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Abstract—The traditional stroboscopic mapping (SM) only fo-
cuses on the behaviors in periodic time instants, which will lose
the details of multiple state changes during an operating period
and cannot be used to analyze the characteristics of the studied
system accurately. In this article, an improved full-power SM
(IFSM) model is proposed for high-order wireless power transfer
(WPT) systems and dc–dc converters, which have generality and
high accuracy. The dual-side LCC compensated WPT system for
electric vehicles is taken as an example to present the derivation of
the discrete-time model. Based on the proposed model, the possible
zero current switching points of the system are calculated and
compared for the optimal power transfer ability. The process of the
boundary calculation of the output current operating in continu-
ous conduction mode (CCM) and discontinuous conduction mode
(DCM) is proposed, which aims to provide guidelines for adopting
different control strategies when the battery packs are charged in
different modes. It is found that the CCM/DCM boundaries are
highly related to the operating frequency and equivalent resistance
of the battery packs, while the coupling coefficient of coils has
little influence on it. A dual-side LCC WPT prototype is built, and
both the simulation and experimental results match well with the
theoretical analysis.

Index Terms—Continuous conduction mode/discontinuous
conduction mode (CCM/DCM) boundary, dual-side LCC, electric
vehicles (EVs), improved stroboscopic mapping (SM).
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I. INTRODUCTION

W ITH the rapid development of electric vehicles (EVs),
wireless power transfer (WPT) system has attracted

extensive attention of researchers due to its advantages such as
safety, high reliability, and convenience. Dual-side LCC com-
pensation circuit has been widely used for EV wireless chargers
because of the following characteristics.

1) The resonant current of the converter is linearly related
to the dc bus voltage. When the dc bus voltage increases
from 400 to 800 V, the resonant current of the receiving
coil and the output power can be doubled [1].

2) The two serial inductors on the primary and secondary
sides can be used to adjust the output power for various
operating conditions [2].

3) The compensation network can operate at a constant
switching frequency, which is independent of the coupling
coefficient [3].

However, the operating state of the EV charging system is
not always constant. For example, the equivalent resistance of a
48 V lithium-ion battery is different in constant-current (CC) and
constant-voltage (CV) charging modes, which varies from 3.2 to
241.7 Ω [4]. The EV charging system will operate in CC mode
when the battery pack is to be filled [5], during this period, the
equivalent impedance will increase, causing the output current
of the compensation network to enter discontinuous conduction
mode (DCM) operation. Besides, for the dynamic wireless EV
chargers, the coupling coefficient changes as the car moves [6].
When the current enters DCM, it will cause problems such as
high total harmonic distortion (THD), and fluctuations of output
voltage or current [7], [8]. Consequently, the secondary side
is equivalent to the ideal current source, the calculation result
will deviate much from the actual result. Moreover, there is no
algorithm suitable for DCM operation because of the difficulty in
output voltage estimation [9], especially for high-order systems.
Thus, it is necessary to get the boundary of the output current
of the compensation network for adopting different control
strategies. And there is little literature talking about the rela-
tionship among load resistance, operation frequency, continuous
conduction mode (CCM)/DCM, etc.

For the further understanding and parameter design of dual-
side LCC compensated WPT system, mathematical modeling is
one of the most effective solutions. The dominating method is
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based on mature physical laws such as Kirchhoff’s law, which
can well reveal the system characteristics [10]. AC impedance
analysis is used to calculate the sinusoidal ac circuits [11].
However, the compensation networks in WPT systems are often
connected to a dc output, which makes ac impedance analysis
not applicable. Alternatively, the generalized state-space av-
erage (GSSA) can be used to model the converter behaviors
[12], where the Fourier series is used to represent the state
variables in the process of modeling, and the transformation
from the time domain to frequency domain analysis is real-
ized. However, many variables need to be considered under the
high accuracy requirement of GSSA. Similarly, the extended
describing function (EDF) [13] decomposes the signal into
sine, cosine, and dc components, using the coefficients of the
decomposed signal to build a mathematical model. The cou-
pled mode theory (CMT) [14], [15] and parity-time (PT) [16],
[17] symmetry have limitations due to their assumptions. The
methods mentioned above suffer from low accuracy, high order,
and difficulty in analytical solutions when modeling high-order
systems. To reduce the switching losses, compensation convert-
ers need to operate in zero voltage switching (ZVS) or zero
current switching (ZCS). Thus, it is important to find the soft-
witching region of the inverter in the WPT system and achieve
the ideal power transfer efficiency based on the mathematical
modeling.

The application of the discrete-time modeling method to the
converters can effectively simplify the calculation and achieve
high accuracy. Discrete-time synchronization modeling is used
to derive a small-signal model and achieve synchronization
control for the series-series WPT system [18]. A discrete-time
model of the distributed power systems in the time domain is
presented in [19], which aims to simplify the problem caused
by the interaction between the subconverters. To describe the
dynamic behaviors of the LCC-compensated WPT systems, a
discrete-time model is used to analyze the nonlinear inverter
and rectifier in [20]. To design the dual-loop control for the
seven-level rectifier, a discrete small-signal model is established
in [21], which can accurately predict the dynamic response of
the converter in a small signal. Stroboscopic mapping (SM) is
proposed to analyze nonlinear dynamic phenomena in dc–dc
converters [22]. However, the discrete-time models mentioned
above are either complex or not accurate enough and only focus
on the performance of the systems that operate in a specific
operating state. Currently, little literature is concentrating on the
accurate solutions of high-order WPT systems in the full-power
range. And the CCM/DCM boundary in a wide load range is
also poorly studied by discrete models.

Different from the traditional SM, a discrete-time improved
full-power SM (IFSM) model, which has high accuracy and can
be used to analyze the boundaries of high-order WPT systems
without limitation of parameter selection is developed in this
article. The characteristics of the CCM/DCM boundary of the
LCC-LCC WPT system are analyzed in the full-power range.

The main contributions of this article are as follows.
1) An IFSM model, which considers the information of all

state changes and is suitable for all dc–dc converters, is
proposed for high-order WPT systems.

Fig. 1. Principle of discretizing time sequences in [30].

2) The possible ZCS operating frequencies of the system are
calculated based on the proposed model, and the optimal
one of which is selected.

3) The analysis process of the CCM/DCM boundary of the
WPT system with respect to the coupling coefficient,
operating frequency, and equivalent load resistance is
proposed, which aims to provide guidelines for adopting
different control strategies.

The rest of this article is organized as follows. Section II
gives a brief review of the existing discrete-time modeling
methods. The reasons why the existing methods do not apply
to high-order WPT systems are explained. Section III presents
the core idea and derivation of the proposed discrete-time model.
Section IV presents the possible ZCS frequency calculation and
selection based on the proposed model. Section V analyzes the
CCM/DCM boundaries and constraints of the LCC-LCC WPT
system. Section VI presents the experimental results. Section VII
concludes this article.

II. BRIEF REVIEW OF THE EXISTING DISCRETE-TIME

MODELING

In this section, the existing discrete-time modeling methods
will be briefly reviewed, and the difficulties in modeling for
high-order WPT systems with multiple operating states using
these methods are explained.

For dc–dc systems, the state equation can be described as

dx (t)

dt
= Aix (t) +Biu (t) (1)

where Ai and Bi are the state matrix and input matrix of the
system in different subintervals, respectively. x(t) is the state
vector, and u(t) is the input voltage vector.

A. Existing Discrete-Time Modeling Methods

1) Small-Step Discretization Method: As shown in Fig. 1,
a small-time interval Te is defined to discretize the continuous
time sequence in [30], the operating state only changes once in
one-time interval. Then, the state variables between the ith and
jth operating states of the system are calculated by the Euler
method, which is

xe|n+1=
(
Aj

(
(Aixa+BiVd) dTe+xe|n

)
+BiVd

)
(1− d)Te

+ (Aixa +BiVd) dTe + xe|n
Δ
= Hi,j (xn, d) (2)
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where Hi,j is the discrete function, and d presents the duty cycle
of ith operating state. xe |n and xe |n+1 are the initial and final
values of a whole discrete-time mapping cycle.

2) Approximate Discrete-Time Model: When the sampling
instants are fixed at the interactions of the control signal and
carrier, an approximate discrete-time model is proposed in [31].
Three basic dc–dc converters: buck, boost, and buck-boost con-
verter are analyzed and there are only two operating states during
a switching period.

For the leading-edge modulation, one can obtain

x [(n+ 1)Ts + Tsp] = eA2TspeA1(Ts−Tsp)x (nTs + Tsp)

+ eA2Tsp

∫ Ts−Tsp

0

eA1τB1vindτ

+

∫ Tsp

0

eA2τB2vindτ (3)

where Ts represents the operating period. Tsp is the duration from
the start of the period to the sampling instant. For the trailing-
edge modulation, one can obtain

x [(n+ 1)Ts + Tsp] = eA1TspeA2(Ts−Tsp)x (nTs + Tsp)

+ eA1Tsp

∫ Ts−Tsp

0

eA2τB2vindτ

+

∫ Tsp

0

eA1τB1vindτ. (4)

The approximate expressions of eAiTsp and eAi(Ts-Tsp) are ob-
tained by using the Taylor series (only the first-order term is
considered).

3) Two-Time Scale Modeling: To mitigate the zero average
state variable problem, a full-order discrete-time model using
two-time scale is developed for the hybrid system that consists
of slow and fast variables in [32]. The inductor current on the
primary side and the output voltage of the system are considered
as the fast state variable and slow state variable, respectively.
Based on the two-time scale theory, the steady-state solution of
the system is obtained.

B. Limitations in High-Order WPT Systems

The limitations of the model in [30] are the difficulty in
achieving discretization in both CCM and DCM, and the lack
of uniform criteria for Te selection. When the Euler method
is adopted in high-order systems such as the LCC-LCC WPT
system, strong coupling of variables will lead to the failure of
the modeling.

The approximate discrete-time modeling proposed in [31] is
only applicable to low-order systems. Besides, the sampling time
is fixed at a point in the switching period, which leads to poor
scalability of the application scenario.

The full-order discrete-time model in [32] can mitigate the low
accuracy of the small-signal average modeling at high frequency.
However, the model consists of two reference variables, it is not
applicable to dc–dc converters that operate at a low frequency.
Besides, the two-time scale model is limited to phase-shift
control.

Fig. 2. Dual-side LCC compensated WPT system [1].

Fig. 3. Waveforms of the dual-side LCC compensated WPT system. (a) CCM.
(b) DCM.

III. PROPOSED IFSM MODEL

In this section, the core idea of the IFSM model is explained.
Due to its high-order characteristics, the LCC-LCC compensated
WPT system is taken as an example to present the derivation
process of the proposed model. The accuracy of the proposed
model is verified and compared in time-domain simulations.

A. Analysis of the Dual-Side LCC Compensated WPT System

Fig. 2 shows the circuit of a dual-side LCC WPT system.
L1 and L2 are the coil inductances of the transmitting and
receiving coils, respectively. Lp, Cp, C1 and Ls, Cs, C2 are
the compensation inductors and capacitors, respectively. Rbat

is the equivalent resistance of the battery packs. Vd is the dc
input voltage. The full-bridge inverter consists of four power
MOSFETs S1–S4, and the rectifier consists of four diodes D1–D4.
The quality factors of capacitors and inductors are high enough
thus their parasitic resistances are neglected.

B. Core Idea of the Discrete-Time Modeling

Fig. 3 shows the waveforms of the output voltage of the
inverter ui, the input voltage of the rectifier ur, and the output
current of the compensation network is in CCM and DCM.
There are four operating states in CCM and six operating states
in DCM. tC1–tC4 and tD1–tD6 are the duration time of each
operating state. It is obvious that Ts = tC1+tC2+tC3+tC4 =
tD1+tD2+tD3+tD4+tD5+tD6.

Fig. 4 takes two operating periods Ts as an example to il-
lustrate the differences between the traditional SM model and
IFSM model. In Fig. 4, the inner green circles and the outer
purple circles represent the mapping sequences of the IFSM and
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Fig. 4. Comparison of mapping points of traditional SM and IFSM. (a) CCM.
(b) DCM.

SM models, respectively. Time t increases with the direction of
the arrows. Each green and purple dot represents a discrete-time
mapping point. In the steady state, the discrete-time mapping
points of SM and IFSM repeat periodically.

One of the improvements of the IFSM can be concluded in
the selection of discrete-time mapping points.

In CCM, which is shown in Fig. 4(a), the mapping
time instants of the SM are tn, tn+Ts, tn+2Ts, …, and
the discrete-time mapping results of the SM model can
be expressed as xn = x(tn), xn+1 = x(tn+Ts), xn+2 =
x(tn+2Ts), …. The discretization of the SM model is achieved
according to the operating period Ts, which means that the
step size remains constant as the period Ts. Different from
the periodic mapping, the IFSM model maps according
to the operating states of the WPT system. It can be seen
from Figs. 3(a) and 4(a) that there are four states of the
system in CCM, and the durations are tC1–tC4. The mapping
time instants of the IFSM are tn, tn+tC1, tn+tC1+tC2,
tn+tC1+tC2+tC3, tn+Ts, tn+Ts+tC1, tn+Ts+tC1+tC2,
tn+Ts+tC1+tC2+tC3, tn+2Ts, …. The mapping results of
the IFSM model can be expressed as xn = x(tn), x(tn+tC1),
x(tn+tC1+tC2), x(tn+tC1+tC2+tC3), xn+1 = x(tn+Ts),
x(tn+Ts+tC1), x(tn+Ts+tC1+tC2), x(tn+Ts+tC1+tC2+tC3),
xn+2 = x(tn+2Ts), …. What is more, the discretization step
sizes of the IFSM model are variable based on the operating
states of the system. The problems mentioned in Section II such
as the selection of discretization step size are avoided.

Another improvement is that when the operating state
changes, the IFSM model contains more information of the
system than the traditional periodic mapping, ensuring higher
accuracy.

Fig. 5 presents the operating state transition information of the
LCC-LCC WPT system contained in the SM model and IFSM
model in CCM. To distinguish from the symbolic representations
in Section II, the matrices describing the LCC-LCC system are
denoted as M and N. The mapping points of the IFSM model
are the time instants when the operating state changes. Thus, the
information of each operating state needs to be considered in
the model to ensure accuracy. Specifically, during one operating
period Ts, the information of four operating states is indicated
by using the matrices MC1, MC2, MC3, MC4 and NC1, NC2,
NC3, and NC4 in the IFSM model. However, it can be seen in
Figs. 4(a) and 5(a) that the traditional SM model only contains
information of the first and last state during one operating period

Fig. 5. Difference of the operating states contained in the SM and IFSM model.
(a) SM. (b) IFSM.

Fig. 6. Equivalent circuits for different intervals in DCM. (a) tD1. (b) tD2.
(c) tD3. (d) tD4. (e) tD5. (f) tD6.

Ts, which are indicated by the system matrices MC1 and MC4,
input matrices NC1 and NC4. The omission of state information
leads to low accuracy of the traditional SM model.

In conclusion, the traditional SM model only focuses on the
behaviors in periodic time instants nTs, which will lose the
details of multiple state changes during one operating period.
The IFSM model reveals all the operating states of the system
in the whole operating frequency and load range. As shown
in Fig. 5, the improved discrete-time model has at least two
and four more sampling points than the traditional mapping
in CCM and DCM, respectively. Moreover, different from the
discrete-time sequences with fixed step size, the IFSM model
samples according to state changes of the system, and then maps
uniquely to points in the time domain.

C. Derivation of the Proposed Model

For the dual-side LCC compensated WPT system, the current
is will be discontinuous when the load resistance Rbat is large to
a specific value. Fig. 6 shows the equivalent circuits of different
operating states in DCM. In this part, the proposed IFSM model
that focuses on all the different operating states is established
according to the waveforms of the system shown in Fig. 3.
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TABLE I
FOUR OPERATING STATES IN CCM

When the system operates in the CCM shown in Fig. 3(a) and
the reference directions of the voltages and currents are defined
in Fig. 2, there are four states during one operating period, which
are presented in Table I. And the switching behaviors (on and
off times) of the diode in CCM can be obtained according to the
phase relationship analyzed in [1].

To present the derivation of the proposed model, the operating
state in the subinterval tC1 is analyzed in detail. The differential
equations of the system can be obtained as

dip
dt

= − 1

Lp
uCp

+
1

Lp
Vd,

duCp

dt
=

1

Cp
ip − 1

Cp
i1 (5)

duC1

dt
=

1

C1
i1,

duC2

dt
=

1

C2
i2 (6)

duCs

dt
= − 1

Cs
i2 − 1

Cs
is,

dis
dt

= − 1

Ls
uCs

+
1

Ls
uCo

(7)

di1
dt

=
L2

Δ

(
uCp

− uC1

)− M

Δ
(uCs

− uC2
) (8)

di2
dt

=
L1

Δ
(uCs

− uC2
)− M

Δ

(
uCp

− uC1

)
(9)

duC0

dt
= − 1

Co
is +

1

RbatCo
uCo

(10)

where Δ = L1L2 −M2.
Choose x = [ip uCp uC1 i1 i2 uC2 uCs is uCo]T as the

state variable of the system, and the input vector can be set as
u(t) = ui(t). According to (5)–(10), the state-space model will
be described as

ẋ (t) = MCi
· x (t) +NCi

· u (t) (11)

where i represents the ith operating states in CCM.
The solution of (11) is

x (t) = ΦCi
(t)x0 +M−1

Ci
(ΦCi

(t)−E)NCi
Vd (12)

where x0 = x(t)|t = t0, t0 can be set to any time instant, and
ΦCi

(t) = eMCi
tCi (i = 1, 2, 3, 4), E is the identity matrix, MC1

and NC1 are given in the Appendix.
The waveforms of ui, ur, and is are symmetrical, i.e., state

intervals tC1 = tC3, tC2 = tC4, system matrices MC1 = MC2 =
MC3 = MC4, and control matrices NC1 = NC2 = -NC3 = -NC4.
The matrix MCi is only determined by the switching states of
the rectifier and NCi are both relevant to the states of the inverter
and rectifier.

The initial sampling time is t0 = nTs and Ts = tC1+tC3

+tC2+tC4, one can obtain the analytical solution of the IFSM

TABLE II
SIX OPERATING STATES IN DCM

model during one operating period Ts

x (nTs + tC1) = ΦC1(t)x|0 = nTs +M−1
C1 (ΦC1(t)

−E)NC1Vd (13)

x (nTs + tC1 + tC2) = ΦC2(t)x|t=nTs+tC1
+M−1

C2 (ΦC2(t)

−E)NC2Vd (14)

x

((
n+

1

2

)
Ts + tC3

)
= ΦC3(t)x|t=(n+ 1

2 )τs

+M−1
C3 (ΦC3(t)−E)NC3Vd

(15)

x ((n+ 1)Ts)= x

((
n+

1

2

)
Ts + tC3 + tC4

)

= ΦC4 (t)x|t=(n+ 1
2 )Ts+tC3

+M−1
C4 (ΦC4 (t)−E)NC4Vd.

(16)

In (12)–(16), the matrix ΦCi
(t) = eMCi

tCi can be rewritten
by Φ̂Ci

(t) = E+tCi
MCi

Ψn, where Ψn is expressed as

Ψn=E+
1

2!
MCi

tCi
+

1

3!
(MCi

tCi
)2+· · ·+ 1

n!
(MCi

tCi
)n−1

(17)
and Ψ� = MCi

-1 (ΦCi - E). By selecting a proper n, (17) can
provide arbitrary accuracy in numerical calculation.

Similarly, when the coupling coefficient k decreases dramat-
ically or the equivalent resistance Rbat of the battery packs
becomes large to a specific value, the compensation network
will operate in DCM, which is shown in Fig. 3(b). And there
will be six intervals tD1–tD6, which are presented in Table II.

The solution of one discrete-time mapping period Ts can be
obtained as

xn+1 = Jxn +Ku (t) (18)

where

J = eMD6tD6eMD5tD5eMD4tD4eMD3tD3eMD2tD2eMD1tD1 ,

K= eMD6tD6eMD5tD5eMD4tD4eMD3tD3eMD2tD2M−1
D1

× (eMD1tD1 −E
)
ND1

+ eMD6tD6eMD5tD5eMD4tD4eMD3tD3

×
∫ tD2

0

eMD2(tD2−τ)ND2dτ

+ eMD6tD6eMD5tD5eMD4tD4M−1
D3

(
eMD3tD3 −E

)
ND3

+ eMD6tD6eMD5tD5M−1
D4

(
eMD4tD4 −E

)
ND4
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+ eMD6tD6

∫ tD5

0

eMD5(tD5−τ)ND5dτ

+M−1
D6

(
eMD6tD6 −E

)
ND6.

Matrices MDi and NDi (i = 1, 2, 3, 4, 5, 6) are also given in
the Appendix, and MD1 = MD3 = MD4 = MD6, MD2 = MD5,
ND1 = ND2 = ND3 = -ND4 = -ND5 = -ND6.

In CCM, when given the system parameters, the analytical
solution of the IFSM can be easily obtained by the expressions
(13)–(17). But when the system operates in DCM, there are
integral elements existing in (18), which leads to irreversibility
and nonintegrability of the high-order matrix K and makes it
impossible to obtain the analytical solution directly. To make
the discrete-time IFSM model applicable to online calculation,
simplification for K with high accuracy is also expected.

The integral element F =
∫ tDi
0 eMDi

τdτ (i = 2 and 5) can be
further expressed as

F̂ = tDi
Ψn. (19)

And with the help of (17), the solution of IFSM in the steady
state can be calculated by

xss =
(
E − Ĵ

)−1

K̂Vd (20)

where J and K are rewritten as Ĵ and K̂ by using (17).
When the system runs into states (c)–(f), the polarities of the

voltage Vd and current i2 are changed. Notably, because the
variables related to operating frequency and the operating states
are all considered in the IFSM model, the process described in
this part can be used for the full-power range and full-frequency
range of the system.

In DCM, the durations tD1 and tD4 can be calculated according
to the phase relationship of the dual-side LCC compensation
network, which means the off time of the diode is obtained.
Before the determination of the on time, one can know that
tD2 = tD5, tD3 = tD6, tD1+tD2+tD3 = tD4+tD5+tD6 = Ts/2,
once tD2 is obtained, tD3 will be expressed as Ts/2-tD2-tD1.
Finally, the only duration time of the subinterval needs to be
solved is tD2. Based on (18)–(20), the solutions of the first two
subintervals tD1 and tx (tD2 needs to be solved, thus it is redefined
as tx) can be expressed as

xss1=xss (nTs+tD1) = ΦD1 (t)x|t0=nTs
+M−1

D1

(
ΦD1 (t)

−E
)
ND1Vd (21)

xss2 = xss (nTs + tD1 + tx)

= ΦD2 (t)x|t=nTs+tD1
+

∫ tx

0

eMD2(tx−τ)ND2Vddτ

(22)

where tx is an unknown variable.
According to the characteristic of the system in DCM, two

conditions of the switching behavior that occurs at the on time of
the diode are is|t = nTs+ tD2+tD1 = 0 and ur|t = nTs+ tD2+tD1 ≥
uCo (the output voltage ur of the compensation network is always
lower than the load voltage uCo in DCM because of the voltage
distortion, once ur is higher than uCo, the diode will switch ON).

Fig. 7. Flowchart of on-time calculation of the diode in DCM.

Thus, the value of tx = tD2 can be uniquely determined only
when both conditions are met simultaneously. The boundary
conditions of the on-time calculation can be further expressed
as

H1xss1 = 0 (23)

LsH1xss2 +H2xss2 ≥ H3xss2 (24)

where H1 = [00 00 00 01 0]T, H2 = [00 00 00 10 0]T, and
H3 = [00 00 00 00 1]T.

The flowchart of the on-time calculation of the diode in DCM
is shown in Fig. 7. The time instant corresponding to the rising
edge of the inverter voltage is marked as t0. And the iteration
step size of Δt is defined as 20 ns (1/10 of the dead time td in
the experiments). To ensure the validity of the results obtained
in Fig. 7, it is necessary to compare tx with Ts/4. If tx is greater
than Ts/4, then it is essential to redefine t0 as t0+Ts/4, which
is because the uniqueness of the operating state of the first
subinterval has changed.

D. Schematic Diagram of the IFSM Model Calculation

The IFSM model in DCM is taken as an example to explain the
calculation process, xn and xn+1 are the initial and final values of
one discrete-time mapping cycle, respectively. x(tn+diTs) (i =
1, 2, …, 6, diTs = tDi) represents the value of ith stage, where
di is the duty ratio of the ith stage shown in Fig. 8. The final
value of the first stage x(tn+d1Ts) can be derived from the initial
value x(tn), and the value of x(tn+d1Ts+d2Ts) can be derived
from x(tn+d1Ts). As expressed in (18), the final value of each
other subinterval can be derived from xn.

Furthermore, different from the traditional approach of fitting
waveforms by using many discrete-time mapping points, for the
IFSM model within each discrete subinterval (i.e., each state
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Fig. 8. Calculation process of the IFSM model in DCM.

change process), the system response is solved by using state
transition matrices Ĵ and K̂, and the response for one mapping
period Ts is achieved through matrix iteration. In other words, us-
ing the state transition matrix eMDi

tDi to solve within a discrete
subinterval yields a piecewise smooth continuous waveform. For
example, the expressions of the first two continuous-time orbits
shown in Fig. 8 can be expressed as

ΦD1 (t)x|tn +M−1
D1 (ΦD1 (t)−E)ND1Vd,

tn ≤ t ≤ tn + d1Ts (25)

ΦD2 (t)x|tn+d1Ts
+M−1

D2 (ΦD2 (t)−E)ND2Vd,

tn + d1Ts ≤ t ≤ tn + d1Ts + d2Ts. (26)

In addition, for the selection of the initial mapping point
within one mapping period, it can be either the start or end
time of any operating state. For the convenience of analysis, the
rising edge of the inverter voltage is chosen as the starting point
for the full-power discrete-time mapping in this article.

E. Verification in Simulation

To present the superiority of the proposed IFSM model, a
comparative study of the dual-side LCC WPT system defined
by parameters listed in Table III is conducted by time-domain
simulations. Fig. 9 shows the waveforms of output voltage,
current of the inverter (ui, ip), and the input current of the rectifier
(ur, is) in CCM and DCM.

To show how well the IFSM model can describe the re-
sponse of the system, the fitness ratio Qfitness between results
of different models A, and the true system output Â is taken
as the performance index to quantize the model accuracy. In
this article, a total number of 104 model and time-domain

TABLE III
PARAMETERS OF THE LCC-LCC WPT SYSTEM

Fig. 9. Comparison of the waveforms obtained by the SM model, IFSM model,
and simulations when Vd = 400 V and fs = fA. (a) k = 0.1, DCM. (b) k = 0.15,
DCM. (c) k = 0.2, CCM.
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TABLE IV
FITNESS RATIOS OF DIFFERENT MODELS

simulation observations is used to present the accuracy index

Qfitness =

(
1−

∣∣∣∣A− Â
∣∣∣∣
2∣∣∣∣Â− mean

{
Â
}∣∣∣∣

2

)
× 100%. (27)

The fitness ratios of the traditional SM model, the IFSM
model, and the time-domain simulations are presented in
Table IV.

When k = 0.2, the load is in CCM, both the SM model and
IFSM model feature the simulation results well. However, when
k = 0.15, the load is in DCM, the IFSM model shows high
accuracy and slight errors occur with the traditional SM model.
When k = 0.1, the IFSM model also features the simulation
results very well, while obvious errors occur with the SM model.
The longer the time in DCM is, the larger the errors of the
SM model are. As for the output voltage of the compensation
network, the SM model cannot feature the change in DCM.
These results show the improved model outputs provide a good
fitness to the system output (Qfitness >98%). The traditional
mapping points are located in the periodic time instants and the
several operating states are lost in the SM model. Thus, the errors
will occur when the system operates in DCM.

IV. ZCS POINTS ANALYSIS BASED ON THE IFSM MODEL

According to the analysis in Sections II and III, there is no
approximation in the IFSM model, which makes it possible to
calculate the ZCS points accurately. In this section, different
from the analysis in [27] and [28], the ZCS frequencies of the
inverter are obtained based on the IFSM model and ZCS curves
with respect to operating frequency and coupling coefficient are
analyzed.

A. ZCS Frequency Calculation Based on IFSM Model

If the system operates in CCM, for a steady sampling period,
the initial state xn and final state xn+1 satisfy the following
expression:

xn+1= Γ (xn, tC1, tC2, tC3, tC4)

= Φ (tC4)Φ (tC3)Φ (tC2)Φ (tC1)xn

+Φ (tC4)Φ (tC3)Φ (tC2)M
−1
C1 (Φ (tC1)−E)NC1Vd

+Φ (tC4)Φ (tC3)M
−1
C2 (Φ (tC2)−E)NC2Vd

+Φ (tC4)M
−1
C3 (Φ (tC3)−E)NC3Vd

+M−1
C4 (Φ (tC4)−E)NC4Vd. (28)

Fig. 10. Curve of fixed points of inverter current ip when k = 0.2 and Vd =
Vbat = 400 V.

TABLE V
INFORMATION OF THE FIRST FOUR ZCS POINTS

By defining M = MC1 = MC2 = MC3 = MC4, N = NC1 =
NC2 = -NC3 = -NC4, δ1 = tC1 = tC3, δ2 = tC2 = tC4, when
xn+1 = xn = x ∗ (the system operates in the steady state), one
can obtain by solving (28)

x∗ = (E +Φ (δ2)Φ (δ1))
−1

·[Φ (δ2)M
−1 (E−Φ (δ1))NVd+M−1 (E−Φ (δ2))NVd

]
.

(29)

If only the inverter voltage and current are considered, there
are two half symmetry periods, and the structure of the circuit
does not change, (29) can be further simplified into the follow-
ing:

x∗ =
(
E + Φ

(
Ts

2

))−1(
E −Φ

(
Ts

2

))
M−1NVd.

(30)
Period Ts is taken as the independent variable in (30) instead

of time t, which is one of the advantages of the IFSM model. To
derive the ZCS points of the dual-side LCC compensated WPT
system, the function of inverter current ip can be obtained as

fip (t) = G

(
E+Φ1

(
t

2

))−1(
E −Φ

(
t

2

))
M−1NVd

(31)
where the response selection matrix G = [10 00 00 00 0]T.

By defining different selection matrices, one can obtain the
expressions of different variables. It can be also observed from
(31) that the solutions of different variables are independent of
each other.

The curve of (31) is printed in Fig. 10 when the parameters
used in this article are given. There are four ZCS points of current
ip (the zero solution is not considered), which are marked as
A, B, C, and D. As illustrated in Table V, the corresponding
periods of four points are 11.75, 25.34, 34.54, and 48.08 μs.
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Fig. 11. Output voltage and current of the inverter operating at different ZCS
frequencies. (a) 84.95 kHz. (b) 39.46 kHz. (c) 28.95 kHz. (d) 16.02 kHz.

Fig. 12. Comparison of power transfer ability and THD of the inverter output
current ip when k = 0.2 and Vd = Vbat = 400 V.

Thus, their corresponding frequencies are 84.95, 39.46, 28.95,
and 16.02 kHz, respectively.

B. Selection of the Optimal ZCS Point

Among the possible soft-switching points, it is important
to determine the one that has the maximum power transfer
capability. Fig. 11 shows the waveforms of output voltage and
current at the four ZCS points obtained in simulations. Given
the parameters listed in Fig. 10, the power transfer ability and
THD when the system operates at the four points are illustrated
in Fig. 12. When the system operates at frequencies B and D, if
the load is 400-V battery packs, there is little power transferred
to the load, which means they cannot be chosen as the operating
frequencies of the inverter.

The frequency range is limited from 79 to 90 kHz in standard
SAE J2954 of the EV WPT systems. Because of the lowest har-
monic contents and a good match with the resonant frequency,
point A is chosen as the reference operating frequency of the
system to analyze the full-power and full-frequency character-
istics.

Fig. 13. Procedure of the optimal ZCS point selection.

It should be noted that the optimal ZCS point in this article is
quite close to the resonant frequency, which is because one of
the most important features of the WPT system is that it needs to
operate at the resonant point to achieve zero phase angle (ZPA)
and maximum efficiency [2]. In fact, there could be multiple
frequencies that meet the required range when studying other
compensation networks and nonisolated converters, and deter-
mining the optimal operating point requires further comparison.

Fig. 13 gives the selection procedure of the optimal ZCS
points of the studied system. When studying the noniso-
lated converters such as buck-boost, cuk, and cascaded boost
converters [19], the systems have relatively fewer variables,
which leads to an increase in the applicability of the solutions.
Besides, for the nonisolated converters, the resonant frequency
is often not required. Thus, point B, C, or D could be also the
optimal ones in different application scenarios.

C. ZCS Range Analysis

In practical applications, the positions of GA and VA are not
always relatively fixed and the coupling coefficient k will also
vary from 0.094 to 0.244 [25]. Moreover, during the charging
process, control methods such as phase-shift control will lead
to hard switching of the primary inverter without a cascaded
dc–dc converter [29]. To minimize the circuit’s reactive power
and improve the dc–dc efficiency of the charging system, it is
necessary to analyze the impact of the coupling coefficient on
the ZCS points.

The ZCS current ip˙ZCS is the input current of the compen-
sation network at nTs, according to the IFSM model, one can
obtain

ip_ZCS = ip (nTs) = ip ((n+ 1)Ts) . (32)

Fig. 14 shows the relationship between the frequency of point
A and coupling coefficient k, where the results obtained from
the traditional SM model, the IFSM model, and the time-domain
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Fig. 14. Fitted curve of frequency A with respect to coupling coefficient k
when Vbat = Vd = 400 V.

simulations are compared. The accuracy of the improved model
is verified through the perfect match. The results of the tradi-
tional model deviate from the simulation result when k < 0.17,
which is because several operating states are lost in DCM. If
the operating frequency fs traces the curve, especially when the
charging current changes significantly in CV mode, the inverter
will always achieve ZCS. In other words, the ZVS current is
zero and the output voltage ui and current is are in phase, ZPA
is also achieved.

V. BOUNDARIES OF CCM/DCM

In this section, the IFSM model is used to analyze the dis-
continuous boundaries of the output current is by using the
LCC-LCC WPT system as an example. It is helpful to clarify
the applicability of the traditional SM model and IFSM model.
Besides, to mitigate battery aging costs in dynamic energy man-
agement, it is necessary to derive the boundaries of the charging
current for energy management of vehicle battery energy storage
systems [26]. The IFSM model characterizes the system through
matrices Mi and Ni, which gives the possibility to derive accurate
solutions.

A. Boundary Constraints

To ensure the accuracy of the boundary analysis, some con-
straints on the IFSM model and system characteristics need to
be considered. The boundaries of CCM and DCM of the output
current is with respect to the coupling coefficient k and battery
resistance Rbat will be obtained under the constraint conditions.

1) Constraints on the IFSM Model: The equivalent series
resistance of the passive components and active switches are
not considered in the discrete-time model for simplification. The
step size of the model calculation needs to be smaller than 1/10
of the dead time td.

2) Constraints on the System Characteristics: Phase con-
straint: In the dual-side LCC WPT system, the phase of the
output voltage ur lags the input voltage ui, which is shown in
Fig. 3(a), thus the range of phase α between ur and ui needs to
be constrained within (0, π/2). The phases among ip, i1, i2, and
ip are also required to meet the constraints in [1].

Fig. 15. Flowchart of CCM/DCM boundary calculation.

Time Interval Constraint: during the process of matrix solv-
ing, there are multiple results of tni (i = 1, 2, …) when the load
condition and coupling coefficient are given. tni includes both
tDi and tCi. All the time intervals need to satisfy the constraint
of the operating period Ts, which means Ts = tn1+tn2+….

Boundary Condition Constraint: the inverter output current
ip needs to satisfy the following constraints to meet the ZCS
operation:

F1 (ξ1,xn) = Gf1,ξ1 (xn) = 0 (33)

F2 (ξ2, ξ1,xn) = Gf2,ξ2 (f1,ξ1 (xn)) = 0 (34)

where F1 and F2 are boundary functions, ξ1 and ξ2 represent
the duration time of the inverter operating in the positive half
period and the negative half period, respectively.

B. Steps for Boundary Calculation

The boundary analysis procedures can be summarized as the
following four steps.

Step 1: Select the system variable and establish the IFSM
model of the studied system in CCM and DCM (e.g., dual-side
LCC compensated WPT system in this article), and obtain the
solutions of different operating modes.

Step 2: Give the CCM/DCM boundary and model calculation
constraints of the studied system, such as phase constraint,
period constraint, frequency constraint, etc.

Step 3: Choose the target boundary parameters and set the
ranges and iteration step sizes.

Step 4: Solve the matrices Mi˙optim and Ni˙optim according
to the flowchart shown in Fig. 15.

Fig. 15 gives the flowchart of the calculation process. The
iteration step sizes Δk and ΔRbat are required much smaller
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Fig. 16. Boundary voltage Vbat_n and resistance Rbat with respect to cou-
pling coefficient k at different frequencies when Vd = 400 V. (a) Vbat˙n.
(b) Rbat.

than the initial values. In this article, Δk, ΔRbat, and Δα are
chosen as 0.001, 0.001 Ω, and −0.001 rad/s, respectively. To
simplify the expression, the outputs of the flowchart are Mi˙optim

and Ni˙optim, which contain the parameters mutual inductance
M and load resistance Rbat.

The characteristics of EV charging loads and equivalent re-
sistance of the conventional 400-V battery packs are analyzed in
[24]. Considering the parameters in this article, the range of load
resistance Rbat is limited from 2 to 90 Ω, which can be treated
as the entire load range. And the range of operating frequency
is iterated from 75 to 95 kHz for a full demonstration. Based
on the IFSM model described in Section III-C, the CCM/DCM
boundaries with respect to load resistance Rbat, coupling coef-
ficient k, and operating frequency fs are analyzed. To intuitively
analyze the relationship between the discontinuous boundary of
the output current is of the compensation network and the battery
voltage Vbat, Rbat is selected as the variable during the iteration
process. When the Rbat and k are obtained in Fig. 15, it is easy
to know the corresponding Vbat based on the IFSM model.

The results of boundary calculation are shown in Figs. 16
and 17, where Vbat˙n is defined as Vbat/400. For uniform rep-
resentation, regions above the curves are discontinuous zones,
otherwise, regions below the curves are continuous zones. As
shown in Fig. 16(a), the normalized boundary battery voltage
is positively related to the coupling coefficient k in the full-power
range when the load is 400-V or 800-V battery packs. Fig. 16(b)

Fig. 17. Boundary voltage Vbat_n and resistance Rbat with respect to oper-
ating frequency fs when Vd = 400 V. (a) Vbat˙n. (b) Rbat.

shows the equivalent boundary resistance Rbat of battery packs
corresponding to the curves in Fig. 16(a). Rbat is almost constant
when the coupling coefficient k varies from 0.1 to 0.3, indicating
that the coupling coefficient k has little influence on the boundary
load resistance.

Fig. 17 illustrates the boundary of normalized battery voltage
Vbat˙n and equivalent boundary resistance Rbat with respect to
the operating frequency fs. As shown in Fig. 17(a), when the
range of frequency fs is from 79 to 90 kHz, which is required in
international standard SAE J2954, the boundary voltage Vbat˙n

increases with the operating frequency. What is more, when the
coupling coefficients are 0.15 and 0.2, the point of inflection
appears on the curve near the operating frequency fs = 90 kHz,
indicating a significant decrease in the power transfer ability
of the system. When coupling coefficient k = 0.2 and fs =
84.95 kHz, the boundary voltage is 460 V, which is consistent
with the results in Fig. 16(a). When k decreases, the current is
will enter the discontinuous region, otherwise, it will enter the
continuous region.

It can be seen in Fig. 17(b) that there is a positive correlation
between the equivalent boundary resistance Rbat and the operat-
ing frequency fs when k is 0.1 and 0.15. However, when k is 0.2,
the curve deviates from this trend at a frequency of 93.7 kHz. In
correspondence with the curve of the boundary voltage variation,
it is observed that for the parameters designed in this article, the
operating frequency has surpassed the optimal range. Besides,
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Fig. 18. Experimental prototype.

different from the relationship between Rbat and k, the boundary
resistance Rbat varies from 14.5 to 24 Ω when the operating
frequency fs is from 75 to 95 kHz. The three curves overlap
within the frequency range of 75–93.7 kHz, further confirming
that the coefficient k has little effect on the CCM/DCM boundary
of is.

C. Extension to Other Topologies

1) WPT Systems: The dual-side LCC WPT system for EV
charging is taken as an example in this article to present the
IFSM model. The establishment of the discrete-time model and
boundary analysis process can be readily extended to other high-
order compensation topologies in WPT systems. The differences
that should be considered are as follows.

1) When the inverter operates with an asymmetric period or
the load is a dc converter, additional operating states are
introduced. Some simplifications in the model derivation
process become ineffective in these cases, leading to an
increase in model complexity.

2) When the dual-phase-shift control and triple-phase-shift
control are adopted in the systems, constraints regard-
ing the inner and outer phase-shift angles need to be
incorporated. In addition, prior to boundary solving, it is
necessary to analyze and determine the ZVS operation
range to ensure that the boundary results comply with the
system’s ZVS operation. To improve the accuracy of the
boundary calculation, the iteration step sizes should adapt
to the operating frequency and time intervals during one
operating period.

3) When studying the two-stage WPT systems [33], it is cru-
cial to first select noncoupled independent state variables,
and then model the entire cascade system. When the output
capacitance is large enough, it is possible to decouple
the two-stage topology. Thus, the accuracy obtained by
modeling them separately also meets the requirements.

2) Nonisolated Converters: For a single low-order non-
isolated dc–dc converters, such as buck, boost, and buck-boost
converters, voltage-second and ampere-second balance princi-
ples are commonly used to derive the current expression. By
leveraging the criterion of zero current, the operating states of the

Fig. 19. Waveforms of points A, B, C, and D when Vin = Vbat = 400 V and
k = 0.2. (a) fA = 84.95 kHz and time: 4 µs/div. (b) fB = 39.46 kHz and time:
10 µs/div. (c) fC = 28.95 kHz and time: 10 µs/div. (d) fD = 16.02 kHz and
time: 20 µs/div.

Fig. 20. Waveforms of the output voltage ui and current ip of the inverter and
the input voltage ur and current is of the rectifier when Vin = Vbat = 400 V
and fs = fA = 84.95 kHz. (a) k = 0.1, DCM and time: 4 µs/div. (b) k = 0.15,
DCM and time: 4 µs/div. (c) k = 0.17, CRM and time: 4 µs/div.

Fig. 21. Waveforms of the output voltage ui and current ip of the inverter and
the input voltage ur and current is of the rectifier when Vin = Vbat = 400 V,
and k = 0.2. (a) fs = 83 kHz and time: 4 µs/div. (b) fs = 86 kHz and time:
4 µs/div.
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Fig. 22. Waveforms of the output voltage ui and current ip of the inverter and
the input voltage ur and current is of the rectifier when Vin = 400 V, k = 0.2
and fs = fA = 84.95 kHz. (a) Vbat˙n = 0.75, Rbat = 11.32 Ω, CCM and time: 4
µs/div. (b) Vbat˙n = 1.15, Rbat = 17.16 Ω, CRM and time: 4 µs/div. (c) Vbat˙n

= 1.25, Rbat = 18.68 Ω, DCM and time: 4 µs/div.

Fig. 23. Waveforms of the output voltage ui and current ip of the inverter
and the input voltage ur and current is of the rectifier when Vin = 400 V, k
= 0.2 and Vbat˙n = 1.15. (a) fs = 80 kHz, Rbat = 40.64 Ω, CCM, and time:
4 µs/div. (b) fs = 90 kHz, Rbat = 16.31 Ω, CCM and time: 4 µs/div.

converter can be analyzed, facilitating the determination of the
corresponding boundary parameter values. When state variables
increase in nonisolated dc systems, leading to difficulties in
solving, IFSM would be a preferable choice.

VI. EXPERIMENTAL VERIFICATION

To verify the IFSM model and theoretical analysis, as shown
in Fig. 18, a dual-side LCC-compensated WPT prototype is
built. Experimental parameters are given in Table III. The ZCS
frequencies obtained in Section IV and boundary analysis results
in Section V are verified in this section. Experimental waveforms
are measured by an oscilloscope (Tektronix MSO58 8-BW-500).
The inverter consists of eight SiC MOSFETs (C3M0021120Ks),
and the rectifier consists of four diodes (STTH75S12Ws).

A. ZCS Points Verification

Fig. 19 shows the waveforms of the output voltage ui and
current ip of the inverter, and the input voltage ur and current is

Fig. 24. Waveforms of the output voltage ui and current ip of the inverter and
the input voltage ur and current is of the rectifier when Vin = 400 V and fs =
fA = 84.95 kHz. (a) k = 0.1, Vbat˙n = 0.575, Rbat = 17.20 Ω, CRM, and time:
4 µs/div. (b) k = 0.15, Vbat˙n = 0.98, Rbat = 17.19 Ω, CRM, and time: 4
µs/div. (c) k = 0.25, Vbat˙n = 1.45, Rbat = 17.21 Ω, CRM, and time: 4 µs/div.

of the rectifier when the inverter operates at different frequencies
obtained in (31). The dc input voltage and the voltage of the
battery packs are given as 400 V when k = 0.2. When f = fA,
fB, fC, and fD, the experimental results of current ip are highly
consistent with the simulation waveforms. When the dual-side
LCC compensated WPT system operates at frequencies fA and
fC, the output current Io is 26.4 A and 9.98 A. However, when
the system operates at frequencies fB and fD, the output current
is almost zero, which means that there is no power transferred
to the load. Thus, fB and fD cannot be chosen as the operating
frequency of the system.

Fig. 20 shows the waveforms of the compensation network
when the operating frequency is fixed at fs = fA = 84.95 kHz.
The exact ZCS frequency is 84.95 kHz when Vin = Vbat =
400 V and k = 0.2. It can be seen in Fig. 20(a) and (b) that when
the coupling coefficient is 0.1 and 0.15, which is smaller than
0.2, the load will operate in DCM. The smaller the coupling
coefficient k is, the longer the time in DCM is. And the inverter
will operate in ZVS zones, the ZVS currents are -2.66 A and
-3.17 A when k= 0.1 and 0.15, respectively. As shown in Fig. 14,
a bifurcation will occur in the ZCS calculation results obtained
by the traditional SM model and the IFSM model when Vin =
Vbat = 400 V and k = 0.17, the experimental results confirm
the accuracy of the model calculation. Besides, the waveforms
presented in Figs. 19(a) and 20(a) and (b) have a good fit for the
results obtained from the IFSM model and simulations shown
in Fig. 9.

Fig. 21 shows the waveforms of the compensation network
when k is fixed at 0.2 and Vin = Vbat = 400 V. When the
operating frequency fs is lower than the ZCS frequency fA, the
ZVS current of the MOSFETs is -1.8 A. However, when fs is higher
than fA, the inverter will operate in a hard-switching zone. The
results and analysis above also prove that the IFSM model has
high accuracy when system parameters are given. Generally, to
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TABLE VI
COMPARISON OF DIFFERENT MODELING METHODS

reduce the switching losses, the ZVS is more important to the
MOSFETs, and the ZCS is crucial to the IGBTs. The inverter
consisting of MOSFETs is just used as an example to demonstrate
the model analysis in this article.

B. CCM/DCM Boundary Verification

Fig. 22 shows the waveforms of the compensation network
when the battery voltage changes. The boundary voltage Vbat˙n

is 1.15 and the corresponding load resistance is 17.2 Ω. It can be
seen in Fig. 22(a) that when Vbat˙n = 0.75, which is below the
boundary voltage, is is in CCM. However, as shown in Fig. 22(c)
when the battery voltage is above the boundary voltage, is is in
DCM. The boundary equivalent resistance of the battery packs
presented in Fig. 22(b) is almost equal to the results shown in
Fig. 16(b). What is more, when the battery voltage is above the
ZCS voltage described in Fig. 19(a), the inverter will operate
in the hard-switching zone again. The analysis above is also
meaningful for the equivalent load resistance. The results shown
in Fig. 22 also describe the characteristics of the CC output of
the dual-side LCC compensation network.

Fig. 23 shows the waveforms of the compensation network
when the operating frequency changes. The boundary voltage
is 460 V when fs = fA = 84.95 kHz, the current becomes
discontinuous when the operating frequency is lower than fA,
which is shown in Fig. 23(a). To ensure the load operates in CCM
and reduces the THD of the load current of the WPT system, the
proposed IFSM model can give the accurate boundary results as
analyzed in Section V.

Fig. 24 shows the waveforms of the compensation network
when the operating frequency fs is fixed at fA and the coupling
coefficient k changes. The boundary voltages Vbat˙n are 0.575,
0.98, 1.15, and 1.45 when k=0.1, k=0.15, k=0.2, and k=0.25,
obtained in Section V, respectively. According to the results
measured in experimental waveforms, the boundary equivalent
resistances Rbat are 17.20, 17.19, 17.16, and 17.21 Ω, which
match well with the theoretical results shown in Figs. 16(b)
and 17(b).

In Figs. 19(a), (b), and 22(c), different from the results of ideal
case and simulations, the current is is not strictly equal to zero
when the system operates in DCM mode. The deviation can be
attributed to nonidealities in the components used in the practical

experiments. The parasitic resistances and inductances intro-
duce discrepancies from the theoretically anticipated behaviors.
When the diode is in a nonconductive state, the interplay between
parasitic parameters and compensation components gives rise to
an oscillation circuit, resulting in a current bias.

Furthermore, the system operates in DCM for a short duration,
which is much shorter than the operating period Ts, which
presents a challenge in effectively counteracting the inertia of the
circuit. Consequently, the system experiences minimal voltage
distortion during these intervals. In fact, prolonged operation in
DCM will lead to oscillations in the current waveform, charac-
terized by zero crossings, accompanied by noticeable voltage
distortion.

C. Comparison and Discussion

Table VI compares the performance of different methods in
terms of modeling accuracy, model complexity, and applicabil-
ity. Unlike methods in [30], [31], and [32], the development of
the IFSM model in this article has clear discrete sampling points
and can be adjusted according to the different operating states
of the system. The difficulty in choosing the sampling step size
is avoided. Besides, the analytical solutions can conveniently be
obtained for high-order dc–dc systems. According to the exper-
imental results presented in Section VI-A and B, the proposed
model in this article has high accuracy and medium complexity.
For high-frequency WPT systems where the ZCS and ZVS are
important for reducing switching losses, the IFSM model is a
better choice. Meanwhile, when the order of the studied system
is too high, a discrete reduced-order model can also be developed
based on the IFSM model, which will greatly reduce the analysis
complexity.

VII. CONCLUSION

To improve the accuracy and the extendibility of the discrete-
time model, an IFSM model is proposed in this article, which
contains all information when the operating state of the system
changes. Given the system parameters, the IFSM model can
be used to calculate the possible ZCS points of the inverter
and find the optimal one. Although only the input current of
dual-side LCC is analyzed, the discrete-time model is still valid
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if the load on the secondary side is a full-bridge inverter. The
optimal ZCS operating frequency is strictly related to the load,
and only the best operating frequency under certain conditions
is calculated to prove the correctness of the IFSM model in this
article. Furthermore, based on the IFSM model, the CCM/DCM
boundary of the dual-side LCC output current in the full-power
and full-frequency range is analyzed. The discrete-time model
and calculation process can be extended to other WPT and dc–dc
systems, especially for high-order systems, and any parameter
can be chosen as a variable to analyze its influence on the
boundary.

APPENDIX

The matrices of the IFSM model in CCM and DCM are given
as follows:

NC1 =

(
1

Lp
0 0 0 0 0 0 0 0

)T

(35)

ND1 =

(
− 1

Lp
0 0 0 0 0 0 0 0

)T

(36)

NC1 = NC2 = −NC3 = −NC4 (37)

ND1 = ND2 = ND3 = −ND4 = −ND5 = −ND6 (38)

MD1 = MD3 = MD4 = MD6 = MC1 (39)

MC1 = MC2 = MC3 = MC4

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1
Lp

0 0 0 0 0 0 0
1

Cp
0 0 − 1

Cp
0 0 0 0 0

0 0 0 1
C1

0 0 0 0 0

0
L2
Δ −L2

Δ 0 0 M
Δ −M

Δ 0 0

0 −M
Δ

M
Δ 0 0 −L1

Δ
L1
Δ 0 0

0 0 0 0 1
C2

0 0 0 0

0 0 0 0 − 1
Cs

0 0 1
Cs

0

0 0 0 0 0 0 − 1
Ls

0 1
Ls

0 0 0 0 0 0 0 − 1
Co

− 1
RbatCo

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(40)

MD2 = MD5

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1
Lp

0 0 0 0 0 0 0
1

Cp
0 0 − 1

Cp
0 0 0 0 0

0 0 0 1
C1

0 0 0 0 0

0
L2
Δ −L2

Δ 0 0 −M
Δ −M

Δ 0 0

0 −M
Δ

M
Δ 0 0

L1
Δ

L1
Δ 0 0

0 0 0 0 1
C2

0 0 0 0

0 0 0 0 1
Cs

0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 − 1

RbatCo

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(41)
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