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Co-Simulation of a Printed Circuit Board Modeled by
a Cauer Ladder Network Approach Combined

With GaN Transistors
Thomas Henneron , Wei Chen, Loris Pace , Jérôme Tomezyk,

Stéphane Clénet , and Houssein Taha

Abstract—In order to design efficient power converter operating
at high switching frequencies, the electromagnetic behavior of the
printed circuit board (PCB) must be well known. Then, numerical
approaches can be used to study the voltage and current wave-
forms as well as the current density distribution associated with a
PCB. Considering a half-bridge converter connected to a passive
electrical load, we propose a co-simulation based on the Cauer
ladder network approach providing an equivalent circuit of the
PCB combined with models of GaN transistors. The results from
the co-simulation are compared with measurements at 1 MHz with
an output power of 200 W.

Index Terms—Cauer ladder network (CLN), co-simulation,
finite element (FE) method, GaN transistors, high frequency power
converters, model order reduction.

I. INTRODUCTION

DUE to the development of semiconductors used in power
converters, switching frequencies become increasingly

significant. Then, the influence of the electromagnetic behavior
associated with the PCB cannot be neglected with regard to
semiconductors and/or passive components during the design
phase of a converter. To study the behavior of a PCB, numerical
approaches can be investigated. In the literature, the Partial
Element Equivalent Circuit (PEEC) modeling method is com-
monly used to determine a differential equation system based on
global electrical quantities (currents and electric potentials) [1],
[2], [3]. The PEEC approach does not require meshing the air
surrounding a conductive subdomain but it does result in a dense
matrix system that needs to be solved. For a magneto-quasistatic
problem in the frequency domain, the PEEC approach defines
an equivalent circuit composed of resistors and inductances
depending on the frequency. In order to study the transient state
in the time domain, approaches such as Vector Fitting, Inverse
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Fourier Transform, or numerical inversion of the Laplace Trans-
form can be performed with the frequency dependent matrix
system in order to obtain an equivalent circuit with constant
resistors and inductances [1]. Then, a co-simulation based on
solving of the equivalent circuit combined with semiconductors
and/or passive components can be performed. Another approach
is to use the Marching On–in–Time PEEC method to directly
define an equivalent circuit with constant parameters [4], which
requires the introduction of temporal shape functions.

The finite element (FE) method can also be investigated to
study the electromagnetic behavior of a PCB [5]. However,
the approach requires meshing the whole studied domain. To
avoid meshing the conductive tracks, which are essentially 2-D
surfaces, Shell element approaches can be employed [6]. In
the literature, this approach has been investigated to study the
electromagnetic behavior of two different PCB designs [7]. In
the case of a co-simulation, the FE model is coupled with models
of semiconductors and/or passive components. Nevertheless,
due to the computational time required to solve the FE model,
which depends on meshing the entire domain, this approach is
typically not used for real applications.

In this article, the Cauer ladder network (CLN) approach is
applied to the magneto-quasistatic FE model of a PCB in order
to define an equivalent circuit composed of resistors and induc-
tances. The CLN approach is a model order reduction method
which enables to derive a numerical model with a small number
of unknowns from the FE model [8]. The unknowns of the model
are then the currents and the voltages of the equivalent circuit.
The CLN method has been proposed by [8] and applied to a 2-D
magneto-quasistatic problem solved by a potential formulation.
This approach consists of two main steps. During the offline step,
based on a FE model, an equivalent electrical circuit composed
of resistors and inductances as well as a reduced basis associated
with the potential are defined. The online step involves solving
the equivalent CLN circuit. The CLN approach enables an easy
coupling with other equivalent circuit models of other compo-
nents than the one modeled by the FE method. Moreover, is
enables to calculate very quickly global quantities like, losses or
fluxes as well as field distributions (current density, magnetic
field...). This method has been extended for 3-D magneto-
quasistatic [9], [10] and electro-quasistatic problems [11] and
has been applied to numerous applications likes cables, trans-
formers, electrical machines, but not to PCB until now.
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Fig. 1. Studied system.

Based on a real half-bridge converter supplying a passive
electrical load [12], the equivalent CLN circuit of the PCB
is combined with models of GaN transistors to perform a
co-simulation. The results from the co-simulation are com-
pared with measurements. In a first part, the studied system
is introduced. The second part details the numerical model of
the PCB using FE approach. In a third part, the principle of
the CLN method is presented and then applied to derive an
equivalent electrical circuit of the PCB. In a fourth part, the
results obtained from the equivalent CLN circuit are compared
with those from the FE model, where transistors are substituted
with ideal switches modeled by variable resistors. Finally, the
results of a co-simulation using the equivalent CLN circuit of
the PCB combined with PSICE models of GaN transistors are
compared with measurements.

II. STUDIED SYSTEM BASED ON A HALF-BRIDGE CONVERTER

The studied system is based on a half-bridge converter sup-
plying an electrical load composed of a resistor Rc and an
inductance Lc (Fig. 1). The converter is composed of two GaN
transistors,K1 andK2, connected to the PCB. A comprehensive
description of the system can be found in [12].

In this work, the switching frequency is fixed to f = 1 MHz,
the duty cycle to 0.5 and the voltage U of the dc bus to 180 V.

III. NUMERICAL MODEL OF THE PCB

A. Continuous Formulation

To take into account the resistive and inductive effects of the
PCB, a magneto-quasistatic problem is considered. The PCB,
excluding the conductive tracks connected to the transistor
gates, forms a conductive subdomain Dc of boundary ΓDc

with ΓDc
= ΓE

⋃
ΓJ and ΓE

⋂
ΓJ = ∅. The wheelbases of

the transistors (drain and source), cables of the dc bus voltage
and electrical load are taken into account. Each wheelbase
corresponds to a boundary ΓE,j ∈ ΓE where the electric scalar
potential vj is constant. The voltageU of the dc bus is defined by
U = vin − vout, the drain-source voltage Vds,1 of the transistor
K1 by Vds,1 = v1 − v2, Vds,2 = v3 − v4 for the transistor K2

and the voltage Uc applied to the load by Uc = v5 − vout
(Fig. 2). Then, the boundary ΓE can be split such as
ΓE = ΓE,in

⋃
ΓE,out

⋃
ΓE,1

⋃
ΓE,2

⋃
ΓE,3

⋃
ΓE,4

⋃
ΓE,5.

Fig. 2. Conductive subdomain Dc.

Fig. 3. Conductive subdomain with the perfect 1-D electric cables.

The studied domain D of boundary ΓD is composed of the
subdomain Dc enclosed within an air box. To impose the
conservation of the currents, perfect 1-D electric cables are
introduced between ΓE,in and ΓD, ΓE,out and ΓD, ΓE,5 and
ΓD, ΓE,1 and ΓE,2 and ΓE,3 and ΓE,4 (Fig. 3) [7]. The set of
perfect 1-D cables are denoted by Γpc.

By neglecting the displacement currents, a magneto-
quasistatic (MQS) problem is defined by

curl E = −∂B

∂t
(1)

curl H = J (2)

divB = 0 (3)

divJ = 0 (4)

with E the electric field, B the magnetic flux density, H the
magnetic field, and J the current density in Dc. For the con-
ductive tracks, the electric behavior law is J = σE with σ the
conductivity. In the whole domainD, the magnetic behavior law
is defined by B = μ0H with μ0 the permeability of the vacuum.
To solve the problem, the A− v formulation can be used. A
magnetic vector potential A is defined in the whole domain D
from (3)

B = curlA with A× n = 0 on ΓD, ΓE and Γpc (5)
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Fig. 4. Part of the PCB mesh.

with n the outward normal. From (1), the electric field can be
expressed by

E = −∂A

∂t
− gradv −

∑
j

vjgradαj

with j ∈ {in, out, 1, 2, 3, 4, 5} and v = 0 on ΓE (6)

where v is an electric scalar potential defined in the subdomain
Dc and αj is a scalar function equal to 1 on ΓE,j and 0
everywhere else, for j ∈ {in, out, 1, 2, 3, 4, 5}. Then, based on
(2) and (4), the strong formulation to be solved is

curlνcurlA+ σ

⎛
⎝∂A

∂t
+ gradv +

∑
j

vjgradαj

⎞
⎠ = 0,

(7)

divσ

⎛
⎝∂A

∂t
+ gradv +

∑
j

vjgradαj

⎞
⎠ = 0,

with ν = 1/μ0 and j ∈ {in, out, 1, 2, 3, 4, 5}.
(8)

The current ik flowing through each boundary ΓE,k can be
expressed by [13]

ik =

∫
Dc

σ

⎛
⎝∂A

∂t
+ gradv +

∑
j

vjgradαj

⎞
⎠ · gradαkdD.

(9)

B. Finite Element (FE) Model

To optimize the discretization of the studied domain, the mesh
of the PCB is based on a shell element method. This approach
represents the thin structures as 2-D surfaces [6], [7]. Then,
the conductive tracks are discretized using 90 749 triangular
elements. The 3-D mesh for the remainder of studied domain
consists of 285 644 tetrahedral elements. Fig. 4 presents a portion
of the PCB mesh.

Based on Whitney’s elements, the potentials A and v are
discretized using edge and nodal elements, respectively, and the
scalar functions αj using the nodal elements [14]. We denote
by XA of size Ne the vector of degrees of freedom (DoF) of A
and by Xv of size Nn the vector of DoF of v. The DoF numbers

of XA and Xv are about 370k and 33k, respectively. Then, we
have

A =

Ne∑
i=1

XAi
w1

i (x), (10)

v =

Nn∑
i=1

Xvi
w0

i (x), (11)

αj =
∑

i∈ΓE,j

w0
i (x) (12)

withXAi
the ith component ofXA which corresponds to the cir-

culation of A along the edge i and w1
i (x) its edge interpolation

function depending on the position x andXvi
the ith component

of Xv which corresponds to the value of v on the node i and
w0

i (x) its nodal interpolation function. Applying the FE method
to (7) and (8) leads to the following system of equations to be
considered:

Mν
AAXA +Nσ

AA

dXA

dt
+Cσ

AvXv

+

5∑
j=1

Cσ
Aαj

vj = −Cσ
Aαin

vin −Cσ
Aαout

vout, (13a)

CσT

Av

dXA

dt
+Mσ

vvXv +

5∑
j=1

Cσ
vαj

vj =

−Cσ
vαin

vin −Cσ
vαout

vout (13b)

with

[Mν
AA]k,l =

∫
D

νcurlw1
k · curlw1

l dD,

[Nσ
AA]k,l =

∫
Dc

σw1
k ·w1

l dDc,

[Cσ
Av]k,l =

∫
Dc

σw1
k · gradw0

l dDc,

[
Cσ

Aαj

]
k
=

∫
Dc

σw1
k · gradαjdDc,

[Mσ
vv]k,l =

∫
Dc

σgradw0
k · gradw0

l dDc,

[
Cσ

vαj

]
k
=

∫
Dc

σgradw0
k · gradαjdDc

with MT the transpose of the matrix M. By supposing that
the scalar product αj · αk is equal to 0 for j �= k with j, k =
{in, out, 1, 2, 3, 4, 5}, the (9) associated with each current ik
becomes

CσT

Aαk

dXA

dt
+CσT

vαk
Xv +Mσ

αkαk
vk − ik = 0

with Mσ
αkαk

=

∫
Dc

σgradαk · gradαkdDc. (14)



7098 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 40, NO. 5, MAY 2025

Algorithm 1: Pseudocode for CLN Algorithm.
Input: K,N,F, n
Step 0: solve Kx1 = F, set u1 = x1 and compute
L1 = uT

1 Ku1

for q = 1 to n do
Step 1: compute v2q = v2q−2 + u2q−1

1
L2q−1

Step 2: compute 1
R2q

= vT
2qNv2q

Step 3: solve Kx2q+1 = Nv2qR2q

Step 4: compute u2q+1 = u2q−1 − x2q+1

Step 5: compute L2q−1 = uT
2q+1Ku2q+1

end for
Return: {u1, · · · ,u2n+1}, {v2, · · · ,v2n},
{L1, · · · , L2n+1}, {R2, · · · , R2n}

The equation of the electrical load is

Rci5 + Lc
di5
dt

− v5 + vout = 0. (15)

In order to obtain a numerical model of the PCB with transistors,
the system of equations composed by (13), (14), and (15) is
combined with models of the power switches.

IV. EQUIVALENT CIRCUIT BASED ON THE CLN APPROACH

In the following, a procedure based on the CLN method is
presented in order to extract an equivalent electrical circuit from
a FE model. First, the case of a Single Input Single Output (SISO)
is developed to introduce the CLN method. Then, the CLN
approach is extended to the case of Multiple Inputs Multiple
Outputs (MIMO). Finally, the equivalent CLN circuit of the PCB
is developed.

A. Principle of SISO CLN Method

For simplicity, we will work in the frequency domain using
the Laplace transformation and consider the following system
of N equations with N DoF written in this form

KX+ sNX = I(s)F, (16)

Y (s) = sFTX (17)

where X is the state vector of dimension N , K ∈ R
N×N and

N ∈ R
N×N are symmetric matrices, F is a vector enabling

to impose the source term I(s) ∈ C, s is a complex variable,
and Y (s) is the quantity of interest. The CLN approach is
based on the self-adjoint Lanczos method [8] where the Algo-
rithm 1 is used to calculate the constants {L1, . . . , L2n+1} and
{R2, . . . , R2n} as well as the reduced bases Un and Vn defined
by

Un = [u1 u3 · · · u2q−1 · · · u2n−1], (18)

Vn = [v2 v4 · · · v2q · · · v2n]. (19)

The basesUn ∈ R
N×n andVn ∈ R

N×n span the same space.
In the CLN method, we seek for an approximation X′ of X in

Fig. 5. Equivalent CLN electrical circuit for SISO.

the space spanned by reduced basis Un or Vn such that

X ≈ X′ =
n∑

q=1

u2q−1x2q−1, (20)

sX ≈ sX′ =
n∑

q=1

v2qz2q (21)

where x1, . . . , x2n−1 and z2, . . . , z2n are the coefficients to be
determined. Then, the number of unknowns of the problem is
not related to the size of the full system N but to the size of the
reduced basis n, which can be chosen much smaller than N . To
derive the relationship between these coefficients x1, . . . , x2n−1

and z2, . . . , z2n,X and sX are replaced by their expressions (20)
and (21) in (16) and a Galerkin projection is performed using
the reduced basis Un in order to obtain the equation system to
be solved

UT
nK

n∑
q=1

u2q−1x2q−1 +UT
nN

n∑
q=1

v2qz2q = I(s)UT
nF.

(22)
Applying properties of the vectors from bases Un or Vn, we
can derive the following relationships for the coefficients from
(22):

x1 +
1
R2

z2 = I(s), (23)

∀q ∈ [2, n] x2q−1 + ( 1
R2q

z2q − 1
R2q−2

z2q−2) = 0,

z2n = sL2n−1x2n−1,

∀q ∈ [1, n− 1] z2q = s(L2q−1x2q−1 − L2q+1x2q+1). (24)

The previous equation system can be interpreted as the equation
system of an equivalent electrical circuit composed of n stages,
similar to the one depicted in Fig. 5 where the source term I(s) of
(16) is the input current, the coefficients {L1, · · · , L2n+1} and
{R2, · · · , R2n} determined by the algorithm (1) are the values
of the inductances and resistors, respectively, the coefficients to
be computed x1, . . . , x2n−1 and z2, . . . , z2n are, respectively,
the currents associated with the inductances and the voltages at
the terminals of the resistors. To summarize, the CLN method
consists in applying the algorithm (1) to the equation system
(16) to define the parameters of the equivalent CLN electrical
circuit (Fig. 5). In terms of numerical technic used to solve
matrix systems, an iterative approach based on a preconditioned
conjugate gradient technic which is well adapted for matrix
systems obtained from the FE method has been applied. Then,
the currents and voltages can be computed by solving the equiv-
alent CLN circuit in the frequency or time domain enabling
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to reconstruct an approximation given by (20) or (21) of the
solution X of the equation system (16).

B. MIMO CLN Method

If the system has M source terms
i0,1(s), i0,2(s), . . . , i0,M(s), (16) is modified as

KX+ sNX =
∑

m=1,M
i0,m(s)Fm, (25)

∀m ∈ [1,M] Ym(s) = sFT
mX (26)

with Fm a vector associated with the source i0,m(s) and
Y1(s), Y2(s), . . . , YM(s) the quantities of interest. We define
the matrix F ∈ R

N×M by

F = [F1 F2 · · · FM] (27)

IM ∈ R
M×1 the source vector and YM ∈ R

M×1 the vector of
the quantities of interest such that

IM = [i0,1(s) i0,2(s) · · · i0,M(s)]T , (28)

YM = [Y1(s) Y2(s) · · · YM(s)]T . (29)

Then, the equation system (25) is rewritten as follows:

KX+ sNX = FIM. (30)

The MIMO algorithm 2 is an extension of the SISO self adjoint
Lanczos algorithm (1). It is applicable to matrix systems under
the form of (30), provided that K and N are real symmetric
matrices andF is a real matrix. Compared to the SISO algorithm,
the MIMO algorithm gives a set of matrices {u1, . . . ,u2n+1}
and {v2, . . . ,v2n} rather than a set of vectors such that

∀ i ∈ [1, n]u2i−1 ∈ R
N×M and v2i ∈ R

N×M. (31)

The reduced basis Un is obtained by concatenating the set of
matrices {u1, . . . ,u2n+1}.

Un =
[
u1 u3 · · · u2n−1

]
∈ R

N×(M·n) (32)

where the brackets in (32) indicate horizontal concatenation,
e.g.,[

u1 u3

]
= [u1,1 u1,2 · · · u1,M u3,1 u3,2 · · · u3,M] (33)

with u1,i and u3,i the vectors of the ith column of the matrices
u1 and u3, respectively. Then, the reduced basis Un is com-
posed of M · n columns. Similarly, the reduced basis Vn is
defined by

Vn =
[
v2 v4 · · · v2n

]
∈ R

N×(M·n). (34)

At the same time, the MIMO self adjoint Lanczos algo-
rithm gives a set of symmetric matrices {L1, . . . ,L2n+1} and
{R2, . . . ,R2n}

∀q ∈ [1, n− 1], L2q−1 ∈ R
M×M (35)

∀q ∈ [2, n], R2q ∈ R
M×M. (36)

Fig. 6. Equivalent CLN electrical circuit for MIMO.

Algorithm 2: Pseudocode for MIMO CLN Algorithm.
Input: K,N,F, n
Step 0: solve Kx1 = F, set u1 = x1 and compute
L1 = uT

1 Ku1

for q = 1 to n do
Step 1: compute v2q = v2q−2 + u2q−1L

−1
2q−1

Step 2: compute R−1
2q = vT

2qNv2q

Step 3: solve Kx2q+1 = Nv2qR2q

Step 4: compute u2q+1 = u2q−1 − x2q+1

Step 5: compute L2q+1 = uT
2q+1Ku2q+1

end for
Return: {u1, . . . ,u2n+1}, {v2, . . . ,v2n},
{L1, . . . ,L2n+1}, {R2, . . . ,R2n}

An approximation X′ of X in the space spanned by reduced
basis Un or Vn can be obtained by the following expression:

X ≈ X′ =
n∑

q=1

u2q−1x2q−1,

sX ≈ sX′ =
n∑

q=1

v2qz2q (37)

where x1 ∈ R
M×1, . . . ,x2n−1 ∈ R

M×1 and z2 ∈ R
M×1,

. . . , z2n ∈ R
M×1 are vectors to be determined. Then, the

number of unknowns of the problem is not related to the
size of the full system N but to the size of the reduced basis
n · M, which can be chosen much smaller than N . Applying
a similar development for the MIMO case than for the SISO,
we can prove that the vectors x1 ∈ R

M×1, . . . ,x2n−1 ∈ R
M×1

and z2 ∈ R
M×1, . . . , z2n ∈ R

M×1 defined in (37) verify the
equations

x1 +R−1
2 z2 = IM, (38)

∀q ∈ [2, n] x2q−1 + (R−1
2q z2q −R−1

2q−2z2q−2) = 0,

z2n = sL2n−1x2n−1,

∀q ∈ [1, n− 1] z2q = s(L2q−1x2q−1 − L2q+1x2q+1). (39)
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Fig. 7. Definition of the branch currents i0,1 and i0,2.

It can be shown that these equations verify by the en-
tries of the vectors x1 ∈ R

M×1, . . . ,x2n−1 ∈ R
M×1 and z2 ∈

R
M×1, . . . , z2n ∈ R

M×1 are in fact the equations of an equiva-
lent electrical circuit with M inputs and n stages. The values of
the self and mutual inductances as well as those of the resistors
of an equivalent electrical circuit are given by the values of the
matrices {L1, . . . ,L2n+1} and {R2, . . . ,R2n}. An equivalent
CLN circuit in the case of M = 2 is given by Fig. 6.

C. Application to the PCB

The MQS FE model associated with the PCB, as described in
Section III-B, is now considered. To apply the CLN approach,
an equation system based on (13) and (14) is defined such that⎡

⎢⎣M
ν
AA Cσ

Av Cσ
Aα

0 Mσ
vv Cσ

vα

0 CσT
vα Mσ

αα

⎤
⎥⎦
⎡
⎢⎣XA

Xv

XV

⎤
⎥⎦

+

⎡
⎢⎣M

σ
AA 0 0

CσT
Av 0 0

CσT
Aα 0 0

⎤
⎥⎦ d

dt

⎡
⎢⎣XA

Xv

XV

⎤
⎥⎦ =

⎡
⎢⎣00
J

⎤
⎥⎦ (40)

with XV the vector of the scalar potentials vj and
J the vector of the currents ij such that XV =
[vin vout v1 v2 v3 v4 v5]

T and J = [iin iout i1 i2 i3 i4 i5]
T ,

respectively, Cσ
Aα and Cσ

vα matrices defined by
Cσ

Aα = [Cσ
Aαin

Cσ
Aαout

Cσ
Aαi1

Cσ
Aα2

Cσ
Aα3

Cσ
Aα4

Cσ
Aα5

]
and Cσ

vα = [Cσ
vαin

Cσ
vαout

Cσ
vαi1

Cσ
vα2

Cσ
vα3

Cσ
vα4

Cσ
vα5

],
respectively, and Mσ

αα a diagonal matrix defined by
[Mσ

αα]k,k = Mσ
αkαk

. Based on the studied PCB, two branch
currents i0,1 and i0,2 are introduced and illustrated in Fig. 7.
Then, the current vector J can be expressed by

J = i0,1

[
1 0 −1 1 0 0 −1

]T
+ i0,2

[
0 −1 0 0 −1 1 1

]T
= i0,1b1 + i0,2b2. (41)

The equation system (40) differs from the one presented in
(30) for the MIMO case. The matrices of this system are not
symmetric. Consequently, the CLN method presented above
can not be applied directly. To perform the CLN approach, an
alternative equation system is defined with only the vectorXA as

Fig. 8. Equivalent CLN circuit of the PCB.

solution. Based on (40), the vectors Xv and XV are expressed
as function of XA. An equivalent equation system to (25) is
determined with

K = Mν
AA,

N = Mσ
AA −

[
Cσ

AvC
σ
Aα

] [Mσ
vv Cσ

vα

CσT
vα Mσ

αα

]−1 [
CσT

Av

CσT
Aα

]
,

FIM =
[
Cσ

AvC
σ
Aα

] [Mσ
vv Cσ

vα

CσT
vα Mσ

αα

]−1 [
0

J

]
,

with J = b1i0,1 + b2i0,2 and X = XA.

Then, the CLN approach with M = 2 is implemented. To
account for the dc resistive effect of the PCB, an initial step
n = 0 consists to solve two electrokinetic problems, one for
each current i0,1 and i0,2 equal to 1A. Then, we solve[

Mσ
vv Cσ

vα

CσT
vα Mσ

αα

][
Xj

v,0

Xj
V,0

]
=

[
0

bj

]
with j = {1, 2}. (42)

The dc resistor matrix R0 of size 2× 2 is defined by

R0 =
[
b1 b2

]T [
X1

V,0 X2
V,0

]
. (43)

Finally, the equivalent CLN circuit associated with the PCB is
given by Fig. 8.

The voltages associated with the equivalent CLN circuit are
expressed by[

vin + v2 − v1 − v5

v5 + v4 − v3 − vout

]
= R0

[
i0,1

i0,2

]
+ sL1

[
x1,1

x1,2

]
(44)

and the current i5 by

i5 = i0,1 − i0,2. (45)

V. VALIDATION OF THE EQUIVALENT CLN CIRCUIT

In order to valid the equivalent CLN circuit of the PCB, an
academic example is considered. The transistors K1 and K2 are
replaced by ideal switches modeled by resistors RK1

and RK2

which can take two fixed values Ron or Roff (Fig. 9). When a
switch is closed the resistor is Ron otherwise Roff with a small
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Fig. 9. PCB with the electrical load and ideal switches.

Fig. 10. Relative errors versus the stages number n on i5, Jl of the PCB and
Em.

value for Ron and a high value for Roff . Then, we consider

t ∈ [0;T/2] : RK1
= Ron and RK2

= Roff , (46)

t ∈ [T/2;T ] : RK1
= Roff and RK2

= Ron (47)

where T is the time period (T = 1/f ). Fig. 10 presents the
PCB connected to the electrical load and to ideal switches. The
equations introduced by the resistors RK1

and RK2
are

v1 − v2 = RK1
i1 (48a)

v3 − v4 = RK2
i3 (48b)

i1 = −i2 and i3 = −i4. (48c)

The full model of the studied example is based on the FE
model defined by (13) and (14) combined with (15) and (48).
The reduced model is based on (44), (45) and Fig. 8 associated
with (15) and (48). The results obtained from the reduced model
are compared with those from the full model. The time step
is fixed to 50 ns and the number of time steps is 140. Figure
(49) presents the relative error versus the stages number n of
the equivalent CLN circuit on the current i5, the Joule losses Jl
of the PCB and the magnetic energy Em of the entire domain
associated with the reduced model (denoted RM), with reference

Fig. 11. Waveform of the current i5 versus the time obtained from the full and
reduced models.

Fig. 12. Waveform of the Joule losses versus the time obtained from the full
and reduced models.

to the results from the full model (denoted FM), computed by

εV =
||VFM −VRM ||2

||VFM ||2 (49)

with || · ||2 the L2 norm and V the value vector of i5, Jl or
Em for all time steps. With a small number of stages for the
equivalent CLN circuit, the accuracy of the reduced model is
sufficient for the current i5 and the magnetic energyEm. In order
to obtain an acceptable error for the Joule losses, the number of
stages must be increased. In fact, this interest quantity depends
on the expression of the electrical field in the PCB which is a
function of the derivative of the magnetic vector potential and of
the electric scalar potential (6). In the following, we consider the
equivalent CLN circuit with n = 7 stages. Figs. 11–13 present
the waveforms of the current i5, Joule losses Jl, and magnetic
energy Em versus the time obtained from the full and reduced
models.

For all global interest quantities, the waveforms given by the
reduced model show good agreement with those from the full
model. Figs. 14 and 16 present the distributions of the current
density at the beginning of the simulation (t = 1.05μs) and at
t = 4.5μs. For the first time instant, the current flows though
the top conductive track of the PCB and for the second time
instant, it flows though the bottom conductive track. Figs. 15
and 17 present the distributions of the current density error for
the same time instants. For both time instants, the skin effect can
be observed and the magnitude of the errors is small compared
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Fig. 13. Waveform of the magnetic energy versus the time obtained from the
full and reduced models.

Fig. 14. Distribution of the current density obtained from the reduced model
at t = 1.05µs.

Fig. 15. Distribution of the error on the current density at t = 1.05µs.

Fig. 16. Distribution of the current density obtained from the reduced model
at t = 4.5 µs.

Fig. 17. Distribution of the error on the current density at t = 4.5 µs.

Fig. 18. Simulation scheme of the PCB with the electrical load and GaN
transistors.

with this one of the current density. For the second time instant, a
current flows through fromΓE,1 toΓE,in during a short transient
state where the electric potential v1 becomes higher than vin
due to the opening of K1 . In terms of computational time, the
determination of the equivalent CLN circuit requires 10 min. For
all time steps, the computational time to solve the full model is
about 60 min and 1 s for the reduced model. For both models,
the time of the postprocessing requires to calculate the global
and local quantities such that the Joule losses or the magnetic
energy and the distribution of the current density is 10 min.

VI. CO-SIMULATION

Based on the system presented in Fig. 1 and described in [12]
(photographs of the prototype and experimental setup), a co-
simulation is done (Fig. 18). The equivalent CLN circuit of the
PCB is combined with models of GaN transistors K1 and K2.
The model of GaN transistors is based on SPICE models of
transistors GS66520B provided by the manufacturer [15]. In a
first part, the influence of PCB inductive effect is studied and in
the second part, the results obtained from the co-simulation are
compared with the measurements. For all co-simulations, the
time step is fixed to 0.1 ns and the simulation time is 7 μs (seven
switching periods).

A. Study of the PCB Inductive Effect Influence

To investigate the influence of the PCB inductive effect, two
co-simulations are considered. For the first one, the stage number
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Fig. 19. Waveform of the current i5 for n = 0 and 7.

Fig. 20. Waveform of the drain-source voltage Vds2 associated with the
transistor K2 for n = 0 and 7.

n is fixed to 0, the equivalent CLN circuit is composed by the
resistor matrixR0 which takes only into account the DC resistive
effect of the PCB. For the second co-simulation, the resistive
and inductive effects are taken into account with n = 7. For
n = 0 and 7, Figs. 19–21 present the waveform of the current
i5, the drain-source voltage Vds2, and the gate-source voltage
Vgs2. The influence of the PCB inductive effect can be clearly
observed. Indeed, supplementary oscillations are introduced for
each electrical quantity due to the stray inductances and parasitic
capacitances of system.

B. Comparison With Measurements

The results obtained from the co-simulation considering n =
7 stages for the equivalent CLN circuit associated with the

Fig. 21. Waveform of the gate-source voltage Vgs2 associated with the tran-
sistor K2 for n = 0 and 7.

Fig. 22. Waveform of the current i5 obtained from the co-simulation (RM),
measures (exp.) and ADS software.

reduced model (denoted by RM) are compared with the measure-
ments (denoted by exp.) and with results from Advanced Design
System (ADS) software. Figs. 22–24 present the waveforms of
the current i5, the drain-source voltage Vds2 and the gate-source
voltage Vgs2 obtained from the co-simulation and from the
measurements.

For each electrical quantity of interest, the waveform from
the co-simulation deduced from the proposed approach is close
to the measurement and also to the one obtained from ADS
software which confirms the effectiveness of the developed
approach. However, the high frequency ringings appearing after
each switching are different. The frequency is about 51 MHz ex-
perimentally and 86 MHz by the co-simulation. This difference
can be explained by the fact that this frequency depends on the
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Fig. 23. Waveform of the drain-source voltage Vds2 obtained from the co-
simulation (RM), measures (exp.) and ADS software.

Fig. 24. Waveform of the gate-source voltage Vgs2 obtained from the co-
simulation (RM), measures (exp.) and ADS software.

inductance value associated with the PCB layout and intercon-
nects from the dc bus to PCB and from PCB to the electrical load.
From a modeling aspect, this value depends on the positioning
and the length of the cables in the studied domain which does not
exactly correspond to the experimental setup. The value of the
inductance relies on the distribution of the magnetic flux density
in the air surrounding the PCB. Then, the accuracy of this value
depends also on the mesh quality of the air. A fine mesh leads
to an accurate value but a huge computational time. However,
the PCB layout of interconnects between boards, as well as the
voltage and current probes behaviour (see [12]) are not taken
into account in the proposed model. These model assumptions
could be a possible explanation of the differences of the ringing
in co-simulation results from the proposed approach and ADS
software with the measurements. Then, these assumptions lead
to also different values for the overvoltage on the waveform of
voltage Vds2 about 265 V and 375 V obtained experimentally
and by the proposed approach, respectively (Fig. 23). During
the running of the co-simulation, the intermediate electrical
quantities (currents and voltages) associated with the equivalent
CLN circuit are stored. Then, based on these quantities and
the reduced bases Un and Vn defined by the CLN approach,
the distribution of the current density can be defined for any
time step. Figs. 25 and 26 present the distribution of the current
density for t = 6.05 μs and 6.45 μs when K1 is turned ON. For
t = 6.05 μs, the skin effect can be observed on the distribution
of current density. In fact, this time step is close to turn ON

Fig. 25. Distribution of the current density at t = 6.05 µs.

Fig. 26. Distribution of the current density at t = 6.45 µs.

of the transistor K1 where high frequency oscillations of the
current appear (see Fig. 19(b). For t = 6.45 μs, the distribution
of current density is mainly influenced by the geometry of the
PCB. In terms of computational time, the co-simulation requires
80 s.

VII. CONCLUSION

The CLN approach has been performed to a MQS FE model
associated with a PCB to derive an equivalent circuit. Then, the
equivalent CLN circuit has been combined with GaN transistor
models to define a co-simulation based on a half-bridge con-
verter. This co-simulation has been used to study the inductive
effect of the PCB on the electrical quantities. The results of the
co-simulation were compared with measurements and showed
good agreement. Additionally, the co-simulation is solved with
an acceptable time (80 s for 70 k time steps), making the pro-
posed approach suitable for use during the design phase of power
converters. For a fixed geometry of the PCB, a parametric study
could be easily done for different type of power switches on the
evolution of global electrical quantities and current density dis-
tributions. For a fixed power switches, the electrical conductivity
of the PCB and variations of its geometry could be considered
as parameters of the problem in order to study their influences
on global quantities and current density distributions. The PCB
shape can be optimized in order to avoid hot spots and regions
where the current density is small.

In terms of restriction, if the capacitive effect of a PCB cannot
be neglected, the MQS problem is not adapted, e.g., in the case
of a doubled-sided PCB or (insulated metal substrate) PCB.
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Then, Darwin model could be considered [7]. Nevertheless, the
determination of an equivalent electrical circuit from a FE model
is still an open issue. This subject will be investigated by the
authors in the future works.
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