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Stability Analysis and Parameter Design of
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Abstract—The multiple synchronous reference frame controller
is a common method for harmonic control in permanent magnet
synchronous machines (PMSMs), but its low-pass filter deteriorates
the harmonic regulation dynamics and system stability. The virtual
winding structure, as a novel alternative, can quickly separate each
harmonic by vector space decoupling transformation. However,
past studies have often assumed that the virtual winding structure
does not affect closed-loop system performance or stability. This
article constructs the equivalent transfer function of the virtual
winding structure of a PMSM under resistance asymmetry. It is
revealed that this structure is essentially a special filter. The stability
of the closed-loop system is then studied in both continuous and dis-
crete domains. The influence of speed and controller bandwidth on
the stability boundary is analyzed. A parameter design method for
the harmonic controller is proposed to optimize dynamic response
while ensuring system stability. Finally, experimental results show
that the theoretical and experimental stability boundaries have
an error of less than 4%, validating the accuracy of the stability
analysis and the effectiveness of the parameter design.

Index Terms—Current control, multiple synchronous reference
frame (MSRF), parameter design, stability analysis.

I. INTRODUCTION

P ERMANENT magnet synchronous machines (PMSMs)
have seen widespread adoption over the past 20 years due

to their high torque density, simple structure, and high efficiency
[1]. Currently, PMSMs are utilized in various applications,
including more-electric aircraft [2], marine propulsion systems
[3], and electric vehicles [4]. However, nonideal factors such
as impedance deviations, harmonics in the back electromotive
force (EMF), and sensor inaccuracies introduce frequency dis-
turbances in PMSM, leading to additional harmonics in tradi-
tional vector-controlled current regulators [5], [6], [7]. Harmonic
currents not only increase total losses but also cause periodic
torque ripples and vibration, which can significantly shorten the
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operational lifespan of the drive system [8], [9]. As a result,
effective current harmonic regulation has become a critical area
to fully exploit the performance potential of PMSM.

Extensive research has been conducted on the regulation of
current harmonics. Model predictive control [10] and sliding
mode control [11] can achieve rapid harmonic regulation. How-
ever, the process of selecting optimal space voltage vectors and
the presence of nonlinear sliding mode surfaces often introduce
high-frequency chattering in the current response. Harmonic
current controllers based on various observers provide another
solution, but their performance is often sensitive to parameter
variations. Recently, hybrid harmonic current control techniques
that combine observers with deadbeat controllers [12], [13]
or repetitive controllers [14] have gained significant attention.
These methods leverage the strengths of different controllers,
offering enhanced parameter robustness and improved dynamic
response. However, the increased designing complexity has
significantly raised computational burden.

The proportional-integral-resonant (PIR) controllers and the
multisynchronous reference frame (MSRF) controllers are two
widely used harmonic current control techniques in engineering,
valued for their simpler structures and ease of parameterization.
The PIR controller, typically implemented in the dq coordinate,
incorporates additional resonant terms alongside the original PI
controller to provide extra gain for specific harmonic orders. This
approach does not need the prefiltering of harmonics, allowing
simultaneous regulation of both the fundamental and harmonic
components. However, common issues exist in these methods,
including potential deviations of the resonant frequency and
the risk of instability and oscillations [15], [16], [17]. Using
quasi-resonant terms rather than resonant terms can mitigate
instability risks but may lead to increased steady-state error of
each harmonic disturbance [18], [19].

Conversely, the MSRF controller involves both harmonic
separation and harmonic regulation. This algorithm first extracts
the fundamental and harmonic components from the measured
currents through rotational transformations and low-pass filters
(LPFs). The harmonics are then independently regulated in their
respective synchronous reference frames using PI controllers,
achieving zero steady-state error [20], [21], [22]. While har-
monic separation helps minimize interference between differ-
ent harmonic regulators, the use of LPFs limits the system’s
dynamic response. To overcome the limitations of LPFs, various
studies have introduced alternative filtering structures. Yan et
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al. [23], [24] proposed a virtual winding structure, converting a
dual three-phase PMSM into a multi-three-phase configuration,
which allows for the simultaneous separation and independent
control of the –5th, +7th, –11th, and +13th harmonics. This
method demonstrates a marked improvement in the dynamic
performance of harmonic controllers compared to other MSRF
enhancements. Lyu et al. [25] applied the virtual winding con-
cept in LC-equipped PMSM drive systems to suppress back EMF
harmonics. In [26], a generalized method for constructing virtual
windings was proposed, enabling the decoupling and regulation
of arbitrary harmonic currents, including even order harmonics
and dc components.

However, most of the past research on virtual windings has
focused on expanding the range of harmonic separation orders.
Regarding the virtual winding structure itself, it is generally
considered that, compared with the traditional LPFs, it does not
affect the system’s stability or dynamic response.

The structure of virtual windings differs from that of real
multiphase PMSMs. To simplify the analysis, this article only
takes the control of negative sequence first-order harmonics
(–1st order) under resistance asymmetry as an example. The
additional inductance asymmetry does not change the structure
of the harmonic controller, nor does it affect the analytical
framework of the proposed method. If the measured PMSM also
exhibits inductance asymmetry, the modeling approach outlined
in [33], [34], and [35] can be applied. A negative sequence
harmonic controller based on virtual windings is constructed
following the conclusions drawn in [26]. It is revealed that
virtual windings are essentially a special type of filter. Based on
this, the article derives the transfer function of the closed-loop
system with virtual windings. The stability boundaries for the
system in both continuous and discrete domains are presented.
Experimental results confirm the theoretical stability boundaries
within less than 4% error. Additionally, the article introduces
a new parameter design method for harmonic controllers to
achieve optimal dynamic performance. This design method
not only ensures system stability compared to traditional ap-
proaches but also fully utilizes the high dynamic advantages of
virtual windings. It should be noted that the proposed method
is not limited to resistance asymmetry. It remains applicable
in scenarios involving other types of harmonics, such as in-
verter dead-time effects, and back EMF harmonics. In such
cases, the method can still assist in analyzing the stability of
virtual windings and in designing the parameters of harmonic
controllers.

This article reveals the equivalent filter for virtual windings
for the first time, providing a more accurate evaluation of closed-
loop system performance. Furthermore, the proposed parameter
design method ensures the stability of any virtual-winding-based
harmonic current controller, thereby advancing the practical
application of this novel harmonic control approach.

The rest of this article is arranged as shown in Fig. 1. In
Section II, PMSM, virtual winding, and closed-loop system are
modeled, respectively. In Section III, the stability boundary of
the closed-loop system with virtual winding structure is derived
in the continuous and discrete domains, respectively. Besides,
parameter sensitivity of the stability boundary is analyzed. In

Fig. 1. Arrangement of the rest part of this article.

Section IV, the parameters of the negative sequence bandwidth
ωcn are adjusted according to the derived stability boundary,
and the overall closed-loop control block diagram is obtained.
In Section V, the steady and dynamic performance and stability
of the proposed method are tested, and the computational burden
of the virtual winding method is evaluated.

II. MODELING OF THE CLOSED-LOOP CONTROL SYSTEM

A. Modeling of the PMSM Under Resistance Asymmetry

In the presence of resistance asymmetry in the PMSM drive
system, the three-phase voltage uabc can be represented as
follows:⎧⎪⎨

⎪⎩
ua(t) = (R+ΔR)ia(t) + La

d
dt ia(t) +

d
dtψfa(t)

ub(t) = Rib(t) + Lb
d
dt ib(t) +

d
dtψfb(t)

uc(t) = Ric(t) + Lc
d
dt ic(t) +

d
dtψfc(t)

(1)

where ua(t), ub(t), and uc(t) are the stator voltages in the abc
frame, ia(t), ib(t), and ic(t) are the stator currents in the abc frame.
La, Lb, and Lc; are the stator inductances in the abc frame, ψfa

(t), ψfb(t), and ψfc(t) are the permanent magnet flux linkages in
the abc frame. R is the stator resistance, and ΔR is the additional
asymmetrical resistance in phase A.

If leakage inductances and the magnetic saturation effects are
neglected, (1) can be converted into the dq axes [27], [28] as
follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ud(t) = R′id(t) + Ld
d
dt id(t)

−ωeLqiq(t)+KΔR |idq| cos(−2θe)︸ ︷︷ ︸
udn2(t)

uq(t) = R′iq(t) + Lq
d
dt iq(t) + ωeLdid(t)

+ωeψf −KΔR |idq| sin(−2θe)︸ ︷︷ ︸
uqn2(t)

(2)

where ud(t) and uq(t) are the stator voltages in dq axes, id(t)
and iq(t) are the stator currents in dq axes. Ld and Lq are the

inductances in dq axes, ψf is the amplitude of the permanent
magnet flux linkage, ωe is the electrical angular velocity of the
PMSM, θe is the electrical angular, R′ = R+ΔR/3 represents the
equivalent average resistance of the PMSM under asymmetry,

|idq| =
√
i2d + i2q is the amplitude of the currents vector in dq

axes, KΔR is a constant coefficient related to ΔR and can be
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Fig. 2. Schematic diagram of virtual winding structure to realize harmonic
current separation.

expressed as follows:

KΔR =

√(
ΔR

3

)2

− ΔR

3
. (3)

It can be observed from (2) that the asymmetrical resistance
introduces the –2nd harmonic voltage disturbances udn2(t)
and uqn2(t) in the stator voltages. Therefore, if the output
voltage commands of the current controllers are constant in
dq frame, the disturbances udn2(t) and uqn2(t) will inevitably
induce fluctuations in id(t) and iq(t). The electromagnetic
torque generated by the PMSM can be expressed as follows
[29]:

Te =
3

2
pniq[id(Ld − Lq) + ψf ] (4)

where pn represents the number of pole pairs. According to (2)
and (4), the fluctuations in id(t) and iq(t) caused by resistance
asymmetry will result in torque ripple in the output torque
Te. To mitigate these torque pulsations, the current controller
needs to generate additional harmonic voltages to counteract
the disturbances introduced by udn2 and uqn2. To achieve this,
a negative-sequence current controller must be constructed to
eliminate the negative-sequence harmonic currents.

It is worth noting that, although the above analysis only
considers the asymmetrical resistance in phase A, the analysis
results remain valid when resistance asymmetry exists in other
phases. This means that negative-sequence disturbances udn2(t)
and uqn2(t) still exist, and the amplitude KΔR and the initial

phase of udn2(t) and uqn2(t) will vary accordingly [28].

B. Modeling and Principle of the Virtual Winding Structure

According to the previous section, a negative-sequence har-
monic current controller should be designed to eliminated the
harmonic currents. In this article, a set of virtual windings is con-
structed to separate the positive and the –1st harmonic currents
simultaneously. The virtual windings can be obtained through
a fixed-angle delay operation. In actual controllers, the delay
operation can be performed by storing past sampled currents in
real time and retrieving them using a lookup table.

Fig. 2 illustrates the diagram of harmonic separation through
a virtual winding structure, where iα = iαp+iαn, iβ = iβp+iβn

Fig. 3. Constructed virtual windings and VSD transformation. (a) Structure
of virtual winding. (b) Vector space decoupling transformation based on virtual
windings.

represent the sampled currents in αβ axes, where the subscripts
“p” and “n” refer to the positive and negative sequence com-
ponents, respectively. The green plane represents the current
vector plane at this moment. The cyan, yellow, and purple planes
represent the current vector plane before this moment with π/6,
π/3, and π/2 electrical angle, respectively. If the PMSM operates
in a steady state, the amplitudes of each harmonic currents
remain constant. As the delay angle increases, iαp and iβp
rotates counterclockwise, while iαn and iβn rotates clockwise.
When the delay angle reaches π/2, the positive and negative
sequence currents counteract each other, which can be expressed
as follows:{

iα = iαp + iαn iαe
−jπ/2 = iαp − iαn

iβ = iβp + iβn iβe
−jπ/2 = iβp − iβn.

(5)

Thus, harmonic current separation can be achieved by
solving (5). In general, to simultaneously separate the funda-
mental and the hth harmonic currents, the required delay angle
delay λ must satisfy [26]

λ =

∣∣∣∣ π

1− h

∣∣∣∣ . (6)

In this article, the –1st harmonic current need to be separated,
i.e., h = −1. Therefore, the required delay angle λ is π/2.
Then, the required delay time δ for the virtual windings can
be expressed as follows:

δ =
1

4

2π

ωe
=

π

2ωe
. (7)

Fig. 3(a) presents the schematic diagram of the original wind-
ing and the constructed virtual winding in this article. The blue
windings are the actual windings of the three-phase PMSM,
while the red windings are the constructed virtual windings.
The virtual windings need to be delayed by π/2 to the actual
windings at all ωe.

Additionally, to achieve current harmonic separation, the
VSD decoupling transformation should be applied to both
the original and virtual currents. To reduce storage require-
ments, the currents in the abc frame can be transformed into
the αβ frame before the delay operation. The VSD decoupling
transformation to separate the fundamental and –1st harmonic
components can be expressed as follows:[

iαβp
iαβn

]
=

2

4

[
Tαβ(0) Tαβ(−π/2)
Tαβ(0) Tαβ(π/2)

] [
iαβ1
iαβ2

]
(8)
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Fig. 4. Bode diagram of the equivalent filters Fp(s) and Fn(s) based on virtual
windings and VSD.

where iαβ1 = [iα1, iβ1]T is the actual current vector in αβ axes,
iαβ2 = [iα2, iβ2]T is the virtual current vector inαβ axes, iαβp =
[iαp, iβp]T, and iαβn = [iαn, iβn]T are the positive and negative
components after decoupling transformation. The coefficient 2/4
represents the equal amplitude transformation. The transforma-
tion submatrix Tαβ(θ) can be expressed as follows:

Tαβ (θ) =

[
cos(θ) cos(θ − π/2)
sin(−θ) sin(π/2− θ)

]
. (9)

The schematic diagram of harmonic separation based on the
virtual winding and VSD decoupling transformation is shown
in Fig. 3(b). To further reveal the essence of the virtual winding
structure, the delay operation is re-expressed in the frequency
domain, that is

iα2(s) = e−sδiα1(s), iβ2(s) = e−sδiβ1(s) (10)

where s is the Laplace operator. For simplicity, (s) is omit-
ted in the subsequent analysis. Equation (8) can be converted
into the form of complex vectors, which can be expressed as
follows: {

iαβp = Fp(s)iαβ1 = esδ+ejπ/2

2esδ
iαβ1

iαβn = Fn(s)iαβ1 = esδ+e−jπ/2

2esδ
iαβ1

(11)

where iαβ = iα + jiβ , iαβp = iαp + jiβp, iαβn = iαn + jiβn
represents the complex vector of the original currents, positive
sequence currents, and negative sequence currents. Fp(s) and
Fn(s) are the equivalent transfer functions from iαβ to iαβp and
iαβn, respectively. To clearly show their characteristics, the Bode
diagram of the two equivalent transfer functions of Fp(s) and
Fn(s) is presented, as shown in Fig. 4. It can be observed from
Fig. 4 that Fp(s) can realize the unit gain extraction of positive
sequence currents and the elimination of negative sequence cur-
rents, while Fn(s) can realize the unit gain extraction of negative
sequence currents and the elimination of positive sequence cur-
rents. Therefore, Fp(s) and Fn(s) can be regarded as two special
filters. Similarly, if the extracted harmonic components are –5th
and +7th harmonics, such as the virtual winding constructed
in [23], using the above analysis method, several similar filters
can be obtained. Therefore, the VSD transformation based on a

virtual winding structure is essentially a set of special complex
coefficient filters with fixed-angle delay.

C. Modeling of the Closed-Loop Control System

If the tested motor is a surface-mounted PMSM (SPMSM),
then Ld and Lq are equal, denoted as L. Furthermore, by applying
the rotational transformation to (2) and expressing it in the form
of a complex vector, the model of the PMSM in the αβ frame
under resistance asymmetry can be obtained as follows:

iαβ =
1

sL+R′ (uαβ − eαβ + dαβn)

= P (s) (uαβ − eαβ + dαβn) (12)

where eαβ represents the back EMF complex vector in αβ
axes, uαβ represents the total output voltage complex vector
of the inverter, R′ and L are the equivalent stator resistance and
stator inductance of the SPMSM, dαβn represents the lumped
–1st harmonic voltage disturbance caused by the asymmetrical
resistance. P(s) represents the equivalent transfer function of the
SPMSM.

To achieve zero steady-state error, the automatic current regu-
lator (ACR) usually uses a proportional-integral (PI) controller.
Furthermore, to improve the dynamics of current loop regula-
tion, a complex vector PI controller [30] can be utilized. The
transfer function of the complex vector PI controller in αβ axes
can be expressed as follows:

Gp(s) =
sKpp +Kip

s− jωe
(13)

where Kpp = ωcpLe and Kip = ωcpR′
e represent the propor-

tional and integral parameters of the positive-sequence currents,
respectively, Le and R′

e are the estimated inductance and resis-
tance, andωcp represents the bandwidth of the positive-sequence
ACR (ACRp).

Since the negative sequence currents are usually smaller than
the positive sequence currents, for simplicity, the traditional PI
controller is used for negative-sequence ACR (ACRn) in this
article. The transfer function of ACRn in the αβ axes can be
expressed as follows:

Gn(s) = Kpn +
Kin

s+ jωe
(14)

where Kpn=ωcnLe and Kin=ωcnR′
e represent the proportional

and integral parameters, respectively, and ωcn represents the
bandwidth of the ACRn.

Fig. 5 shows the block diagram of the closed-loop control
system in the αβ axes virtual-winding-based harmonic current
controller and the proposed parameter design method, where
uαβp and uαβn represent the positive and negative sequence
output voltage vector of ACRp and ACRn, respectively. The
blue arrow dαβn denotes the equivalent negative sequence dis-
turbance voltage caused by resistance asymmetry. Gp(s) and
Gn(s) represent the transfer function of ACRp and ACRn in the
αβ axes, respectively. The cyan region represents the equivalent
filter of the VSD and the virtual winding. iαβpr and iαβnr are
the command values of positive and negative sequence currents,
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Fig. 5. Block diagram of the closed-loop system with virtual-winding-based
harmonic current controller and the proposed parameter design method in the
αβ frame.

iαβp and iαβn are the separated positive and negative sequence
currents, and êαβ denotes the estimated value of back EMF.
The output current iαβ of the system can be expressed as
follows:

iαβ = Gipr(s)iαβpr +Ginr(s)iαβnr

+Giu(s) (êαβ − eαβ + dαβn) (15)

where Gipr(s), Ginr(s), and Giu(s) are the equivalent closed-
loop transfer functions from iαβpr, iαβnr, (êαβ-eαβ + dαβn)
to the output current iαβ , respectively. According to Fig. 5, the
transfer function of Gipr(s), Ginr(s), and Giu(s) can be deduced
as follows:⎧⎪⎪⎨

⎪⎪⎩
Ginr(s) =

Gn(s)P (s)
1+Fn(s)Gn(s)P (s)+Fp(s)Gp(s)P (s)

Gipr(s) =
Gp(s)P (s)

1+Fn(s)Gn(s)P (s)+Fp(s)Gp(s)P (s)

Giu(s) =
P (s)

1+Fn(s)Gn(s)P (s)+Fp(s)Gp(s)P (s) .

(16)

If the estimation of the back EMF is accurate, that is, eαβ- êαβ
≈ 0, the fundamental back EMF hardly affects the dynamics of
the output current, so only the influence of the dαβn perturbation
caused by the asymmetry exists.

III. STABILITY ANALYSIS OF VIRTUAL WINDING STRUCTURE

A. Stability Analysis in Continuous Domain

To analyze the stability of the closed-loop control system
based on virtual winding, according to the classical control
theory, the characteristic roots of the closed-loop system need
to be located on the left side of the complex plane, that is, there
is no pole with a positive real part. Assume that the estimated
impedance are identical to the actual values, i.e., Le = L, and
R′

e = R′. According to (16), the characteristic equations of the
three closed-loop transfer functions Gipr(s), Ginr(s), and Giu(s)
can be expressed as follows:

Ec(s) = a3s
2 + a2s

2 + a1s+ a0 (17)

where Ec(s) denotes the characteristic equation of the closed-
loop system, and a3, a2, a1, and a0 denote the coefficients of
each term in (17), which is shown in the Appendix.

It can be seen from (26) that the delay operation leads to e-sδ

in Ec(s), which converts the system into an infinite-dimensional
nonlinear system and cannot be analyzed by classical control

theory. To address this problem, the Pade approximation is uti-
lized to linearize e-sδ in this article [31]. The Pade approximation
of e-sδ can be expressed as follows:

e−sδ ≈
(
1− δ

2ns
)n(

1 + δ
2ns

)n (18)

where n denotes the order of the Pade approximation. When
n = 1, the 1st Pade approximation of e-sδ can be expressed as
follows:

e−sδ ≈ 2− δs

2 + δs
. (19)

However, the Pade approximation can only maintain the
frequency domain characteristics near s = 0, which cannot be
directly applied to (26). Considering that the frequencies of
ωe and –ωe are the desired frequencies of Fp(s) and Fn(s),
respectively, the shift transform (equivalent to the rotational
transform in the time domain) can be implemented. Then, the
Pade approximation in (19) can be used. The equivalent filters
of virtual winding after Pade approximation can be derived as
follows:

Fp(s) =
1

2

(
1 + ejπ/2e−δs

)
=

1

2

(
1 + ej(π/2−δωe)e−δ(s−jωe)

)
≈ 1

2

(
1 + ej(π/2−δωe)

2− δ (s− jωe)

2 + δ (s− jωe)

)
(20)

Fn(s) =
1

2

(
1+ejπ/2e−δs

)
=

1

2

(
1+ej(−π/2+δωe)e−δ(s+jωe)

)
≈ 1

2

(
1 + ej(−π/2+δωe)

2− δ (s+ jωe)

2 + δ (s+ jωe)

)
. (21)

Combining (21), (20), (26), the characteristic equation of
the closed-loop system after 1st Pade approximation can be
obtained, which can be expressed as follows:

Ece1(s) = b5s
5 + b4s

4 + b3s
3 + b2s

2 + b1s+ b0 (22)

where Ece1(s) denotes the approximate characteristic equation.
b5, b4, b3, b2, b1, b0 represent the coefficients of Ece1(s), which
are shown as in the Appendix.

Coefficients b5–b0 in (27)–(32) demonstrate that the Pade
approximation converts the system into a polynomial form,
thereby increasing the maximum order of the Ece1(s). Although
higher order Pade approximations better approximate the origi-
nal system’s characteristics, they also result in a higher order of
the closed-loop system.

To verify the influence of Pade approximation on the charac-
teristics of the closed-loop system, the Bode diagram of Fp(s),
Fn(s), and the closed-loop transfer function before and after
Pade approximation are presented, which is shown in Fig. 6.
The subscript e represents the results after approximation. It can
be seen from Fig. 6 that Fpe(s) and Fne(s) retain the character-
istics near ±ωe. And the frequency domain curves of Gipre(s)
and Ginre(s) after Pade approximation are coincident with the
original transfer function, which indicates that Pade approxima-
tion greatly simplifies the analysis process without significantly
affecting the characteristics of the closed-loop system.
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Fig. 6. Bode diagram of the equivalent filters and closed-loop transfer function
before and after Pade approximation, where ωe = 50π rad/s, ωcp = 20π,
ωcn = 10π.

Fig. 7. Stable region of the closed loop system under different of ωcp, ωcn,
and ωe in continuous domain.

TABLE I
PARAMETERS OF THE TEST PMSM

Consideringωcp,ωcn, andωe are typically bounded, the coef-
ficients b5 to b0 can be determined numerically. By calculating
the roots of Ece1(s) with a fixed step size, the stability of the
closed-loop system can be analyzed. This analysis allows for the
determination of the feasible region that ensures system stability.

Fig. 7 is the distribution of the stable and unstable region
of the closed-loop system under different combinations of ωcp,
ωcn, and ωe, where the rated speed and pole pairs are the same
as the tested prototype in Table I. The two-dimensional surface
represents the maximum negative sequence bandwidth ωcn that
can be achieved to ensure stability, which divides the whole
space into two ranges. The blue part is the stable subspace and
the red part is the unstable subspace.

Additionally, it is observed that as ωcp decreases, ωe in-
creases, which results in a larger stable subspace. Therefore,
to ensure stable operation, the chosen values of ωcp and ωcn

must be confined within the stable subspace corresponding to
each ωe.

B. Stability Analysis in the Discrete Domain

The Pade approximation offers an effective solution for the
equivalent of e-sδ . The second alternative solution is to directly
discretize the system with the help of z = esTs. The transfer
function can be converted into the discrete form with the variable
z. and the discrete form of the equivalent filter can be derived as
follows:

Fp(z) =
zN + ejπ/2

2zN
Fn(z) =

zN + e−jπ/2

2zN
(23)

where N represents the number of switching periods for the
delay. Considering the delay angle is an integer multiple of the
switching period, N can be expressed as follows:

N =

[
π

2ωeTs

]
(24)

where [] denotes the rounding of the calculated results and N
determines the highest order of the discrete transfer function.
Thus, (24) indicates that the maximum order of the closed-loop
system’s delay depends onωe, a lowerωe results in a higher order
of the entire discrete transfer function. In this article, the Tustin
transformation is employed to discretize the closed-loop system,
accounting for the computational delay as Gd(z) = e-jωeTsz-1

[32]. The derived discrete closed-loop transfer function from
the positive sequence reference input iαβpr to output iαβ can be
represented as follows:

Gipr(z)

=
Gp(z)P (z)Gd(z)

1 + Fn(z)Gn(z)P (z)Gd(z) + Fp(z)Gp(z)P (z)Gd(z)
.

(25)

The characteristic equations of the other two closed-loop
transfer functions are identical to Gipr(z) and are therefore
omitted. Due to the complexity of the discrete transfer function
expressions, they are not included in this article to save space.
By solving the roots of the denominator in (25), the root loci of
the closed-loop system for different ωe can be obtained during
ωcn increases, as shown in Fig. 8. It reveals several interest-
ing conclusions. First, as ωe increases, the number of roots
decreases, consistent with the properties of (24). Additionally,
among the roots near (10), one root always moves further from
the unit circle as ωcn increases, leading the closed-loop system
to transition from stability to instability. This observation aligns
with the stability region distribution shown in Fig. 7.

Fig. 9 shows the maximum distance from the characteristic
roots to the origin under different ωcn and ωe, which can be
seen as an indicator for stability. The bandwidth ωcp is set to
100π. Typically, ωcn is smaller than ωcp, thus, the vertical axis
represents the ratio of ωcn to ωcp, with a maximum value of
1. Contour lines highlight cases where this maximum distance
from roots to (00) is the same. The distance of 1 indicates the
system’s stability boundary. The green area denotes the system
is stable, while the red area denotes instability. Fig. 9 can be
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Fig. 8. Root locus of the discrete system at different speed ωe during the increasing of ωcn. (a) ωe = 0.25 p.u., ωcn increases from 0 to ωcp. (b) ωe = 0.5 p.u.,
ωcn increases from 0 to ωcp. (c) ωe = 1 p.u., ωcn increases from 0 to ωcp.

Fig. 9. Stable region of the closed-loop system under different ωcn and ωe in
discrete domain, where ωcp =100π, the contour from 0.995 to 1.001 represents
the maximum distance from the closed-loop roots to origin (00).

regarded as a cross-section of the stable and unstable subspace
in Fig. 7 when ωcp = 100π.

It is worth noting that the minimum ωe in Fig. 9 is set to
0.1 p.u. This is mainly because, when ωe is small, the order
of the discrete polynomial increases significantly, resulting in a
substantial rise in computational burden. For example, when
ωe = 0.1 p.u., according to the parameters in Table I and
(24), it can be calculated that N = 375. This implies that the
characteristic equation has at least 375 complex roots, which
brings significant challenges for the numerical calculation.

In addition, it can be observed from Fig. 9 that the contour line
with values less than 1 have multiple turns. This is because N
decreases during the increase of ωe, that is, the order of the
system and the total number of characteristic roots decrease
at a specific frequency point (red dotted line), which result in
different distribution of characteristic roots and repeated turning
of contour lines.

C. Parameter Sensitivity of the Stability Boundary

Fig. 10 compares the stability boundaries obtained using the
above analysis method with and without parameter mismatch.

Fig. 10. Comparison of the analyzed stability boundaries with and without
parameter mismatch.

Fig. 11. Parameter design of the bandwidth of the negative sequence ACR
ωcn, where ωcp = 100π.

As shown in Fig. 10, deviation between the estimated and actual
parameters cause variation in the closed-loop system’s stability
boundary. Specifically, overestimating the R

′
or underestimating

the L leads to a contraction of the stability region, and vice versa.
Despite these variations, the bandwidthωcn can still be designed
in three segments as depicted in Fig. 11, indicating the proposed
parameter design method is still applicable under parameter
mismatch. It should be noted that, in practical applications, to
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maintain sufficient stability margins under parameter deviation,
ωcn should be determined under the worst-case scenario, i.e.,
the stability region is minimized caused by the parameter mis-
match.

IV. PARAMETER DESIGN AND IMPLEMENTATION

A. Parameter Design

Fig. 9 indicates that using a constant ωcn could lead to insta-
bility at low speeds or failure to fully utilize the high dynamic
advantage of the virtual winding at high speeds. To address
this issue, ωcn should be adjusted in real-time to achieve dy-
namic optimization of ACRn while maintaining the closed-loop
system’s stability. One simple approach is change ωcn using
a lookup table under different ωe. It is worth noting that, for
simplicity, this article uses a lookup table method to achieve
parameterization of ωcn. However, adjusting ωcn based on a
lookup table of ωe is not the only tuning method. Analytical
parameterization can be realized by modeling the system as a
2x2 orthogonal multiple-input, multiple-output (MIMO) system
[37]. A detailed parameter design is suggested as a direction for
future research.

To ensure the closed-loop system has enough stability margin,
this article requires that the maximum distance of the character-
istic roots from the origin does not exceed 0.999. Consequently,
ωcn can be designed as the red line shown in Fig. 11, where
ωecmin represents the minimum critical ωe required to meet this
criterion, and ωecmax represents the maximum critical ωe when
ωcn = ωcp. These two boundaries divide the entire area into
three regions: Region I: ωe<ωecmin, as indicated by the blue
region in Fig. 11. To prevent potential instability, setωcn = 0 and
disable the ACRn. Region II: ωecmin≤ωe≤ωecmax, as indicated
by the cyan region. To optimize the dynamics of ACRn, set ωcn

such that the maximum magnitude of the characteristic roots
equals 0.999. Region III:ωe>ωecmax, as indicated by the orange
region. Let ωcn = ωcp to achieve the fastest response.

By partitioning the regions, ωcn can be updated in real-time
according to the red curve in a lookup table for different ωe. It
should be noted that other stability indicators, such as amplitude
margin or phase margin, can also be used for parameter tuning.
Regardless of the indicator used, the parameter tuning regions
always can be divided into three parts generally: disabling the
ACRn, gradually adjusting ωcn, and setting ωcn equal to ωcp.
Different stability indicators may result in variations in the
trajectory of ωcn in Region II and different critical speeds of
these regions, but all of them can meet the basic requirements
and ensure stability.

B. Closed-Loop System and Simulations

Fig. 12 shows the overall closed-loop control diagram with
the virtual-winding-based current controller, where the purple
and green curves represent ACRp and ACRn, respectively. The
blue region illustrates the virtual winding and VSD decou-
pling transformation. The red region is the proposed adap-
tive ωe in Fig. 11 to ensures the stability of the closed-loop
system.

Fig. 12. Overall block diagram of the closed-loop control system with the
virtual-winding-based current controller and the proposed parameter design
method.

Fig. 13. Simulation results of harmonic currents extraction with LPF-based
and virtual-winding-based method.

Fig. 13 presents the harmonic separation simulation results
of the LPF-based algorithm proposed in [36] and the improved
virtual winding-based algorithm proposed in this article. Sub-
scripts 1 and 2 represents to the harmonics separated by the
LPF and the virtual winding, respectively. At 0.5 s, idn = 1
A is injected into a 4 A positive-sequence current. It can be
seen from Fig. 8 that the virtual winding structure completes
harmonic separation rapidly within 0.5 electrical cycles. In con-
trast, the LPF not only exhibits slower separation but also fails
to fully decouple the positive and negative sequence currents.
Simulation results highlight the superior performance and fast
response of the virtual winding structure.

V. EXPERIMENTAL VERIFICATION

To verify the proposed stability analysis results, an experi-
mental platform was set up as shown in Fig. 14. The parameters
of the tested PMSM are listed in Table I. The PMSM is driven
by an SiC inverter. The dSPACE model DS1007 is used as the
controller. An 18 kW power supply from iTech powers the drive
system. To simulate resistance asymmetry, a 0.5 Ω resistor is
connected in series with phase-A. The switching frequency is
set to 10 kHz, and ωcp is set to 100π. The reference values of
ACRn are set to 0 A. All experimental data are exported from
dSPACE and plotted using MATLAB.
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Fig. 14. Experimental setup.

Fig. 15. Current waveforms in abc frame and dq axes. (a) Without additional
resistance. (b) With additional resistance. (c) With additional resistance and
negative harmonic controller by virtual winding structure.

A. Steady State Experimental Results

Fig. 15 illustrates the regulation effects of the three-phase
and dq-axes currents under normal control, resistance asym-
metry, and after adding ACRn based on the virtual winding
structure. The motor operates at the rated speed of 1000 r/min
with a load current of 4 A. In the normal condition shown in
Fig. 15(a), the three-phase currents are nearly sinusoidal, and
the dq-axes currents remain nearly constant. After adding a
0.5 Ω resistor in series with phase A, as shown in Fig. 15(b),
obvious asymmetry appears in three phase currents, with id
and iq oscillation amplitudes of 0.41 and 0.52 A, respectively.
After incorporating ACRn, as shown in Fig. 15(c), the current
asymmetry is significantly reduced, with id and iq oscillation
amplitudes decreasing to 0.05 and 0.06 A, respectively, which
proves the effectiveness of the virtual-winding-based current
controller in steady state.

B. Dynamic State Experimental Results

Fig. 16 presents the experimental results of current and speed
regulation dynamics during the activation of ACRn. The motor
operates at 300 r/min, with ωcn tuned as proposed in Fig. 11.
ACRn is enabled at the dashed line. The negative sequence
currents quickly converge to 0 A within one electrical cycle.
The 2nd oscillation in mechanical speed ωm and the iabc are
effectively suppressed.

Fig. 16. Experimental results of the negative sequence currents idqn, three-
phase currents iabc and mechanical speed ωm during the activation of negative
sequence controller.

Fig. 17. FFT results of |idqn | in Fig. 16 before ACRn is activated.

Fig. 18. Step responses of idn and iqn with the LPF-based and virtual-
winding based method under different ωcn at 500 r/min. (a) LPF-based method.
(b) Virtual-winding based method.

Fig. 17 shows the Fast Fourier Transform (FFT) results of
|idqn| before ACRn is activated. It can be seen from Fig. 17
that there is a small –4th disturbance in the idqn, which may
result from the inverter dead-time and back EMF harmonics.
This disturbance is reflected as the –4th harmonics in the dqn
frame and –5th in the abc frame. Nevertheless, ACRn is still
effective in regulating negative sequence harmonics.

Figs. 18 and 19 show the step response of idn and iqn with
the virtual-winding based and LPF-based method in [36] at 500
and 1000 r/min, respectively. The LPF bandwidths in ACRp
and ACRn in the traditional method are 159.15 and 4.77 rad/s,
respectively. To make a fair comparison, the same ωcn are
utilized, i.e., 0.05ωcp, 0.1ωcp, and 0.2ωcp, respectively. The
corresponding step responses are blue, red, and green curves,
respectively. It can be seen from Figs. 18 and 19 that whenωcn =
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Fig. 19. Step responses of idn and iqn with the LPF-based and virtual-winding
based method under different ωcn at 1000 r/min. (a) LPF-based method.
(b) Virtual-winding based method.

Fig. 20. Step responses of idn and iqn with the virtual-winding based method
under parameter mismatch.

0.05ωcp, the dynamic performance difference between the two
methods is not obvious due to the limitation of ωcn. However,
when ωcn≥0.1ωcp, the traditional MSRF method shows signifi-
cant oscillation due to the limitation of LPF. What is worse, when
ωcn>0.3ωcp, the slow dynamics of LPF even lead to instability.
In contrast, the virtual-winding based method can improve the
dynamic performance and ensure stability during the increasing
of ωcn. Therefore, compared with the traditional LPF-based
method, the virtual-winding based method can achieve faster
dynamic performance.

Fig. 20 shows the step response of idn and iqn under estimated
parameter mismatch. It can be seen from Fig. 20 that the dynamic
characteristics of ACRn are almost unaffected under 0.5–2
times parameter deviation. Therefore, the virtual-winding based
harmonic current controller has sufficient parameter robustness.
However, the 4th harmonic fluctuation caused by the inverter
dead zone still exist in the dqn frame. Therefore, the analysis
of the harmonic controllers with multiple virtual windings is an
important research direction in the future.

C. Parameterization and Stability Evaluation

Fig. 21 compares the stability using traditional fixed parame-
ters and the proposed turning method. The motor speed gradually
decreases from 450 to 320 r/min and then returns to 450 r/min.
When ωcn is fixed at 100π, Fig. 21(a) shows that as the speed
drops below 350 r/min, the ωm and idq begin to oscillate. As ωm

returns above 350 r/min, the oscillations gradually decrease and

Fig. 21. Comparison of the stability of idq and ωm during the decreasing of
ωm. (a) Traditional fixed parameter (ωcn = ωcp). (b) Proposed ωcn designing
method.

Fig. 22. Comparison of the closed-loop stability boundary between different
theoretical analysis results and the experimental results.

the system stabilizes again. This proves that lower speeds can
cause more instability at a fixed ωcn. After using the proposed
ωcn tuning method, Fig. 21(b) shows that the current and speed
remain stable during the speed reduction, with no oscillation.
This demonstrates that the proposed tuning method can ensure
stable operation of the system effectively.

Fig. 22 shows the comparison of system stability boundaries
between experimental and theoretical results. The purple, green,
and red curves represent the stability boundaries obtained using
the 1st and 2nd Pade approximation, and direct discretization,
respectively. The blue “+” symbols indicate the experimental
results. Stability boundaries were tested as follows: ωm was
gradually reduced from 1000 in 5 r/min increments, and the
first speed at which oscillation occurred was recorded as the
instability speed. Fig. 22 shows that the 1st Pade approximation
has the largest error, which may be due to the deviation of
the Frequency domain characteristics. The direct discretization
results are the most consistent with the experimental data. The
light red bar graph shows the percentage error between the direct
discretization results and the experimental results relative to the
rated speed. The smallest error is 0.92% and the largest is 3.89%
when ωcn = ωcp, which may result from deviations between the
actual and estimated impedance. All errors between theory and
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Fig. 23. Comparison of the stability boundary between different theoretical
analysis results and the experimental results under different resistance asymme-
tries.

Fig. 24. Implementation of the virtual winding structure in the digital signal
processors. (a) k-N ≥ 0. (b) k-N < 0.

experiment are within 4%, demonstrating the accuracy of the
proposed stability analysis method. Besides, it is recommended
to use the 2nd or higher Pade approximation for stability analysis
in future because of large computational effort required for direct
discretization at low speeds.

Fig. 23 compares the experimental results and theoretical
predictions of minimal critical stable speeds ωe for different
ΔRa values. The theoretical results were derived using the
2nd Pade approximation method. As shown in Fig. 23, higher
resistance deviations result in increased stability boundaries
under the same ωcn, and the stability range becomes narrower.
The theoretical predictions closely align with the experimental
data, with a maximum error of less than 4%, which verifies the
effectiveness of the proposed stability analysis method under
different resistance asymmetries.

D. Implementation and Execution Time in MCU

Fig. 24 illustrates the implementation of the virtual winding
algorithm in DSP TMS320F28377D. For the variable iα, an
array iα[M] is used to store past sample values, where M de-
notes the maximum number of sampling points. The sampled
iα is stored at position iα[k], and N previous sampling data
are retrieved as the virtual winding current of iα. If k-N ≤ M,
the retrieval wraps around to the end of the array, as shown
in Fig. 24(b). A similar approach can be used to construct the
virtual winding for iβ .

To evaluate the computational burden of the proposed method,
the execution time with the LPF-based harmonic controller in
[36], the traditional virtual winding method in [24], and the
proposed method withωcn lookup table is compared. The results

TABLE II
COMPARISON OF EXECUTION TIME OF DIFFERENT METHODS

are presented in Table II. As shown in Table II, the execution time
of the proposed method increases slightly, but remains within
acceptable limits for a controller operating at 10 kHz.

VI. CONCLUSION

This article reveals the equivalent transfer function model
of the virtual winding structure for the first time. Stability
conditions for the closed-loop system are derived in both the
continuous and discrete domains. Pade approximation is used to
transform the transcendental equation into a polynomial equa-
tion. The main contributions of this article are as follows.

1) The discretized closed-loop system is a variable-order
system dependent on speed. Direct discretization analysis
is accurate but becomes increasingly complex as rota-
tional speed decreases and the system’s equivalent order
increases.

2) The order of the Pade approximation affects the accuracy
of stability analysis. To balance accuracy and computa-
tional efficiency, the 2nd Pade approximation is recom-
mended.

3) Based on the analyzed stability region, a parameter tuning
method is provided to achieve the fastest dynamics while
ensuring system stability.

4) The stability boundaries obtained from theoretical anal-
ysis and experimental validation are consistent, with a
maximum error not exceeding 4%, demonstrating the
accuracy of the proposed method.

However, there are several limitations in this study. For
IPMSMs with saliency, the analysis method based on complex
vectors is not applicable. Instead, the analysis method of MIMO
systems is required. Additionally, to mitigate errors caused by
the inverter’s dead time and back-EMF harmonics, additional
–6th harmonic controller should be incorporated. The stability
analysis with multiple virtual windings is the focus of future
work.

APPENDIX

The coefficients of (17) can be expressed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a3 = 2L
a2 = 2R′ + L

((
1− je−sδ

)
ωcn +

(
1 + je−sδ

)
× ωcp

(
e−sδ − j

)
ωe

)
a1 = R′ ((1− je−sδ

)
ωcn +

(
1 + je−sδ

)
ωcp

)
+ 2Lωe

2

a0 = ωeR
′ ((j − e−sδ

)
ωcp −

(
j + e−sδ

)
ωcn + 2ωe

)
+ ωe

2L
((
1− je−sδ

)
ωcn +

(
1 + je−sδ

)
× ωcp

(
e−sδ − j

)
ωe

)
.

(26)
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The coefficients of (22) can be expressed as follows:

b5 = Lπ2 (27)

b4 = π2R′ + 8Lπωe (28)

b3 = 2ωe

(
4πR′ + 2Lπ (ωcn+ωcp − jωe) + 8Lωe+Lπ

2ωe

)
(29)

b2 = 2ωe(
π2R′ωe + 8 (R′ + L (ωcn + ωcp − jωe))ωe

+2π (R′ (ωcn + ωcp) + Lωe (−jωcn + jωcp + 3ωe))

)
(30)

b1 = ωe
2(

8R′ ((2− jπ)ωcn + (2 + jπ)ωcp + πωe)
+Lωe (4π (ωcn + ωcp) + (16 + π (−4j + π))ωe)

)
(31)

b0 = ωe
3(−4R′ ((4j + π)ωcn+(−4j + π)ωcp)+

(
16 + π2

)
R′ωe

+4Lωe ((4− jπ)ωcn + (−4j + π) (jωcp + ωe))

)
.

(32)
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