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Analytic Model Predictive Current Control of
Grid-Connected Power Conversion System in

Battery Energy Storage System
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Abstract—In this article, an analytic model predictive current
controller is proposed for the grid-connected power conversion
system (PCS) in the battery energy storage system (BESS). This
controller is designed to provide the fast and robust dynamic re-
sponse while maintaining the moderate computational cost, making
it suitable for real-time industrial microcontrollers. An accurate
discrete-time model of the grid-connected PCS is derived to enable
a closed-form solution, and the 3-D current reference tracking
problem, incorporating the varying dc-link voltage of the BESS, is
formulated as a multiparametric quadratic program. For this opti-
mization problem, the constrained optimal control law is shown to
be the accurate orthogonal projection of the unconstrained solution
onto the corresponding active voltage constraint. Subsequently, an
efficient geometric method is developed to obtain the analytic opti-
mal control in the general case, enabling the online application of
MPC with a long prediction horizon for industrial PCS. Moreover,
a disturbance observer is combined with the predictive current
controller to ensure offset-free tracking and robustness against
system uncertainties. Simulation and experimental results on a
20 kVA PCS demonstrate the fast dynamics, low total harmonic
distortion, strong robustness, and high computational efficiency of
the proposed current controller.

Index Terms—Analytic model predictive current controller
(APCC), grid-connected battery energy storage system (BESS),
high computational efficiency, long prediction horizon, power
conversion system (PCS).

I. INTRODUCTION

W ITH the rapid development of the renewable energy
integration, the battery energy storage system (BESS) is

getting increasingly important in modern grids. The BESS can
provide a wide range of benefits, including fast response to the
grid frequency regulation and voltage support, effective smooth-
ing of intermittent energy outputs such as solar and wind, and
efficient peak shaving under varying grid loads [1]. Specifically,
the required efficient and reliable power conversion between
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the grid and the BESS is realized by the grid-connected power
conversion system (PCS), which not only facilitates the grid
voltage support and frequency regulation, but also compensates
for the reactive power according to the grid demands [2].

The grid-connected PCS in BESS is typically controlled
using a cascaded dual-loop structure under the grid following
strategy. The outer loop can either be a voltage control loop
(e.g., the dc-link voltage control) or a power control loop (e.g.,
the reactive power control), and the inner loop controls the
current, each adapted to their respective time scales [3]. There-
fore, a fast and robust current controller is essential to ensure
the optimal performance of the grid-connected system under
varying operating conditions. Notably, this control system is a
multi-input–multi-output (MIMO) system, and features on the
control inputs and the system states are physically constrained
by the dc-link voltage supplied by the BESS and the converter
hardware limitations. Furthermore, the current controller must
contend with various uncertainties, including grid fluctuations,
model inaccuracies, and external disturbances [4].

In today’s industrial applications, the current controller
of the grid-connected PCS is often implemented with the
Proportional–Integral (PI) algorithm in the dq-frame, which is
commonly combined with a feed-forward term to compensate
the cross-coupling effects of the system [5], [6], [7]. Since ac-
curate electrical parameters are required to effectively decouple
the dynamics of the grid-connected PCS, a pseudo multivari-
able current controller based on the pseudoconverter model is
proposed to achieve more efficient decoupling capability [8].
Further, Bahrani et al. [9] improved the pseudo multivariable
controller and developed an optimization based multivariable
PI current controller (OMCC) to enhance the dynamic response
as well as ensure the closed-loop stability. Although these PI-
based controllers are easy to realize, the dynamic response of
PI controller may be slow due to the integral action. More-
over, it is difficult to effectively handle the control satura-
tion and overshoot particularly during the disturbed working
conditions.

The Proportional-Resonant (PR) controller designed in the
αβ-frame is another widely recognized current controller in
the grid-connected PCS, and is renowned for its offset-free
tracking performance [10], [11]. However, its sensitivity to
parameter variations can degrade control performance and ne-
cessitating frequently parameter tuning due to its narrow control
bandwidth [12]. Besides, the improved repetitive current
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controller in [13] can also effectively eliminate the steady-
state tracking errors and minimize the total harmonic distortion
(THD) using the internal model principle. Recently, Harnefors
[14], [15] proposed an actively damped robust vector current
controller (robust VCC) for grid-connected converters, which
demonstrates stable and well-performing operations irrespective
of the grid strength. Moreover, several robust current controllers
based on the robust control theory have been reported in [16],
[17], and [18] to enhance system dynamics and fortify resilience
against disturbances, but the parameters tuning strategy can be
complicated and demand considerable computational resources.

Over the past decades, model predictive controller (MPC)
has gained popularity for enhancing the control performance of
industrial power converters [19]. MPC is beneficial at managing
the MIMO grid-connected PCS by optimizing all variables
simultaneously, resulting in enhanced overall performance and
coordination. In addition, MPC can explicitly handle system
constraints within its optimization framework, ensuring the
converter operates safely and efficiently within its physical
limits. Furthermore, by incorporating system uncertainties into
its prediction model, MPC proactively adjusts control inputs to
mitigate disturbances, thus enhancing the system’s robustness
and reliability [20].

Preindl et al. [21] proposed a model predictive direct current
controller with short prediction horizon for high power voltage
source inverters, where its control input is the discrete switching
signals determined by the converter topology. To reduce the
averaged switching frequency and the total demand distortion
of the currents, Geyer et al. [22] and Karamanakos et al. [23]
proposed a MPC with long horizon by inserting an extrapolation
operation between two neighboring switching actions. This way,
the controller can predict longer state trajectories while main-
taining the same control steps, and thus reduce the computation
burden.

To achieve precise current control, Linder and Kennel [24]
pioneered the explicit MPC (EMPC) technique for the electrical
drives, where a modulator is employed to generate continuous
real-valued voltage output. A comprehensive description of the
EMPC design for the grid-connected inverter is firstly presented
in [25], but the prediction horizon is limited less than three
steps to avoid the explosion of critical regions. Nevertheless,
EMPC is not suitable for the optimal control problems with
high dimension and long prediction horizon since the number
of explicit solutions grows exponentially with the problem size
and complexity [26].

Actually, the performance of MPC in industrial grid-
connected PCS is primarily influenced by the controller struc-
ture, computational capability, and the length of the prediction
horizon. These factors are usually conflictive in practical appli-
cations. Particularly, the MPC with long prediction horizon is
beneficial to provide stability and invariance but requires con-
siderable computation resources to solve the Algebraic Riccati
Equation [27]. In this article, we aim at developing an analytic
MPC with fast dynamic response but at moderate computational
cost, such that it can be feasibly implemented in the industrial
real-time microcontrollers. The main contributions of this article
are as follows:

Fig. 1. Topology of the three-phase two-level PCS in the grid-connected
BESS.

1) An accurate discrete-time system model is derived for
the PCS. The system and input matrices are shown to
be the SRM, which reveals the physical nature of the
grid-connected PCS and can significantly simplify the
derivation of the closed-form optimal control law.

2) The current reference tracking problem incorporating the
dc-link voltage variation of the BESS is formulated as a
3-D mp-QP problem, then the optimal control law is only
a piecewise function of initial current state within each
critical region.

3) Both the constrained and unconstrained optimal control
laws in the 2-D current plane for a specific dc-link voltage
are derived explicitly. The constrained optimal control is
shown to be the geometric orthogonal projection of the
unconstrained solution onto the active voltage constraint.
Moreover, the obtained results in 2-D case can be directly
extended to the original 3-D problem.

4) An analytic model predictive current controller (APCC)
with a long prediction horizon is proposed for the grid-
connected PCS in general case, which can be feasibly
implemented in the low-cost industrial microcontrollers.
Only one tuning parameter is required to set the desired
closed-loop bandwidth of the proposed current controller.

Experimental results demonstrate that our method achieves
satisfactory control performance in a 20 kVA grid-connected
PCS of the BESS.

II. DISCRETE-TIME MODELING OF GRID-CONNECTED PCS

In this section, we derive an accurate discrete-time model for
the grid-connected PCS of the BESS.

A. Continuous-Time Model

The three-phase two-level bidirectional PCS has been widely
used nowadays in the grid-connected BESS, as is illustrated in
Fig. 1. According to the Kirchhoff’s laws, the dynamic equation
of the PCS in the natural abc-frame is obtained as

Lf
dia
dt

= −Rfia + ua − Vg cos(θg)

Lf
dib
dt

= −Rfib + ub − Vg cos

(
θg +

2π

3

)

Lf
dic
dt

= −Rfib + uc − Vg cos

(
θg − 2π

3

)
(1)
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where uabc is the output voltage of the converter, iabc is the
converter current, Vg is the grid voltage amplitude, and θg is the
grid phase angle. Lf is the filter inductance and Rf is the filter
resistance. Additionally, the dynamics of the dc-link voltage
provided by the BESS is given by

Cdc
dVdc

dt
= iB − (Saia + Sbib + Scic) (2)

where Vdc is the dc-link voltage, iB is the current flowing out
from the battery, Sabc is the switching function, and Cdc is the
dc-link capacitance.

In discharging mode, the current flows from the BESS to the
grid via the PCS, causing a decrease in dc-link voltage Vdc.
Conversely, in charging mode, current flows from the grid to
the BESS, resulting in an increase in Vdc. As is well-known that
the dynamics of the dc-link voltage is much slower than those of
the converter currents [4], the dc-link voltageVdc can be regarded
as quasi-constant during a single current control period.

To simplify the design and analysis of the current controller,
the converter is typically controlled in the linear rotationary
dq-frame and rather than the original nonlinear stationary abc-
frame. Specifically, the variables in (1) are transformed from the
abc-frame to the dq-frame with the Clarke and Park transforma-
tion TCP

TCP =
2

3

[
cos θg cos

(
θg − 2

3π
)

cos
(
θg +

2
3π

)
− sin θg − sin

(
θg − 2

3π
) − sin

(
θg +

2
3π

)
]
(3)

and then the continuous-time model of the grid-connected PCS
is governed by

d

dt
i = Aci(t) +Bcu(t) + gc (4)

where u = [ud, uq]
T and i = [id, iq]

T are the voltage and cur-
rent of the converter, respectively, and

Ac =

[
−Rf

Lf
ωg

−ωg −Rf
Lf

]
, Bc =

[
1
Lf

0

0 1
Lf

]
, gc =

[
Vg

Lf

0

]
. (5)

The corresponding dc-link voltage dynamics in the dq-frame
becomes

Cdc
dVdc

dt
=

3

2
[iB − (Sdid + Sqiq)] =

3

2

(
uT i

Vdc
− ST i

)
(6)

whereS = [Sd, Sq]
T is thedq-component of the switching func-

tion, and the last equality holds due to the power conservation
law.

B. Discrete-Time Model

In engineering practice, the controller is commonly imple-
mented on digital signal processing board, requiring a discrete-
time model for both design and analysis purposes. From the
continuous-time PCS model (4), the zero-order hold equivalent
discrete-time model, with a sampling time Ts, is derived as
follows:

i(k + 1) = Fi(k) +Bu(k) + g (7)

where

F = eAcTs , B = A−1
c (eAcTs − I)Bc

g = A−1
c (eAcTs − I)gc. (8)

Moreover, we can show that the system matrix F can be written
as

F = e
−RfTs

Lf

[
cosωgTs sinωgTs

− sinωgTs cosωgTs

]
= sFR(−ωgTs) (9)

where sF < 1, and R(·) is the rotation matrix. Then

F TF = s2F I, F + F T = 2sF cosωgTsI. (10)

We can also express the input matrix as B = sBR(θB), where

sB =

√
e−2Rf/LfTs − 2e−Rf/LfTs cosωgTs + 1

R2
f + L2

f ω
2
g

(11)

and

θB = tan−1 e
−RfTs

Lf (Lfωg cosωgTs +Rfωg sinωgTs)− Lfωg

e
−RfTs

Lf (Lfωg cosωgTs −Rfωg sinωgTs) +Rf

.

(12)
Remark 1: The system matrix F and the input matrix B can

be understood each as a 2 × 2 rotation matrix multiplied by a
scaling factor. Generally, these 2 × 2 scaling rotation matrices
(SRM) form a field. It is straightforward to show that the sum
and product of two such matrices are still SRM.

At steady-state, it is obtained that

ī = F ī+Bū+ g (13)

which yields ū = B−1[(I − F )ī− g]. Subtracting (13) from
(7), we have

(ik+1 − ī) = F (ik − ī) +B(uk − ū). (14)

Now, we denote xk = ik − ī, vk = uk − ū, then the system
model of the grid-connected PCS can be represented in the form
of x and v as follows:

xk+1 = Fxk +Bvk (15)

and (15) also serves as the predictive model for MPC design.

III. CURRENT REFERENCE TRACKING PROBLEM

FORMULATION

In this section, we first investigate the physical constraints on
the voltage control inputs and system states. Then, we formulate
the current reference tracking problem of the grid-connected
PCS within the MPC framework, and reveal its equivalence to
the multiparametric quadratic problem.

A. Constraints

The voltage control inputs and system current states of the
grid-connected PCS in the BESS are primarily limited by the
hardware drives, e.g., the duration capabilities of the switches
and the dc-link voltage of the BESS. It is essential to accu-
rately describe these constraints to enable the MPC to utilize
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the system boundaries effectively and achieve superior control
performance.

1) Constraints on the Output Voltage: For the three-phase
two-level converter topology, we employ the Space Vector PWM
modulation technique in this article to improve the utilization
efficiency of the dc-link voltage provided by the BESS. Then,
the original output voltage of the PCS in the stationaryαβ-frame
is constrained by a voltage hexagon represented by the set of
linear inequalities Au[uα, uβ ]

T ≤ bu, where Au ∈ R6×2 and
its mth row is given by

Am
u =

[
cos

2k + 1

6
π, sin

2k + 1

6
π

]
, m = 0, . . . , 5 (16)

and bu =
√
3
2 b1, b = 2

3Vdc. It means that the size of the voltage
hexagon is determined by the dc-link voltage Vdc supplied by the
BESS and varies during the charging or discharging processes.

Further, given the grid phase angle θg, the output voltage of
the PCS in the rotating dq-frame is constrained by the rotating
hexagonAuR(θg)[ud, uq]

T ≤ bu, and the constraints on the kth
control voltage are given by

AuR(θg + kωgTs)uk ≤ bu, k = 0, . . . , Np − 1. (17)

Equation (17) shows that the two consecutive voltage hexagons
differ by a rotating angle ωgTs. Letting Ak

v = AuR(θg +
kωgTs) and substituting it into (17), we have

Ak
vvk ≤ bu −Ak

vū � bkv . (18)

Note that each control vk is subject to Nu = 6 inequalities,
resulting in a total 6Np constraints for all control inputs.

2) Constraints on the Converter Current: To ensure the safe
operation of the grid-connected BESS, the permitted converter
current is usually constrained by a current circle ‖is‖2 ≤ Imax

and can be approximated by an Ni-polygon: Aiis ≤ bi,Ai ∈
RNi×2. The larger the Ni is chosen, the approximation is more
close to the current circle. Furthermore, we have

Aixk = Aiik −Aiī ≤ bi −Aiī � bx. (19)

Then, the system state of the grid-connected PCS at the kth step
is obtained iteratively as

xk = F kx0 + F k−1Bv0 + · · ·+Bvk−1. (20)

In matrix form, the current constraint is given by⎡
⎢⎢⎢⎣
x1

x2

x3

...

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
X

=

⎡
⎢⎢⎢⎣
F
F 2

F 3

...

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Sx

x0 +

⎡
⎢⎢⎢⎣

B 0 0
FB B 0
F 2B FB B

. . .

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Su

⎡
⎢⎢⎢⎣
v0

v1

v2

...

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
V 0

(21)

which can be compactly written as

(INp
⊗Ai)SuV 0 ≤ −(INp

⊗Ai)Sxx0 + 1Np
⊗ bx. (22)

3) Combination of These Two Constraints: Combining both
the voltage control input constraints (18) and the converter
current state constraints (22) of the PCS together, we have

GV 0 ≤ Ex0 +w (23)

where

G =

⎡
⎣ Av

0
(INp

⊗Ai)Su

⎤
⎦ , E =

⎡
⎣ 0

−Ai

−(INp
⊗Ai)Sx

⎤
⎦

w =

⎡
⎣1Np

⊗ bu −Av(1Np
⊗ ū)

bx
1Np

⊗ bx

⎤
⎦ . (24)

B. Current Reference Tracking Problem Formulation

Now, we proceed to formulate the current reference tracking
problem of the grid-connected PCS within the MPC scheme.
Typically, the cost function is chosen as the sum of the current
tracking error and the penalty associated with the output voltage
of the PCS. Mathematically, it is given by

J0 =
1

2

Np∑
k=1

xT
kQxk +

1

2

Np−1∑
k=0

vT
kRvk. (25)

Without loss of generality, letting Q = 1/s2BI and R = rI , we
have

J0 =
1

2s2B
X TX +

r

2
V T

0 V 0

=
1

2s2B
(Sxx0 + SuV 0)

T (Sxx0 + SuV 0) +
r

2
V T

0 V 0

=
1

2
V T

0 HV 0 + xT
0 MV 0 +

1

2
xT
0 Y x0 (26)

where H = 1
s2B

ST
u Su + rI , M = 1

s2B
ST
x Su, and Y =

1
s2B

ST
x Sx.

Combining the discrete-time system model (15), the con-
straints on both the voltage and currents (23), and the cost
function (26), the current reference tracking problem of the
grid-connected PCS is formulated as follows:

min
V 0

J0 =
1

2

[
V T

0 xT
0

] [H MT

M Y

] [
V 0

x0

]

s.t. GV 0 ≤ Ex0 +w

x0 = i(0)− ī. (27)

It is noted that the MPC problem formulation given in (27)
can be transformed into a multiparametric quadratic problem
(mp-QP) [28] by letting z = V 0 +H−1MTx0. Although the
software tool developed in [29] is available to solve the mp-QP
with short horizon, we aim to propose an efficient method such
that our MPC design is applicable to general scenarios featuring
a long prediction horizon.

IV. DESIGN AND ANALYSIS OF APCC

In this section, we investigate the optimal control laws of
the current reference tracking problem for the grid-connected
PCS. We first study the critical region partitions determined by
different combination of active constraints. Subsequently, we ex-
plicitly derive the unconstrained and constrained optimal control
laws of the MPC, respectively. Then, we establish the geometric
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Fig. 2. Critical region partitions. (a) 3-D critical regions with varying dc-link
voltage of BESS. (b) 2-D critical regions slide for a specific dc-link voltage.

relationship between the unconstrained and constrained laws,
and propose an efficient method to obtain the analytic solution
in general case. Finally, we propose an offset-free analytic
predictive current controller with long prediction horizon.

For convenience, we primarily elucidate the design and anal-
ysis when Np = 3, and demonstrate that the theoretical results
obtained there can be readily extended to the general scenario
with the prediction horizon Np > 3.

A. Critical Region Partitions

Since the current reference tracking problem formulated in
Section III is equivalent to an mp-QP, the optimal control law of
the MPC v∗

0 can be represented as a piecewise affine function
of x0 in each critical region. Specifically, these critical regions
are the finite polyhedral partitions of the feasible domain of the
problem (27), whose boundaries are determined by combining
the primal and dual conditions of the active constraints.

Following this approach, we can obtain the 3-D critical re-
gions of the predictive current control problem, as depicted in
Fig. 2(a). The vertical axis labeled as Vdc corresponds to the
varying dc-link voltage of the BESS, and each horizontal slide
of the prism represent the critical region on the current plane
associated with a specific Vdc. It can be shown that each 2-D
slide of the 3-D critical region has the same CR structure except
that the hexagon size varies with the dc-link voltage of the BESS.
Moreover, since the dc-link voltage of the BESS exhibits much
slower dynamics compared to the converter current, the current
controller can be firstly designed in the 2-D case with a fixed
Vdc, and then directly extended to the original 3-D problem by
the gain scheduling technique [30].

For the 2-D critical region partition illustrated in Fig. 2(b), the
bracketed number i in each critical region CR corresponds to
the indices of the active constraints. For example, no constraints
are active in CR0. The first control constraint corresponding to
v0(1) is active inCR1. Two neighboring control constraints with
respect to v0(1) and v0(2) are simultaneous active in CR13.
Moreover, two consecutive control constraints on v0(1) and
v1(1) are active inCR7, where the numerical difference between
the two indices is 6, which is due to the fact that each control vk

in the control sequence V is subject to Nu = 6 inequalities.

Due to the complexity of the derivation of the critical regions,
we have omitted the detailed procedure in this paper. Instead,
we summarize the key properties associated with these critical
regions on the converter current plane as follows.

1) The innermost regular hexagon corresponds to the un-
constrained optimal control problem, and its boundary
is determined by the first active control v∗

0 of PCS. The
outermost regular polygon is determined by the constraint
on the initial converter current state x0.

2) The rectangular region within the kth hexagon ring cor-
responds to k consecutive active constraints on control
inputs. The active constraints in the wedge region within
the kth hexagon ring are a combination of those from its
two neighboring rectangular regions.

3) For each rectangular region within the kth hexagon ring,
the inner edge is determined by the dual condition of the
(k − 1)th active controlvk−1, the outer edge is determined
by the primal condition of vk, and the edges orthogonal
to the hexagon boundary are determined by the primal
condition of vk−1.

B. Unconstrained Optimal Control Law

Now, we derive the optimal control law when the grid-
connected PCS is unconstrained, which means neither the volt-
age constraints nor the current constraints are active. In this case,
the optimal control sequence V ∗

0 is obtained directly by letting
∂J0/∂V 0 = 0, and we have

V ∗
0 = −H−1MTx0 � V unc (28)

whereH−1 is given in (30) shown at the bottom of the next page,
and dH3 = (r + 1)3 + r2s4F + 2r2s2F + 2rs2F is the square root
of the determinant of H . Owing to the commutative properties
of the SRM F and B, we can easily calculate the optimized
control sequence V unc in elementwise as

V unc =

⎡
⎣v∗

0

v∗
1

v∗
2

⎤
⎦ =

−1

sBdH3

⎡
⎣ p1sFR(−ωgTs)
p2s

2
FR(−2ωgTs)

p3s
3
FR(−3ωgTs)

⎤
⎦R(−θB)x0

=
−sF
sBdH3

⎡
⎣(r2s4F + r2s2F + 2rs2F + (r + 1)2)R(−ωgTs)

(r2s3F + r2sF + rsF )R(−2ωgTs)
r2s2FR(−3ωgTs)

⎤
⎦

×R(−θB)x0. (29)

According to the receding horizon policy of MPC, only the
first control element of V unc, denoted as vunc, is applied to drive
the grid-connected PCS

C. Constrained Optimal Control Law

In practice, there usually exist working conditions, where the
voltage constraints and the current constraints of the PCS are
active, e.g., the grid-connected BESS operates under the charg-
ing or discharging conditions with large grid power commands.
As shown in Section IV-A, the regular hexagon determined by
the control input v∗

k expands as k increases, which means the
control constraint at v∗

k will be active only when the earlier v∗
k−1

is active. In other words, the first control constraint at v∗
0 will
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Fig. 3. Constrained optimal solution of the predictive current controller. The
black hexagon is the first voltage constraint, and the orange hexagon is the second
voltage constraint differed by a rotating angle ωgTs. The constrained optimal
control law is the orthogonal projection of the unconstrained solution on the
active voltage constraint.

become active initially, followed by the second constraint, and
so forth.

1) One Active Constraint: Now, we consider the case when
only one particular control constraint on v∗

0 is active. For exam-
ple, the critical region CR2 illustrated in Fig. 2 has one active
voltage constraint indexed by the bracketed number 2.

Suppose the voltage control input of the grid-connected PCS
is active at the time instant k = 0, that isv∗

0 is located at one edge
in Fig. 3. Mathematically, we have GAV

∗
0 − b0 = 0, where

GA =
[
aT 0 0

]
, b0 =

√
3

2
b− aTR(θg)ū

aT =
[
cos 2m+1

6 π sin 2m+1
6 π

]
R(θg), for some 0 ≤ m ≤ 5.

(31)

Actually, aT is the normal vector of the active voltage edge.
To obtain the optimum of the constrained optimization prob-

lem, we construct a Lagrange function L1 as

L1 = J0 + λ(GAV 0 − b) (32)

where λ > 0 is the Lagrange multiplier. By letting ∂L1/∂V 0 =
0, the optimizer of the control problem with one constraint is
obtained as

V ∗
0 = −H−1MTx0 − λH−1GT

A = V unc − λH−1GT
A. (33)

Note that the first term in (33) is precisely the unconstrained
optimal solution (28), and the second term is the modification
due to the active constraint.

Since the MPC only applies the first control element v∗
0 in the

optimized control sequence, we focus on the properties of v∗
0

and vunc. From (33), we have

v∗
0 = vunc − λ

[
I 0 0

]
H−1

[
aT 0 0

]T
︸ ︷︷ ︸

ap

(34)

where the vectorap determines the direction of the modification.
To obtain ap, we only need the first 2× 2 submatrix of H−1,

which turns out to be a scaled identity matrix (r+1)2+rs2F
dH3

I
according to (30). Consequently, the normal vector of the active
voltage constraint a and the modification vector ap satisfies

ap =
(r + 1)2 + rs2F

dH3
a (35)

which means that ap is linearly dependent with a, i.e., the
direction of the modification term is vertical to the active control
constraint.

Therefore, for the problem with only one active constraint, we
only need to calculate the unconstrained optimal solution and
then perform an orthogonal projection onto the active voltage
constraint to obtain the feasible optimal control, as depicted in
Fig. 3.1

2) Two Active Constraints: Subsequently, we consider the
case when two particular voltage constraints of the PCS are
active. For instance, the critical region CR8 in Fig. 2 has two
active voltage constraints indexed by the bracketed number 2,8,
which is essentially an extension of the critical region CR2 with
only one constraint. In other words, this region indicates that one
control constraint is active at the current time instant (k = 0),
and still active at the next time instant (k = 1), except that their
normal vectors differ by a rotating angle ωgTs.

Here, we provide a detailed physical explanation of this type
of critical region. When the initial current tracking error is far
away from the origin, driving the error to converge to zero
within one sampling period Ts requires the grid-connected PCS
output a large voltage u1 along the correct direction. However,
the amplitude of the PCS voltage is limited by the dc-link
voltage of the BESS. Consequently, to achieve the same control
performance as with u1, the grid-connected PCS can only apply
a feasible small u2 in two consecutive sampling periods along
this direction, i.e., u1Ts ≈ 2u2Ts.

Note that there is another type of critical region with two
active voltage constraints, e.g., the wedge region CR13, which
corresponds to the first and second voltage constraints are active
simultaneously. Since the output voltage of the grid-connected
PCS has only two degrees of freedom in the dq-frame, the

1Fig. 3 demonstrates the geometric relationship between the unconstrained
and constrained optimal solutions in the αβ-frame for intuitive illustration. The
validity of this geometric projection is ensured by the linear transformation
u = v + ū, followed by the subsequent rotation from u to us around the
origin.

H−1 =
1

dH3

⎡
⎣((r + 1)2 + rs2F )I −(r + 1 + rs2F )F

T −r(F T )2

−(r + 1 + rs2F )F ((r + 1)2 + rs4F + rs2F + s2F )I −(r + 1)F T

−rF 2 −(r + 1)F ((r + 1)2 + rs4F + 2rs2F + s2F )I

⎤
⎦ (30)
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optimal control within this region can only lie at the vertex of
the corresponding two edges of the voltage hexagon.

Thus, we only need to investigate the critical regions as
illustrated by CR8. Suppose that these two voltage constraints
satisfy GAV

∗
0 − b0 = 0, where

GA =

[
aT 0 0
0 aTR(ωgTs) 0

]
,

b0 =

[ √
3
2 b− aTR(θg)ū√

3
2 b− aTR(θg + ωgTs)ū

]

aT =
[
cos 2m+1

6 π sin 2m+1
6 π

]
R(θg), for some 0 ≤ m ≤ 5

(36)

and the rotation matrix R(ωgTs) represents the physical fact
that the voltage hexagon rotates with the angle ωgTs during one
predictive step.

To obtain the optimum of the constrained optimization prob-
lem with two active control constraints, we again construct a
Lagrange function L2 as

L2 = J0 + λ(GAV 0 − b) = J0 +
[
λ1 λ2

]
(GAV 0 − b0)

(37)
where the positive λ1 and λ2 are the Lagrange multipliers.

Letting ∂L2/∂V 0 = 0, we have

HV ∗
0 +MTx0 +GT

AλT = 0. (38)

Thus, the optimized control sequence with two active constraints
is obtained as

V ∗
0 = −H−1MTx0 −H−1GT

AλT

= V unc −H−1GT
AλT . (39)

where the first term in (39) is again the unconstrained optimal
solution, and the second term is the modification due to the
constraint. Similarly, we investigate the relationship between
the first optimal control input v∗

0 and the unconstrained solution
vunc. From (39), we have

v∗
0 = vunc − λ1

[
I 0 0

]
H−1

[
aT 0 0

]T
− λ2

[
I 0 0

]
H−1R(−ωgTs)

[
0 aT 0

]T
. (40)

Moreover, we know from (30) that the second 2× 2 submatrix
of H−1 is the scaling rotation matrix

(H−1)12=−r + 1 + rs2F
dH3

F T = −r + 1 + rs2F
dH3

sFR(ωgTs)I.

(41)
Then, the optimizer v∗

0 is obtained as

v∗
0 = vunc − λ1

(r + 1)2 + rs2F
dH3

a

+ λ2
r + 1 + rs2F

dH3
sFR(ωgTs)R(−ωgTs)a

= vunc + cλa (42)

which indicates that the modification term cλa is also vertical to
the first active constraint. Thus, the constrained optimal control
is again the accurate projection of the unconstrained optimal
control onto the active boundary in the voltage plane of the PCS,
as shown in Fig. 3.

3) Optimal Solution in General Np Case: When the predic-
tion step Np ≥ 3, we can proceed these analysis procedure for
the cases with NA (3 ≤ NA ≤ Np) active constraints. When
Np ≥ 3, the inverse of the matrix HNp

can be calculated as

H−1
Np

=
1

dH,Np

⎡
⎢⎢⎢⎣

l11I l12F
T · · · l1,Np

(F T )Np−1

l21F l22I · · ·
...

. . .
...

lNp,1F
Np−1 · · · · · · lNp,Np

I

⎤
⎥⎥⎥⎦

(43)

where dH,Np
is the determinant, and li,j is the corresponding

coefficients. It shows that the elements in the diagonal line of
H−1

Np
are scaled identity matrices, and the elements li,j and lj,i

conjugate with each other.
Since we are only interested in the first control element of the

optimization sequence, we focus on the first row of H−1
Np

which
is given by

1

dH,Np

[
l11I, l21F

T , l31(F
T )2, · · ·

]
(44)

i.e.,

1

dH,Np

[
l11I, l21sFR(ωgTs), l31sFR(2ωgTs), · · ·

]
(45)

where l11, l21, l31, · · · and dH,Np
are all the scalar coefficients.

Then, we can construct a Lagrange function LNA for the
constrained optimization problem with NA active control con-
straints in a similar fashion as in (32) and (37). Further, the
optimizer v∗

0 is obtained as

v∗
0 = vunc + λ1

l11
dH,Np

a+ λ2
l12

dH,Np

sFR(ωgTs)R(−ωgTs)a

+ λ3
l13

dH,Np

sFR(2ωgTs)R(−2ωgTs)a+ · · ·

+ λNA

l1,Np

dH,Np

sFR((NA−1)ωgTs)R(−(NA−1)ωgTs)a

= vunc + cNAa (46)

where cNA is the resulted scalar. We conclude that when NA

control input constraints are active in the general case, the
modification term cNAa is also perpendicular to the first voltage
constraint.

It is noted that the theoretical analysis above demonstrate that
the geometric projection mechanism on obtaining the analytical
constrained optimizer is always valid even when the hexagon
size varies with the dc-link voltage of BESS. Therefore, the
current controller designed in the 2-D problem with fixed Vdc

can be directly used in the original 3-D problem incorporating
the BESS dc-link voltage variations.
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Fig. 4. Illustration of the efficient MPC with analytical solution.

Moreover, the geometric relationship between the uncon-
strained and constrained optimal solutions is preserved in both
the dq and αβ-frames due to the linear transformation u =
v + ū and the subsequent linear rotation of u to us around the
origin. Building on this foundation, we propose an APCC for
the grid-connected PCS in BESS, offering high computational
efficiency.

First, we partition the real voltage plane of the PCS into
12 regions as shown in Fig. 4. Then, for a current tracking
error x0 = i(t)− iref, we calculate the unconstrained optimal
control sequence asV unc = −H−1

Np
MT

Np
x0, with the first control

element given by

v0
unc =

−p1,Np
sF

dH,NpsB
R(−ωgTs − θB)x0 � Kfbx0. (47)

Subsequently, the unconstrained solution in the original αβ-
frame is obtained as us,unc = R(θg)(v

0
unc + ū). If the uncon-

strained solution us,unc is within the voltage hexagon, then
u∗
s = u0

s,unc. If the calculated us,unc violates the voltage hexagon
and belongs to the region indexed by the Roman numerals
I, . . . ,V, u∗

s is chosen as the projection of us,unc to its closest
boundary. Otherwise, if us,unc locates in the triangular region
indexed by Arabic numerals 1, . . . , 6,u∗

s is chosen as the closest
vertex value. Detailed derivation of v0

unc is given in Appendix A.
Note that only the gain matrix Kfb is necessary for the

computation of v0
unc based on previous discussions, and it can

be calculated offline once the control penalty r and predictive
horizon Np are determined. Therefore, the proposed APCC
not only guarantees the analytical solution of MPC with long
prediction horizon, but also reduces the online computation
dramatically compared with the existing MPC.

Remark 2: In engineering practice, one also uses current and
voltage limit circles as system constraints for implementation
ease. It can be treated as the generalization of the linear con-
strained case (23) when Nu and Ni go to infinity. Thus, the
theoretical results obtained in the linear constrained case can be
readily extended to solve the quadratic one.

Fig. 5. Illustration of the closed-loop system pole’s amplitude sF (1−
p1,Np

dH,Np
) versus r and Np. (a) Different control penalty r with fixed predictive

horizon Np = 10. (b) Different Np with fixed r = 10.

D. Stability Analysis and Parameter Tuning Strategy

Subsequently, we analyze the stability of the proposed current
controller and then establish parameter tuning strategy. As is
common practice, we focus on the convergence dynamics of the
tracking error when the system is unconstrained, as the bounded-
input and bounded-output stability is inherently guaranteed in
the constrained condition. Consequently, the optimal control v∗

0

can be treated as a state feedback law, resulting in the closed-loop
control system of the grid-connected PCS as

xk+1 = Fxk +Bv∗
0 =

(
1− p1,Np

dH,Np

)
Fxk. (48)

Then, the poles of the closed-loop system are

sF

(
1− p1,Np

dH,Np

)
(cosωgTs ± j sinωgTs). (49)

It can be shown that the closed-loop system (49) is always stable
for all values of r since the pole’s amplitude sF (1− p1,Np

dH,Np
) is

always less than zero.
In addition, as r increases, the magnitude of the pole also

increases for a fixedNp, indicating that a smaller r yields a faster
dynamics. Moreover, varying the prediction horizon length Np

results in different HNp
, and consequently, different values of

p1,Np
and dH,Np

, which correspond to distinct control laws.

Since the fractional
−p1,Np

dH,Np
in the control law v∗

0 decreases with
an increasing prediction horizon Np when the control penalty r
is maintained, a larger Np can enhance the dynamic response.
The relationship between the pole amplitude with respect to
the control penalty and the predictive horizon length is also
illustrated in Fig. 5.

E. Offset-Free Tracking Performance Design

In practical applications, the dynamic response of the grid-
connected PCS is usually disturbed by the unmodeled system dy-
namics, converter nonlinearities, and grid variations, which can
yield degraded control performance, especially the steady-state
tracking error. To this end, we combine a disturbance observer
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Fig. 6. Structure of the proposed APCC for the PCS of the grid-connected
BESS.

with the APCC to reject the lumped disturbance such that the
grid-connected PCS can obtain the offset-free current tracking
performance. Here, we establish the disturbance observer as

d

dt

[
î

d̂

]
=

[
Ac I

0 0

][
î

d̂

]
+

[
Bc

0

]
u(t) + gc +

[
K1

K2

]
e

e = i− î. (50)

where d̂ = [d̂1, d̂2]
T is estimation of the lumped disturbance d

in the dq-frame, and K1 and K2 are the proper designed 2× 2
feedback gain matrices such that the poles of the estimation error
dynamics of the disturbance observer (50) are all placed in the
left half complex plane.

Then, the steady-state equation of the grid-connected PCS
under disturbance becomes ī = F ī+Bū+ d̂+ g. Compared
with (13), only the steady-state voltage is shifted to

ūd = B−1
[
(I − F )ī− d̂− g

]
. (51)

Therefore, the analytic solution of the APCC with disturbance
compensation can be obtained in a similar manner as in the
ideal case discussed in Section IV-C-3. Now, we summarize
the detailed procedures of the APCC online implementation in
practice as follows:

1) At the time instant t, update the disturbance observer to
obtain î and d̂, and then calculate the steady-state control
input ud and the error signal x0 = i(t)− iref.

2) Compute the unconstrained control uunc = Kfbx0 + ud.
3) Transform uunc into us,unc in the αβ-frame, and then

perform geometric projection strategy shown in Fig. 4 to
obtain the optimal control input u∗

s.
Detailed control structure of the proposed APCC for the grid-

connected PCS is shown in Fig. 6.

V. SIMULATION AND EXPERIMENTAL RESULTS

We now perform simulations and experiments to demonstrate
the fast dynamics, low THDs, strong robustness, as well as the
high computational efficiency of the proposed APCC for the
grid-connected PCS of the BESS.

A. Simulation Results

We first conduct simulation to demonstrate the control perfor-
mance of the APCC under different constraints. The simulation

TABLE I
NOMINAL PARAMETERS OF THE 20-KVA PCS

TABLE II
OPERATING POINTS IN SIMULATION INVESTIGATION

results are achieved with accurate system parameters given in
Table I. Since the activated constraints are determined by the
tracking error between initial state i0 and reference value iref, as
discussed in Section IV, we simulate the dynamic performance
of the APCC with different combinations of i0 and iref listed in
Table II. The corresponding simulation results are illustrated in
Fig. 7. Besides the convert current i(t) and voltage u(t) in the
dq-frame, the unconstrained control us,unc and the constrained
optimal control u∗

s are also shown in the αβ-frame for better
illustration.

With the reference current set at iref = (0.2, 0) p.u., the APCC
demonstrates a fast dynamic response to its reference signal
in Fig. 7(a). Since the initial tracking error is small, none of
the constraints are active in this case, and thus the computed
unconstrained control us,unc at t = 0 (denoted by ◦) is the same
as that of the constrained optimal control u∗

s (denoted by ∗). The
convergence dynamics of the APCC satisfies the closed-loop
system given in (48).

Subsequently, we increase the reference value to id,ref =
0.3 p.u. in Fig. 7(b). In this case, the first voltage constraint
is active at time instant t = 0. We observe that the computed un-
constrained control us,unc(0) indeed violate the voltage, and the
projected feasible solution u∗

s(0) is applied to drive the system.
For the current control performance, except the transient from
i(0) to i(Ts) is limited by the voltage constraint, the convergence
dynamics with t ≥ 2Ts are the same as the unconstrained case.

In Fig. 7(c), we set iref = (0.55,−0.55) p.u, where both
the 6th and the 12th constraint in (27) are active at t = 0. In
other words, during the prediction horizon at t = 0, the control
elements at step 1 and 2 in the optimized sequence V ∗

0 are
consecutively active on the sixth edge of theαβ-voltage hexagon
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Fig. 7. Simulation results under different constraints at t = 0. (a) Unconstrained case. (b) Single active constraint on the edge of the voltage hexagon. (c) Two
consecutive active constraints at the same edge. (d) Two simultaneous active constraints at neighboring edges. (e) Three active constraints with the first control
in prediction horizon active in the vertex, followed by the second control active in the edge. (f) Rated set-point tracking case involving the aforementioned basic
constrained scenarios.

due to the large tracking error. After the closed-system evolves
to i(Ts) with the control u∗

s(0), only the 6th constraint remains
active and the 12th becomes inactive in the shifted prediction
horizon at t = Ts, which is similar as that in Fig. 7(b).

Moreover, choosing iref = (0.35,−0.15) p.u. in Fig. 7(d), the
1st and the 6th constraint are active, i.e., the control element at
step 1 are simultaneously active at the first and sixth edge of the
voltage hexagon. It yields the optimal controlu∗

s(0) at the vertex
at t = 0, and the system becomes unconstrained when t ≥ 2Ts.
Furthermore, the 1st, 6th, and 7th constraints are active at t = 0
in Fig. 7(e), when we select iref = (0.4,−0.15) p.u. As a result,
the optimal control u∗

s(0) is firstly applied to the closed-loop
system. Then, the system progresses to the state where only the
1st constraint remains active at t = Ts, similar to the scenario

depicted in Fig. 7(b). Beyond this point, for t ≥ 3Ts, the system
becomes unconstrained again.

Fig. 7(a)–(e) represents modules corresponding to the basic
constraint combinations, including the unconstrained case, one
single active constraint on the edge of the voltage hexagon,
two consecutive active constraints on the same edge, two si-
multaneous active constraints at the vertex, and an initial active
constraint at the vertex followed by one on the edge. Finally,
we show the case with i0 = (0, 0) and iref = (1.0, 0) p.u. in
Fig. 7(f), where various constraints [No. 1, 6, 7, 13, 19, and 25
in (27)] are active at t = 0. The closed-loop system evolves into
the unconstrained case after five constrained control periods. In
general, the achieved current control performance in Fig. 7 has
demonstrated the efficacy of the APCC.
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Fig. 8. Experimental platform of the 20-kVA grid-connected PCS equipped
with the BESS-Emulator and the Grid-Emulator.

B. Experimental Setup

In the following, we validate the effectiveness of the proposed
APCC utilizing a 20-kVA grid-connected BESS experimental
platform, as shown in Fig. 8. The experimental platform pri-
marily comprises the BESS-Emulator module, a real PCS, and
the grid-emulator module. Particularly, the combination of the
BESS and Grid emulators is capable of replicating different
kinds of operating conditions. Moreover, a variable impedance
cabinet is used in our experiments for emulating different grid
strengths. With the measured inputs from the dc-link volt-
age, converter current, and grid voltage sensors, the proposed
APCC is implemented on a real-time digital signal processor
(TMS320F28335) control board-one the most commonly used
DSPs in the PCS industry. The sampling frequency is set at
10 kHz, which is the same as the switching frequency of
the grid-connected PCS. The grid angle is estimated by the
mature phase-locked loop (PLL) technique for grid synchro-
nization [31]. Detailed model parameters of the experimental
platform are given in Table I, including both the actual and per
unit values.

C. Results and Discussions

First, we evaluate the current reference tracking performance
of the proposed APCC when the grid-connected BESS operates
under normal conditions. Fig. 9 shows the dynamic response of
APCC during the charging and discharging switching transient,
where the d-axis current reference step up from 0 p.u. to 1.0 p.u,
subsequently decreases to−1.0 p.u, and again step back to 0 p.u.
The q-axis current reference is set at zero for energy efficiency.
From Fig. 9(a), it can be seen that the d-axis current responds
quickly to its reference trajectory, and both the dq-axis currents
exhibit no static error at steady-state due to the disturbance
compensation mechanism.

Next, we demonstrate the effects of the control input penalty
r on the control response of the APCC. In Fig. 10(a), the current
reference of the grid-connected PCS is changed stepwise from
0 p.u. to 1.0 p.u. The MPC is implemented with the control
input penalty r as 3, 5, 10, and 20, respectively, while the
prediction horizon is fixed at Np = 10. It can be seen that

Fig. 9. Typical charging and discharging switching operation of the grid-
connected PCS. (a) DQ-axis current tracking performance. (b) Phase currents
during the switching transient. (c) Estimated disturbance for offset-free design.

smaller r yields a faster dynamic response, which is identical
to the theoretical analysis in Section IV-D. Fig. 10(b) shows the
current tracking performance at steady-state, and we observe
that the standard deviation (STD) of the d-axis current and the
THD of the phase current ia decreases as r increases, and tend
to be more or less the same when r ≥ 5. In general, excessively
small control input penalty can result in large overshoot and even
instability problems, which should be avoided in engineering
practice.

Subsequently, we investigate the effects of prediction horizon
Np on the current control performance of the proposed con-
troller. As illustrated in Fig. 11(a), the prediction horizon is set
at 1, 5, 10, and 20, respectively, whereas the control penalty is
maintained at r = 10. Fig. 11(a) illustrates that the APCC with
longer prediction horizon yields faster dynamic response, while
none of the controllers exhibit overshoot under the specified
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Fig. 10. Current control performance of APCC on different control penalty
r. (a) Dynamic response subject to step input. (b) Steady-state tracking perfor-
mance.

control penalty setting. From Fig. 11(b), it can be seen that the
standard derivation and the THD are marginally affected by the
length of the prediction horizon. The experimental results on
varying prediction horizon Np agree well with the theoretical
poles shown in Fig. 5.

In the following, we compare the current control performance
between the proposed APCC and the widely used optimization
based multivariable current controller (OMCC) [9]. As shown
in Fig. 12, the current reference trajectory is again changed
stepwise from 0 p.u. up to 1.0 p.u. Specifically, in Fig. 12(a),
we set the design bandwidth of the OMCC at ωb0 = 1 kHz, and
tune the control input penalty of the APCC to r = 10 to achieve
similar steady-state fluctuations for both controllers. It can be
observed that the proposed current controller exhibits a faster
dynamic response in this case.

To improve the dynamic response of the OMCC, we increased
its design bandwidth to 2ωb0 in Fig. 12(b), while maintained the
control penalty of APCC at r = 10. We observe that the dynamic
responses of both controllers are almost the same fast, but the
OMCC method shows significant overshoot in both the step-
up and step-down transients. Moreover, the steady-state current
achieved by the OMCC exhibits larger fluctuation compared to
the proposed predictive current controller.

To further elucidate the fast dynamics of the APCC at windup
operating condition, we compare the proposed APCC with the

Fig. 11. Current control performance of APCC on different prediction horizon
Np. (a) Dynamic response subject to step input. (b) Steady-state tracking
performance.

conventional decoupled-PI method [7], and the latter one usually
encounter inadequate antiwindup performance in industry due
to its integral mechanism. In Fig. 13, we removed the current
protection mechanism of the grid-connected PCS and reduced
the voltage hexagon size in software on purpose. The d-axis
current is controlled to follow the 1.5 p.u. reference signal at a
under-voltage condition, and then to step back to 0 p.u. Fig. 13
shows that the achieved currents of the both controllers slowly
exceed the maximally allowed limit and gradually enter the
saturation since the dc-link voltage of the BESS is fully utilized
at the specified under-voltage condition setting. Moreover, when
the command signal returns to 0 p.u., the APCC algorithm
responds much faster than the decoupled PI current controller.

Now, we show the offset-free tracking performance of the
APCC under parameter uncertainties. The tracking performance
of the current controller was again evaluated subjected to the
step input. In Fig. 14(a), the APCC was firstly implemented
with accurate inductance parameter value, then with 50%, 80%,
120%, and 150% of the nominal value, respectively. From
Fig. 14(a), we observe that smaller inductance value yields faster
dynamic response. This observation aligns with the closed loop
system (48), since smaller Lf corresponds to smaller sF , i.e.,
smaller norm of the poles given in (49), and thus results in faster
convergence.
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Fig. 12. Current control performance comparison between the proposed
APCC and the optimization based multi-variable current controller (OMCC) [9].
(a) OMCC with the design bandwidth set at 1 kHz. (b) OMCC with the design
bandwidth set at 2 kHz.

Fig. 13. Comparison between the proposed APCC and the decoupled-PI
current controller [7] on the antiwindup performance.

Similar experiments on the induced resistance were conducted
in Fig. 14(b), where the experimental values of the resistance is
chosen as the 50%, 80%, 120%, and 200% of the nominal one,
respectively. It can be seen that the dynamic responses with
inaccurate resistance values are slightly different from the ones
with accurate value. Due to the offset-free design, all these con-
trollers in Fig. 14 demonstrate offset-free tracking performance
in steady-state even under model parameter uncertainties.

Fig. 14. Step current reference tracking performance of the APCC under
model parameter uncertainties. (a) Variations on the filter inductance Lf.
(b) Variations on the induced filter resistance Rf.

In Fig. 15, we evaluate the robustness of the proposed an-
alytic predictive current controller against the grid variations.
Specifically, the d-axis current of the grid-connected PCS is
controlled at 1.0 p.u. at first. Then, the grid frequency is stepwise
changed by the Grid-Emulator from the rated 50 Hz to the 45 Hz
at 1.25 s to emulate the practical scenarios particularly those
involving high-loaded grids experiencing frequency drops. It
can be seen that the output current of the PCS can maintain
at 1.0 p.u. throughout the frequency variation. Moreover, the
norm of the d-axis ripple current becomes smaller due to
the frequency drop. Similar robust experimental outcomes of
the APCC are observed under grid voltage amplitude variation.

In the following, we compare the robust tracking perfor-
mance of the proposed APCC with the well-established robust
VCC [14], [15] under different grid strength in Fig. 16. The
grid inductance Lg and the filter inductance Lf forms the total
inductance L = Lg + Lf of the grid-connected system, and the
short-circuit ratio (SCR) is defined by the inverse p.u. value of
L. Two different values of Lg are considered in our experiments,
corresponding to the strong grid condition (L = 0.15 p.u., SCR
= 6.7) and the weak grid condition (L = 0.5 p.u., SCR = 2),
respectively.

As depicted in Fig. 16, the d-axis current is regulated to track a
three-stage step-wise reference signal while the q-axis current is
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Fig. 15. Current reference tracking performance of the APCC under grid
frequency variations. (a) d-axis currents controlled at 1.0 p.u. (b) Grid frequency
varies from 1.0 p.u. to 0.9 p.u.

controlled at 0 p.u. The estimated inductance parameter used in
both controllers is fixed at L̂ = 0.2 p.u. In the strong grid condi-
tions as shown in Fig. 16(a), we tune the control penalty r = 20
such that the APCC achieves a dynamic response comparable
to that of the robust VCC. With the same parameter setting,
Fig. 16(b) illustrates the controller performance in weak grid
conditions. Although both the APCC and the robust VCC exhibit
slower dynamics under these conditions, they show offset-free
tracking performance at steady state. It demonstrates that the
proposed APCC can achieve robustness to grid strength similar
to that of the robust VCC, but with the advantage of requiring
only a single tuning parameter r.

Subsequently, Fig. 17 compares the robustness of the APCC
against uncertainties in the filter resistance Rf with the robust
VCC, since the parameter value R̂ used in controller also
includes the converter losses and is typically determined em-
pirically, as discussed in [15]. In strong grid conditions (SCR
= 6.7), the current tracking performance of both controllers
under the over-estimated R̂ = 0.08 p.u. and the under-estimated
R̂ = 0.02 p.u. is presented in Fig. 17(a) and (b), respectively.
The results indicate that variations on R̂ reflect only marginal
effect on the dynamic response of either the APCC or the robust
VCC, and both controllers demonstrate efficacy in eliminating
quasi-constant model uncertainties.

Fig. 16. Robustness comparison between the proposed APCC and the Robust
VCC under different grid strength. (a) In strong grid condition (L = 0.15 p.u.,
SCR = 6.7). (b) In weak grid condition (L = 0.5 p.u., SCR = 2).

TABLE III
EXECUTION TIME OF THE APCC-BASED SOFTWARE ON DSP

Last, we demonstrate the computational efficiency of the
proposed APCC. Distinguished from the conventional MPC,
which requires the computationally intensive online solution of
complex algebraic differential equations (ADE), the implemen-
tation procedures of the APCC, as discussed in Section IV-E,
involve only basic arithmetic operations such as addition and
multiplication. This significantly reduces the computational bur-
den, making the APCC a highly efficient method. In addition,
the detailed execution times of the APCC-based software, im-
plemented on a normal industrial DSP (TMS320F28335), are
presented component-wise in Table III.

Moreover, Table IV presents a comparison of the computa-
tional times for the proposed APCC, the Explicit MPC [29], and
the MATLAB MPC Toolbox [32], all evaluated on the same
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Fig. 17. Robustness comparison between the proposed APCC and robust
VCC against resistance uncertainties. (a) Over-estimated resistance case with
R̂ = 0.08 p.u. (b) Under-estimated resistance case with R̂ = 0.02 p.u.

TABLE IV
COMPARISON OF COMPUTATIONAL TIMES UNDER DIFFERENT NUMBERS OF

CRITICAL REGIONS (μs)

DSP under different numbers of critical regions, i.e., active
constraints, resulted by the varying dc-link voltage. Only the
execution time of the core program responsible for solving the
constrained finite time optimal control problem is considered in
Table IV. Note that the computational times of the APCC method
remain relatively consistent across all cases, while the times for
the Explicit MPC and MATLAB MPC Toolbox increase with
the number of critical regions.

VI. CONCLUSION

In this article, we proposed an APCC for the grid-connected
PCS in BESS, to address the critical requirements for fast
dynamic response, strong robustness and high computational
efficiency. The 3-D current reference tracking problem, account-
ing for the BESS dc-link voltage variation, was formulated as
a multiparametric quadratic problem. We clarified that the 3-D

spatial critical regions in this problem are a direct extension of
the 2-D planar critical regions, where the size and orientation
of the regular hexagon are determined solely by the dc-link
voltage. Both unconstrained and constrained optimal solutions
were explicitly derived for the optimal control problem, and
demonstrated their precise geometric projection relationship in
the voltage plane. Leveraging this relationship, the analytic
solution of the APCC was achieved with significantly lower
computational cost than conventional MPC methods, making the
APCC with a long prediction horizon feasible for cost-sensitive
industrial applications. In addition, a disturbance observer was
combined with the APCC to ensure offset-free tracking perfor-
mance under mismatches. Simulation and experimental results
validated the promising control performance of the APCC com-
pared to the existing well-known current controllers, along with
its strong robustness against parameter uncertainties and grid
variations.

APPENDIX A
DERIVATION OF OPTIMAL CONTROL IN GENERAL Np CASE

Now, we provide the detailed derivation on the unconstrained
optimal control law v0

unc for general Np prediction horizon. In
this case, the optimized control sequence V unc is obtained as

V unc = −H−1
Np

MT
Np

x0

= −H−1
Np

(HNp
− rI)S−1

u Sxx0 = −(I − rH−1
Np

)S−1
u Sxx0

= (rH−1
Np

− I)

⎡
⎢⎢⎢⎣

B−1

−B−1F B−1

. . .
. . .

−B−1F B−1

⎤
⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎣

F
F 2

...
FNp

⎤
⎥⎥⎥⎦x0

= (rH−1
Np

− I)

⎡
⎢⎢⎢⎣
B−1F

0
...
0

⎤
⎥⎥⎥⎦x0 =

−1

dH,Np

⎡
⎢⎢⎢⎣

p1,Np
F

p2,Np
F 2

...
pNp,Np

FNp

⎤
⎥⎥⎥⎦B−1x0

(52)

where p1,Np
= dH,Np

− rl11, p2,Np
= −rl21, . . ., pNp,Np

=

−rlNp,1, and lij is the element of H−1
Np

given in (43).
Then, we can obtain the first control element of V ∗

unc as
follows:

v0
unc =

−p1,Np

dH,Np
FB−1x0 =

−p1,Np
sF

dH,NpsB
R(−ωgTs − θB)x0

(53)
and v0

unc function as the foundation for generating the optimal
control v∗

0 through the proposed analytic geometric projection
method.
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