presents significant challenges in
solving the Lyapunov function and DOA for the entire complex
system. To simplify the complexity of the membership functions,
by observing (20), it is evident that all membership functions
are a series of combinations formed by the extreme values
of the nonlinear terms. In addition, there exists information
redundancy, meaning that only a subset of membership functions
is required to represent the remaining ones. Without loss of
generality, it can be summarized that in the membership function
space, it is necessary to find a set of basis tensors that can
represent the entire space with the fewest membership function
tensors. Using mathematical induction, the general relationship
among the tensors in the membership function space is summa-
rized as follows:

Xi - X2p71 — XQp—l,l + X,L',Qp—l (25)

where 2 < p <r, 14 2P~ <4 < 2P (there is a detailed case
in Appendix A). Therefore, a set 2" = {1,2,3,7,...,2P — 1}
of membership function tensor bases can be defined. It allows
the original complex nonlinear system to be re-expressed by
identifying the corresponding (p 4+ 1) membership functions
and local linear matrices from the original TS fuzzy expressions,
which is as follows:

Subsequently, to further obtain the specific expression of the
new membership function tensor bases corresponding to (26),
two new sets, f;r(r) and .#; (r), need to be defined, with
the subscript j € _#, = {2P — 1 : p € 2} U {2}. For different
conditions of the set parameters, the relationship between the
two sets and the membership function tensors in (25) can be
derived. Firstly, if I < p, then the specific expression is

f*() I =02, S (p+1) =7 (p)
/* ={i: 1+2P+1<z<2p} I (k) =0

7 (p+1 [i:14270 <j<orlypor),

t) (ge ). (26)

27

Second, if [ > p+ 2 and 2 < p < r — 1, the relationship with
A:i+2p+1(k—1) would be
f* ={A: 142771 <i<2w 1<k<2Pl})
I (r {A 1420 <i<2l 420 1 <kp<2mPl),
(28)

Thus, for p > 2, the new membership function tensor bases can
be rewritten as

2 2 1
=¥ H4j—3 > H4J7‘% Sil1 Haj
p
Pl S s Hy A = W(H) (k€ 27\{1})
(29)
where defining 0 = i + (j — 1)2¥*1! the detailed expression of
U(H) is
or k-1 2k 1+2k
S oa- Y m)
Jj=1 i=1+42k-1 =2k 41
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Moreover, all the membership function tensor bases would
satisty

1< Hlg) <1, Y Hylg) = 1.
qe X

(€19}

Since the value range of the membership function tensor bases
in (31) includes negative values, the entire space is not convex.
By defining the new tensor form as follows:

{ o (32)

Hy = 7, +1(ke 2\{2,2° —1})

and the membership tensor fuzzy model of the entire system
with (p + 1) normalized tensor basis can be obtained as

{i(t) = Hy(9)Xx(t) (g€ 2 U{0})
—Xo = Zje.%”\{zzpq} Xj, Ho=1

In summary, by leveraging the linear independence of tensor
bases in the fuzzy tensor space, the dimensionality curse of com-
plex systems is addressed. This approach reduces the complexity
from an exponential order 2” to a constant level (p + 1).

(33)

B. Lyapunov Conservativeness Optimization

Define a quadratic Lyapunov function V = &’ Bz. Using
(33) and the Lyapunov inequality, the conditions for solving

the positive definite symmetric matrix B and matrix 2 are given
by

{ XIB+BXo—2<0 34

XI'B+BX,+2/p<0, (ge 2).

Furthermore, if the conditions in (34) are used to construct an
auxiliary convex optimization problem for solving the Lyapunov
function using traditional TS fuzzy theory method, the resulting
conservativeness will be excessively high due to the lack of
dependence on the membership function tensors.

Therefore, to enhance the accuracy, it is necessary to ana-
lyze the membership function tensors and their spatial physical
significance. As shown in Fig. 4(a), using a 2-D fuzzy tensor
space as an example, the values of the two tensor bases range
between 0 and 1, with a maximum value of 1, represented by the
black line in the figure. Furthermore, since the sum of the tensor
bases is constant, as the black line progressively moves inward
toward the blue and red lines, the region corresponding to the
Lyapunov inequality’s tensor space expands. It can be concluded
that there is an inverse correlation between the region determined
by the fuzzy tensors and the Lyapunov attraction domain. This
means that reducing the fuzzy tensor region can decrease the
conservativeness of the Lyapunov function solution. Thus, the
two extreme values of the fuzzy tensor are defined as follows:

HMin & Ir;in {f[l (a:)} HM™ £ max {HZ (m)} . (3%

T

Then, Fig. 4(b) illustrates a method for reducing the region in
a 3-D tensor space based on the extreme values of the fuzzy
tensor. Based on the geometric analysis in this vector space,
if the LMI constraint conditions in the Lyapunov equation are
mapped to some points in the fuzzy tensor space, the convex
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Fig. 4. Physical significance for fuzzy tensors and tensor space in different
dimensional spaces. (a) 1-D fuzzy tensor space. (b) 2-D fuzzy tensor space. (c)
2-D fuzzy tensor space and its conservative geometric meaning.

polytope constructed by these points will indicate the conser-
vatism of the system’s stability result. Let the standard basis
of the d-dimensional Euclidean space be (ey, ea, ..., eq). If the
constraints in the LMI problem framework are satisfied, it means
that the system described by the matrix corresponding to the
fuzzy tensor mapped from any point within the convex polytope
with vertices at e; is stable. These convex polytopes can be
viewed as the mapping of the fuzzy tensor in the membership
function space. Specifically, if the trajectory of H is constrained
within the convex polytope, the system 2?21 H;A; will be
large-signal stable. Furthermore, we need to analyze how to
reduce the conservatism of the solution by shrinking the gen-
eralized area of the polytope represented by (ej,ea, ..., eq).
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As shown in Fig. 4(c), in 3-D space, when the convex region
represented by the standard basis with vertices at (1,0,0),
(0,1,0), and (0,0, 1) is reduced to a triangle with vertices at
74, itis clear that the reduction in the triangle’s area corresponds
exactly to the feasible domain of the LMI. In this special case, the
triangular region can be viewed as a mapping of the conservatism
of the solution in the membership function space.

Without loss of generality, this method can be extended to
higher-dimensional tensor spaces with the vertices calculation
as follows. First, define a new class of fuzzy tensors as H, with
a minimum value of 0 and a maximum value represented as
~ ) /5
where 6 22 — S H™" and g € 2" U{0}, k€ 2. Subse-
quently, make some corresponding variables as 34,0 = a0 and
Bgmk = Qq(m+k-1), , forallg € Z°U {0}, m,k € 2. Then,
after setting k£ = 1, the condition in (37) should be checked
whether it is satisfied or not

age = HY, = (HEZi’z)p (36)

k-1

ﬁqu >1- Z ﬂqmi-

i=0

(37)

There are two possible outcomes here. If the condition is not
met, set k = k + 1 and repeat the above inspection steps. If
the condition is met, change the inequality to an equality for
assignment.

At last, defining three new variables as

Vgmk = qu(kfrnJrl)]F1 = S"qu = 'qu[qu]p (33)

where the proposed calculation function can be expressed by
[a]y £ amod b, and the vertices for the final fuzzy tensor region
can be calculated as

Agmk = OAgmr + HP = Ao = (hgm0s Agmis - - - > hgmp) -
(39)

As a result, to avoid the increased conservativeness that could
arise from reducing the number of membership functions, the
fuzzy tensor space method is employed to enhance the accuracy
of the Lyapunov solution. Ultimately, this approach improves the
analysis theory for large-signal interaction stability in complex
power electronic systems from both the complexity and accuracy
parts.

Specifically, the improvements and optimization steps for
typical methods can be illustrated in Fig. 5. The final Lyapunov
function and its corresponding critical energy V, represent the
attraction domain of the entire system in a 28-D space, which is a
hypersphere and difficult to describe and analyze intuitively. To
facilitate quantitative analysis of the system’s stability results,
the attraction domain can be projected onto a specific 2-D plane,
resulting in an elliptical form. It is important to note that the
selection of the 2-D plane should follow two principles: 1)
the state variables most relevant to large signal disturbances,
which can represent the system’s transient process in the state
trajectory; 2) the plane that best reflects the differences in the
attraction domain under different conditions, based on the sys-
tem stability mechanism under focus. In the subsequent analysis
of the system’s attraction domain results, the aforementioned
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Fig. 6. Hybrid system experimental platform.

projection and principles can be applied to clearly and intuitively
reveal the system’s stability mechanism.

IV. THEORETICAL ANALYSIS AND EXPERIMENTAL AND
SIMULATION RESULTS

Theoretical analysis and experimental results are used to
validate the effectiveness of the large-signal stability analysis
of the interactions between M3C and grid-connected converters
with GFM/GFL hybrid control strategies. The system under-
goes testing through a Control-Hardware-in-the-Loop simula-
tion platform, specifically using the SIMPOLE-FPGA Platform
with the XC7VX690T-FPGA. Fig. 6 illustrates the experimental
platform, with the experimental parameters aligned with the
simulation parameters detailed in Table I.

A. Identical Mixing Ratio of GFM/GFL Converters

Firstly, the transmission power ratio of the GFM converter
to the GFL converter is defined as the mixing ratio R, repre-
senting different operating conditions in their interaction with
M3C. Under the condition of R = 1, considering significant
disturbances in the power fluctuations of grid-connected con-
verters, the terminal operating point 77 (P = 1.50p.u.) and
two different initial operating points O (P = 0.83 p.u.) and O-
(P = 0.50 p.u.). Furthermore, various methods are employed to
solve the system’s attraction domain and project it into 2-D space
for analysis, as shown in Fig. 7. To facilitate comparison and
analysis, the target operating point 77 is affinely transformed
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TABLE I
PARAMETERS VALUES HYBRID SYSTEM

System Description Value
Base power SMW
Base Parameter Base voltage 3.3kV
Base angular velocity 1007rrad/s
Signal turbine rated capacity 2.5MW
Active power virtual inertia J 2.5 x 10°
: . 6
Hybrid Converters Virtual damping D 2.5 X 12
Reactive power virtual inertia A 1x 10
Outer loop control parameter kFZL 2/20
PLL control parameter kF L 0.1/10
Bridge arm inductance L 30mH
Filter capacitor CML 200uF
LF outer loop control parameter kM L 0.1/5
M3C HF outer loop control parameter kMI 1/10
HF PLL control parameter ké\f ! 0.2/10
State trajectory II

S

— 4th SOS
—10th SOS

T15 — T16

Fig. 7. Comparison of results for solving the attraction domain using various
methods with R = 1.

to the coordinate origin. The attractor domains corresponding
to T solved by different methods are described by different
colored curves in Fig. 7. In the projection plane corresponding
tox15 — X16, the state variables corresponding to O and O will
also have mappings in this plane. Thus, the system’s operating
conditions under large signal disturbances can be described as
the process of transitioning from the initial operating points O
and O, towards the target operating point 77 in the plane. The
corresponding state trajectories in Fig. 7 also start from the initial
operating points, with the trajectories they follow representing
new system states different from the initial state, i.e., the transient
process, until they reach the new equilibrium state at the target
operating point 77, or diverge due to system instability.

The T at the coordinate origin corresponds to the attraction
domains obtained by four different methods, where FTS de-
notes the Fuzzy Tensor Space method proposed in this article.
From a conservative viewpoint, the traditional TS method is
overly conservative for high-order nonlinear problems, whereas
the conservativeness of the SOS method decreases with the
increasing order of the Lyapunov function. Additionally, the
computational region of the 10th-order SOS method aligns
closely with the proposed method, which is 42% larger than
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Fig. 9. Transient experimental waveform results of the system transitioning
from Op and O2 to T;.

the traditional methods. Then, from the analysis of the results
for state trajectory I and state trajectory II corresponding to
O, and O- in Fig. 7, it can be observed that state trajectory
I gradually converges to the equilibrium origin after starting
from the initial operating point. In contrast, state trajectory II
follows a relatively chaotic transient process before eventually
diverging and leaving the coordinate range of Fig. 7. By con-
sidering the relative position relationship between the initial
equilibrium point and the corresponding attractor domain, and
based on the Lyapunov stability criterion, the equilibrium state
of the system after different large-signal disturbances can be
determined.

In Figs. 8 and 9, the cases corresponding to two different
initial operating points, O and O., illustrating the transient
response to large-signal disturbances through the simulation and
experimental waveform of the M3C output power Pg/4 . and
the a-phase current i}/ on the ML side. When transitioning
from O; to 77, both the power and current of the M3C return
to the target stable state after a period of transience, indicating
that the system maintains large-signal stability. Furthermore,
the analysis results using the attraction domain theory in Fig. 7
demonstrate that the TS and lower-order SOS methods provide
overly conservative results, leading to inaccuracies. In contrast,
the proposed method, along with the 10th-order SOS, offers
superior accuracy in large-signal stability analysis. Similarly, the
large-signal stability at Os is validated, aligning with the analysis
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TABLE II
COMPARATIVE ANALYSIS
Time Efficiency  Order
TS 357.91s 2P 2
4th SOS 802.35s  p? 4
10th SOS  1832.71s  pto 10
FTS 632.12s  p(p+1) 2
I solution time Il Attraction domain area | | Comprehensive | ] Absolute

improvement factor

improvement value

Relative value(p.u.)
Relative value(p.u.)

T T T T T
4S50S 10S0S FLM MPT FTS

Fig. 10.  Comprehensive quantitative analysis of the various analysis methods.

results of each attraction domain. However, the final waveform
divergence at Oy indicates the onset of large-signal instability.
These simulation and experimental results robustly confirm the
proposed method’s advantage in addressing the conservatism
inherent in traditional methods.

On the other hand, in terms of computational complexity,
calculations are performed using the computer equipped with an
Octa-Core Intel 19 processor and 16 GB of memory. From the
analysis in Table 11, it can be seen that although the FT'S method
took twice as long as the TS method, it is nearly five times
more efficient than the high-order SOS algorithm while main-
taining lower conservativeness. Furthermore, it compared the
proposed improved method, FTS, with classical TS fuzzy theory
(TS), 4th-order SOS (4SOS), 10th-order SOS (10SOS), Mixed
Potential Theory (MPT), and Fuzzy Lyapunov Method (FLM),
conducting a quantitative analysis of their differences in compu-
tation time reduction and attraction domain area expansion. The
results are shown in Fig. 10. Using the results obtained by TS
as the baseline, the results of other methods were normalized,
and the attraction domain area difference from the TS baseline
value of 1 was defined as the absolute improvement value. The
ratio of this difference to the computation time was taken as the
comprehensive improvement coefficient. Taking the TS solution
time of 357.91 s as the standard, the 10th-order SOS method has
a much higher solution order, nearly seven times more complex
than the FTS method, yet it also shows significant improvement
in conservatism. The proposed optimization method is the most
optimal in terms of conservatism improvement, with a solution
speed 2.14 times that of the classical methods, similar to the
time consumption of FLM and MPT methods. However, as
concluded from earlier theoretical analysis, complexity and
accuracy are complementary concepts that need to be analyzed
comprehensively. In terms of the comprehensive improvement
coefficient, only the proposed method exceeds 1, indicating
that after considering both aspects, it has a positive impact on
the overall large-signal stability of the system. Compared to
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Fig. 11. Comparison of results for solving the attraction domain using various
mixing ratio R.

the 10th-order SOS method, FTS demonstrates an exponential
simplification in solution time due to the fuzzy vector, while
maintaining the inclusion of membership function information
in the LMI constraints to reduce conservatism. The increase in
complexity is still acceptable, and compared to other methods
like MPT and 4th-order SOS, the positive impact outweighs the
negative. Therefore, the numerical results verify the effective-
ness of the proposed improved TS fuzzy large-signal stability
method.

In summary, the FTS method reduces the exponential com-
plexity of the nonlinear terms present in TS and SOS methods
to a constant level, significantly improving computational effi-
ciency while ensuring reduced conservativeness.

B. Different Mixing Ratio of GFM/GFL Converters

To analyze the impact of different converter ratios on large-
signal stability under various control strategies, Fig. 11 presents
the attraction domain results for four distinct values of R. The
results clearly indicate that a higher converter power ratio under
the GFM control strategy leads to a larger attraction domain and
a higher stability threshold for power fluctuation disturbances.
In Fig. 11, O3 (P = 0.94p.u) is selected as the new initial
operating point to transition to the same point 73. The position
of Os lies exactly outside the attractor domain corresponding to
R = 0.5, while it is inside the attractor domain corresponding
to R = 4. Based on the Lyapunov stability criterion, the system
at the former is large-signal stable, while the latter will become
unstable. State trajectory III and state trajectory IV, shown in
Fig. 11, validate the effectiveness of the above theoretical anal-
ysis. From a stability mechanism perspective, in a system with
a higher proportion of mixed GFM control strategy converters,
the active support capability provided by virtual synchronous
machine control, under power fluctuation disturbances, can more
effectively expand the system’s stability margin compared to
GFL.

In the simulation and experimental waveforms shown in
Figs. 12 and 13, unlike the experiment in Fig. 9, this study uses
two different mixed ratios, R = 4 and R = 0.5, for comparison.
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In the simulation waveform shown in Fig. 12(a), when the system
transitions from Os to T3 under the conditionof R = 0.5at5.0s,
both the low-frequency current of the LFCB and the frequency
current of the MI side oscillate and diverge. Meanwhile, the
active power waveform of the MI side directly reveals that under
the power fluctuation condition, the system fails to maintain
dynamic balance and becomes unstable. In contrast, when the
system is adjusted to the condition R = 4 for a similar tran-
sient transition, the simulation waveform of Fig. 12(b) shows
different results. The current on the MI side stabilizes after a
brief transient fluctuation, and it can be reasonably inferred that
the low-frequency current follows the same pattern. In addition,
the dc voltage of the M3C bridge arm submodule’s capacitor
stabilizes after a period of fluctuation, indicating that the system
can eventually restore power balance and achieve a stable state.
The experimental waveforms in Fig. 13 also reveal the same
result from the M3C output power and phase-a waveform.

In conclusion, the simulation and experimental results both
indicate that under large-signal disturbances of the same inten-
sity, a higher proportion of GFM converter power significantly
increases the system’s stability threshold, thereby improving the
system’s safety and reliability. This consistency between experi-
mental results and theoretical analysis confirms the effectiveness
of the proposed approach.
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Fig. 14.  Comparison of the influence of different aspects of interfrequency
interaction characteristics on the attraction domain. (a) M3C outer control
parameters from different frequency side. (b) MI side’s PLL control parameters
and SCR.

C. Interfrequency Interaction Characteristics of M3C

As the core frequency conversion device, the M3C primarily
affects the system’s interaction stability through interfrequency
interaction characteristics. It can be analyzed from two aspects:
1) control parameters on the ML and MI sides; and 2) the SCR
corresponding to the LFCB and the ML side of M3C. The anal-
ysis of the large signal stability mechanism for the interaction
of multiple power electronic devices is an important reference
for the design and parameter optimization of converter devices,
and it has strong practical significance. However, if classical TS
fuzzy theory is used for analysis, the system complexity caused
by the mixing of GFL/GFM converters may lead to reduced
analysis efficiency. In particular, regarding computational accu-
racy, overly conservative attractor domains can result in redun-
dant parameter calculations, wasting resources and increasing
maintenance costs. Therefore, to verify the effectiveness of the
FTS method in the stability analysis of complex GFL/GFM
interaction systems, a comprehensive analysis of the attractor
domain results is still necessary.

Specifically regarding the first aspect, it considers the impact
of different frequency components of M3C on the attraction
domain under varying control parameters. Based on Fig. 14(a),
whether the parameters increase or decrease, changes in the ML
side control parameters have a more significant effect on the
system’s attraction domain. Further analysis shows that, under
typical grid strength (SC'R = 1.5), appropriately increasing the
hybrid index R can optimize its sensitivity to novel stability
influences. In addition, a detailed comparison of outer con-
trol parameters and PLL control parameters on the relatively
sluggish MI side is studied. It reveals that the influence of the
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MI side’s PLL parameters aligns with that of the outer control
parameters from ML side, but is more moderate, as shown in
Fig. 14(b).

Finally, concerning the second aspect related to grid strength,
Fig. 14(b) provides a comprehensive comparison based on dif-
ferent R and SCR. It concludes that although increasing the
proportion of the GFM converter can enhance the system’s large-
signal stability under typical grid conditions (SC'R = 1.5),
this effect diminishes significantly as grid strength increases.
It indicates that the GFM converter has weaker resistance to
large-signal disturbances under strong grid condition and is more
susceptible to instability due to interfrequency interaction char-
acteristics. Consequently, it is essential to specifically optimize
the mixed ratio and control parameters based on grid strength
and disturbance types, transforming interfrequency interaction
characteristics into advantageous forces for enhancing system
stability.

In summary, both the GFL/GFM hybrid ratio factor and the
interaction factor in the analysis of the system’s large-signal
stability mechanism demonstrate that, compared to the classical
TS fuzzy theory, the FTS method effectively reduces compu-
tational complexity to improve efficiency. Moreover, the sig-
nificant reduction in conservatism makes the attractor domain
results more accurate. For nonlinear stability analysis of com-
plex power systems with multiple power electronic devices and
control strategy coupling, the FT'S method can provide quick
and accurate conclusions, which is beneficial for engineering
practice in topology design and parameter optimization.

V. CONCLUSION

In the interconnected system of M3C and GFM/GFL hybrid
control strategies converters, various typical large disturbances
can lead to different unstable modes due to the interactions of
their power electronic devices. To address the challenges of
high-order dynamics, strong nonlinearity, and multifrequency
coupling in large-signal stability analysis, this article proposes
a fuzzy tensor space method. It simplifies the complex of 2P
exponential-level membership function to a constant level of
(p+ 1). By integrating the fuzzy tensor space mapping area
with the LMI functional problem, the conservatism is reduced
by 42%. Based on the more efficient and accurate analysis
results, it is determined that under the same power fluctuation
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fault conditions, a higher mixed ratio R of GFM converters
results in stronger system stability. In addition, incorporating
the interfrequency interaction characteristics of M3C reveals
that the sensitivity of ML side control parameters to the attrac-
tion domain is higher, especially under conditions of a greater
R. Furthermore, when considering various SCR, it is studied
that this enhancement effect of the GFM converter diminishes
under strong grid conditions. These conclusions are significant
for the parameter design and stability optimization of hybrid
multifrequency power electronic converter interaction systems.
The superiority and effectiveness of the proposed method and re-
sults are verified through the combination of attraction domains
and experimental validation. However, this hybrid configuration
involving direct parallel operation of inverters with different
control strategies represents only one variant of the GFL/GFM
hybrid control strategy. In future work, further research is re-
quired on the large-signal stability of other variants, such as
direct switching techniques, along with a comparative analysis
of their results. Equation (40) shown at the bottom of this page.

APPENDIX
SPECIFIC EXAMPLE ANALYSIS OF SOLVING
DIMENSIONALITY CURSE

To facilitate a more detailed analysis of the linear independent
combinations within the membership function equation space,
an example with p = 3 will be presented. Based on TS fuzzy
theory, there are 2P = 8 specific fuzzy rules, as outlined below

1) FuzzyRule I:1f g1(x) = g, g2() = g,, g3(x) = g,. the

local system fuzzy matrix A1(g,.g,.9,) could describe
the system as &(t) = f(x) = A .

2) FuzzyRule2:1f gi1(z) = g, 92(x) = G2, g3(x) = g, the
local system fuzzy matrix Ao (gl,gg, gg) could describe
the system as (t) = f(x) = Asx.

3) Fuzzy Rule3:1f g1 (x) = g,,92(x) = g, g3(x) = g3, the
local system fuzzy matrix A3(g,,g,,9s) could describe
the system as @(t) = f(x) = Asx.

4) FuzzyRule4:1f g (z) = g,. g2(x) = g2, g3(x) = g, the
local system fuzzy matrix A4(g,, g2, gs) could describe
the system as @&(t) = f(x) = Asx.

5) Fuzzy Rule 5:1f g1 (x) = g1, g2(x) = g2,g3(w) =g, the

local system fuzzy matrix A5(g1,g,,9,) could describe
the system as @(t) = f(x) = Asx.

(S’U,quMOCF]u 72D)931 +3(I4+i§k40)22 +3Crm (Il +U‘)OFZW ) (13+uquIU)z2 +3ufdMonM (a:lerOFM)ngrBufdMOm4

(40)

T =
2J
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- 2A
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7) Fuzzy Rule 7:1f g1(z) = g1, g2(x) = g,, g3(x) = g3, the

local system fuzzy matrix A7(g1,g,,gs) could describe
the system as &(t) = f(x) = Arx.

8) Fuzzy Rule 8:1f g1 (x) = g1, g2(x) = g2, g3(x) = g3, the

local system fuzzy matrix Ag(gi1, g2, gs) could describe
the system as &(t) = f(x) = Agx.

Based on the aforementioned theory, the number of linearly
independent sets in this case is p + 1 = 4. If each fuzzy rule
is denoted by X, and without loss of generality, X, X5, X3
and X7 is selected as the representative group example Y for
analysis. Specifically, by observing X4, it can be demonstrated
that it can be expressed as a linear combination of Y, with the
following specific expression:

Xs=X3— X1+ Xo =

Ai(g, =9, =9, 9,52 = 9y — 9+ G2.58 = G5 — 9, + 95) -

(41)

Similarly, other fuzzy rules, such as Xg = X7 — X; + X5, can
be expressed using Y, and this can be written as

In summary, the example for p = 3 clearly demonstrates the
validity of the aforementioned principles. This conclusion can
be established through mathematical induction, and the corre-
sponding theoretical proof is presented in greater detail in the
main body of the article.
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