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Sensitivity Analysis of the High-Frequency-Link
MMC to DC Link Voltage Ripples in a Back-to-Back

Connected MMC-Based Power
Electronic Transformer
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Abstract—Integrating renewables and storage to the medium
voltage grid (5–34.5 kV), allows for high power export while
minimizing conduction losses. Recent converter topologies involve
cascading low-voltage (LV) submodules (SMs) to meet grid voltage
levels, enabling power extraction from LV storage units and PV
arrays. This article focuses on studying such a topology with a
common controllable high voltage (HV) dc link for the grid side
MMC (GS-MMC) and the high-frequency link MMC (HF-MMC).
The storage units and renewable sources like wind and solar pro-
vide power through the LV side of a high-frequency (HF) step-up
transformer, which is processed by the HF-MMC and GS-MMC,
before reaching the grid. In this configuration, GS-MMC injects
voltage ripples into the common HV dc link due to the employed
pulse width modulation (PWM) scheme for switching its SMs. This
injected ripple interacts with the switching modulation scheme of
the HF-MMC SMs, resulting in voltage oscillations in the HF-MMC
capacitors and current flow through its phase legs. The article
provides a mathematical basis that explains the sensitivity of the
HF-MMC response to different frequencies of voltage ripple. It
also offers theoretical support for the observed resonant peaks in
the frequency response of the HF-MMC phase legs, the mechanism
behind the unique resonance and closed-form expressions for these
resonant frequencies. An approximate equivalent circuit model
for the HF-MMC phase legs is provided towards this end. The
analysis is validated through MATLAB/Simulink simulations and
OPAL-RT based Hardware-In-Loop real-time simulations, as well
as experimental results obtained using a scaled-down laboratory
prototype.

Index Terms—Back-to-Back MMCs, dc link voltage ripples, dc
side equivalent circuit and modeling, high-frequency link MMC,
power electronic transformer (PET).

NOMENCLATURE

fs HF-MMC switching frequency/output voltage
fundamental frequency.

f External ripple frequency at the dc link.
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TFRF /TV RF Time period of one cycle of the follower/variant
resonant frequency.

N No. of submodules per arm of the MMC.
T Time period of injected sinusoidal voltage in

the dc link.
L,R Total arm inductance/resistance in a HF-MMC

phase leg.
C Effective HF-MMC submodule capacitance in

an arm.
Vmod The sum of the HF-MMC submodule output

voltages in a phase leg.
Ngcd The ratio of the switching frequency to

GCD(f, fs).
Nf The ratio of the external ripple frequency to

GCD(f, fs).
θ Complex eigenvalue angle in the initial condi-

tion vector matrix formulation.
v Ratio of half switching cycle period and L− C

resonant frequency in rad/sec.
h Fraction of phase angle spanned by ripple fre-

quency in half a switching cycle.

I. INTRODUCTION

THE integration of renewables and storage to the medium
voltage grid (5–34.5 kV) is crucial for sustainable power

generation, allowing extraction of megawatts of power [1], [2],
[3], [4], [5], [6]. Wind turbines, with their large-scale power
output, are well suited for interfacing with the medium voltage
grid [7], [8], [9]. The growing penetration of wind turbines is
driving sustainability goals and highlighting the need to improve
cost and efficiency in wind power generation [10], [11], [12].

In comparison to current wind turbine integration schemes as
shown in Fig. 1(a) (top) which use a 60-Hz transformer [7], [8],
[9], the topology studied in this article shown in Fig. 1(b) [13],
[14], [15], [16], [17], [18] is based on the back-to-back connected
MMCs-based Power Electronic Transformer (PET). This avoids
high currents in the long cables from the nacelle to ground where
the power electronic converter and heavy 60-Hz transformer
are located and also significantly decreases the transformer’s
weight [19], [20] allowing to integrate it into the nacelle along-
side the converter.
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Fig. 1. (a) Existing grid-interface scheme for wind turbine generators (top) versus studied BB-MMC PET-based interface scheme (bottom), and (b) detailed
circuit diagram of the studied BB-MMC PET architecture.

In VSC-HVDC systems, MMCs use a large number of sub-
modules connected in cascade to achieve high transmission
voltage levels [21], [22], [23]. In contrast, the studied BB-MMC
architecture uses a few submodules to reach medium-voltage
grid level. The distributed capacitance of transmission lines
causes the dc link in VSC-HVDC systems to behave as a stable
dc voltage source, while the studied topology presents a lower
effective dc bus capacitance due to the submodule capacitors.
This makes the dc bus sensitive to switching modulation schemes
employed in back-to-back connected MMCs.

In order to meet the grid voltage level, submodules (SMs)
with lower voltage ratings are cascaded. In comparison to other
medium voltage cascaded power converter topologies [1], [2],
this topology based on back-to-back connected MMCs-based
PETs [13], [14], [15], [16], [17], [18] is better suited to extract
power from high-power three-phase sources such as mega-watt
rated wind turbines and have customizable number of HF trans-
formers [24]. The single controllable HV dc link for virtual iner-
tia support [16], and control of power through the customizable
number of HF links improves the reliability and renders the
control simple.

Back-to-back connected MMC configurations have been doc-
umented in various studies [25], [26], [27], [28], [29] for in-
tegrating medium voltage grids, railway traction, and certain
motor drive applications. In some cases, these MMC setups
are used to generate ac voltages at line frequencies or lower
ones like 10− 50Hz[25], [27]. Another configuration involves
the HF-MMC sharing the dc link with GS-MMC and being
connected to the HF transformer to produce high-frequency ac
output voltages (> 1 kHz − 50 kHz) [18], [24]. In either of the
cases, the PWM output of the cascaded half-bridge modules
forms the dc bus voltages but introduces switching ripple on
top of the dc value [17]. This article investigates how these dc
voltage ripples uniquely impact the behavior of HF-MMC due to
the close proximity of its output voltage frequency to the PWM
frequency of GS-MMC as in [18] and [24], leading to a resonant
effect that is studied here along with a mathematical foundation
for this phenomenon.

AC admittance modeling of the MMC was extensively stud-
ied in [21], [22], [30], [31], and [32]. In these references,
the effect of different closed loop control schemes on the ac
admittance of the converter was studied [30], [31], [32] and
the impedance stability of the converter in a wind farm set-
ting was studied [21], [22]. In this analysis, the frequency

response of the HF-MMC phase legs in response to switching
ripple at the dc link is studied by approximating the HF-MMC
arm voltages as simple square waves and it is shown that
the approximation holds good at high modulation index op-
eration of the HF-MMC such as with trapezoidal modulation
in [33] and [34] and for unity DPF operation at the HF-link as
in [18].

The authors in [16] and [17] provided a fundamental control
scheme for operating the back-to-back connected MMC-based
PET, without delving into the specifics of HF-side closed-loop
control and harmonic mitigation. In another study, the control
of the HF-MMC and the two-level voltage source converter is
developed to optimize power transfer across the HF link [18].
In [24], a novel topology for integration of heterogeneous energy
sources by sharing a common dc link with multiple MMCs
was discussed. However, none of these instances address the
sensitivity of the HF-MMC to voltage ripples injected into the
shared dc link by other MMCs. This work aims to investigate
and provide answers to several key questions.

Q1 : What causes resonance behavior at multiple frequencies
of dc link voltage ripple in HF-MMCs?

Q2 Can we derive closed-form expressions for these fre-
quencies as functions of topology circuit parameters?
Can we design modulation schemes and select switching
frequencies for MMCs sharing a common dc link based
on such expressions?

Q3 What are the unique characteristics of this resonance
behavior? How can we utilize it in other applications?
How does it differ from regular L-C circuit resonance?

In this regard, this work presents three key advancements as
follows.

1) A theoretical foundation was developed to explain the
resonance behavior arising due to the modulation of the
HF-MMC SMs which shapes the impedance behavior of
the SM capacitors along with the arm inductors (Larm)
in such a way that there are resonant peaks at certain
frequencies of ripple. To explain this

a) In Section II, the basic circuit operation of the BB-MMCs
is provided and the origin of the dc link voltage ripples are
explained.

b) Then, an equivalent circuit for the operation of the HF-
MMC phase legs is introduced in Section III-A.

c) Using the equivalent circuit, it is explained in Section III-B
that the SM capacitances of the upper and lower arms in
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the HF-MMC get inserted in their phase legs in alternating
half-cycle intervals of the switching frequency to form
R-L-C circuits. Further, a Fourier analysis expression for
the sum of the HF-MMC submodule voltages is derived
in Section III-B.

d) Using the Fourier analysis expression, it is shown that ini-
tial conditions of the arm inductor currents and submodule
capacitor voltages at the beginning of these half-cycles
take unique sets of values dependent on the frequency
of ripple in Section III-C. A mathematical framework is
established in Section III-C, to explain how these initial
conditions play a role in eliciting a resonance-like behavior
observed in the HF-MMC at certain frequencies of ripple.

2) Closed-Form Frequency Solutions: The article derives
closed-form expressions as shown in (34), (36), and (37)
for the frequencies at which the HF-MMC exhibits reso-
nance. This analytical approach facilitates the design of
modulation schemes and selection of switching frequen-
cies for multiple MMCs sharing a common dc link with
the HF-MMC.

3) Applications: The study reveals that one of the resonant
frequencies of the HF-MMC exhibits independence from
the circuit’s L-C parameters. Notably, other resonant fre-
quencies are demonstrably dependent on both this “invari-
ant” resonance and the L-C characteristics. As described in
Section IV, this discovery presents potential advantages in
applications requiring stable resonant frequencies despite
variations in inductance, such as wireless power transfer
and radio frequency (RF) systems [35], [36].

4) Results: Finally in Section V, detailed results obtained
from MATLAB/SIMULINK simulations, OPAL-RT
Hardware-In-Loop real-time simulations, and the exper-
imental hardware prototype are provided to verify the
validity of the presented analysis.

II. BASIC CIRCUIT OPERATION AND ORIGIN OF DC LINK

RIPPLES IN THE BACK-TO-BACK CONNECTED MMCS

The detailed circuit diagram of the studied power circuit is
shown in Fig. 1(b). It is to be noted that the HF-MMC and the
GS-MMC are directly connected as shown and that it is not an
HVDC line. The entire BB-MMC, the HF-Transformer, and the
BB-2L-VSC (wind turbine converter–back-to-Back connected
two-level voltage source converter) are to be housed in the wind
turbine nacelle.

The GS-MMC submodules are modulated using phase-shifted
carrier sine-triangle PWM (PSC-PWM) ensuring minimum car-
rier frequency harmonics in the output voltage. PSC-PWM is
especially suited when the number of submodules in the MMC
is small as is the case here. The effective switching frequency
harmonics in the output voltage are at 2N times the switching
frequency of each submodule. The HF-MMC is modulated
using nearest-level modulation and the output waveform is a
sinusoidal stepped waveform. The switching frequencies of
both the HF-MMC and HF side 2L-VSC are the same as the
output voltage fundamental frequency across the transformer.
The HF side 2L-VSC operates in a six-step mode since there

Fig. 2. Simplified diagram of the back-to-back MMC for HF-MMC sensitivity
analysis.

are six steps in every fundamental cycle of its line-neutral
voltage waveform. Both sides of the HF transformer do not see
PWM waveforms to limit the dv/dt stresses involved if, e.g., a
carrier frequency at ten times the HF link frequency is used for
modulation.

The GS-MMC controls the currents drawn from the grid for
Vhdc control, reactive power support to the grid, operation during
grid unbalance and faults, virtual inertia support to the grid for
frequency regulation and other grid ancillary services. The HF-
MMC ensures minimum conduction losses in the HF-link by
current harmonic control and controlling the currents to be at
unity displacement power factor with the HF 2L-VSC. The HF
2L-VSC maintains the low voltage dc link at the commanded
reference value and the WT 2L-VSC is involved in tracking the
wind turbine’s maximum power point.

In Fig. 2, the arm resistances and inductances have been
grouped into an effective inductance and resistance in each phase
leg. The switching ripple with frequency components around
carrier harmonics and its multiples result in each leg due to the
sum of the submodule PWM output voltages in the grid side
MMC [17]. They are marked as ΣVsm,swr or N ∗

gVc,g in Fig. 2.
N ∗

g is the instantaneous number of submodules turned ON in a
phase-leg of the GS-MMC.

With the output fundamental frequency of 60 Hz at the GS-
MMC, the ripple frequencies in the dc link are much greater
in comparison. For this case, the terminal model of the sub-
module output voltages behave like a simple capacitance of
value Cg,sm/N as explained in Section III. The three legs of
the HF-MMC are represented by the branch containing the
impedance Zmod/3. Here, Zmod is the terminal impedance
model of HF-MMC submodules. An expression H , for the
transfer ratio of the SM switching ripples from the GS-MMC
legs to the dc link is given as follows:

Zhf = Zmod +R2,eff + sL2,eff ,

Zg =
1

sC1,eff
+R1,eff + sL1,eff

Zp =
Zhf

3
||Zg

2

H =
Zp

Zp + Zg
=

Vdc,swr

ΣVsm,swr
, C1,eff = Cg,sm/N. (1)
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Fig. 3. Approximation of the HF-MMC operation with the equivalent circuit
used in the analysis.

III. DC SIDE MODELING OF THE HF-MMC PHASE LEGS

A. Premise and Assumptions

1) Equivalent Circuit of HF-MMC Phase Legs: This section
analyzes the impact of dc-link switching ripple on a HF-MMC
using an equivalent circuit of its phase legs as shown in Fig. 5.
The half-bridge capacitors are assumed pre-charged to half the
dc-link voltage (Vhdc). To isolate the ripple component, the dc
bias voltage is removed, allowing the capacitor voltages to be
modeled as variations around zero induced by the sinusoidal
ripple in the dc link.

To further elaborate the approximation in deriving the equiv-
alent circuit, Fig. 3 shows that each of the HF-MMC arms with
N submodules have been replaced by a single half-bridge with
submodule capacitance of value Csm/N . The voltage balancing
algorithm of the submodule capacitor voltages within an arm
allows modeling the voltages of the submodule capacitors to
be varying together in a single capacitance of value Csm/N .
However, this equivalent circuit is an approximation of the
stepped arm voltage waveform by a square voltage waveform
which happens when all the submodules of the HF-MMC arms
simultaneously get inserted and bypassed without any interme-
diate steps in the arm voltages. This approximation holds well
for the presented analysis if the HF-MMC operating modulation
index is high [18], [33], [34] and at lower modulation indices
the behavior of the HF-MMC deviates further away from this
approximated equivalent circuit. In Section V-E, the magnitude
sweep of the HF-MMC under different modulation indices are
overlayed for comparison. As mentioned in III-A5, certain key
frequency domain characteristics still hold at lower modulation
indices and the analysis in this article provides insights into
mechanism behind the resonance behavior at the various reso-
nant frequencies.

2) High Modulation Index Approximation: For high modu-
lation indices (ma > 0.875 as shown in (2) for an example of
N = 4), all submodules in one arm (upper or lower) are inserted
during each half-cycle of the switching frequency (fs). This
simplifies the model by allowing lumping of the submodule
capacitors in each arm into a single equivalent capacitance
(Csm/N ) at the dc side of the half-bridges. Similarly, the arm in-
ductances and resistances are combined into a single equivalent

Fig. 4. AC port currents and decoupling of associated effect for current
analysis.

element (2Larm and 2Rarm) for each arm

ma = 0.5± 0.5 (mhf ) sin(ωst), 0 ≤ mhf ≤ 1

NON = round0.5(Nma)

ma ≥ 0.875, all 4 modules ON

0.875 > ma ≥ 0.625, 3 modules ON

0.625 > ma ≥ 0.375, 2 modules ON

0.375 > ma ≥ 0.125, 1 modules ON

0.125 > ma ≥ 0, 0 modules ON. (2)

3) Switching Pulses and Square Wave Approximation: The
half-bridges receive switching signals (gate pulses) at the fre-
quency of the HF-MMC’s ac output voltage (fs) as per (2). At
high modulation indices, these pulses can be approximated as a
single switching signal for the upper arm and a corresponding
out-of-phase signal for the lower arm as shown in Fig. 5.

4) AC Port Decoupling: In Fig. 4, the differential and com-
mon mode voltage components in the upper and lower arms
of the HF-MMC along with the associated differential mode
output currents and the common mode circulating currents in
a typical MMC operation are marked. The differential mode
voltage created between the upper and lower arms of the
HF-MMC due to the dc link ripples can be analytically shown
to be zero by calculating the expression in (19). The differential
mode currents flowing through the upper and lower arms of
the HF-MMC which result in ac port currents are assumed
to have negligible effect on the submodule capacitor voltages
since the submodule capacitance values are designed so that the
fundamental frequency odd harmonic differential mode currents
and the even harmonic circulating currents result in a small
percentage ripple (typically 2%–4% [37]). These submodule
voltage ripples arising due to regular ac port currents and not due
to the PWM switching ripple injected into the dc link have been
neglected in this analysis. To further validate this simplification,
the comparison of the time domain plots of Vmod along with
HF-MMC arm currents have been added in Section V-G under
the case of rated full load connected to the ac terminals and with
ac terminals disconnected.
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Fig. 5. Equivalent circuit to model the frequency response of the HF-MMC
phase legs to voltage ripples in the DC link.

5) Model Accuracy and Applicability: While the equivalent
circuit model (Fig. 5) is most accurate at high modulation
indices, Section V demonstrates that key characteristics of the
dc-link impedance frequency response remain valid at lower
modulation indices as well.

B. Frequency Domain Analysis

To start with the analysis, it is observed that in each half-cycle
of the switching frequency fs, the circuit in Fig. 5 reduces to an
R-L-C circuit. The time domain equation of the resulting RLC
circuit with initial conditions on lumped arm inductor current
and lumped submodule capacitor voltage is shown as follows:

V sin(ω(t− to) + α) = 2Larm
diL(t)

dt
+ iL(t) 2Rarm

+
N

Csm

∫ t

to

iL(t) dt. (3)

The Laplace transform of the voltage equation of such an R-L-C
circuit is shown as follows:

V
ωcos(α) + s sin(α)

(s2 + ω2)
= LsI(s)− LILo + I(s)R

+
1

C

I(s)

s
+

Vco

s
(4)

Vc(x) = Vco cos

(
x− α

ω
√
LC

)
+

√
L

C
ILo sin

(
x− α

ω
√
LC

)

− V

ω2LC − 1
sin(x) +

V

ω2LC − 1

(
cos

(
x− α

ω
√
LC

)

× sin(α) + ω
√
LC cos(α) sin

(
x− α

ω
√
LC

))
(5)

iL(x) = ILo cos

(
x− α

ω
√
LC

)
−
√

C

L
Vco sin

(
x− α

ω
√
LC

)

− V ωC

ω2LC−1
cos(x)+

V

ω2LC−1

(
ω C cos

(
x− α

ω
√
LC

)

× cos(α)−
√

C

L
sin(α) sin

(
x− α

ω
√
LC

))
. (6)

This equation incorporates initial conditions for the capacitor
voltage (Vco) and inductor current (ILo), along with a phase shift
(α) introduced to the external sinusoidal voltage at the beginning
of the considered time period. The submodule capacitors of
each arm of the MMC are maintained at close voltages from
each other owing to the voltage balancing algorithm within
each arm. In this case, Vco is the initial capacitor voltage of
the lumped arm capacitor in Fig. 3 within a considered time
period. The external sinusoidal voltage source at the dc link
possesses an amplitude V , and frequency f in Hz orω in rd/s. Its
instantaneous phase angle is represented byx = ωt+ αo, where
αo signifies the phase offset between the modulating signal in
(2) and the sinusoidal ripple present in the dc link. Equations (5)
and (6) express the inverse Laplace transforms of the capacitor
voltage and inductor current, respectively, derived from (4)
while neglecting the series resistance. These equations define the
capacitor voltages, denoted by Vc(x) and V ′

c(x), for the upper
and lower half-bridges as functions of the instantaneous phase
angle (x) of the applied external voltage.

To account for damping effects, (23) and (24) serve as mod-
ified versions of (5) and (6). These modified equations are then
employed numerically to obtain the values of inductor currents
(IL,k, I ′L,k) and capacitor voltages (Vc,k, V ′

c,k) in Fig. 6.
In Fig. 5, the equivalent circuit operates by the half-bridge

capacitors exchanging roles to establish a series R-L-C config-
uration every half-cycle of the fundamental period (Ts) of the
high-frequency link. By analyzing (5) and (6) at the conclusion
of each half-cycle, we arrive at (7)–(10). In (7)–(10), Vc,k−1 and
V ′
c,k−1 represent the capacitor voltages for the upper and lower

half-bridges, respectively, at the initiation of their corresponding
half-cycles within the kth cycle of the switching frequency
waveform. Likewise, IL,k−1 and I ′L,k−1 signify the inductor
currents at the beginning of the first and second half-cycles in the
kth cycle of the switching frequency waveform. These equations
introduce the variable h, representing the portion of the external
voltage’s instantaneous phase angle covered within a 0.5Ts

interval. Mathematically, h is expressed as ( 0.5Ts

T 2π), where
T signifies the fundamental period of the externally applied
voltage. In addition, α2k denotes the angle traversed by the
external voltage up to the beginning of the first half of the
(k + 1)th switching cycle. This value is calculated asαo + 2kh,
where αo is an initial angle and k represents an integer. Finally,
the variable v appearing in these equations is defined in (13).
When the submodule capacitances of either of the half-bridges
is swapped out, its voltage does not change. For example, the
voltage at the end of the first half of the kth cycle Vc(α2k−1), is
identical to the voltage at the beginning of the first half of the
(k + 1)th cycle Vc(α2k), as illustrated in Fig. 6. This property
ensures continuity of operation during capacitance swapping
arising from insertion of HF-MMC upper and lower arm SMs
in complementary half-cycles of switching frequency.

To model the terminal behavior of the two half-bridge con-
trolled capacitors, the Fourier component of Vmod in Fig. 5, at
the frequency of the driving voltage source is obtained. This is
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Fig. 6. Equations (23) and (24) (damped versions of (5) and (6)) are iterated
Ngcd times to reach a period, when Vc and iL return to their initial values.
Convergence takes D iterations with an arbitrary initial guess for Vc(0), V

′
c(0),

and IL(0). (i) I ′L(0) = iL(Ts/2), IL(1) = iL(Ts), Vc(1) = Vc(Ts/2) =

Vc(Ts) (upper capacitor bypassed duringTs/2− Ts). (ii)V ′
c(1) = V ′

c(Ts) =

V ′
c(Ts + Ts/2) (lower capacitor bypassed during Ts - Ts + Ts

2 ). After conver-
gence (D iterations), the 2Ngcd values of Vc and iL are used in (12).

derived using expressions for Vc(x) and V ′
c(x) from (5) in (11).

Vc,k =

Vc,k−1cos(v) +

√
L

C
IL,k−1sin(v)− V

ω2LC − 1
sin(α2k−1)

+
V

ω2LC−1

(
cos(v)sin(α2k−2)+ω

√
LCcos(α2k−2)sin(v)

)
(7)

IL,k =

I ′L,k−1cos(v)−
√

C

L
V ′
c,k−1sin(v)− V ωC

ω2LC − 1
cos(α2k)

+
V

ω2LC−1

(
ωCcos(v)cos(α2k−1)

−
√

C

L
sin(α2k−1)sin(v)

)
(8)

V ′
c,k =

V ′
c,k−1cos(v) +

√
L

C
I ′L,k−1sin(v)− V

ω2LC − 1
sin(α2k)

+
V

ω2LC−1

(
cos(v)sin(α2k−1)+ω

√
LCcos(α2k−1)sin(v)

)
(9)

I ′L,k−1 =

IL,k−1cos(v)−
√

C

L
Vc,k−1sin(v)− V ωC

ω2LC − 1
cos(α2k−1)

+
V

ω2LC − 1

(
ωCcos(v)cos (α2k−2)

−
√

C

L
sin (α2k−2) sin(v)

)
. (10)

By hitting the upper and lower capacitor voltages given by
(5), with cos(x) and −jsin(x) (so that the magnitude of the
component at the frequency of external ripple can be obtained)
in their respective half cycles, and taking the average over a
period of each of the submodule’s output voltage, (12) shown at
the bottom of the next page is derived. The definition of various
quantities in (12) is provided in (13).

Vmod =
2

Nf (2π)

Ngcd−1∑
k=0

[∫ αo+(2k+1)h

αo+2kh

Vc(x)e
−jxdx

+

∫ αo+(2k+2)h

αo+(2k+1)h

V ′
c(x)e

−jxdx

]
(11)

As shown for an example in Fig. 7, the capacitor voltages exhibit
a periodic behavior with a period corresponding to Ngcd cycles
of the switching frequency, fs. Within this repetitive interval, the
driving voltage completes Nf cycles, where the definitions of
Nf and Ngcd are provided in (13). To facilitate integration, the
total integral over this period is decomposed into Ngcd pairings
of smaller integrals, each with a duration of h, as detailed in
(11).

F1 =
A (ωC)V

ω2LC − 1
, F2 =

B V

ω2LC − 1
, Fa =

V

ω2LC − 1

Ngcd =
fs

GCD(f, fs)
, Nf =

f

GCD(f, fs)

h =
0.5Ts

T
2π =

πNf

Ngcd
, v =

0.5Ts√
LC

(13)

A =

(
e−jαoωL

(ω2LC − 1)

)
[
−1 + e−j h

(
cos(v) + jω

√
LCsin(v)

)]

B =

(
e−jαoω

√
LC

ω2LC − 1

)

[− j ω
√
LC − e−j h

(− jω
√
LC cos(v) + sin(v)

]
.

(14)
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TABLE I
RESONANT PEAKS IN THE FREQUENCY RESPONSE OF THE HF-MMC PHASE LEGS DESIGNED FOR VARIOUS FUNDAMENTAL LINK FREQUENCIES, fs

Fig. 7. Upper half-bridge capacitor voltageVc(t) in Fig. 5 for a DC side ripple
voltage of 250 V at 4500 Hz—It takes Ngcd = 20 cycles of fs = 10 kHz for
a period of Vc(t) to complete-, e.g., 0.4–0.402 s. The first three initial values
Vc,k for k = 0, 1, 2 out of a total of 20 within a period, starting from 0.4 s are
marked as black ellipses.

The computation in (12) requires a total of 2Ngcd pairs of initial
conditions: Capacitor voltages (Vc and V ′

c ) and inductor currents
(IL and I ′L). These initial conditions are taken at the beginning
of each half-cycle of fs and span Ngcd cycles. Fig. 13(a)–(c)
exemplifies this concept for f = fs = 10 kHz. The waveforms
demonstrate thatVc,V ′

c , and IL complete a period afterNgcd = 1
cycle of fs. Consequently, the corresponding capacitor voltages
and inductor current at the start of the first and second half-cycles
of fs are required for the calculation. Similarly, Fig. 7 illustrates
the case where f = 4.5 kHz and fs = 10 kHz. Here, Ngcd = 20
(corresponding to 20 cycles of fs) as Vc(t) completes a period.
The general numerical formulation for determining all initial
conditions required for Fourier series component evaluation in
(12) is presented in Fig. 6.

In (12), the term containing Fa represents the voltage com-
ponent if both the half bridges were together replaced with a
capacitor of value Csm/N . This equivalence arises because
Ngcd h
Nf π = 1. Consequently, the remaining portion of the term

simplifies to j V
ω2 LC−1 , which is demonstrably the voltage across

a capacitor in an L-C circuit stimulated by a sinusoidal voltage
source.

Fig. 8. Block diagram of the presented DP-MMC topology in a multiconverter
configuration with a common dc link interfacing PV arrays, electric vehicle
charging stations, storage units, and fuel cells.

A and B in (13) both go to zero under the following conditions:

f = 2 p fs, fs =
1

2π
√
LC

1

2q
, p, q εN

f �= 1

2π
√
LC

. (15)

For example, this means that if the resonant frequency formed
by Larm and Csm/N is 20 kHz, then for fs = 10 kHz and
f = 40 kHz, the half-bridges behave like a simple capacitance
of value Csm/N .

In Fig. 11(a), the blue dotted line represents the magnitude
response of the term Fa in (12) along with the complete fre-
quency response including all the terms. It can be seen that at
very low and very high frequencies of ripple relative to 1

2π
√
LC

,
the two half-bridges asymptotically follow the response of a
simple capacitance of value Csm/N . Further interpretation of

Vmod =
1

Nfπ

⎡
⎣Fa(j Ngcd h) +B

Ngcd−1∑
k=0

(Vco,k + V ′
co,ke

−jh)e−jk2h +A

Ngcd−1∑
k=0

(Io,k + I ′o,ke
−jh)e−jk2h

+

2Ngcd−1∑
m=0

(F1 cos(αo +mh) + F2 sin(αo +mh)) e−jmh

⎤
⎦ . (12)
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Fig. 9. HF-MMC circuit to compare time domain waveforms and frequency
response of the HF-MMC phase legs.

(12) is deferred until after the investigation into the trend of
the initial inductor current and capacitor voltages Vc,k, V

′
c,k and

IL,k, I
′
L,k of (12) which is provided next.

C. Initial Condition Analysis of State-Variables

In (12), the sum (Vco,k + V ′
co,ke

−jh) and (Io,k + I ′o,ke
−jh)

involving the initial conditions of the inductor current and the
capacitor voltages at the half-cycle boundaries significantly
impact the frequency response of the modulated output voltage
(Vmod) to the ripple voltages at the dc link. In particular, these
sums blow up to huge values when certain conditions relating
to the eigenvalues (26) of the initial condition vector matrix
(16) are satisfied. These conditions are studied to extract the
sensitive frequencies of ripple in this section. As an example, in
Fig. 11(a), the magnitude of Vmod is plotted for various ripple
frequencies. It is consistently observed that a peak occurs at the
link frequency, which corresponds to the switching frequency of
the two half-bridges, regardless of changes in circuit parameters.
In addition, a resonant peak appears at a lower frequency. These
two primary resonant peaks are designated as the invariant
resonant frequency (IRF) and the variant resonant frequency
(VRF) in this work. The subsequent resonant peaks observed
in Fig. 11(a) at higher frequencies are referred to as follower
resonant frequencies (FRF).

1) Matrix Formulation:

⎛
⎜⎝IL,1

Vc,1

V ′
c,1

⎞
⎟⎠

W1

=

⎛
⎜⎝

cos2(v) −y
2 sin(2v) −ysin(v)

1
y sin(v) cos(v) 0
1
2y sin(2v) −sin2(v) cos(v)

⎞
⎟⎠

P

⎛
⎜⎝IL,o

Vc,o

V ′
c,o

⎞
⎟⎠

Wo

+Jo

y =

√
C

L
(16)

⎛
⎜⎝I ′L,1

V ′
c,1

Vc,1

⎞
⎟⎠

W′
1

= P

⎛
⎜⎝I ′L,o

V ′
c,o

Vc,o

⎞
⎟⎠

W′
o

+Joe
j h. (17)

The analysis begins by investigating the two dominant res-
onant peaks. To achieve this, a matrix formulation is derived
in (16). This formulation expresses the initial state variables
at the cycle’s beginning as a function of their values at the
preceding cycle’s initiation (two half-cycles prior). The terms
describing the influence of the externally applied voltage in
(7)–(10) are represented by the termJo in (16). Notably, matrix P
stays constant throughout every cycle defined by the switching
frequency fs. It is important to consider that Ngcd cycles of
this nature are required to complete a single period of the
capacitor voltages or the inductor current. (17) builds upon this
concept by formulating a similar matrix equation. However,
the starting point in (17) is set to I ′Lo and V ′

co as depicted in
Fig. 6. Consequently, the external applied voltage functions
incorporated in (7)–(10) are advanced by an angle h in (17).
Since (12) contains the sum of the initial condition terms such
as Vc,k + V ′

c,ke
−j h, a new initial condition vector as shown

in (18) is synthesized by adding (16), and (17) multiplied by
e−j h

Un = Wn +W ′
ne

−jh, Qn = 2Jn, n = 0, 1, 2. . .

U1 = P Uo +Qo. (18)

Equation (18) exhibits an interesting relationship, where Qn =
2Jn. This translates toWn +W ′

n e
−jh simplifying to just 2Wn.

This behavior is corroborated by simulations, where ILn +
I ′Ln e

−jh = 2 ILn and Vcn + V ′
cne

−jh = 2Vcn is observed. For
instance, at f = fs where h = π, Fig. 13(b) and (c) visually
confirm that IL,0 + I ′L,0 e

−jπ = 2IL,0 and Vc,0 + V ′
c,0 e

−jπ =
2Vc,0. Using the same observation, it can be seen that differential
mode content in the arm voltages due to the ripple in the dc link
is zero as shown in (19). From (12), it can be seen that the
terms containing Fa, F1, and F2 is equally distributed between
upper and lower arms if the submodule capacitors in the arms
are the same value and the terms containing A and B go to
zero in the differential mode extraction as explained above
(i.e., Wn −W ′

n e
−jh = 0).

0
Vmod,diff

=
2

Nf (2π)

Ngcd−1∑
k=0

[∫ αo+(2k+1)h

αo+2k h

Vc(x)e
−jxdx

−
∫ αo+(2k+2)h

αo+(2k+1)h

V ′
c(x)e

−jxdx

]
. (19)

2) General Form for Initial Condition Vector: The general
form for the vector Un in (18) can be written as a series as
shown in (20) and (21).

Un+1 = P Un +Qn = P (P Un−1 +Qn−1) +Qn

= P 2 Un−1 + P Qn−1 +Qn. (20)

The system exhibits periodic behavior, with the initial conditions
returning to their original values after a specific number of
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Fig. 10. (a) Magnitude versus frequency plot and (b) Phase versus frequency plot of Vmod at fs = 10 kHz using circuit parameters from Table II with
MATLAB/SIMULINK simulations of Figs. 9, 5 and calculated using (12) and Fig. 6.

Fig. 11. Magnitude versus frequency plot of Vmod using circuit parameters from Table II and MATLAB/SIMULINK simulations. (a) With αo = 0o (green
dotted line), with αo = 90o (red solid line), and of capacitor of value Csm/N (blue dashed-dotted lines), (b) Comparison of magnitude and phase plot from (39)
(red dashed-dotted and blue dotted lines) and from the equivalent circuit in Fig. 5 (black solid and green solid lines).

Fig. 12. Magnitude versus frequency plot of Vmod using circuit parameters from Table III and MATLAB/SIMULINK simulations. (a) At fs = 1 kHz-solid line,
50 kHz-dashed-dotted line, with frequency axis scaled by 10 times and 0.2 times, respectively, and at fs = 10 kHz-dotted line, (b) Effective impedance offered by
the MMC submodules (blue dotted lines), the arm inductors (solid red line), the net impedance formed by the sum of the two (dashed-dotted yellow line) and the
ratio Zmod/(Zmod + sL)(violet solid line) for fs = 10 kHz from MATLAB/SIMULINK simulations.

cycles, denoted by (n+ 1). This period is depicted in (21).
(n+ 1) is later set equal to Ngcd. As an illustration in Fig. 7,
with Ngcd = 20, the initial voltage value at 0.4 s repeats again
at 0.402 sec. at the beginning of the 21st cycle, signifying the
completion of a period

Uo = Un+1 = P n+1Uo +
n∑

i=0

P iQn−i

Rn

. (21)

Equation (21) defines a summation term, Rn, representing
quantities dependent on the externally applied voltage. This
term corresponds to the vector at the (n+ 1)th cycle, where
n represents the maximum index of the summation.

3) Damping Factor and Characteristic Roots: The time-
domain equations presented in (5) and (6) for RLC circuit
analysis can be equivalently expressed as (22). In this form,
fforced(t) represents the steady-state, forced response of the state
variable. The remaining two terms constitute the circuit’s natural
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Fig. 13. Time domain waveforms from MATLAB/SIMULINK simulations at fs = 10 kHz and circuit parameters in Table II showing (a) Sum of submodule
output voltages from the HF-MMC (blue solid line) and from the equivalent circuit (orange dotted line), (b) Current drawn into each phase leg from the DC link of
the HF-MMC (solid lines) and current in the equivalent circuit (dotted lines), (c) Sum of upper arm and lower arm submodule capacitor voltages in the HF-MMC
(solid lines) and the capacitor voltages from the equivalent circuit(dotted lines).

response.

iL = K1 e
s1 t +K2 e

s2 t + fforced

s1, s2 = − β ±
√

β2 − ω2
o

β =
R

2L
, ωo =

1√
LC

. (22)

For a system with minimal damping resistance (R << ω2
o),

the characteristic roots (s1 and s2) approach −β ± jωo. By
comparing these roots with the exponential terms e±j ωot in (5)
and (6), we observe the introduction of an additional damping
factor, r(t) = e

−Rt
2L , in (23) and (24). This factor accounts for the

exponential decay of the natural response over time, reflecting
the influence of the small resistance (R)

Vc(x) = r(t)Vco cos

(
t√
LC

)
+ r(t)

√
L

C
ILo sin

(
t√
LC

)

− V

ω2LC − 1
sin (ωt+ αo) +

V r(t)

ω2LC − 1

×
(

cos

(
t√
LC

)
sin (αo)

+ ω
√
LC cos (αo) sin

(
t√
LC

))
(23)

iL(x) = r(t) ILo cos

(
t√
LC

)
− r(t)

√
C

L
Vco sin

(
t√
LC

)

− V ωC

ω2LC − 1
cos (ωt+ αo) +

V r(t)

ω2LC − 1

×
(
ω C cos

(
t√
LC

)
cos(αo)

−
√

C

L
sin (αo) sin

(
t√
LC

))
. (24)

Equation (25) introduces matrix PR, which incorporates the
damping factor r(t) into (16), using (23) and (24) evaluated
at the end of a half cycle (t = 0.5Ts).

PR = r

⎛
⎜⎝

rcos2(v) −r y
2 sin(2v) −ysin(v)

1
y sin(v) cos(v) 0
r
2y sin(2v) −rsin2(v) cos(v)

⎞
⎟⎠

r = e−
RTs
4L . (25)

4) Diagonalization of Matrices and Eigenvalues: Equations
in (26) address the diagonalization of matrices P and PR. The
characteristic equation of P in (27), determines its eigenvalues,
represented by the diagonal elements of the matrix ∧ in (26).
While the exact eigenvalues of PR are mathematically complex,
the analysis approximates the r values within PR elements to 1
using the condition 4L/R >> Ts for simplification.

P = T ∧ T−1, PR 	 T ∧R T−1

∧ =

⎛
⎜⎝1

ejθ

e−jθ

⎞
⎟⎠ ,∧R =

⎛
⎜⎝r

r ejθ

r e−jθ

⎞
⎟⎠

e±jθ =
1

4

[
q ±
√

−16 + q2
]

(26)⎡
⎣2λ2 − (cos(2v) + 4cos(v)− 1)

q

λ + 2

⎤
⎦ (λ − 1) = 0.

(27)

The eigenvalues of the matrix PR correspond to the elements of
the∧R matrix presented in (26). It is crucial to recognize that θ is
solely determined by the L and C values established previously.
Equation (28) can be derived from (21) by substituting PR for
P and Rr,Ngcd−1

for Rn

Uo = (Id − P
Ngcd

R )−1Rr,Ngcd−1. (28)

5) Deriving the Expression for Uk: We can further express
Rr,Ngcd−1

by leveraging the fact that the eigenvectors of PR

constitute a basis for R3. This allows us to represent Uo as
depicted as follows:

Uo = γ1 (Id − P
Ngcd

R )−1E1 + γ2 (Id − P
Ngcd

R )−1E2

+ γ3 (Id − P
Ngcd

R )−1E3

Uo = γ1
1

1− (r)Ngcd
E1 + γ2

1

1− (r ejθ)Ngcd
E2

+ γ3
1

1− (r e−jθ)Ngcd
E3. (29)
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Here, the magnitudes of Rr,Ngcd−1
along the eigenvector direc-

tions are denoted as γ1, γ2, and γ3. While analytical expressions
for these γ values are not available, the structure of Uk still
offers valuable insights, as demonstrated below. Furthermore,
the magnitude response at any given frequency can still be
determined numerically. This is achieved by employing the
iterative formulation outlined in Fig. 6 to calculate initial values
for the capacitor voltages and inductor currents, which are then
incorporated into (12).

It can be demonstrated that the expression for Uk in (30)
follows from the substitution of the equation for Uo in (29) and
using the general form for Un in (21).

Uk = γ1
rk

1− (r)Ngcd
E1 + γ2

rk ejkθ

1− (r ejθ)Ngcd
E2

γ3
rk e−jkθ

1− (r e−jθ)Ngcd
E3 +Rr,k−1. (30)

6) Evaluating the Summation in (12) Using Uk: Leveraging
the expression for Uk derived in (30), the summation in (12)
can be evaluated for the first two terms of Uk. This yields (31)
and (32) by virtue of the well-known formula for the sum of
a geometric series. Furthermore, recognizing that 2h = Ts

T 2π,
and employing the substitutions Ngcd = fs

GCD(f,fs)
and Nf =

f
GCD(f,fs) , we arrive at the expression 2h =

2πNf

Ngcd
which is used

to write (32)

γ1E1

1− (r)Ngcd

Ngcd−1∑
k=0

rke−jk2h =

⎧⎨
⎩

γ1E1

1−r , f = nfs, n εN
γ1E1

1−r e
−j

2πNf
Ngcd

, otherwise

(31)

γ2E2

1− (rejθ)Ngcd

Ngcd−1∑
k=0

rk ejk(θ−2h)

=

⎧⎪⎪⎨
⎪⎪⎩

γ2E2

1−r , θ = 2h or Δ = n 2π, n εN
γ2E2

1−r ejΔ
,Δ �= m 2π, θNgcd = m 2π,m εZ

γ2E2

1−(rejθ)Ngcd

(
1−(r ejΔ)Ngcd

1−r ejΔ

)
, otherwise

Δ = θ − 2h (32)

7) Invariant Resonant Frequency (IRF): According to (31),
as r approaches 1, the sum of the Uk terms in (12) converges to a
large value at the frequency f = nfs. At this specific frequency,
Nf is equal to nNgcd. It is important to note that for f = n fs,
Ngcd becomes 1. For instance, if fs = 10 kHz and f = 30 kHz,
then Ngcd = 1 and Nf = 3. The first case presented in (31) can

be understood as a special case of the more general formula in
the second case, obtained by setting Nf = nNgcd.

This reveals that for frequencies corresponding to multiples of
fs, especially, odd multiples of fs, a peak response is observed
as expressed in (37). Notably, the peak at f = fs is the most
significant because for other odd multiples, the term ω2 LC − 1
in the denominator becomes significantly larger whenω is much
greater than 1√

LC
. Consequently, the invariant resonant peak

occurs at the frequency, fIRF , specified as follows:

fIRF = fs. (34)

The expressions for the initial condition values of current
through the inductor, IL,0, and voltage across the capacitor, Vc,0,
are given by (33) shown at the bottom of the next page for the
case of Ngcd = 1 and f = nfs. As described previously in (17)
and (18), I ′L,0 and V ′

c,0 are the negative of these values.
8) Analysis of Even Multiples of fs and αo: Equation (33)

indicates that for frequencies corresponding to even multiples of
fs, the resonant peak is absent. This is attributed to the influence
of the parameter γ1, which also affects the magnitude of Uk as
previously discussed. Furthermore, (33) indicates that when αo

equals zero, the magnitudes of both IL,0 and Vc,0 are negligible.
Fig. 11(a) illustrates the magnitude response ofVmod forαo set to
0o overlayed with case for αo = 90o and a switching frequency
fs of 10 kHz. While a sharp notch is observed at fs for αo = 0o,
the magnitude exhibits significant peaking at frequencies very
close to fs, similar to the case with αo set to 90o.

9) Invariance of IRF Peak With Circuit Parameter Variation:
This study reveals an intriguing characteristic—the resonant
peak observed at frequency fIRF exhibits negligible sensitivity
to variations in component valuesL andC. However, the permis-
sible increase in L that maintains the IRF peak is demonstrably
dependent on the dc link voltage,Vhdc (as illustrated in Fig. 5). A
significant value of modulation voltage, Vmod, at the switching
frequency, fs, arises due to the observed splitting of upper and
lower half-bridge capacitor voltages [depicted in Fig. 13(c)].
In the extreme case, the voltage across the lower capacitor
approaches zero. To achieve resonance at fs, the terminal model
of the half-bridges must present an impedance, Zmod, equal to
−sL (where s is the Laplace variable). This condition is demon-
strably satisfied at f = fs when Vmod >> V and under the
assumption of R << sL [derived from (35) and corroborated
by Fig. 12(b)]. At high values of L, the voltage split across
the two capacitors becomes insufficient to replicate the voltage
drop across sL while permitting a current limited solely by the
circuit’s resistance

Zmod =
R
(
sL
R + 1

)
V

Vmod
− 1

· (35)

IL,0 =
V

ω2LC − 1

(
−ω C cos(αo)− 2 r

r2 − 1

√
C

L
sin(αo)sin(v)

)∣∣∣∣
ω=(2n+1)ωs

IL,0 =
−V ωCcos(αo)

ω2LC − 1

∣∣∣∣
ω=(2n)ωs

Vc,0 =
−V

ω2LC − 1

1 + r2 + 2 rcos(v)
r2 − 1

sin(αo)

∣∣∣∣
ω=(2n+1)ωs

Vc,0 =
−V sin(αo)

ω2LC − 1

∣∣∣∣
ω=(2n)ωs

. (33)
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10) Variant Resonant Frequency (VRF): In a similar vein to
(31), (32) suggests that the summation of terms denoted byUk in
(12) diverges towards a significantly large value when θ reaches
2h. θ represents the angle of the complex conjugate eigenvalues
pertaining to matrix P or PR. This implies that resonance arises
at the specific frequency denoted by fV RF as follows:

fV RF =
θfs
2π

· (36)

In (32), a general formula is established in case 3. This formula
can be adapted to retrieve cases 1 and 2 by incorporating the
specified conditions within the equation itself. To illustrate,
consider a scenario where the sampling frequency, fs, is set at
10 kHz. When the L and C values are those outlined in row I of
Table I, (26) yields θ 	 9

202π. Furthermore, (13) indicates that
2h is also 9

202π at a frequency of f = 4500 Hz. Consequently,
this leads to Δ = 0 and the first case of (32). As a result, (36)
confirms that fV RF = 4500 Hz for the given arm inductance,
submodule capacitance, and HF-link frequency values. It is
noteworthy that for these specificL andC values and a frequency
of f = 4500Hz, the term outside the summation on the left-hand
side of (32) satisfies θ Ngcd = 2π. Even for other frequencies
such as 500 Hz,1500 Hz, 3500 Hz, etc., Ngcd = 20, (ΔNgcd),
and (θNgcd) are multiples of 2π, but this only results in case 2
in (32). Only for Δ = 0 or Δ = n2π, case 1 holds. Note that
θNgcd = 2π is automatically satisfied for θ = 2h in case 1 of
(32).

11) Follower Resonant Frequencies (FRF): The magnitude
response plot in Fig. 11(a) reveals additional resonant peaks
beyond the initial two dominant peaks, observed at higher fre-
quencies. These FRF peaks arise when the equation 2nfs − f =
±fIRF or 2nfs − f = ±fV RF is satisfied, where fs represents
the switching frequency, f denotes the external driving ripple
frequency as illustrated as follows:

fFRF = (2n fs ± fIRF,V RF ) , n εN. (37)

This can be explained as follows: Using θ = 2πTs

Tss
from (36), the

time period of the follower resonant frequency cycle, TFRF =
1

2nfs+fV RF
and 2h = 2πTs

TFRF
, we getΔ = θ − 2h to be a multiple

of 2π and case 1 of (32) holds. A similar result can be obtained
from the third term of Uk in (30) when Δ′ = θ + 2h becomes a
multiple of 2π for TFRF = 1

2nfs−fV RF
. The general condition

on the ripple voltage frequency for Δ or Δ′ to be a multiple of
2 π is given as follows:

fΔ = pfs ± fV RF , p εN. (38)

It is observed from the numerical calculation of initial conditions
using Fig. 6 and (12) that there is an actual observed peak only
for even values of p in (38) and this is captured in (37).

12) Comparison With Two-Degree-of-Freedom Model: It is
observed that the two-degree-of-freedom model presented in
(39) mimics the behavior of the model in (12), as illustrated
in Fig. 11(b). The parameters d1 and d2 are determined by
leveraging the magnitudes of Vmod, M1, and M2 at the resonant
frequencies ωIRF and ωV RF obtained from (12) and Fig. 6,

while ensuring a unity dc gain.

Vmod,2DOF

V
=

d1 (ω
2
IRF )

s2 + ω2
IRF

+
d2 (ω

2
V RF )

s2 + ω2
V RF

d1 (ω
2
IRF )

d2 (ω2
V RF )

=
M1

M2

d1 + d2 = 1. (39)

IV. APPLICATION OF THE HF-MMC RESONANT ANALYSIS

The presented analysis and mathematical framework can be
leveraged to design the PWM schemes and switching frequen-
cies of multiple MMCs back-to-back connected to a common dc
link as shown in Fig. 8 [24]. The modulation schemes designed
using the support of this analysis will ensure that the various
resonances in the DP-MMCs in Fig. 8 are not excited.

Further, the phenomenon of the invariant resonant frequency
can be taken advantage of, in designing a new power converter
like the CLLLC [38], where the converter gain varies depending
on the switching frequency. In this regard, there is a special ad-
vantage of the invariant resonant peak, that the circuit parameters
can be designed at two-three times smaller values while keeping
the resonant frequency fixed.

Yet another application of the presented analysis is in wireless
power transfer and RF systems [35], [36] where the circuit
resonant frequency changes with orientation changes between
the power transfer coils. The invariant resonant frequency peak
by its property of not changing with leakage inductance can once
again be put to use in these applications.

V. RESULTS–MATLAB/SIMULINK

A. Agreement Between Theory and Experiment

In this study, we observed a high degree of agreement between
theoretical predictions and experimental results. In Table I, the
resonant peak frequencies are presented. In addition, expected
values of fV RF calculated using (36) and the angle of the
complex pair of eigenvalues determined from (26) are tabulated
for various HF-link frequencies, submodule capacitances, and
arm inductance values. The IRF peak always occurs at the link
frequency and is not separately tabulated in Table I.

The measured frequencies of the VRF peak and the FRF peaks
(as shown in (37), (36) and Table I) deviated from theoretical
values by a maximum of 2%. Similarly, the observed magnitude
of Vmod at the theoretically predicted and experimentally deter-
mined fV RF values differed by no more than 4%. For example,
the first FRF peak in the last three rows of Table I at 1512.2Hz,
1565.9Hz, and 1721.8Hz correspond to the tabulated fV RF

values, as predicted by (37).

B. Follower Resonant Frequencies (FRF)

Notably, the follower peaks of the IRF peak consistently
appeared at odd multiples of the link frequencies (as described
in (37)) when the dc link ripple was applied. The presence of
a dominant FRF peak at times times the switching frequency
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Fig. 14. Time domain waveforms from MATLAB/SIMULINK simulations using circuit parameters in Table II showing: HF-MMC DC link voltage ripple, output
AC port currents, sum of submodule voltages in upper and lower arms, i.e., Vmod and arm currents plotted with rated output power flow (blue) overlayed with
results from AC port disconnection (orange) for HF-link frequency of 10 kHz and DC link ripple frequency of (a) 4 kHz; (b) 8 kHz; (c) 11 kHz; (d) 30 kHz; (e)
20 kHz; (f) 10 kHz.

Fig. 15. (a) Magnitude response plot of Vmod for the link frequency of 1
kHz and Csm = 100 μF (solid blue line), 150 μF (green dotted line), 200 μF
(red dotted line) and 250 μF (black dashed line) with Larm = 200 μH from
MATLAB/SIMULINK simulations. The peaks in the plot have been tabulated
in Table I.

(3fs) is observed in Fig. 15 for various values of the submodule
capacitance (Csm).

It is interesting to observe that the expected follower resonant
peak at 3 kHz(row 3 of Table I) for a submodule capacitance

value of Csm = 250 μF is absent for the HF link at 1 kHz as
tabulated in Table I and observed in Fig. 15. This can be ex-
plained by observing that the resonant frequency formed by the
2Larm and 0.25Csm forCsm = 250μF andLarm = 200 μH is
at the HF link frequency of 1 kHz. Substituting forTs = 2π

√
LC

in v of (33) and ω = 3ωs, reveals that the numerators of the
terms dependent on r in IL,0 and Vc,0 are almost zero in case
the HF-link is at the resonant frequency. However, even in this
case, the BS peak still exists because the denominator of these
terms tend to zero faster than the numerator.

C. VRF Peak Diminishes

It is further noted that the magnitude of the VRF peak di-
minishes with decreasing Csm values. This phenomenon can be
attributed to the minimal amplification of Uk terms in (12) at
VRF frequencies far away from the L− C resonant frequency.
This limited amplification occurs because the numerator of
coefficients A and B in (14) is negligible at these frequencies.
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TABLE II
NOMINAL PARAMETERS FOR THE CIRCUIT IN FIG. 9 USED TO COMPARE THE

ANALYSIS RESULTS ON MATLAB/SIMULINK, OPAL-RT HIL, AND

EXPERIMENTAL HW SETUPS

Fig. 16. Magnitude versus frequency plot of Vmod using circuit parameters
from Table II from MATLAB/SIMULINK simulations for varying values of
modulation index.

Consequently, as illustrated in Fig. 15, the corresponding FRF
peaks exhibit a more significant amplitude in such scenarios.

D. Validation of Fourier Series Expression for Vmod

In Fig. 13(a), (b), and (c) are shown the time domain wave-
forms from the MATLAB/SIMULINK simulation of HF-MMC
circuit and the equivalent circuit in Fig. 5 with a modulation
index of mhf = 1.15. These waveforms have been obtained for
a 10 kHz HF link with circuit parameters as in Table II. It can
be observed that the waveforms almost overlap with each other
showing the validity of the equivalent circuit for high modulation
indices.

The magnitude and phase plots of Vmod from the analysis,
the equivalent circuit and the HF-MMC circuit extracted from
Figs. 5 and 9 for a HF link frequency of 10 kHz and circuit
parameters as in Table II, are shown in Fig. 10. The frequency
response from the simulation and those from the analysis are
observed to match well with each other. At close to resonant
frequency of 1√

LC
and at the two major resonant peak frequen-

cies, there is an error from the experimental results in Fig. 10(a)
due to (12) not considering the series resistance. It is interesting
to note that the phase of Vmod in Fig. 10(b) alternates between
almost 0o and almost 180o every time a resonant frequency is
crossed. This can be understood from the general partial fraction
expansion form such as in (39) for a multiresonant system [39].

E. Modulation Index Impact

In Fig. 16 are shown, the magnitude response plots from Fig. 9
for mhf = 0.7, mhf = 0.6, and mhf = 1.15. It is seen that

Fig. 17. Block diagram showing the functions performed by the subsystems
of OP5700 real-time simulator.

TABLE III
PARAMETERS FOR EXTENDED SIMULATION IN MATLAB/SIMULINK BASED

ON FIG. 9

the VRF peak shifts slightly to the right while the IRF peak
remains at the link frequency of fs. Also, there are a number of
microresonances occurring between the IRF and the VRF peaks
as seen from the green solid line for lower modulation index of
0.6. Although at lower modulation indices such as 0.6 the total
number of modules inserted per phase leg is still N, they are
composed of (N-1) in one of the arms and 1 in the other for most
of the time as against N and 0 for higher modulation indices.
At these lower modulation indices, the requirement for all the
N submodules to be inserted during a particular half-cycle of
HF-link frequency does not arise and so the effective capacitance
of the half-bridge in the equivalent circuit cannot be assumed to
be Csm/N . The capacitor voltages of these (N-1) capacitors in
one arm and 1 capacitor in the other arm are balanced in two
different groups they cannot be considered as a single capacitor
anymore.

F. HF Link Frequency Dependence

In Fig. 12(a), the magnitude responses of Fig. 5 at HF link
frequencies of 10 kHz, 1 kHz, and 50 kHz for Csm and Larm

as tabulated in Table III are shown. The frequency axis for the
1-kHz plot has been scaled by ten times and that of the 50-kHz
plot has been scaled by 0.2 times to show in the same plot. The
VRF peak frequencies follow the expression obtained from the
analysis as seen from Table I and the IRF peak remains fixed at
the link frequency.

G. AC Port Decoupling for the Analysis

In Fig. 14, the time domain waveforms of Vmod, arm voltages,
arm currents, and output port ac currents with rated power flow
through the ac port and with ac port disconnected are shown.
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Fig. 18. Time domain waveforms from OPAL-RT real-time simulations of the HF-MMC circuit in Fig. 9,circuit parameters in Table II at DC link excitation
frequency of 1 kHz showing: (a) Sum of submodule output voltages, (b) Current drawn into each phase leg from the DC link, (c) Sum of upper arm and lower arm
submodule capacitor voltages.

Fig. 19. OPAL-RT HIL real-time simulations of Fig. 9 (yellow squares)
overlayed with results using analysis expressions (black diamonds) and cor-
responding MATLAB/SIMULINK simulations (blue solid line).

Fig. 20. Experimental hardware setup to evaluate dc side frequency response
of the HF-MMC phase legs.

It can be observed that the response voltage Vmod (sum of the
upper arm and lower arm submodule output voltages) to a ripple
voltage at the dc link is not significantly changed as a result
of output port ac currents. However, the submodule capacitor
voltage ripple due to ac port currents and related 2fsw voltage
ripple do change but affect the magnitude of Vmod only slightly.
It can be seen that at fsw and even/odd harmonic frequencies of
fsw, there is a small difference in Vmod time-domain waveforms
with ac port disconnected compared to rated power flow through
the ac port connected. Since, the submodule capacitor values are
designed to carry a small percentage of the ripple during regular
operation, and the analysis targets characterizing the response
Vmod due to a ripple in the dc link, these effects have been
neglected in the analysis.

H. Comparison With Dual-Resonant Simplification

In the magnitude response plots, it has been repeatedly ob-
served that there is an antiresonant dip between any two resonant
peaks. This can again be explained as following from the partial
fraction expansion form for a general multiresonant system such
as shown in (39) [39]. If the coefficients d1 and d2 are of
the same sign then there is an antiresonant dip between ωIRF

and ωV RF since the denominators are of opposite sign at a
frequency between the two resonant frequencies. In Fig. 11(b),
the comparison of the magnitude response from (39) and from
the equivalent circuit in Fig. 5 for fs = 10 kHz is shown.

VI. RESULTS—OPAL-RT HARDWARE-IN-LOOP AND

EXPERIMENTAL HARDWARE SETUP

A. OPAL-RT Hardware-in-Loop Results

In Fig. 17, the block diagram of the HIL implementation
on OPAL-RT for verification of the presented model is shown.
Voltage balancing of the submodule capacitors and switching
pulses for the HF-MMC are generated by custom created FPGA
logic block. The switched model of the MMC circuit in Fig. 9
is implemented on the electrical Hardware Solver Block on the
FPGA. The modulating signals for the HF-MMC are sent to
the FPGA from the CPU cores in OPAL-RT. The time domain
waveforms for a HF-link frequency of 1 kHz using circuit
parameters as in Table II, obtained from OPAL-RT HIL real-time
simulations are shown in Fig. 18(a), (b), and (c) and a similar
trend can be observed.

The HF-link frequency has been chosen as 1 kHz and the
corresponding circuit parameters are shown in Table II. The HF-
link frequency has been reduced from 10 kHz which was used in
MATLAB/SIMULINK so that the eHS solver with a solver time
step of 1.25 μs can perform the modeling and simulation with
good fidelity. The magnitude plots of the sum of upper arm and
lower arm submodule output voltages in Fig. 9, from OPAL-RT
based HIL simulation are shown in Fig. 19 for mhf = 1.15. In
the same figure, the magnitude plot of Vmod using the analytical
expression in (12) and MATLAB/SIMULINK simulations of
Fig. 5 are shown. Once again, a good match is observed between
the three plots.

B. Experimental Hardware Results

The hardware experimental setup consists of two half-bridge
modules, one for each arm of the HF-MMC phase leg as shown
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Fig. 21. Experimental results in response to ripple frequencies at the dc link-Vmod (first plot from top), dc link voltage with ripple frequency (second plot),
SM capacitor voltage (third plot) and arm inductor current (fourth plot) at, (a) Invariant Resonant Frequency (236 Hz), (b) Variant Resonant Frequency (394 Hz),
(c) 500 Hz, (d) 150 Hz, (e) 300 Hz, (f) 600 Hz.

Fig. 22. Experimental results from hardware setup (blue diamonds) overlayed
with MATLAB/SIMULINK simulations (orange solid line).

in Fig. 20. The PWM pulses for the MMC submodules are imple-
mented on the Zynq7000/Zedboard FPGA platform. The switch-
ing frequency of the HF-MMC was chosen as 236Hz. This
frequency was chosen because the Chroma ac+dc power supply
could inject ripples in the dc link till a maximum frequency
of 1000Hz. A total arm inductance of 2.5mH and submodule
capacitance was 80 μF was used in the experiment. The VRF

peak falls at 394Hz for these parameters. The dc link voltage
was chosen as 20V and small voltages of amplitude 2.5V at
various frequencies from 100Hz − 1000Hz was injected into
the dc link to study the frequency response of the HF-MMC
submodules.

In Fig. 21 are shown the submodule capacitor voltage, Vmod,
arm inductor current and the external voltage applied at the dc
link for various frequencies of ripple. The capacitor voltages and
inductor currents complete a period in Ngcd cycles of switching
frequency. The ratio of the amplitude of Vmod to the amplitude
of applied ripples at various frequencies of ripple are plotted
in Fig. 22. The various resonant peaks match the theoretical
predictions for these frequencies. This confirms the analysis of
the frequency response of the HF-MMC phase legs to dc link
ripples as detailed in this study.

VII. CONCLUSION

The dc side frequency domain characterization of the HF-
MMC phase legs was performed and it was shown that the
frequency response of the sum of submodule output voltages is
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dominated by resonant peaks at frequencies called as the invari-
ant, variant and follower resonant frequencies. Correspondingly,
closed-form expressions of the frequencies of these peaks were
presented. It was observed that the major resonant peak lies at
the link frequency or the switching frequency of the HF-MMC.
This resonant peak is largely insensitive to the changes in the
inductance and capacitance values forming the series R-L-C
network. Through results from MATLAB/SIMULINK,OPAL-
RT Hardware-In-Loop, and the hardware experimental setup,
the magnitude and phase response plots from the model was
observed to match closely with the analytical results.
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