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Small-Signal Modeling and Comparisons of the Pulse
Frequency Modulation and Time Shift Control
for the LLC Converters

Zhigiang Guo

Abstract—This article describes a new method for the small-
signal modeling of the LLC converter based on time-domain anal-
ysis. The time-domain expressions of the state trajectory are trans-
formed to the first-order of Tylor’s expressions, which can achieve
the linearization of the trajectory expressions. The state space
formulas and transfer functions in pulse frequency modulation
(PFM) are derived from the linearization expressions, where the
state variables include the initial resonant current and resonant
capacitor voltage in a switching period besides the output voltage.
This method can be easily extended to the small signal modeling of
the LLC converter in time-shift control (TSC). The reason why the
TSCisregarded as a current-mode control is analytically explained
in this article. The comparison of the frequency response in the
PFM and TSC demonstrates the high bandwidth and high phase
margin in the TSC, which indicates the LLC converter with the
TSC can achieve a good dynamic response. The closed-loop PI
controller is designed based on the small-signal model, and load
step experiments demonstrate that the converter exhibits better
dynamic response in the TSC compared to the PFM.

Index Terms—LLC converter, pulse frequency modulation
(PFM), small-signal analysis, time-domain analysis, time-shift
control (TSC).

I. INTRODUCTION

HE LLC resonant converter can operate in both boost
T and buck modes while maintaining zero voltage switch-
ing (ZVS), ensuring a wide voltage regulation range and high
efficiency. As a result, it has been widely used in data centers,
electric vehicles, fuel cells, and industrial power supplies [1],
[2], [3]. Therefore, it is crucial to research the control strategies
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and modeling methods for LLC converters to achieve better
frequency response.

The typical control strategy of the LLC converter is pulse
frequency modulation (PFM), in which the output-voltage loop
directly regulates the switching frequency [4]. However, the
single voltage mode control cannot guarantee a superior dy-
namic response [5]. One kind of method to improve the dy-
namic response is to improve the structure of the controller.
An adaptive voltage-controlled oscillator (VCO) can adjust the
low-frequency magnitude in frequency response to improve the
dynamic performance of the LLC converter [6]. The other kind
of method to improve the dynamic response is to apply the
current mode control [7]. Because of the approximate sinu-
soidal resonant inductor current, it cannot be used as the inner
current feedback. In [8], an average resonant current obtained
by a rectifier circuit is introduced as the feedback of the inner
current loop. The rectifier circuit filters out the high-frequency
components, and it also limits the performance of the current
mode control. Onsemi provides an analog integrated circuit
FAN7688 to achieve the charged control for good dynamic
response in LLC converters [9]. The feedback of the current loop
is the integration of the resonant current in half of a switching
period. Apart from the resonant inductor current, the resonant
capacitor voltage is also an indicator of energy stored in the
resonant tank. Therefore, the capacitor voltage at the instant
when switching is taking place is set as the feedback of the
inner current loop in the charged control, which demonstrates
the good frequency response [10]. A bang-bang control triggers
the switching action by the resonant capacitor voltage level
for the fast dynamic response [11], and it is also regarded as a
current mode control. Based on the bang-bang controlin [11], an
analog integrated circuit UCC256302 is manufactured by Texas
Instruments [12]. The charged control and bang-bang control
are difficult to implement in digital controllers. A time-shift
control (TSC) is another current mode control for LLC con-
verters proposed by STMicroelectronics and it is proved that
the TSC has better frequency response by simulation [13]. The
zero-crossing detection of the resonant current is necessary in the
TSC, which can be achieved by the analog circuit STNRGO11
provided by STMicroelectronics [ 14]. Moreover, the TSC is easy
to implement in digital controllers for LLC resonant converters
[15].

To analyze the bandwidth and stability of the control loop
for the LLC resonant converter, the frequency response based
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on the small-signal model must be evaluated. Different from
the pulsewidth modulation controlled dc—dc converters, the
small-signal modeling of the resonant converter is difficult to
derive from the state-space averaged method [16]. Therefore, the
fundamental harmonic analysis (FHA) and extended describing
function (EDF) are applied to the resonant converter [17], [18].
On this basis, the small-signal modeling of the LLC converter is
developed in [19] and [20]. To simplify the model, an equivalent
circuit of the LLC also can be derived from the EDF [21].
This method can present an accurate frequency response when
the switching frequency is close to the resonant frequency.
However, when the switching frequency deviates from the res-
onant frequency, the small-signal modeling based on the EDF
is imprecise. In [22], the synchronous reference frame (SRF)
based modeling approach is developed, which takes the parasitic
parameters of the LLC converter into account. However, it lacks
the comparison between experimental results and the theoretical
model to verify the accuracy of the model. A small-signal
modeling method based on communication theory is proposed in
[23], which reveals that the higher order harmonics and sideband
frequencies have significant contributions in the small signal
modeling, but its model exhibits low accuracy. To improve the
accuracy of the small-signal modeling of the LLC in a wide
switching frequency range, the harmonics components extracted
by the Fourier transformation are taken into account [24]. Al-
though the model agrees well with the real LLC converter, the
derivation and expression of the model are too complicated to
guide the controller design for the engineers. To overcome the
inaccuracy of the FHA for the LLC converter, the time-domain
analysis is proposed in [25] and [26] to obtain the gain of the
converter and the working modes. On this basis, a discrete-time
small-signal modeling method is applied to the LLC converter
[27]. The VCO is frequency-dependent rather than a constant
gain. In [27], the small-signal model considering the nonlinearity
of the voltage-controlled oscillator is deduced, and it can achieve
high accuracy in a wide range of switching frequency. The
dynamic performance of LLC in the time domain is analyzed
in [28], and the approach to derive the small-signal model
is briefly introduced without providing a detailed derivation
process.

Although the current mode control for the LLC converter can
achieve better dynamic response, the small-signal modeling in
current mode control is much more complicated than the voltage
mode control in PEM. The above small-signal modeling methods
all focus on the transfer function from switching frequency to
output voltage in PFM, which are difficult to extend to the current
mode control. Most of the frequency response of the current
mode control for the LLC converter is based on simulation, and
few articles present an accurate small-signal modeling of the
current mode control. Furthermore, no article explains how to
do the modeling of the TSC.

In this article, the time-domain expressions of the LLC con-
verter are obtained based on planar trajectories. An accurate
small-signal modeling for PFC is derived in the time domain us-
ing linearization at a steady-state operating point, demonstrating
high accuracy over a wide range of switching frequencies. By
establishing the relationship between the control time of TSC

Fig. 1. Topology of the LLC resonant converter.
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Fig. 2. Typical waveforms of the LLC resonant converter. (a) fs < fr.
®) fs > fr-

and the switching period, this method can easily extend the
small-signal modeling of PFM to the small-signal modeling of
TSC, which is also the contribution of this article. The analysis
of the modeling reveals that TSC is a reduced-order model with
better frequency response.

The rest of this article is organized as follows. Section II
reviews the working modes of the LLC converter and gives the
expressions of the state trajectory in the time domain. The calcu-
lation procedure of the steady-state operating point is presented.
Section III gives the small-signal modeling of the LLC con-
verter in PFM by using first-order Tylor expansions. Section IV
presents the small-signal modeling of the LLC converter in TSC,
and the reason why the TSC can be regarded as the current mode
control is first analytically revealed. The comparisons of the
PFM and TSC in frequency response are analyzed. In Section V,
the bode diagrams tested in the experiments and the load step
experiments verify the good frequency response in TSC. Finally,
Section VI concludes this article.

II. REVIEW OF THE WORKING MODE OF THE LLC CONVERTER
A. LLC Converter in Time-Domain Analysis

The topology of the full-bridge LLC resonant converter is
shown in Fig. 1, where vi, and v, represent the input and
output voltages. C, denotes the output capacitor, and R is the
load resistance. The primary stage is composed of Q1-Qy, and
the rectifier stage is composed of D,;-D,4. The resonant tank
consists of resonant inductor L., resonant capacitor C,., and
magnetizing inductor L,,, of the transformer. It operates in three
resonant stages based on the voltage v,,, across the magnetizing
inductor: positive clamped stage v,,, = nv,, (State P), negative
clamped stage v,, = — nv, (Stage N), and the freewheeling
stage |[v,,| < nv, (State O). For the ZVS of the switches, the LLC
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Fig. 3. Planar trajectories of the LLC resonant converter. (a) PO mode for
fs < fr- (b) NP mode for fs > f;.

converter is suggested to work in PO mode for f; < f,- and NP
mode for fs > f, [25]. Therefore, the PO mode and NP mode will
be analyzed below. The other modes can be analyzed in the same
method. In Fig. 2(a), key waveforms are illustrated for f; < f,.,
where f; is the switching frequency and the resonant frequency
fris 1/(2m+/L,.C;.). Fig. 2(b) displays key waveforms for f5 >
fr

To facilitate the subsequent theoretical analysis, the time
when the resonant current is equal to the magnetizing current
is selected as (. The voltage across the resonant tank is v 4 g. i,
and i,, represent the resonant current and magnetizing current.
The transformer secondary current i, is rectified to i,ec.

The state trajectory of the LLC resonant converter is intro-
duced in [29] to analyze the operating modes and can be used
to calculate the steady-state operating point. To simplify the
analysis of the quiescent operating points, it is assumed that
the output capacitor C, is so large that the output voltage is
approximately constant. In addition, the circuit losses and the
dead time of Q1-Q, are negligible.

The planar trajectories of the LLC resonant converter are
shown in Fig. 3. Variables with the subscript N are normalized
in this article, where voltages are normalized with the voltage
factor v;, and currents are normalized with the current factor
In = vinlZy. Zy is the characteristic impedance, expressed as
v/ L /C,., and the voltage gain M is defined as M = nv,/vy,.

1) fs<fr[seeFig.2(a)]: Fromtto 5, the converter operates
in P mode, and the magnetizing inductor L,, is clamped by the
output voltage. The energy is transmitted from the input to the
load. The trajectory behaves as a circle with the center (1-M, 0).
ro is the radius of the trajectory, and 6 is the initial phase. Both
are influenced by M, the resonant current i, y, and resonant
capacitor voltage v o at fp, as shown in (1) and (2). In this
article, the normalized resonant current and resonant capacitor
voltage at the time of 74, are denoted as i,y and v N

iron? + [Veron — (1 — M)J? (1)

To =

0y = arctan (— 2)

10N )
VerON — (1 - M) .

iron and von can be expressed as (3). g represents the
angle of the trajectory from #j to 72, and it can be calculated by
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wyro(fa-1p). wro 18 defined as 1/+/L,.C,

iroN = 70 8in (o + Oo)
Veran = =70 €08 (o 4+ 6p) + (1 — M)~

From £, to t3, the converter operates in O mode. L,, C,, and
L,, are involved in resonance. There is no energy transmitted to
the output, and i,,  is equal to i,.. The trajectory of this stage
is part of an ellipse with center (1, 0), r; and 6, is determined
by i,on and v..2 n, as shown in (4) and (5), where L,, = L,,,/ L,

3)

= \/(1 + Ln) Z.7”2N2 + (Ucry-QN — 1)2 4)
1 Ln ‘r

91 — arctan <m> . (5)
Ver2N — 1

In this mode, i3y and v..3x at f3 can be expressed in (6),
where ¢ is the angle of the trajectory and can be calculated by

wy1(f3-12). wy is defined as 1/+/ (L, + Ly,)C:

{Ucr?,N = —ricos(p; +01)+1

1r3N — \/1T+17L7, SiH (gﬁl —+ 91) (6)

Because of the semiperiod symmetry, the trajectory from ¢,
to 73 is symmetric with the trajectory from 3 to g, which will
not be discussed in detail.

2) fs > fr [see Fig. 2(b)]: When f, > f,, only L, and C,
are involved in the resonance during the entire switching cycle.
From ¢ to 2, the trajectory is the same as f; < f,.. From t5 to
t3, the converter operates in N mode. The voltage across the
resonant tank is changed to -vi,, and the trajectory behaves as a
circle with the center (-1-M, 0). r; is the radius of the trajectory
and 6, is the initial phase in this mode. They can be calculated
as

r = \/iTQNQ + [UCT‘QN + (1 + M)]2 (7)
lroN

9 = + t N ——— . 8

1= arcan( ’Um-2N+1+M> @®)

irsnyandv..3 ycanbeexpressedin (9), where 1 = w.,o(t3-12).
The state trajectory from 73 to #g can be obtained using a similar
method and will not be discussed in detail

irgN =T sin (gﬁl —+ 91) (9)
VergN = —T'1 COS (%01 + 01) - (]‘ + M) -

The time-domain expressions of i, and v.,.y in different
modes for f; < f, and fs > f, are given in Table I, and the
definitions of ry, 0, y are similar to the previous analysis in
the following discussion.

B. Calculation of the Steady-state Operation Point

1) fs < fr: For fs < fy, the normalized magnetizing current
imn can be expressed as (10) from 7y to 75, and the normalized
current iy flowing through the secondary side of the transformer
is shown in (11). The average current i, on the secondary side
from #; to t3 is expressed as (12), and the output voltage V,, can
be expressed as Rir., where the average rectified current i,... is
equal to i1 from tg to f3 in the steady state

M
;N = To Sin (90) + ero(t — to) (10)

n
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TABLE I
TIME-DOMAIN EXPRESSIONS OF I,y AND V.. IN DIFFERENT MODES

s N1 to-t2 1-13 13-1s t5-te
iy =rysin[ @, (t—t,)+6, | L sin[ a, (1 6] iy =nsin @, (t-1,)+6, | — sinfa (1-)+6,]
So <fo|Voy =—tycos(@,, (1 —1,)+6,) VI+L, Vo =1y 008[ @, (t—1,)+6, | JI+L,
+(1=M) Voy =—ricos[ @, (1=1,)+6,]+1 —(1-M) V= rscos[ @, (1 =) +6, ] -1
i =rysin[ @, (t—1,)+6, ] iy =rsin[ @, (t-1,)+6, | i =nsin @, (t—1,)+6, ] iy =nsin] @, (t—1;)+6,
> folvay =10 cos[a),,o(t—to)+t90] Vo =—1i cos[a),o(t—tz)+t91] Vo =T cos[a),,o(t—t3)+t92] Vow =13 cos[w,o(t—t5)+t93]
+(1-M) _(1+M) ~(1-M) (140
Z.sN =n (iT‘N - Z'mN) (11)
. 2nl,,
1s1 =
wrots
rocos (6p) — 1o cos (o + bp) — 7o sin (0y) po — f@OQ
n
(12)

Because of the semi-period symmetry, the i,.gy and v oy at
to are equal to the negative of i,-3 y and v -3 y respectively. Mode
P transitions to Mode O at 5, with the resonant current i,y equal
to the magnetizing current i,,, y. Along with the definitions of M,
o, and 1, the equations can be expressed as

rosin (o + 6p) — \/j sin (61) =
—rg cos (o + 0o) — M + r1 cos (91) =
= sin (1 + 61) + rosin (6p) =
—rycos (w1 +601) —rocos (6p) + (2—M) =0
rosin (o + 6o) — rosin (6p) — 7= = 0 ()

2n2%RI,

M — 75772 [ro cos (6o) — 7o cos (po + bo)

—rosin (60) o — 3r—¢0?] = 0

po o, T
wro w1 2
[ro 6o wo 7m1 601 @1 M]isdefined as the variables to

be solved under the steady state. By using the Newton—Raphson
iteration method, the solution of the equations can be calculated,
so the steady-state operating point of the system will be obtained.

2) fs > fr: For fs > f., the expression of i,,y is the same as
(10) from 1y to t3. The current i, on the secondary side and the
average current i, from #o to #3 can be expressed as (11) and
(14). By using a similar method for f; < f;,, equations for fs > f,.
can be deduced as (15). Solving (15) by the Newton—Raphson
iteration method, the steady-state operating point for f; > f,. can
be also obtained

. 2nl,,
1s1 =

Totorg [0 cos (8p) — 7o cos (¢o + bo)

+ ricos (61) — i cos (@1 + 61)] (14

Fig. 4. Trajectories of the LLC converter for fs < fr. (a) iyon is disturbed.
(b) veron is disturbed.

Mw.oTs _
4L, =0

rosin (¢o + 6p) —r1sin(f1) =0

To SiIl (00) +

—rgcos (pg + o) +ricos(61) +2=0
risin (p1 +61) +rosin (6p) =0

15
—rycos (1 + 01) —rgcos (6p) —2M =0 (15)

2
M — %[ro cos (Ay) — 7o cos (o + bo)
+7rycos(01) —rycos(pr +61)] =0
Yo + 1 — M =0

III. A SMALL SIGNAL MODELING OF THE LLC CONVERTER

BASED ON TIME-DOMAIN ANALYSIS

LLC resonant converter is typically controlled by PFM. The
influence of input voltage and switching frequency on the output
voltage can be visualized on the state plane, altering the planar
trajectory and affecting the quiescent operating point. In the
steady state, when the initial resonant current i, or resonant
capacitor voltage v.on at ty are disturbed respectively, the
trajectory in a switching period will not be closed curves, and the
output voltage will be affected as well. The disturbed trajectories
are shown in Fig. 4. Therefore, perturbations are introduced to
iron and v, N, Which can reflect the influence of input voltage
and switching frequency on the state trajectory. Consequently,
in order to analyze the small-signal model of the LLC resonant
converter, the initial values of the resonant current i,y and the
resonant capacitor voltage v ..o y can also be regarded as the state
variables besides the output voltage v, and the input voltage v;,
and switching period ¢, are taken as the input variables of the
system.



A. Small Signal Modeling for fs < f,

Because i,o y and v..o y in the next switching period are i,
and v.,¢n in the current period, the large signal model of the
system can be obtained as shown in

B Z.7"6N - iTON
lrON = -
S
1 T3 . .
= & | ——=——sin (@3 + #3) — rosin (6

ts 1+rL, (3 3) 0 (6o)

Ver6 N — UerON
VeroN = n

S
= % [—75 cos (p3 + 03) + 7o cos (0y) — (2 — M)]

b0 = & (e~ %)

(16)
Section II provides the calculation method for the steady-
state operating point. Therefore, the steady-state values of 7, x,
Verons M, Vin, Vo, Ts, 1o, 00, ©0, L2 N, €tc., can be obtained.
The perturbation-linearization method is used to build the small-
signal model of the LLC resonant converter. The main idea is
to add perturbations ¥;,,, U, ts, %7“0 N> and Ogqron to Vi, Vo, T,
L.on, and V. at the steady-state operating point, as shown
in (17), and then gradually derive the variations of i, x, Vere ns
and 7, at fg

Vin = Vin + @in
Vo = Vo +
ts =Ty +ts (17)

iroN = Iron +iroN
VeroN = VeroN + VeronN

When the state variables are disturbed, both the initial phase
0 and the state trajectory radius ro change accordingly. The Tay-
lor’s expansions of (1) and (2) are carried out at the steady-state
operating point. The variations Afy and Ary can be obtained
respectively by reserving only the first-order components of
Taylor’s expansions and ignoring the higher-order components,
asshownin (18) and (19). g and hrepresent the partial derivatives
of the phase 6 and radius r to the corresponding variables,
respectively. The steady-state operating point is substituted into
the partial detivatives, which are shown in the following:

00y + 00y . a0y . 00y .
Aby = o+ 2200 Qo O,
0 airO 1N * 8rUcr()Nv oN * aUin Vin + 8vov
= GoilroN + Govleron + GoinDin + GooDo (18)
where
gy D0 Veon (= M)
" Bivon [Veron — (1= M)]* + Loy
00y Ion
Gov = = 2 2
aUcrON [VCT‘ON — (1 — M)] + Ion
g 890 IT'ONM/Vvin
0in — = -
Vi, [Veron — (1= M))* + Lon?
890 nIrON/‘/in
9doo = 87 = 2 2
Vo [Veron — (1= M)]" + Ion
(97“0 ~ 87“0 ~ (97“0 “ 87"0 R
A = r cr o Ui 5 Yo
"o 87:rONZ oN * aUcrONU oN + 8rUinUn + a'Uov
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= hOi%T'ON + hOvﬁcrON + hOin{}in + hOo@O (19)
where
hos — 00 _ Ion
iron [1on? + Verow — (1 — M))?
hoy — 00y _ Veron — (1 — M)
avcrON \/IT‘ON2 4 [‘/CT’ON - (1 - M)]Q
ho = D0 Weron — (1L M)|M vy,
Qvin [Low® + Veronw — (1~ M))?
he 00, Veron — (1 — M)|n/vip
0o — &§

Wo [ 1on + Veror — (1 — M2

After adding the perturbations, the resonant current is equal to
the magnetizing current at to+Af5. At this time, the current i,y
on the secondary side is zero, i.e., is y(fo+At2) = 0. Therefore,
(20) can be obtained by linearizing (11) at t5. Therefore, A
can be obtained as shown in (21), where m represents the partial
derivative of ¢ to the perturbation variables

3 . aZs t 825 t
15]\] (tQ + At2) = ZSN (t2) + gr(() 2)AT0 + a]\zp(() Z)A@O
Oisn (t2) disn (t2)
+ M@O -0 (20)
v,

Ao = MoitroN + MowleroN + Moinlin + M00Vo- (21)

Linearizing (3) and substituting (18), (19), and (21) into the
linearizing results, Ai,o y and Av,,.o y are shown in (22), where
k and [ represent the partial derivatives of the resonant current
and the resonant capacitor voltage to the perturbation variables,
respectively,

{AiT‘QN = in%rON + k2vlacr0N + k2inr[)in + k?of}o (22)

Averon = l2itron + Loy Ueron + L2inVin + L2000

The expressions for Af; and Ar; can be obtained according
to (4) and (5), as shown in

A0y = griiron + Groleron + Gintin + g1000
A . . .- (23)
A7’1 = hlierN + h’l’quT‘ON + hlinvin + hlovo
From ¢ to t3, Agy can be expressed as
Apy = 227, — 2L A, 24)
2 Wro

Then, (25) can be derived from (6)

Avergy = lSi%rON + 130 0cronN + [3inin + 13000 + l3ttAs
(25)

{AiTBN = kSi%rON + ka'ﬁcrON + kSin'[}in + k3oﬁo + k3t£s
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Perturbation variables

Lron s Veron s Vins Vool

From ¢, to t,

[Calculate AG, and Ar, by (1) and (2 )j

[ Calculate Ag, by (20)

l—g Calculate A7, by (12)

[ Calculate Ai,,, and Av,_,, by (3) J
v

[ Calculate A6, and Az, by (4) and (5) j
v

[ Calculate A, and Av,,, by (6) )

¢ Similar steps from 7, to #

[ Calculate A8, and Ar, ]

Calculate Ag,

Calculate A7,

[Calculate Ai g, and Av,_ \]
v

[ Calculate A6, and Ary j
v

[Calculate Ai,¢, and Avm,\.j

Fig. 5. Flowchart of the whole derivation process for fs < f;..

The variation of the average current Aig; on the secondary
side in the half period from 7 to #3 is shown in (26) by lineariz-
ing (12)

Aisl = kslii'rON + ksl'uﬁCTON + kslin@in + kslo’f)o + ksltfs'
(26)
Because of the semiperiod symmetry, similar procedures can
be used to deduce the variations from 73 to 7. Then, the variations
Aiqgy and Ay, are expressed as

{AirﬁN = keitron + KevOcron + Kein®in + K6olo + kGAt{s

A'Ucr’GN - l6i7:rON + lﬁvf)crON + lﬁinf}in + lﬁo'ﬁo + lﬁtts '

(27)

The variation of the average current in the secondary winding
At in the second half cycle from #3 to t4 is expressed as

A532 = ks2i%r0N + stv@CTON + ks?in{)in + ksZoﬁo + ks2ttAs-
(28)
The flowchart of the whole derivation process for fs < f. is
shown in Fig. 5. During the whole switching cycle, the variation
of the average output current of the rectifier bridge can be
expressed as

A'L'rec = Aisl - A7:.92

= (ksli - ks?i) %rON + (kslv - ks2v) f)crON

+(kslo_k520) @0+(kslin_ks2in) Oin_’_(kslt - stt) fs-

(29)

By substituting (17) into (16), (30) can be obtained

(ITON N %r()N) _ Loy + Dipsy — Loy — iron

Ty + iy
A ‘/CT‘GN + AUC’I"GN - ‘/vC’I”ON - @CTON
Vrcr + Ver = ~ ’
(Veron oN) .40
° ~ 1 = - D
(Vo + Uo) = Fo (Zrec + Algec — % - ﬁ)
(30)

The equations in (30) can be extended by using Taylor series
expansions and retaining the first-order components. Substitut-
ing (27) and (29) into (30), (31) can be obtained as

AZ.7'6N - iT‘ON _ i

iroN = T. =T [ (kei — 1) iroN + KeoDeron
+ KeinBin + kooDo + Ketts]
2 A cr - Acr 1 “ ~
’lA)crON = w = i |:l6iZT‘ON + (ZG’U - 1) VeroN
+ l6inOin + looTo + thtAs]
: 1 - )
Ao - = A.rec -2
TG, ( ! R)
1 (ksti — ks2i) tron + (Ksto — ksav) Deron
= C_o + (kslo - ks2o N %) 60 + (kslin - stin) {)in
+ (kslt - stt) ts
(31)

Setting u = [Oin, £s], T = [iron; Deron, U] and y = 1, the
above equations can be expressed as (32), where the state matrix
A, the input matrix B, and the output matrix C are shown as

& = Ax + Bu
y=Cax (32)
[ kg — 1 kew k6o
T, T, T,
| s Ly — 1 lso
A= T, T, T,
ksli ksZi kslv - stv kslo - sto - 1/R
L C, C,
T T
B_ lgin lot
T, T,
kslin - stin kslt - ksZt
L G Co
c=1[0 o 1] (33)

According to (32), the transfer function of the LLC converter

for fy < f;- can be expressed as
G (s)=C(sI — A)'B = [Guin(s) Gi(s)] (34

where G is a 1 x 2 matrix. Gin(s) is the transfer function
from the input voltage to the output voltage, and Gy(s) is
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Fig. 6. Diagram of periodic perturbation lag 7'5/2.

the transfer function from the switching period to the output
voltage.

As shown in Fig. 6, during the derivation of the small-signal
model, perturbations vj,, U, %7"0 N, and ?U.,.on are introduced at
10, and they have an impact on the state trajectory in the whole
switching period. However, switching period perturbation 7,
comes into effect at 75, resulting in a phase lag of half a switching
period. Considering the time delay of 7's/2, the transfer function
from the switching period to the output voltage is revised to

Gt s (S ) =

Ts

Gi(s)-e 2%, 335)

Since t, = 1/fs, the relationship between the perturbation
of the switching period and the perturbation of the switching
frequency is shown in (36). Therefore, the transfer function from
the switching frequency to the output voltage can be obtained as

(36)
(37

B. Small Signal Modeling for fs > f,

The derivation process of the small-signal model for f; > f,
is similar to that for f; < f,. Afy and Arg are shown in (18) and
(19). Ai,on and Av,.on are shown in (38) by linearizing (3),
and Apg needs to be solved

{AiT’QN - k2i£r0N+k2vﬁcrON+k2in{)in + kZOﬁO + kaOASOO
Averan =loitron +l2oDeron +loinin + 12000 + l2moApo
(38)
According to (7) and (8), it can be derived that Af; and Ary
are associated with the perturbation variables and A as shown
in
{A91 = 91i%r0N + g100eroN + G1inlin + g1000 + g1mo AP0
A"ﬂl :hliir0N+h1v@cr0N+hlinﬁin + hlo@o + hlmOAQDO .
(39)
Because is n(t3) = 0 at t3, is y(3+At3) must be also equal to
zero at t3+Ats, Therefore, (40) can be obtained as

Aigy (ts + Ats) = isn (t3 + Ats) — isn (t3)
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_ 8@'31\; (tg) aisN (tS)

arg Aot ory o
+ WAW * msaNiﬁ(()wMO
N &%Nieft‘g)ml + ai%fnt?’)ﬁm
. aisajijitg)ﬁo N az‘sgts(tg){s —0.
(40)

From 1y to t3, the relationship between Ay and A, in half
a switching cycle can be expressed as

Wro »
ts. 41
. (4D

Combining (18) and (19) and (39) and (41), A1 and Apg
can be solved as

Apg + Apy =

A@l leZTON + mlvvcrON + mllnvm + mlovo + mltt
A(pg 70 t — A(,Ol

(42)

Substituting (42) into (38) and (39), Aion, Averan, Aby,

and Ar; associated with Oy, 0o, ts, %rozv, and?.,on can be

determined. The expressions for Ai,3y and Av..3y can be
obtained as shown in (43) by taking a partial derivative of (9)

{Airszv = ksiron + ksvleron + Ksinbin + ksobo + kaits
Aversn = lsitron + l3vDeron + l3inin + l3000 + lsits
(43)
The expression Ai,; on the secondary side of the transformer
during the half of the switching cycle from #; to 75 is shown as

= 37151 a'Lﬁl 87/51 8Zsl
A'LSl—WA 0+ 89 A00+8 A O+a A T1
8151 Dig1 Disy . Ois;
A9 A Vin s
601 ! 8<p Pt Ovin Vit ats

= ksliirON + kslvﬁcrON + kslinﬁin + kslo@o + k51t£s~
(44)

From 73 to tg, a similar procedure can be used to obtain the
expressions for Ai,g n, Averg N, and Adre.. Due to the similarity
between the derivation process of the small-signal model for f; <
frand fs > f,., the derivation process for fs > f,. can be referenced
from Fig. 6. The small-signal model of the LLC converter and
the transfer function for f; > f;- can be obtained by referring to
(30)-(37).

IV. SMALL SIGNAL MODELING OF THE LLC CONVERTER IN
TIME-SHIFT CONTROL

A. Analysis of the Time-Shift Control

Due to the resonant converter operating in the inductive re-
gion, energy continues to flow out of the resonant tank after the
switches are turned on at #y and #3. Only after the resonant current
crosses zero at 71 and t4, energy in the input source flows into
the resonant tank, lasting until the switches are turned off at 73
or tg. This period is denoted as 7., as illustrated in Fig. 7. TSC,
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Fig. 8.  Closed-loop control block diagram of TSC.

distinct from PFM, directly regulates the duration #.s during
which energy flows into the resonant tank to adjust the output
voltage.

Furthermore, the TSC method is also easily implementable
in the digital controller, as shown in Fig. 7. The zero-crossing
detection of the resonant current can be realized by using an
analog circuit to determine #; and #4. The time base counter
starts at the beginning of the switching period. When the resonant
current crosses zero at t; and ¢4, the time base counter is reset
to zero. Therefore, 7., is equivalent to controlling the amplitude
of the time base counter. The closed-loop control block diagram
of TSC is shown in Fig. 8.

As seen in half of the trajectories from 7y to # for both f; <
fr and f; > f,, the resonant inductor L, and resonant capacitor
C, are in resonance. The instantaneous energy stored in the LC
resonant tank during #; to 5 is expressed as

1 1
W = iLTZITQ + 507‘1}7“2

1
= 70’)“%[12

B [T‘() sin ((p + 9())]2

1
+ §C’rVin2[—r0 cos(p+00) + (1—M)>. (45

Differentiating W to ¢, the expression is shown in (46).
Solving (46), ¢ is equal to -6, which indicates that the energy
stored in the LC resonant tank gets the extreme value at 71. At
this time, the resonant current is equal to zero

aw .
—— = CVin?ro (1 — M) sin (¢ + 6y) = 0.
dep

The simulation of the energy stored in the LC resonant tank is
shown in Fig. 9. For fs < f;, the energy stored in the LC resonant
tank reaches the maximum at #;. For f; > f,., the energy stored in

(40)

sum_ 501

VAB VaB OJ

>

My, i Mg fes

0.01 010 0.01006 0.01 0.01001 0.01902 0.01003

5 4

W /V
i
5

0.01 0.01003

V'V

iLr (Z,
(A)
-4
0.01006 0.01
x10°%

w
) s

0.01001 0.01902 0.01003

>

é.ﬂl tl 0.01003 t3 0.01006 0.01 0.01001 tl ID.()llth 0.01003
1(s) 1(s)
(a) (b)
Fig. 9. Simulation of energy stored in the LC resonant tank. (a) fs < f;.
®) fs > fr-
j ' im E 3 E ‘
fo t L sty 15 1
Fig. 10.  Analysis of control time under TSC for fs < f;..

the LC resonant tank reaches the minimum at #;. Therefore, the
time interval 7., reflects the energy variation transmitted from
the input voltage into the LLC converter and can be used as the
variable for the current mode control. The above analysis reveals
the reason why the TSC can be regarded as current mode control.
The small-signal modeling for TSC is based on the analysis
presented in Section III. By building the relationship between
the perturbation of the control time 7., and the perturbation of
the switching period ¢, the small-signal model can be derived.

B. Small Signal Modeling of the LLC Converter in Time-Shift
Control for fs < f

As shown in Fig. 10, #1-79 is designated as fz;, and #4-t3
is designated as fzo. According to the analysis of the state
trajectory in Section II, it can be derived that 771 = -Op/w,g
and tz9 = (7T—92)/wr().

By introducing the perturbation, the variations Afz; and Atz
can be expressed as

= — = (90itroN + GovDeron + GoinTin + Goo0o)
_ A
Algs =

Wr0
1 A . .
= " on (92itron + g200eroN + g2inlin

+ gZo'Do + th{s)

(47)

Within one switching cycle, #; is equal to 2¢.s 471 4 z2. There-

fore, the relationship between perturbation of the control time

t.s and perturbation of the switching period 7, can be expressed
as

ty = 2o + Atz + At yo. (48)
According to (48), t, can be rewritten as
& -~ ’Oin
CcS
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Fig. 1.  Analysis of control time under TSC for fs > f;.
where
1
Az = ——— [_QOi —92i —YGov — 920 —YGoo — 920]
wro + g2t
Bz = R—— [—goin — g2in  2wro] -
wro + g2t

Substituting (49) into (32), (32) can be rewritten as

&=Ai+ [B1 B [H = At + B [H (50)
where
AC = A+ B2AZ
—9g0in—Y2in 2wy
BC - [Bl + B2 z20+;22z wro+;2t B ]

Therefore, the transfer function under the TSC can be obtained
according to (51) for fs < f;.. G4.(s) is the transfer function from
the control time 7., to the output voltage v,. Considering the
time delay in Fig. 6, the transfer function from the control time
t.s to the output voltage v, is revised to (52)

Ges () = C(sI — A) ' Be = [ Guin(s) Gie (5)]

Ts

Gies (8) = Gie(s) e 2.

(5D
(52)

C. Small Signal Modeling of the LLC Converter in Time-Shift
Control for fs > f,

As depicted in Fig. 11, the half of the switching cycle is from
1o to t3. It can be divided into three parts, including #;-tg, f2-11,
and t3-7o. They are designated as 771, .5, and #,1 respectively.
Similarly, the half cycle from #3 to ts can be divided into ¢z,
tcs, and £,5. Based on the analysis of the state trajectory for f;
> f,-in Section II, it can be obtained that tz; = -0p/w.g, tz2 =
(m-02)/wr, ta1 = @1lwr and 42 = P3/wyg.
The variations Atz and Atz5 can be obtained by (47), and
At,1 and At,s can be expressed as
At = % = W%O(mu%rON + M1y DeroN
+ mlin@in + Mo, + mltfs)
% = W%U (msitron + Mayberon A
+ m3inf}in + m30f)o + mStts)

N . (53)

In a whole switching cycle, t; is equal to 171 + tz2 + f41 +
tao + 2t.s. Therefore, (54) can be obtained as

fs = Atz + 2£CS + Atgzo + Atgr + Atgs. (54)
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TABLE II

CIRCUIT PARAMETERS
Items Symbols Parameters
Input dc voltage Vin 60V
Resonant inductor L, 24uH
Resonant capacitor C; 365nF
Magnetizing inductor L 75uH
Resonant frequency fr 53.7kHz
Turns ratio of the 1
transformer
Load resistance R 40Q
Input filter capacitor Cin 1410uF
Outpqt filter C 36,F
capacitor

In terms of (54), the relationship between the perturbations 7,
and t., can be shown as

R %T‘ON ﬁ'n
ts = Az UpoN | + Bz |:£l :| (55)
@O Ccs
where
T
1 (—goi — g2i +ma; +ma;)
Az = TR — (=9ov — G20 + M1y + M3y)
“ro g2t M MMt (7900 — 920 + mi, + m30)
1
By =

W0 + g2t — My — My
X [(—goin — g2in + M1in + M3in)  2wro] -
By substituting (55) into (32), the equation of states for f; >
fr1s also shown in the form of (50), where
A, = A+ B Ay

—g0in — 92in T M1iin + M3in T

Wro + g2t — M1t — M3y

Bl + B2

B.
QWTO

Bs
Wro + gor — M1z — M3t
Similarly, the transfer function under the TSC for f; > f,. can
be obtained according to (51) and (52).

D. Frequency-Domain Modeling Comparisons of the LLC
Converter in PFM and TSC

The simulation model of the LLC resonant converter is built in
PSIM software, and the circuit parameters are given in Table II
with 53.7 kHz resonant frequency.

The frequency ac sweep under PFM is carried out at the
steady-state operating points with switching frequencies of 43,
48, 60, and 65 kHz. The frequency response of the open loop
can be obtained by a small ac excitation signal injected into
the switching frequency as the perturbation. The theoretical
model and simulation results of the bode diagram from the
switching period to the output voltage are shown in Fig. 12.
It can be observed that the theoretical model agrees well with
the simulation data in terms of amplitude gain and phase for
fs < fr and f; > f,, validating the effectiveness of the small
signal modeling of the LLC under PFM. In PFM, the frequency
response is close to the second-order system. The phase of the
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Fig. 12.  Simulation results and theoretical model from the switching period

to the output voltage under PFM. (a) fs = 43 kHz. (b) fs = 48 kHz. (¢) fs =
60 kHz. (d) fs = 65 kHz.
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output voltage under TSC. (a) fs = 43 kHz. (b) fs = 48kHz. (c) fs = 60 kHz.
(d) fs = 65 kHz.

bode plot is less than 180° in the high-frequency range, which
limits the bandwidth of the system.

Similarly, the small signal model of the LLC resonant con-
verter under TSC is simulated by the same method. The theo-
retical model and simulation results of the bode diagram from
the control time to the output voltage are shown in Fig. 13. The
theoretical model also agrees with the simulation results under
fs > frand fs < f,, which verifies the validity of the theoretical
model under TSC.

By comparing the small signal models of the LLC resonant
converter under PFM and TSC, the bode diagram of the LLC
under TSC is close to the first-order characteristic. Therefore,
it is easier to achieve higher bandwidth and high phase margin

TABLE III
DETAILED SPECIFICATIONS

Items Symbols Specifications

Core sue}ofthe L PQ32/32

resonant inductor

Resonant capacitor C, Polyp rop ylene film
capacitor

Core size of the . PQ40/40

transformer

Switches Sia IRFB4110PBF

Diodes D14 SFA60UP60S

Input filter capacitor Cin KNSCHA 152EC0326

Output filter c Polypropylene film

capacitor ’ capacitor

filter
gitor |

~Jul.C résonant
cOnverter-

Bro-crossing / ‘
detection boayd
rad /

Fig. 14.  Experimental prototype.

in closed-loop control, which makes the design of the controller
simpler and the dynamic response better.

V. EXPERIEMENTAL VERIFICATION

An experimental prototype of the full-bridge LLC resonant
converter was built to verify the validity of the small-signal
models under PFC and TSC. The circuit parameters are the
same as the simulation, and the specifications of the circuit
are given in Table III. The PFM and TSC are implemented
in a digital signal processor (DSP) TMS320F28035. Fig. 14
shows the experimental prototype, which mainly consists of
the LLC converter, the control board, the resonant current zero-
crossing detection circuit, and the auxiliary power supply. The
implementation of TSC in the digital controller is the same as
the figure shown in Fig. 7.

A. Experimental Verification of Small Signal Model

To test the bode diagram of the LLC converter, small si-
nusoidal periodic perturbations with different frequencies are
added to the switching period. A 50% square waveform with
the same frequency and phase as the periodic perturbation is
generated by the DSP. The experimental waveforms are shown
in Fig. 15, v, ac is the ac component of the output voltage, and
the rising edge of the square waveform indicates 0° of the small
sinusoidal perturbation. The gain of the frequency response is
equal to the ac amplitude of the output voltage divided by the
amplitude of the periodic perturbation. By comparing the phase
difference between the square waveform and the ac component
of the output voltage, the phase of the frequency response can
be obtained.
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Fig. 17. Experimental results and theoretical model of the bode diagram under

PFM. (a) f, = 43 kHz. (b) f; = 48 kHz. (c) s = 60 kHz. (d) f; = 65 kHz.

Fig. 16 shows the steady-state operating point waveforms of
the LLC resonant converter at 43, 48, 60, and 65 kHz. The small
signal model under PFM is verified at the above steady-state
operating points by experiment respectively. The bode diagrams
of the LLC under PFM are given in Fig. 17. The amplitude gain
and phase of the experimental results agree with the theoretical
model. The experimental bode diagrams of the LLC under
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Fig. 19.  Block diagram for closed-loop model of the LLC converter. (a) Pulse
frequency modulation. (b) Time-shift control.

TSC are depicted in Fig. 18, and it can be observed that the
experimental results match the theoretical model well.

Comparative analysis of the experimental results under PFM
and TSC reveals that within the frequency range of 2 to 4 kHz,
the small-signal model under PFM exhibits resonance peaks.
Furthermore, the positions of these resonance peaks vary with
different switching frequencies, thereby posing challenges to the
design of closed-loop controllers and the stability of closed-loop
systems for PFM. In TSC, resonance peaks are eliminated and
the small-signal model presents nearly a first-order frequency
response, which possesses a better dynamic response in closed-
loop control and facilitates controller design.

B. Design Example of the Closed-Loop Controller

This subsection presents a closed-loop control with 50-70 V
input voltage, 60 V output voltage, and 300 W rated load power.
To compare the dynamic characteristics of the LLC converter
under PFM and TSC, proportional-integral (PI) controllers need
to be designed based on the proposed small signal model. The
block diagram for the closed-loop model is shown in Fig. 19,
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TABLE IV
COMPARATIVE ANALYSIS OF SMALL SIGNAL MODELS
Proposed Discrete time | Epp m Equivalent FHA model
odel [24] | SRF model [22 ireui
model model [27] [22] 1 circuit model [17]
[21]
. . . . . . Frequenc Frequenc Frequenc Frequenc
Analysis domain Time domain Time domain quency quency quency quency
domain domain domain domain
Derivation Moderate Moderate Complex Simple Simple Simple
Applicable range Wide Wide Wide Near the fr Near the /- Near the fr
Accuracy High High High Moderate Moderate Low
Extension to TSC Yes No No No No No
=159 PRV for S0V . 150 - i " PFM for 50V Vin Vooms J ' v,
2 100 for 50V input GGs 2 loom\ (5Vidiv)
5 vomgé(s)(iv(-‘) (2230,0) ) voltege G '
& O\AT_'\ K ON (100V/div)
“10? 10° | 10* S T e
= 0 ; o O ! Time base:2ms/div
2 -50 Gs) : 2 -50 ¢,
2-100 2-100 ! t BN . b & :
f:ligm f:;;g G)G(s) (3620-1333 (a) (b)
10 10° 10* 10° 10° 10°
Frequency(Hz) Frequency(Hz)
(a) (b) Fig.21. Dynamic waveforms for 50 V input voltage under the load step change
from 50 to 300 W load power. (a) PFM. (b) TSC.
Fig. 20. Bode diagrams of the controller design for 50 V input voltage.

(a) PFM. (b) TSC.

where G.(s) is the transfer function of the PI controller, and
G(s) is the small-signal transfer function of the LLC converter
from the control variable to the output voltage. For PFM, G(s)
is Gs(s). For TSC, G(s) is Gc4(s).

As seen in Fig. 17, it can be observed that the converter
operating in boost mode (PO mode) under PFM has a larger
phase lag. To ensure system stability throughout the full input
voltage range, the parameters of the PI controller need to be
designed under this operating condition. Given an output voltage
of 60 V and a rated power of 300 W, the design of the PI
controller for an input voltage of 50 V is shown in Fig. 20,
and the expressions for the controllers under PFM and TSC
are expressed in (56) and (57), respectively. It can be seen that
the converter under TSC exhibits a higher crossover frequency
while ensuring sufficient phase margin, implying better dynamic
response

1.485 x 1077 (s + 1.194 x 10%)
S

9.372 x 1077 (s + 8.168 x 10°)
, .

(56)

Ge prm(s) =

Ge rsc(s) =

(57)

At an input voltage of 50 V, the converter operates in PO
mode. The load step experiments from 50 to 300W are depicted
in Fig. 21, where the captured output voltage v, has a bias of
45 V. It is evident that under TSC, the converter exhibits a
smaller overshoot and settling time. Moreover, increasing the
proportional gain of the PI controller under PFM to enhance
dynamic response results in significant oscillation, as depicted
in Fig. 22. The dynamic response in Fig. 22 is still lower than
that under TSC.
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Fig. 22.  Oscillatory waveforms of PFM for S0V input voltage under the load
step change from 50 to 300 W load power.
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Fig. 23. Bode diagrams of the controller design for 70 V input voltage.

(a) Pulse frequency modulation. (b) Time-shift control.

Using the PI controller shown in (56) and (57) for 70 V input
voltage, the converter operates in NP mode. The bode diagrams
for the PFM and TSC in closed-loop control are illustrated
in Fig. 23. It can be observed that the converter exhibits a
higer phase margin and the crossover frequency under TSC.
However, the crossover frequency decreases under PEM. The
load step experiments from 50 to 300 W are shown in Fig. 24.
The experimental results demonstrates better dynamic response
under TSC, while the dynamic reponse deteriorates under PFM.
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Fig.24. Dynamic waveforms for 70 V input voltage under the load step change
from 50 to 300 W load power: (a) Pulse frequency modulation. (b) Time-shift
control.

C. Comparative Analysis of the Models

The comparison analysis of different methods for the small-
signal modeling of LLC converters given in Table IV. Although
the FHA model, the SRF model, and the equivalent circuit model
can provide simple analysis, they only have higher accuracy
near the resonant frequency. When the switching frequency
deviates from the resonant frequency, their accuracy decreases.
The EDF method proposed in [24], which considers all har-
monic components, can provide an accurate small-signal model.
However, it involves an overly complex derivation process and
does not provide specific expressions for transfer functions. The
discrete-time model can derive an accurate small-signal model,
but these methods are difficult to extend to the derivation of
the small-signal model for TSC. The method proposed in this
article not only derives the high-precision small-signal model in
a wide range of switching frequency based on the time-domain
analysis but also facilitates the extension to the derivation of
the small-signal model for TSC, which can provide valuable
guidance for controller design and contribute to better frequency
response.

VI. CONCLUSION

The article presents a new method to do the small-signal
modeling of the LLC converter for both PFM and TSC. The
previous small-signal models for the PFM are difficult to extend
to the TSC, and the analysis of the frequency response for the
TSC is based on simulation. In this article, the state trajectory
of the LLC resonant converter is analyzed, and the equations for
calculating the steady-state operating point are obtained based
on the time-domain analysis. According to the expressions of the
state trajectory, an accurate small-signal model is derived based
on the Tylor’s expansion, which demonstrates high accuracy in
a wide range of switching frequency. Moreover, this method
can be extended to the small-signal modeling of TSC. The
frequency response between the PFM and TSC is compared.
The simulation data and experimental results verify the validity
of the theoretical model, which provides valuable guidance for
the design of the controller. The closed-loop PI controller is
designed based on the small-signal model, and load step exper-
iments demonstrate that the converter exhibits better dynamic
response under TSC compared to PFM.
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