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Mutual Inductance Calculation of Rectangular Coils
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Abstract—Horizontal or rotational misalignment between the
transmitting and receiving coils with magnetic shielding is in-
evitable during the wireless charging process, which leads to mutual
inductance changes between the coils with magnetic shielding.
However, there is no literature report on the mutual inductance cal-
culation method for rectangular coils with bilateral finite magnetic
shielding at arbitrary position. Therefore, the mutual inductance
formulation of the rectangular coil at vertical misalignment is first
obtained by the subdomain partition method (SPM). Then, the
mutual inductance formulation of the rectangular coil with bilat-
eral finite magnetic shielding at arbitrary position is obtained by
the proposed vector coordinate transformation method (VCTM).
Finally, this article presents the design of a wireless power transfer
system’s receiving and transmitting device according to the model
of this article. The results of mutual inductance are compared
between computational, simulation, and experimental results, and
the results show that the mutual inductance error rate is within
4.79%. Moreover, the mutual inductance calculation time is not
more than 12 s, which is 11 times faster than the finite element
simulation time. The accuracy and rapidity of the proposed method
in this article are verified

Index Terms—Magnetic shielding, mutual inductance calcula-
tion, rectangular spiral coil, wireless power transfer (WPT).

I. INTRODUCTION

W IRELESS power transfer (WPT) technology can solve
endurance problems for electric vehicles [1], [2]. At

present, WPT technology is widely used in other fields, such as
electronic bio-medicine [3], [4], payment devices [5], [6], drones
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[7], [8], smart homes [9], etc. WPT system mainly consists
of transmitting and receiving coils. However, horizontal and
rotational misalignment between the receiving and transmitting
coils is unavoidable during the charging process. Therefore, the
research on the analytical method of mutual inductance calcu-
lation is significant in order to optimize the mutual inductance
of the coil structure.

In WPT systems, the most commonly used coil types are
rectangular and circular [10], [11], [12], in addition to crosses,
polygons, etc. Rectangular coils are widely used because of the
large receiving area and the suitability for paved roads. The
mutual inductance of the traditional coil model can be obtained
by the finite element method (FEM). However, because the FEM
is tedious to modify the modeling steps, it is not conducive
to closed-loop optimization. In addition, the FEM may have
problems such as nonconvergence and a long simulation process.
Therefore, scholars have researched several analytical methods
to calculate mutual inductance, such as the Newman function
[13], the Bessel and Struve functions [14], and the Biot–Savart
law [15], [16].

Considerable research has been conducted on calculating the
mutual inductance of hollow-core rectangular coils. Cheng and
Shu [17], Aydin et al. [18] derived the mutual inductance when
rectangular coils are coaxial based on Biot–Savart. However,
when the coils are horizontally misaligned, the mutual induc-
tance cannot be calculated. Dehui et al. [19], [20] used the
vertex method to obtain the mutual inductance when the coil is
misaligned horizontally, but rotational misalignment of the coil
cannot be achieved. Altun and Pirinççi [21] derived the arbitrary
position mutual inductance of arbitrarily shaped planar polygo-
nal coils based on Stokes’ theorem. Wu et al. [22] implemented
a method for calculating the mutual inductance of coils under
horizontal and rotational misalignment by hyperbolic functions
and a spiral factor. However, the magnetic shielding is not con-
sidered in the above methods because rectangular coil structures
with magnetic shielding are more difficult to math model.

Magnetic shielding materials can be added to the WPT sys-
tem to improve charging efficiency. There are less research
on the calculation of mutual inductance of rectangular coils
with magnetic shielding. Luo and Wei [23] proposed a mutual
inductance calculation method for horizontally misaligned coil
by Maxwell’s equations, but only the magnetic shielding on one
side of the coil is considered. The above methods are not practical
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Fig. 1. 3-D diagram of the rectangular coils with bilateral finite magnetic
shields at arbitrary position.

because the thickness and width of the magnetic shielding is not
considered. Kushwaha et al. [24] derived the mutual inductance
of rectangular coils at arbitrary position based on hyperbolic
functions and Fourier series expansion. The references is only
considered the magnetic shielding of the transmitting coil and
not the receiving side. Rituraj et al. [25], Luo et al. [26] derived
the mutual inductance of the rectangular coil with bilateral mag-
netic shields by the separation of variables method. Although the
thickness and width of the magnetic shielding are considered in
the literature, the calculation of a finite magnetic shielding is
achieved. However, these studies failed to calculate the mutual
inductance of rectangular coils with bilateral finite magnetic
shields at arbitrary position.

In this article, the analytical model for calculating the mutual
inductance of rectangular coils with bilateral finite magnetic
shields at arbitrary position is shown in Fig. 1. This article
presents a new method for the calculation of mutual inductance
at arbitrary position, with the following main contributions:

a) The model of rectangular coils with bilateral finite mag-
netic shields is partitioned using the subdomain partition
method (SPM). This method does not require repeated
modeling, the procedure computation time is 19 times
faster than that of FEM. The runtime of proposed method
is 205 times faster than that of literature [25] and 4 times
faster than that of literature [26].

b) The mutual inductance of the rectangular coils at arbi-
trary position of the bilateral finite magnetic shields is
calculated by using the vector coordinate transformation
method (VCTM). This method can calculate both the
horizontal and rotational misalignment of the receiving
coil and the magnetic shielding.

c) The proposed method not only achieves a high degree of
freedom in the receiving coil, but also has a small error
rate in the case of more complex models.

The rest of this article is organized as follows. Section II, a
2-D model of the rectangular coils with bilateral finite magnetic
shields is introduced. In Section III, the 2D–3D formulation of
the mutual inductance of the coil at arbitrary position is provided.
In Section IV, the experiment is discussed. Finally, Section V
concludes this article.

Fig. 2. XZ-plane diagram of the rectangular coils with bilateral finite mag-
netic shields.

Fig. 3. Schematic diagram of the boundary coordinates of different regions.

II. 2-D MODELS OF RECTANGULAR COILS WITH BILATERAL

FINITE MAGNETIC SHIELDS

In this section, an XZ-plane diagram with bilateral finite
magnetic shields and rectangular coils is established, as shown
in Fig. 2. Tx is the transmitting coil and Rx is the receiving
coil. Regions Γb4 and Γd4 are cross-sections of the transmitting
coil, and the receiving coil is represented in Fig. 2. Copper
material with a relative magnetic permeability of μc is used
for the coils. Regions Γb2 and Γb6 are magnetic shields, and the
rest of the regions are air. The magnetic shielding is made of
ferrite with a relative permeability of μr and thickness of d. b
denotes the air gap between the coil and the magnetic shielding,
w denotes the diameter of the single-turn coil, and zz denotes
the air gap spacing between the transmitting and receiving coils.
The rectangular region (x1 < x < x8, z1 < z < z8) is the model
boundary, i.e., the magnetic vector potential is zero.

A. Magnetic Vector Potential Equation

The excitation current Ip is passed through the transmitting
coil. The WPT system operates in the frequency range of
20–100 kHz, so this analytical model is quasi-static. The mag-
netic vector potential Ai in each region is defined by the Poisson
(1). (2) is obtained by the separated variable method, and the
specific coordinates of the region boundaries are shown in Fig. 3.

∇2Ai =
∂2Ai

∂x2
+

∂2Ai

∂z2
= −μ0μiJi (1)

Ai = Ax
i +Az

i +Ae
i (2)
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where, i (Γ1 ∼ Γ7) denotes the present region, Ax
i is the mag-

netic vector potential component denoting the z boundary, Az
i is

the magnetic vector potential component denoting the x bound-
ary, and Ae

i denotes the magnetic vector potential due to the
current density. chi

i , dhi
i , eni

i , fni
i are the unknown coefficients.

μ0 denotes the absolute magnetic permeability of the vacuum,
μi denotes the relative permeability of the region, and Ji denotes
the current density.

1) Regions Γb2, Γb4, Γd4, Γb6

Ax
i and Az

i of Regions Γb2, Γb4, Γd4, and Γb6 interact on the
z-edge (zl-zt) and x-edge (xl-xt), respectively. According to
(2), Regions Γb2, Γb4, Γd4, Γb6 are obtained as follows:

Ax
i = (zt − z)c0i + (z − zl)d

0
i +

Hi∑
hi=1

cos(khi
xi (x− xl))·

×
(
chi
i sinh(khi

xi (zt − z))

khi
xi sinh(k

hi
xi · tzi)

+
dhi
i sinh(khi

xi (z − zl))

khi
xi sinh(k

hi
xi · tzi)

)

(3)

Az
i =

Ni∑
ni=1

sin(kni
zi (z − zl))·

×
(
eni
i cosh(kni

zi (xt − x))

kni
zi sinh(k

ni
zi · txi)

− fni
i cosh(kni

zi (x− xl))

kni
zi sinh(k

ni
zi · txi)

)
(4)

Ae
i = −0.5μ0μiJiz

2. (5)

Significantly, the magnetic vector potentials Ae
Γb2

= 0 and
Ae

Γb6
= 0 because there is no current in the regions Γb2 and Γb6.

c0i , d0i , hi, and ni are the spatial harmonic numbers. khi
xi and kni

zi

are the spatial frequencies, and the equations are expressed as
follows: {

khi
xi = hiπ/txi, txi = xt − xl

khi
zi = niπ/tzi, tzi = zt − zl

. (6)

2) Regions Γa2, Γc2, Γa4, Γc4, Γe4, Γa6, Γc6

All these regions are air media, and the region one boundary is
in contact with the model boundary. However, since the magnetic
vector potential of the model boundary is zero, the expressions
of Ax

i and Az
i for regions Γa2, Γc2, Γa4, Γc4, Γe4, Γa6, and Γc6

can be obtained as follows:

Ax
i =

Hi∑
hi=1

sin(khi
xi (x− xl))·

×
(
chi
i sinh(khi

xi (zt − z))

khi
xi sinh(k

hi
xi · tzi)

+
dhi
i sinh(khi

xi (z − zl))

khi
xi sinh(k

hi
xi · tzi)

)

(7)

Az
i =

Ni∑
ni=1

sin(kni
zi (z − zl))·

×
(
eni
i sinh(kni

zi (xt − x))

kni
zi sinh(k

ni
zi · txi)

+
fni
i sinh(kni

zi (x− xl))

kni
zi sinh(k

ni
zi · txi)

)
.

(8)

3) Regions Γ1, Γ7

Both regions are also air media that are different from other
air regions. The two sides of regions Γ1 and Γ7 are in contact
with the model boundary, so Az

i = 0. Ax
i is continuous with

several regions, so the magnetic vector expressions for regions
Γ1 and Γ7 can be obtained as follows:

Ax
i =

Hi∑
hi=1

sin(khi
xi (x− xl))·

×
(
−chi

i sinh(khi
xi (zt − z))

khi
xi cosh(k

hi
xi · tzi)

+
dhi
i sinh(khi

xi (z − zl))

khi
xi cosh(k

hi
xi · tzi)

)
.

(9)

4) Regions Γ3, Γ5

Regions Γ3 and Γ5 are similar to regions Γ1 and Γ7. However,
its boundary is not only continuous with the magnetic shielding
but also with the transmitting coil. Therefore, the magnetic
vector can be expressed as follows:

Ax
i =

Hi∑
hi=1

sin(khi
xi (x− xl))·

×
(
−chi

i cosh(khi
xi (zt − z))

khi
xi sinh(k

hi
xi · tzi)

+
dhi
i cosh(khi

xi (z − zl))

khi
xi sinh(k

hi
xi · tzi)

)
.

(10)

B. 2-D Boundary Conditions

The presence of the magnetic shielding will affect the dis-
tribution of the magnetic vector potential, which is difficult to
describe by differential equations only. Therefore, in order to
find a unique solution for the unknown coefficients mentioned
in the previous section, different boundary conditions need to
be introduced in the math model{

Bi = ∇×Ai

Hi = Bi/(μ0μi)
(11)

Bi =
∂Ai

∂z
− ∂Ai

∂x
= Bxi +Bzi. (12)

All regions are divided into the following three cases, as shown
in Fig. 4. According to Fig. 4(a), chi

i in region Γ1 and dhii in
region Γ7 are zero. The magnetic vector potential at the model
boundary is zero. Similarly, eni

i in regions Γa2, Γa4, and Γa6 are
zero according to Fig. 4(b). The fni

i in the regions Γc2, Γe4, and
Γc6 is zero.

C. Solution of Unknown Coefficients

The expressions of the unknown coefficients can be deter-
mined by linear equations. The following is an example of
region Γ1. According to Fig. 4(a), the equation for solving the
coefficients of region Γ1 can be found as follows:

HxΓ1
(x, zt) = HxΓa2

(xΓa2
, zt) +HxΓb2

(xΓb2
, zt)

+HxΓc2
(xΓc2

, zt) (13)

where xΓa2
∈ (x1, x2), xΓb2

∈ (x2, x7), xΓc2
∈ (x7, x8).
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Fig. 4. Diagram of boundary conditions. (a) Regions Γ1, Γ3, Γ5, and Γ7.
(b) Regions Γa2, Γc2, Γa4, Γc4, Γe4, Γa6, and Γc6. (c) Regions Γb2, Γb4,
Γd4, and Γb6.

Equation (13) is expanded by Fourier series [27], [28], which
yields the following expression for the unknown coefficient of
Region Γ1:

d
hΓ1

Γ1
=

2μ0μΓ1

txΓ1

⎡
⎢⎢⎣
∫ x2

x1
HxΓa2

(x, z2)

+
∫ x7

x2
HxΓb2

(x, z2)

+
∫ x8

x7
HxΓc2

(x, z2)

⎤
⎥⎥⎦ · sin(khΓ1

xΓ1
(x− x1))dx

(14)

where hΓ1
= 1, 2, 3 ...HΓ1

.
Similarly, the unknown coefficients of the remaining regional

equations can be derived from the different boundary conditions

in Fig. 4. Finally, all equations are linked and shown in matrix
form as follows:

[T ] · [S] = [E] (15)

where [T ] denotes the boundary condition matrix. [S] is the
matrix of the unknown coefficients, as shown in (16). [E] is the
excitation current matrix, as shown in (17).

[S] =
[[
d
hΓ1

Γ1

] [
c
hΓa2

Γa2
d
hΓa2

Γa2
f
nΓa2

Γa2

]
[
c0Γb2

c
hΓb2

Γb2
d0Γb2

d
hΓb2

Γb2
e
nΓb2

Γb2
f
nΓb2

Γb2

] [
c
hΓc2

Γc2
d
hΓc2

Γc2
e
nΓc2

Γc2

]
[
c
hΓ3

Γ3
d
hΓ3

Γ3

] [
c
hΓa4

Γa4
d
hΓa4

Γa4
f
nΓa4

Γa4

]
[
c0Γb4

c
hΓb4

Γb4
d0Γb4

d
hΓb4

Γb4
e
nΓb4

Γb4
f
nΓb4

Γb4

] [
c
hΓc4

Γc4
d
hΓc4

Γc4
e
nΓc4

Γc4
f
nΓc4

Γc4

]
[
c0Γd4

c
hΓd4

Γd4
d0Γd4

d
hΓd4

Γd4
e
nΓd4

Γd4
f
nΓd4

Γd4

] [
c
hΓe4

Γe4
d
hΓe4

Γe4
e
nΓe4

Γe4

]
[
c
hΓ5

Γ5
d
hΓ5

Γ5

] [
c
hΓa6

Γa6
d
hΓa6

Γa6
f
nΓa6

Γa6

]
[
c0Γb6

c
hΓb6

Γb6
d0Γb6

d
hΓb6

Γb6
e
nΓb6

Γb6
f
nΓb6

Γb6

] [
c
hΓc6

Γc6
d
hΓc6

Γc6
e
nΓc6

Γc6

]

×
[
c
hΓ7

Γ7

]]T
(16)

[E] = [[EΓ1
] [EΓa2

] [EΓb2
] [EΓc2

] [EΓ3
] [EΓa4

] [EΓb4
] [EΓc4

]

[EΓd4
] [EΓe4

] [EΓ5
] [EΓa6

] [EΓb6
] [EΓc6

] [EΓ7
]]T (17)

where [EΓ1
] to [EΓ7

] are the excitation current matrices for each
region. The excitation current matrices in the region in contact
with the transmitting coil, such as [EΓ3

], [EΓa4
], [EΓb4

], [EΓc4
],

[EΓd4
], [EΓe4

], and [EΓ5
] are not zero matrices. The rest are all

zero matrices.
Equation (14) is simplified to (18). For the remaining regions

similarly, Matrix [T ] can be expressed as (19) shown at the
bottom of the next page. Matrix [I] is the unit matrix.

d
hΓ1

Γ1
=
[
TΓa2

Γ1

]
+
[
TΓb2

Γ1

]
+
[
TΓc2

Γ1

]
. (18)

III. MUTUAL INDUCTANCE CALCULATION FOR RECTANGULAR

COILS AT ARBITRARY POSITION BASED ON THE

VTCM METHOD

In the previous section, the magnetic vectors in the XZ-plane
are known. A similar method is used to solve for the Y Z-plane
and then superimpose the two planes. Finally, the 3-D analytical
result is obtained. Two planes of rectangular coils with bilateral
finite magnetic shields at arbitrary position are shown in Fig. 5.
The parameters in Fig. 5 are the same as those shown in Fig. 2. In
Fig. 5(a), m is the distance of the horizontal misalignment of the
receiving coil with the magnetic shielding on the receiving side.
θ is the angle of the rotational misalignment of the receiving
coil with the magnetic shield on the receiving side. The specific
values of the parametersx and y are provided in the experimental
section.
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Fig. 5. Plan view of the rectangular coils with bilateral finite magnetic shields
at arbitrary position.

As shown in Fig. 5(a), the magnetic shielding (Region Γb6) is
horizontally and rotationally misaligned with the receiving coil
at the same time. The projection of the magnetic shielding is per-
formed by using the VCTM. The coordinates of the Y Z-plane
shown in Fig. 5(b) are maintained unchanged. The XZ-plane
is divided into regions under the new coordinates according to
the method of this article, and then the unknown coefficients are
obtained. By using the VCTM, the new coordinates are obtained
as follows:

[
x33

x66

]
=

[
1 0 1

2 (1− cos(θ))

0 1 1
2 (cos(θ)− 1)

]⎡⎢⎣
x33

x66

txΓb6

⎤
⎥⎦+

[
m

m

]
. (20)

The y-direction of the XZ-plane and the x-direction of the Y Z-
plane are finite. Therefore, a 3-D correction factor needs to be

introduced. According to the ratio of an infinitely long conductor
to a finite long conductor of the magnetic flux density in the
Biot-Savart law, the correction factor for a parallel rectangular
body in a certain plane can be obtained

fxz =
f1
f2

=
1

2(g1 + g2)
·
(

g2g4√
g12 + g42

− g2g3√
g12 + g32

+
g1g4√

g22 + g42
− g1g3√

g22 + g32

)
(21)

where f1 is the infinitely long conductor flux and f2 is the finite
long conductor flux. g1, g2, g3, and g4 are expressed as follows:

g1 =

√(
x− 1

2
(x3 + x4)

)2

+ (z − (z4 + z5))
2 (22)

g2 =

√(
x− 1

2
(x5 + x6)

)2

+ (z − (z4 + z5))
2 (23)

{
g3 = ( 12 (y3 + y4)− y)
g4 = ( 12 (y5 + y6)− y)

. (24)

To determine the effect of μr during the conversion from 2-D to
3-D, a factor g(μr)was proposed in the literature [25]. However,
μr is only considered, and variations in the rectangular coil are
not allowed at arbitrary position. For this purpose, a large number
of curve fits was performed in this article, and the following
functions are finally obtained:

Q(μr, θ,m) = g(μr) ·
(
1− 7.514 ·

(
πθ

180

)4.275

·m
)
.

(25)

[T ] =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[I] [TΓa2

Γ1
] [TΓb2

Γ1
] [TΓc2

Γ1
] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]

[TΓ1

Γa2
] [I] [TΓb2

Γa2
] [0] [TΓ3

Γa2
] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]

[TΓ1

Γb2
] [TΓa2

Γb2
] [I] [TΓc2

Γb2
] [TΓ3

Γb2
] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]

[TΓ1

Γc2
] [0] [TΓb2

Γc2
] [I] [TΓ3

Γc2
] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]

[0] [TΓa2

Γ3
] [TΓb2

Γ3
] [TΓc2

Γ3
] [I] [TΓa4

Γ3
] [TΓb4

Γ3
] [TΓc4

Γ3
] [TΓd4

Γ3
] [TΓe4

Γ3
] [0] [0] [0] [0] [0]

[0] [0] [0] [0] [TΓ3

Γa4
] [I] [TΓb4

Γa4
] [0] [0] [0] [TΓ5

Γa4
] [0] [0] [0] [0]

[0] [0] [0] [0] [TΓ3

Γb4
] [TΓa4

Γb4
] [I] [TΓc4

Γb4
] [0] [0] [TΓ5

Γb4
] [0] [0] [0] [0]

[0] [0] [0] [0] [TΓ3

Γc4
] [0] [TΓb4

Γc4
] [I] [TΓd4

Γc4
] [0] [TΓ5

Γc4
] [0] [0] [0] [0]

[0] [0] [0] [0] [TΓ3

Γd4
] [0] [0] [TΓc4

Γd4
] [I] [TΓe4

Γd4
] [TΓ5

Γd4
] [0] [0] [0] [0]

[0] [0] [0] [0] [TΓ3

Γe4
] [0] [0] [0] [TΓd4

Γe4
] [I] [TΓ5

Γe4
] [0] [0] [0] [0]

[0] [0] [0] [0] [0] [TΓa4

Γ5
] [TΓb4

Γ5
] [TΓc4

Γ5
] [TΓd4

Γ5
] [TΓe4

Γ5
] [I] [TΓa6

Γ5
] [TΓb6

Γ5
] [TΓc6

Γ5
] [0]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [TΓ5

Γa6
] [I] [TΓb6

Γa6
] [0] [TΓ7

Γa6
]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [TΓ5

Γb6
] [TΓa6

Γb6
] [I] [TΓc6

Γb6
] [TΓ7

Γb6
]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [TΓ5

Γc6
] [0] [TΓb6

Γc6
] [I] [TΓ7

Γc6
]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [TΓa6

Γ7
] [TΓb6

Γ7
] [TΓc6

Γ7
] [I]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(19)
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Fig. 6. Diagram of the receiving coil flux component.

Fig. 6 shows the 2-D model diagram with the magnetic shielding
of the receiving coil neglected. According to the VCTM, the new
coordinates of x33′ and x66′ , zzmin and zzmax in the figure are as
follows:

x33′ = x33 +
1

2
((x66 − t · w)− (x33 + t · w))

· (1− cos(θ)) +m (26)

x66′ = x66 − 1

2
((x66 − t · w)− (x33 + t · w))

· (1− cos(θ)) +m (27)

zzmin = z5 + zz − 1

2
((x66 − t · w)− (x33 + t · w))

· sin(θ) (28)

zzmax = z5 + zz +
1

2
((x66 − t · w)− (x33 + t · w))

· sin(θ) (29)

where x33′ = y33′ and x66′ = y66′ .
The magnetic flux density at the receiving coil (Region Γ5)

is divided into several flux components, as shown in Fig. 6.
According to (21) and (25) in the previous section, the expression
for the magnetic flux density in Region Γ5 in the 3-D model can
be derived as follows:

B5 = BxΓ5_1(x, y, z) +BxΓ5_2(x, y, z)

+BzΓ5_1(x, y, z) +BzΓ5_2(x, y, z) (30)

where BxΓ5_1(x, y, z), BxΓ5_2(x, y, z), and BzΓ5_1(x, y, z) are
the 2-D model flux densities in the XZ-plane. BzΓ5_2(x, y, z) is
the 2-D model flux densities in the Y Z-plane. The expressions
are as follows:

BxΓ5_1(x, y, z) = BxΓ5_2(x, y, z)

=
∂AΓ5

∂z
· fxz(x, y, z) ·Q(μr, θ,m) (31)

BzΓ5_1(x, y, z) = BzΓ5_2(x, y, z)

= −∂AΓ5

∂x
· fyz(x, y, z) ·Q(μr, θ,m). (32)

Fig. 7. Steps of for calculating the mutual inductance.

Finally, the mutual inductance expression of the proposed
rectangular coils with bilateral finite magnetic shields at arbi-
trary position is as follows:

M =
1

Ip

Ns∑
t=1

(∫ x66′−t·w

x33′+t·w

∫ y66−t·w

y33+t·w
BzΓ5_1(x, y, z5 + zz)dxdy

+

∫ x66′−t·w

x33′+t·w

∫ y66−t·w

y33+t·w
BzΓ5_2(x, y, z5 + zz)dxdy

+

∫ y66′−t·w

y33′+t·w

∫ zzmin

z5+zz

BxΓ5_1(x33′ + t · w, y, z)dydz

+

∫ y66′−t·w

y33′+t·w

∫ zzmax

z5+zz

BxΓ5_2(x66′ − t · w, y, z)dydz
)

(33)

where Ns is the number of turns of the receiving coil.
The steps of mutual inductance calculation for the proposed

analytical model are shown in Fig. 7.

IV. VERIFICATION OF EXPERIMENTS AND SIMULATIONS

To verify the feasibility of the arbitrary position during the
mutual inductance calculation proposed in this article, a set of
transceiver coil devices is built, as shown in Fig. 8. The detailed
parameters of the coil and magnetic shielding are shown in
Table I. The experimental environment is used with a 24-core
Intel processor with 2.2-GHz clock frequency and 64 GB RAM.
The programming tool is MATLAB. Number of elements in each
FEM simulation is: 63440-93031.
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Fig. 8. Diagram of the experimental setup.

TABLE I
PARAMETERS OF THE COIL AND MAGNETIC SUBSTRATE

Fig. 9. Experimental connection diagram of coil mutual inductance. (a) Co-
serial connection. (b) Antiserial connection.

In this article, an IM 3536 LCR impedance analyzer is used for
measurement. The mutual inductance is measured as follows:
1) As shown in Fig. 9(a), the transmitting and receiving coils
are connected in series in the same phase, and the measured
inductance is L1 = LT + LR + 2 M ; 2) As shown in Fig. 9(b),
the transmitting and receiving coils are connected in series
in the opposite phase, and the measured inductance is L2 =
LT + LR − 2 M . Then, the mutual inductance between the

Fig. 10. Experimental model of the coil position variation. (a) Vertical mis-
alignment. (b) Horizontal misalignment. (c) Rotational misalignment. (d) Hor-
izontal and rotational misalignment.

Fig. 11. Simplified diagram of bilateral model. (a) Vertical misalignment.
(b) Horizontal misalignment. (c) Rotational misalignment. (d) Horizontal and
rotational misalignment.

transmitting and receiving coils is M =| L1 − L2 | /4, where
LT is the self-inductance of transmitting coil and LR is the
self-inductance of receiving coil.

The simulation was verified by using the 3-D finite element
tool Ansys Maxwell, and the experimental model is shown
in Fig. 10. Experiments and simulations were conducted for
four cases of vertical misalignment, horizontal misalignment,
rotational misalignment, and horizontal and rotational misalign-
ment. The simulated results, experimental measurements, and
calculated results of the mutual inductance are compared.

Fig. 11 shows a simplified model. The magnetic shielding and
the coil are considered as a whole. The experiment will be per-
formed as shown in the figure below. Where ε1 is the simulation
error, and ε2 is the experimental error. The expressions are as
follows:

ε1 = |Mc −Ms|/Ms (34)

ε2 = |Mc −Me|/Me (35)
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TABLE II
MUTUAL INDUCTANCE FOR VERTICAL MISALIGNMENT

Fig. 12. Diagram of the experimental results for vertical misalignment.

where Mc is the mutual inductance calculation result, Ms is the
mutual inductance simulation result, andMe is the actual mutual
inductance measurement result.

A. Vertical Misalignment

The position change diagram of the vertical misalignment is
shown in Fig. 11(a). zz denotes the air gap from the transmitting
coil to the receiving coil. The range of zz is 40–140 mm,
and the step length is set to 10 mm. The results and errors of
the calculated, simulated, and experimental results of mutual
inductance are shown in Table II.

According to the data in Table II, ε1 is less than 3.87%, and
ε2 is less than 4.32%. The results show that the calculated, sim-
ulated, and experimentally measured results match. According
to the data in Table II, the coil mutual inductance variation curve
under vertical misalignment is plotted in Fig. 12.

As shown in Fig. 12, when the air gap between the transmitting
coil and the receiving coil is misaligned by the minimum amount
of zz, the mutual inductance achieves the maximum value. As
the air gap increases, the mutual inductance gradually decreases.
This is because the coupling between the coils decreases with
an increasing air gap.

TABLE III
MUTUAL INDUCTANCE FOR HORIZONTAL MISALIGNMENT

Fig. 13. Diagram of the experimental results for horizontal misalignment.

B. Horizontal Misalignment

The position change of the horizontal misalignment is shown
in Fig. 11(b). m indicates the distance of the horizontal mis-
alignment between the transmitting coil and the receiving coil.
zz has an initial value of 110 mm. m is set to an initial value
of 0 mm and a step size of ±20 mm. The results and errors of
the calculated, simulated, and experimental results of the mutual
inductance are shown in Table III.

In Table III, ε1 is less than 1.81%, and ε2 is less than 3.62%.
The results show that the calculated, simulated, and experimental
measurement results match. According to the data in Table III,
the coil mutual inductance variation curve under horizontal
misalignment is plotted in Fig. 13.

As shown in Fig. 13, when the horizontal misalignment be-
tween the transmitting coil and the receiving coil m is smallest,
the mutual inductance achieves the maximum value. As the hori-
zontal misalignment increases, the mutual inductance decreases.
This is because the coupling area between the receiving coil and
the transmitting coil decreases, which leads to a rapid decrease
in the mutual inductance.
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TABLE IV
MUTUAL INDUCTANCE FOR ROTATIONAL MISALIGNMENT

Fig. 14. Diagram of the experimental results for rotational misalignment.

C. Rotational Misalignment

The position change diagram of the rotational misalignment is
shown in Fig. 11(c). θ indicates the rotation angle of the receiving
coil and the receiving side magnetic shielding around the Y -axis
simultaneously. zz has an initial value of 110 mm. θ is set to an
initial value of 0◦ with a step size of ±10◦. The results and
errors of the calculated, simulated, and experimental values of
the mutual inductance are shown in Table IV.

According to the data in Table IV, ε1 is less than 4.79%,
and ε2 is less than 3.83%. The results show that the calculated,
simulated, and experimental measurement results match. The
mutual inductance change curve under rotational misalignment
is plotted in Fig. 14.

Fig. 14 shows that the mutual inductance increases and then
decreases when the receiving coil and the magnetic shielding
are rotated around the Y -axis at the same time.

D. Horizontal and Rotational Misalignment

The position change diagram of the horizontal and rotational
misalignment is shown in Fig. 11(d). zz has an initial value
of 110 mm, and θ has an initial value of 30◦. The horizontal
misalignment m is from −100 to +100 mm in steps of ±20

TABLE V
MUTUAL INDUCTANCE FOR HORIZONTAL AND ROTATIONAL MISALIGNMENT

Fig. 15. Diagram of the experimental results for horizontal and rotational
misalignment.

mm. The results and errors of the calculated, simulated, and
experimental results of the mutual inductance are shown in
Table V.

According to the data in Table V, ε1 is less than 3.24%, and
ε2 is less than 3.82%. The results show that the calculated,
simulated, and experimental measurements match. The coil
mutual inductance change curve under horizontal and rotational
misalignment is plotted in Fig. 15. As shown in Fig. 15, when the
rotation misalignment θ is 30◦ and the horizontal misalignment
m is −20 mm, the mutual inductance achieves the maximum
value.

E. Effect of Harmonic Number

In order to research the effect of harmonic number on the
calculation accuracy and calculation time, the harmonic number
is divided into three groups: 1) the region where the magnetic
shielding is located (Γa2, Γb2, Γc2, Γa6, Γb6, Γc6); 2) the region
where the transmitting coils are located (Γa4,Γb4,Γc4,Γd4,Γe4);
and 3) the all-air region (Γ1,Γ3,Γ5,Γ7). Each set of experiments
is categorized into two cases of vertical misalignment and arbi-
trary position: 1) Set vertical misalignment zz = 110 mm, hor-
izontal misalignment m = 0 mm, and rotational misalignment
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Fig. 16. Diagram of boundary conditions. (a) Regions Γa2, Γb2, Γc2, Γa6,
Γb6, and Γc6.

Fig. 17. Diagram of boundary conditions. (b) Regions Γa4, Γb4, Γc4, Γd4,
and Γe4.

θ = 0◦. 2) Set vertical misalignment zz = 110 mm, horizontal
misalignmentm= 60 mm, and rotational misalignment θ=30◦.
The number of harmonics is from 25 to 250 in steps of 25. Using
the simulated values as a reference, the effect of the number of
harmonics on the accuracy and calculation time is shown below.

As shown in Fig. 16, the highest accuracy of mutual induc-
tance calculation is obtained when the number of harmonics is
equal to 50. From Fig. 17, the highest accuracy of mutual induc-
tance calculation is obtained when the number of harmonics is
equal to 100. And then when the number of harmonics continues
to increase, the mutual inductance calculation accuracy remains
unchanged, but the calculation time increases.

In Figs. 16–18, FEM_V and ANA_V denote the simulated
and calculated results at vertical misalignment, respectively,
FEM_HR and ANA_HR denote the simulated and calculated
results at arbitrary position, respectively, and TIME_V and

Fig. 18. Diagram of boundary conditions. (c) Regions Γ1, Γ3, Γ5, and Γ7.

TABLE VI
TIME COMPARISON OF THE CALCULATED AND SIMULATED RESULTS

TIME_HR denote the runtime of the procedure at vertical mis-
alignment and arbitrary position, respectively.

As shown in Fig. 18, the mutual inductance calculation ac-
curacy is higher with the increase of the harmonic number and
stabilizes at 150. However, when the harmonic number is larger
than 150, the computation time continues to increase. Because
the receiving coil is located in region Γ5, the accuracy of the
mutual inductance calculation will decrease when a harmonic
number is too small; whereas the computation time will increase
when a harmonic number is too large.

F. Comparison

In this section, the runtime of the proposed calculation method
is compared with the runtime of FEM, as shown in Table VI.
The runtime of the proposed method is approximately 4 s with
vertical misalignment, which is approximately 19 times faster
than that of the FEM. The runtime of other three misalignments
is 12 s, which is approximately 11 times faster than that of the
FEM, verifying the rapidity of the method. More importantly, the
runtime of the proposed method does not increase with the scale
of the model, but the runtime of the FEM increases significantly
with the scale of the model.

The proposed method of this article is compared with other
methods in the literature mentioned in Table VII. Table VII
shows that the proposed method has a high degree of freedom
in receiving coils with a complex computational model and a
small error rate. The feasibility and superiority of the proposed
method is verified in this article.
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TABLE VII
COMPARISON OF THE METHODS AMONG IN THIS PAPER AND

OTHER LITERATURE

V. CONCLUSION

In this article, a mutual inductance calculation method for
rectangular coils with bilateral finite magnetic shields at ar-
bitrary position is proposed. First, the 3-D rectangular coil
structure is analyzed into two 2-D planes. The mutual induc-
tance calculation formula is derived for rectangular coils with
bilateral finite magnetic shields at vertical misalignment using
the SPM. Second, a VCTM is proposed for the case of horizontal
and rotational misalignment between the coils, and the mutual
inductance expression is obtained for the rectangular coils at
arbitrary position. The experimental results show that the mutual
inductance calculation, simulation, and experimental results are
basically consistent. The maximum error does not exceed 4.79%,
and the computation time of the proposed method is about 11
times of the simulation time. Compared with finite element
simulation, the proposed method is capable of model parameter-
ization, and the parameters can be flexibly modified according
to the requirements. The proposed method not only provides a
theoretical basis for the fast optimization of mutual inductance
between coils in wireless charging systems for electric vehicles,
but also provides a theoretical basis for the next study of mutual
inductance calculation methods between rectangular coils with
bilateral toroidal magnetic shields at arbitrary locations.
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