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Mutual Inductance Calculation of Rectangular Coils
at Arbitrary Position With Bilateral Finite Magnetic
Shields in Wireless Power Transfer Systems

Zhongbang Chen ", Zhongqi Li
and Yiming Zhang

Abstract—Horizontal or rotational misalignment between the
transmitting and receiving coils with magnetic shielding is in-
evitable during the wireless charging process, which leads to mutual
inductance changes between the coils with magnetic shielding.
However, there is no literature report on the mutual inductance cal-
culation method for rectangular coils with bilateral finite magnetic
shielding at arbitrary position. Therefore, the mutual inductance
formulation of the rectangular coil at vertical misalignment is first
obtained by the subdomain partition method (SPM). Then, the
mutual inductance formulation of the rectangular coil with bilat-
eral finite magnetic shielding at arbitrary position is obtained by
the proposed vector coordinate transformation method (VCTM).
Finally, this article presents the design of a wireless power transfer
system’s receiving and transmitting device according to the model
of this article. The results of mutual inductance are compared
between computational, simulation, and experimental results, and
the results show that the mutual inductance error rate is within
4.79%. Moreover, the mutual inductance calculation time is not
more than 12 s, which is 11 times faster than the finite element
simulation time. The accuracy and rapidity of the proposed method
in this article are verified

Index Terms—Magnetic shielding, mutual inductance calcula-
tion, rectangular spiral coil, wireless power transfer (WPT).

1. INTRODUCTION

IRELESS power transfer (WPT) technology can solve
W endurance problems for electric vehicles [1], [2]. At
present, WPT technology is widely used in other fields, such as
electronic bio-medicine [3], [4], payment devices [5], [6], drones

Manuscript received 26 February 2024; revised 6 June 2024; accepted 5 July
2024. Date of publication 9 July 2024; date of current version 4 September
2024. This work was supported in part by the National Program on Key
Research Project under Grant 2022YFB3403200, in part by the Natural Science
Foundation of Hunan Province under Grant 2022JJ30226, and in part by the
Project supported by the Research Foundation of Education Bureau of Hunan
Province under Grant 23A0432. Recommended for publication by Associate
Editor A. Safaee. (Corresponding authors: Zhongqi Li; Yiming Zhang.)

Zhongbang Chen, Zhiyuan Lin, and Junjun Li are with the College of
Traffic Engineering, Hunan University of Technology, Zhuzhou 412007,
China (e-mail: m21081101020@stu.hut.edu.cn; m21085400032 @stu.hut.edu.
cn; lijunjun@hut.edu.cn).

Zhonggqi Li is with the College of Traffic Engineering, Hunan University of
Technology, Zhuzhou 412007, China, and also with the College of Electrical and
Information Engineering, Hunan University, Changsha 410082, China (e-mail:
lizhongqi @hnu.edu.cn).

Yiming Zhang is with Fuzhou University, Fuzhou 350002, China (e-mail:
zym@fzu.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TPEL.2024.3425713.

Digital Object Identifier 10.1109/TPEL.2024.3425713

, Member, IEEE, Zhiyuan Lin, Junjun Li,
, Senior Member, IEEE

[7], [8], smart homes [9], etc. WPT system mainly consists
of transmitting and receiving coils. However, horizontal and
rotational misalignment between the receiving and transmitting
coils is unavoidable during the charging process. Therefore, the
research on the analytical method of mutual inductance calcu-
lation is significant in order to optimize the mutual inductance
of the coil structure.

In WPT systems, the most commonly used coil types are
rectangular and circular [10], [11], [12], in addition to crosses,
polygons, etc. Rectangular coils are widely used because of the
large receiving area and the suitability for paved roads. The
mutual inductance of the traditional coil model can be obtained
by the finite element method (FEM). However, because the FEM
is tedious to modify the modeling steps, it is not conducive
to closed-loop optimization. In addition, the FEM may have
problems such as nonconvergence and a long simulation process.
Therefore, scholars have researched several analytical methods
to calculate mutual inductance, such as the Newman function
[13], the Bessel and Struve functions [14], and the Biot—Savart
law [15], [16].

Considerable research has been conducted on calculating the
mutual inductance of hollow-core rectangular coils. Cheng and
Shu [17], Aydin et al. [18] derived the mutual inductance when
rectangular coils are coaxial based on Biot—Savart. However,
when the coils are horizontally misaligned, the mutual induc-
tance cannot be calculated. Dehui et al. [19], [20] used the
vertex method to obtain the mutual inductance when the coil is
misaligned horizontally, but rotational misalignment of the coil
cannot be achieved. Altun and Pirin¢¢i [21] derived the arbitrary
position mutual inductance of arbitrarily shaped planar polygo-
nal coils based on Stokes’ theorem. Wu et al. [22] implemented
a method for calculating the mutual inductance of coils under
horizontal and rotational misalignment by hyperbolic functions
and a spiral factor. However, the magnetic shielding is not con-
sidered in the above methods because rectangular coil structures
with magnetic shielding are more difficult to math model.

Magnetic shielding materials can be added to the WPT sys-
tem to improve charging efficiency. There are less research
on the calculation of mutual inductance of rectangular coils
with magnetic shielding. Luo and Wei [23] proposed a mutual
inductance calculation method for horizontally misaligned coil
by Maxwell’s equations, but only the magnetic shielding on one
side of the coil is considered. The above methods are not practical
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Fig. 1. 3-D diagram of the rectangular coils with bilateral finite magnetic
shields at arbitrary position.

because the thickness and width of the magnetic shielding is not
considered. Kushwaha et al. [24] derived the mutual inductance
of rectangular coils at arbitrary position based on hyperbolic
functions and Fourier series expansion. The references is only
considered the magnetic shielding of the transmitting coil and
not the receiving side. Rituraj et al. [25], Luo et al. [26] derived
the mutual inductance of the rectangular coil with bilateral mag-
netic shields by the separation of variables method. Although the
thickness and width of the magnetic shielding are considered in
the literature, the calculation of a finite magnetic shielding is
achieved. However, these studies failed to calculate the mutual
inductance of rectangular coils with bilateral finite magnetic
shields at arbitrary position.

In this article, the analytical model for calculating the mutual
inductance of rectangular coils with bilateral finite magnetic
shields at arbitrary position is shown in Fig. 1. This article
presents a new method for the calculation of mutual inductance
at arbitrary position, with the following main contributions:

a) The model of rectangular coils with bilateral finite mag-
netic shields is partitioned using the subdomain partition
method (SPM). This method does not require repeated
modeling, the procedure computation time is 19 times
faster than that of FEM. The runtime of proposed method
is 205 times faster than that of literature [25] and 4 times
faster than that of literature [26].

b) The mutual inductance of the rectangular coils at arbi-
trary position of the bilateral finite magnetic shields is
calculated by using the vector coordinate transformation
method (VCTM). This method can calculate both the
horizontal and rotational misalignment of the receiving
coil and the magnetic shielding.

¢) The proposed method not only achieves a high degree of
freedom in the receiving coil, but also has a small error
rate in the case of more complex models.

The rest of this article is organized as follows. Section II, a
2-D model of the rectangular coils with bilateral finite magnetic
shields is introduced. In Section III, the 2D-3D formulation of
the mutual inductance of the coil at arbitrary position is provided.
In Section IV, the experiment is discussed. Finally, Section V
concludes this article.
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Fig. 3. Schematic diagram of the boundary coordinates of different regions.

II. 2-D MODELS OF RECTANGULAR COILS WITH BILATERAL
FINITE MAGNETIC SHIELDS

In this section, an X Z-plane diagram with bilateral finite
magnetic shields and rectangular coils is established, as shown
in Fig. 2. T}, is the transmitting coil and R, is the receiving
coil. Regions Iy and I'y4 are cross-sections of the transmitting
coil, and the receiving coil is represented in Fig. 2. Copper
material with a relative magnetic permeability of u. is used
for the coils. Regions I} and I'¢ are magnetic shields, and the
rest of the regions are air. The magnetic shielding is made of
ferrite with a relative permeability of i, and thickness of d. b
denotes the air gap between the coil and the magnetic shielding,
w denotes the diameter of the single-turn coil, and zz denotes
the air gap spacing between the transmitting and receiving coils.
Therectangularregion (z1 < = < xg,21 < z < zg)isthe model
boundary, i.e., the magnetic vector potential is zero.

A. Magnetic Vector Potential Equation

The excitation current I, is passed through the transmitting
coil. The WPT system operates in the frequency range of
20-100 kHz, so this analytical model is quasi-static. The mag-
netic vector potential A; in each region is defined by the Poisson
(1). (2) is obtained by the separated variable method, and the
specific coordinates of the region boundaries are shown in Fig. 3.

0%4; 0?4
VZA; = 522 5.2 = —pofiJs (D
Ai = A7 + A7 + A7 )
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where, i (I} ~ I%) denotes the present region, A7 is the mag-
netic vector potential component denoting the z boundary, A? is
the magnetic vector potential component denoting the 2 bound-
ary, and A$ denotes the magnetic vector potential due to the
current density. czh , d? e;", f'" are the unknown coefficients.
1o denotes the absolute magnetic permeability of the vacuum,
1 denotes the relative permeability of the region, and .J; denotes
the current density.

1) Regions 1y, b4, L4, L6

A? and A7 of Regions I}2, 4, L 44, and I} interact on the
z-edge (z;-z;) and z-edge (x;-x¢), respectively. According to
(2), Regions Iy, Iy, I'44, Ihs are obtained as follows:

H;
T = (2 —2) 4 (2 — 2)d) + Z cos(k';; (x —x))-
hizl

A" sinh (K" (2 — 2;))
kM sinh (k- t,)

A

" M sinh (kM (2, — 2))
ki sinh(KD: - t.;)

3)
N;
Af = Z sin(kli (z — 21))-
ni:1
er cosh(K (w; — x)) S cosh(KL (& — @)
ki sinh(ED} - ty) ki sinh(EZ7 - t)

“)

Af = _0-5/140,uit]i22~ (5)

Significantly, the magnetic vector potentials A7, =0 and
A?be = 0 because there is no current in the regions I 5 and [ g.

¢, d?, h;, and n; are the spatial harmonic numbers. k"7 and k"

are the spatial frequencies, and the equations are expressed as
follows:

{kg{ = hiﬂ/txiv tyi = Tt — Xy . ©)

KM = [ttt = 2 — 2
2) Regions FaZ’ Fc2’ Fa4’ Fc4s Fe4, FaG’ FCG
All these regions are air media, and the region one boundary is
in contact with the model boundary. However, since the magnetic
vector potential of the model boundary is zero, the expressions
of AY and A7 for regions I ,2, Ico, I ya, Leas Tea, Toe, and g
can be obtained as follows:

H;
AT = sin(khi(x — o).
h;=1

" (cf’ sinh(k" (2, — 2))

d" sinh (k" (2 — 2))
kI sinh (k" - t.0)

kM sinh (kD - t,)
(N

N;
Af = Z sin(kZf (z — 21))-
ni:1
" e;" sinh(kli(z — x)) N flsinh(kD (x — x))
k2 sinh(EZ7 - ty,) k2 sinh(kZ7 - ty) )

(8)
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3) Regions I, I

Both regions are also air media that are different from other
air regions. The two sides of regions I} and I% are in contact
with the model boundary, so A7 = 0. A? is continuous with
several regions, so the magnetic vector expressions for regions
I and I can be obtained as follows:

H;
A7 =Y sin(kh (@ — x))-
hi=1
< Msinh (k" (2, — 2))
kM cosh(kD - t.,)

d" sinh (K" (2 — 2;))
kMicosh(kMi - t.;) )
©)
4) Regions I3, I
Regions I'; and I'; are similar to regions I’} and I7. However,
its boundary is not only continuous with the magnetic shielding
but also with the transmitting coil. Therefore, the magnetic
vector can be expressed as follows:
H;
AT =Y sin(k (@ — x1))-
hi=1
" M cosh(kM (2 — 2))
KM sinh (kM- t2)

d cosh(k (2 — z;))
M sinh(kM ) )
(10)

B. 2-D Boundary Conditions

The presence of the magnetic shielding will affect the dis-
tribution of the magnetic vector potential, which is difficult to
describe by differential equations only. Therefore, in order to
find a unique solution for the unknown coefficients mentioned
in the previous section, different boundary conditions need to
be introduced in the math model

B, =V x A;
(2 1 1]
{Hz' = B;/(pop:) ()
0A; 0A;
B; = — = B,; + B.;. 12
0z ox + (12)

All regions are divided into the following three cases, as shown
in Fig. 4. According to Fig. 4(a), c? in region I'; and d? in
region I are zero. The magnetic vector potential at the model
boundary is zero. Similarly, eg” inregions [ 42, I 44, and I',6 are
zero according to Fig. 4(b). The f;"* in the regions I 2, Ic4, and
I.g is zero.

C. Solution of Unknown Coefficients

The expressions of the unknown coefficients can be deter-
mined by linear equations. The following is an example of
region I7. According to Fig. 4(a), the equation for solving the
coefficients of region I} can be found as follows:

Hor (%, 2t) = Hor,, (Tr,, 2t) + Han, (21, 2t)
+Hch2($Fc2>Zt) (13)

where x, € (z1,22), 1, € (2,27), T, € (T7,23).
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Fig. 4. Diagram of boundary conditions. (a) Regions I'1, I3, I's, and I7%.
(b) Regions Iy2, I'c2, I'aa, L'ca, Lea, I'us, and I'eg. (c) Regions Iy, Iy,
Fd4, and Fbg.

Equation (13) is expanded by Fourier series [27], [28], which
yields the following expression for the unknown coefficient of
Region [7:

f "2 Hor,, (2, 22)
+ fx7 Har,, (x 22)
+ f " Hyr,,(, 22)

2popir
tzfl

dhﬁ —

= . sin(k:F (x —x1))dx

(14)

where hp, =1,2,3..Hp,.
Similarly, the unknown coefficients of the remaining regional
equations can be derived from the different boundary conditions
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in Fig. 4. Finally, all equations are linked and shown in matrix
form as follows:

15)

where [T] denotes the boundary condition matrix. [S] is the
matrix of the unknown coefficients, as shown in (16). [ E] is the
excitation current matrix, as shown in (17).

5= {[ar ] [erdiiz a7

0 hrys 0 th2 "sz My hFrZ hre, nre,
_ch2Csz dez Ty €Ty beQ Cres dF2 €re

[ hirg jhry Taq Ml

_CFg dF:s F4 d Loa JTaa

_CO hFMd th4 "FM NIy o Fea g Tea ”Fu4f"Fc4

i 4 Cryy @l Fb4 €ry, T Iea "Tea "Tea J1ca
0 hrd4 hFd4 "Fd4 L hFe4 hrey nrey

_ch4 Taa dFd4 Tys €T de4 d Iy €Iy

hry ;hrs w6 NIy
{cfsodr5o} |:F6 d I'ue ' Tus
h[‘ nr nr, .
b6 bb b6 b6 Tee Tee
[Cpbocrba dpbb Iyg The beG ] [ Cr.e d I'co FFG ]
T
h['
<[]

[E] = [[EFI] [Era2] [EFbQ] [EFcz] [Efs] [Era4] [EFb4] [EF(A]

(16)

[EF(M] [Epe4] [EFS} [EFG,G} [EFbG] [El_'ce] [EF7]]T 17

where [Er, ] to [ Er, ] are the excitation current matrices for each
region. The excitation current matrices in the region in contact
with the transmitting coil, such as [Er, |, [Er,, I, [En,, 1 [Er., ],
[Er,, ], [Er,,], and [Er,] are not zero matrices. The rest are all
zero matrices.

Equation (14) is simplified to (18). For the remaining regions
similarly, Matrix [7'] can be expressed as (19) shown at the
bottom of the next page. Matrix [/] is the unit matrix.

dit = |1fe | + 1] + [The] (18)
III. MUTUAL INDUCTANCE CALCULATION FOR RECTANGULAR

COILS AT ARBITRARY POSITION BASED ON THE
VTCM METHOD

In the previous section, the magnetic vectors in the X Z-plane
are known. A similar method is used to solve for the Y Z-plane
and then superimpose the two planes. Finally, the 3-D analytical
result is obtained. Two planes of rectangular coils with bilateral
finite magnetic shields at arbitrary position are shown in Fig. 5.
The parameters in Fig. 5 are the same as those shown in Fig. 2. In
Fig. 5(a), m is the distance of the horizontal misalignment of the
receiving coil with the magnetic shielding on the receiving side.
0 is the angle of the rotational misalignment of the receiving
coil with the magnetic shield on the receiving side. The specific
values of the parameters x and y are provided in the experimental
section.
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Fig.5. Plan view of the rectangular coils with bilateral finite magnetic shields

at arbitrary position.

As shown in Fig. 5(a), the magnetic shielding (Region ) is
horizontally and rotationally misaligned with the receiving coil
at the same time. The projection of the magnetic shielding is per-
formed by using the VCTM. The coordinates of the Y Z-plane
shown in Fig. 5(b) are maintained unchanged. The X Z-plane
is divided into regions under the new coordinates according to
the method of this article, and then the unknown coefficients are
obtained. By using the VCTM, the new coordinates are obtained
as follows:

x33_10
$66_01

(20)

N N

(1—cos(0)] |
(cos(@)—l)] :66 *

a:[‘bg
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introduced. According to the ratio of an infinitely long conductor
to a finite long conductor of the magnetic flux density in the
Biot-Savart law, the correction factor for a parallel rectangular
body in a certain plane can be obtained

9294

LA 1
T 2 +92) \ Vo2 +ga?

9283 9194 _ 9193 Q1)
Vi +g32 Vg2 + 9> Vg2? + gs?

where f7 is the infinitely long conductor flux and f5 is the finite
long conductor flux. g1, go, g3, and g4 are expressed as follows:

g1 = \/<x - %(xg + ;1:4)> +(z=(z+2)" (2

go = \/( - %(1‘5 + x6)> +(z— (24 + 25))2 (23)
93 = (3(ys +y1) — )
{94 = (5(ys +ys) —y) @4

To determine the effect of i, during the conversion from 2-D to
3-D, a factor g(u,-) was proposed in the literature [25]. However,
1 1s only considered, and variations in the rectangular coil are
not allowed at arbitrary position. For this purpose, a large number
of curve fits was performed in this article, and the following
functions are finally obtained:

Qi 6,m) = glr) (1 7514 (”9>4275 : m)

The y-direction of the X Z-plane and the z-direction of the Y Z- 180
plane are finite. Therefore, a 3-D correction factor needs to be (25)
[T] =
A B A B 4 B (R (U [ VR (V) R (U () (R (VR
3 I A % R (V) R S R 0] [0] (0] [0] [0] [0] (0] 0 [o]
[TrL] [Tzl [ (T2 [Try) (0] [0] [0] [0] [0] [0] (0] 0 [0]
058 I (0 N 2 B V3 I S B (0 [0] (0] [0] [0] [0] (0] 0 [o]
O [Tre] (T2 [Tr2) W) [TRe] (TR [Tre] [T5) [T (0] [0] (0] (0] (0]
(0] [0] (0] o (TR [ [T (0] ] (772 0] (0] 0 [0]
(0] [0] (0] (R I s I VA R /s B 0] ] [T7] 0] (0] 0 [0]
(0] [0] [0] (O SA I (U S I (U B (S R ) (0] 0 [0]
(0] [0] (0] ) (771 0] 50 B 4 B g B SR R 0] (0] 0 [0]
(0] [0] [0] ] [77:] 0] [0] [Trs) 1 [T (o) (0] 0 [0]
(0] [0] [0] (0] ] [Tre] ([T [Tre) [Tpe] [Tre) U [Tre] [TRe] [Tre] (0]
(0] [0] [0] [0] [0] [0] [0] [0] O 4S8 N 1 N L B (VR
(0] [0] [0] [0] [0] [0] [0] [0] [0] ) (T3] [Trel [ [T [T
I () ) [ (1 S (0 1 N (N () 50 N (U S0 I VA 5
IS U (N 1 N (1) (O (1) (U () R (U (U B AR B A B S I

(19)
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Step I: The model is divided into regions in the XZ
plane. As shown in Figure 2

B B)( 52
0 i [ i
B
2Z|Byrs. <? Lmax 77 i
ZZmink
Ly ] [ Ll [ b | T ]
I Iy
X33 X66' Y33 Y66
(a) (b)
Fig. 6. Diagram of the receiving coil flux component.

Fig. 6 shows the 2-D model diagram with the magnetic shielding
of the receiving coil neglected. According to the VCTM, the new
coordinates of x33 and xg¢/, 22min and 2zyax in the figure are as
follows:

T3y = 233+ %((%6 —t-w) — (z33 +t w))
- (1= cos(f)) +m (26)
oo = Teo — 5 (Teo — - w) — (233 +1-w))
- (1 —cos(6)) +m 27
zzmn1::Z54—zz——%((m66——t-u0-—(xggﬁ—t~w))
-sin(6) (28)
ZZmax = 25 + 22 + %((x% —t-w)— (33 +t-w))
-sin(6) (29)

where 33 = Y33 and Tee' — Y66 -

The magnetic flux density at the receiving coil (Region %)
is divided into several flux components, as shown in Fig. 6.
According to (21) and (25) in the previous section, the expression
for the magnetic flux density in Region I3 in the 3-D model can
be derived as follows:

35 - BCUF5_1 ($7y7z) + B$F5_2($7y7z)

+ Bary, (2,9,2) + By, (2,9, 2) (30)

where B, | (2,v, 2), Ban, , (2,9, 2), and B., , (x,y, 2) are
the 2-D model flux densities in the X Z-plane. B.r, , (z,y, 2) is
the 2-D model flux densities in the Y Z-plane. The expressions
are as follows:

Bfﬁfs,l (Cﬂ, Y, Z) = BIFo,z (xvya Z)

 0Ap,

W f:vz(mvywz) 'Q(lu’ragam) (31)
le—‘571 (35,2/72’) = BZ[’572(.13,Z/, Z)
0A
= == fua(,y,2) - Qur, 0,m). (32)

ox

Step II: Magnetic vector potential (3-10) for each
region is obtained by Poisson's (1).
v

Step III: Obtain the unknown coefficients using the
interface conditions Fig. 4.

!

Step I'V: Combining (20), the correction factor (21) and
(25), the 3-D magnetic flux is obtained.

y

Step V: The YZ-plane is operated according to steps I-
IV, the magnetic flux (30) is obtained.

¥

Step VI: Finally, the mutual inductance is calculated
using (33).

Fig. 7. Steps of for calculating the mutual inductance.

Finally, the mutual inductance expression of the proposed
rectangular coils with bilateral finite magnetic shields at arbi-
trary position is as follows:

s (/zés/t-w /yﬁﬁ t-w
=1 T3z +tw Y3z +t-w
T —tw Yee—t-w
+/ /
T3z +tw yz3+t-w
Yee! —t'W  LZZmin
+/ /
Yzzr+tw z5+z22

ysﬁ/*t'w ZZmax
+/ / BIFSJ(:EGG’ —t- w,y,z)dydz>
Y

33 +tw Jzs+zz
(33)

2

1
- B.ry (%Y, 25 + 22)dzdy
Ip

B.r, ,(x,y, 25 + zz)dxdy

zF51 xdd/ +t- w,y, z )dydz

where N, is the number of turns of the receiving coil.
The steps of mutual inductance calculation for the proposed
analytical model are shown in Fig. 7.

IV. VERIFICATION OF EXPERIMENTS AND SIMULATIONS

To verify the feasibility of the arbitrary position during the
mutual inductance calculation proposed in this article, a set of
transceiver coil devices is built, as shown in Fig. 8. The detailed
parameters of the coil and magnetic shielding are shown in
Table 1. The experimental environment is used with a 24-core
Intel processor with 2.2-GHz clock frequency and 64 GB RAM.
The programming tool is MATLAB. Number of elements in each
FEM simulation is: 63440-93031.
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Fig. 8. Diagram of the experimental setup.

TABLE I
PARAMETERS OF THE COIL AND MAGNETIC SUBSTRATE

Parameter Value
Number of turns of the transmitting coil, IN) 13
Number of turns of receiving coil, N 14
Diameter of copper wire, w 5 mm
Air gap between coil and magnetic shielding, b 5 mm
Thickness of magnetic shielding, d 5 mm
Relative permeability of magnetic shielding, p, 2800
Excitation current of the transmitting coil, 1), 10 A
Frequency of current 85 kHz
Harmonics (Hr,,,, H Tpos Hr,,,
Hraﬁ’HFbG’HFCS’NFaZ’NFb2’ 50
Nre,, Ylag> Vb6 Ve

Harmonics (Hr,,, Hry,» Hr,.,» Hr,,, 100
Hroys Nrag» Nroyys Nrogs Nrggs Nroy)

Harmonics for (Hr,, Hrs, Hry, Hp;) 150

0, 1, 1, 1.012, 1.077,
1.247,1.312, 1.324,
1.324, 2.324) m

Parameter (z1, x2, 3, 33, *4,
T5, T6, T66, L7, T8)

Parameter ( ©. 1,1, 1, 1.065,
Y1, Y2, 1)13, Y33, Y4, 113512, 1.2,
Y5, Y6, Y66, Y7, Y8 12,22) m
Parameter (21, 22, 23, 24, 25) (-1.015, -0.015, -0.01,
1, 22, 23, 24, 25 -0.005, 0) m
Coil length in the z-direction (z66 — z33) 312 mm
Coil length in the y-direction (yss — y33) 200 mm
L, L,
/T k /T k
1 23 4 1 2 4 3
(a) (b)
Fig. 9. Experimental connection diagram of coil mutual inductance. (a) Co-

serial connection. (b) Antiserial connection.

In this article, an IM 3536 LCR impedance analyzer is used for
measurement. The mutual inductance is measured as follows:
1) As shown in Fig. 9(a), the transmitting and receiving coils
are connected in series in the same phase, and the measured
inductanceis Ly = Ly + L + 2 M; 2) As shown in Fig. 9(b),
the transmitting and receiving coils are connected in series
in the opposite phase, and the measured inductance is Ly =
Lr+ Lr —2 M. Then, the mutual inductance between the
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Fig. 10.  Experimental model of the coil position variation. (a) Vertical mis-
alignment. (b) Horizontal misalignment. (c) Rotational misalignment. (d) Hor-
izontal and rotational misalignment.

(d)

Fig. 11.  Simplified diagram of bilateral model. (a) Vertical misalignment.
(b) Horizontal misalignment. (c) Rotational misalignment. (d) Horizontal and
rotational misalignment.

transmitting and receiving coils is M =| Ly — Lo | /4, where
L is the self-inductance of transmitting coil and Lp is the
self-inductance of receiving coil.

The simulation was verified by using the 3-D finite element
tool Ansys Maxwell, and the experimental model is shown
in Fig. 10. Experiments and simulations were conducted for
four cases of vertical misalignment, horizontal misalignment,
rotational misalignment, and horizontal and rotational misalign-
ment. The simulated results, experimental measurements, and
calculated results of the mutual inductance are compared.

Fig. 11 shows a simplified model. The magnetic shielding and
the coil are considered as a whole. The experiment will be per-
formed as shown in the figure below. Where ¢ is the simulation
error, and ¢ is the experimental error. The expressions are as
follows:

&1 = |Mc_Ms|/Ms
&9 = |Mc_Me|/Me

(34)
(35)
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TABLE III
MUTUAL INDUCTANCE FOR HORIZONTAL MISALIGNMENT
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TABLE IT
MUTUAL INDUCTANCE FOR VERTICAL MISALIGNMENT
zz(mm)  Ms(uH)  Mc(uH)  Mc(uH) €1 €2
40 39.8005  39.8894  40.8022  2.52% 2.29%
50 325209 33.2859 332251  2.17% 0.18%
60 26.9547  27.2892 272973  1.27%  0.03%
70 225695  22.6673 225962  0.12%  0.31%
80 19.0255 18.9088 18.8294  1.03% 0.42%
90 16.1975 15.9346 157872 2.53%  0.93%
100 13.8486 13.4825 133131 3.87% 1.26%
110 11.8988 11.5043 11.4964  3.38% 0.07%
120 10.2917 9.8483 10.2733  0.18% 4.32%
130 8.9531 8.5045 8.7863 1.86%  3.31%
140 7.8117 7.3708 7.5508 334%  2.44%
45 T T T T T T T Analytlca]
2ol + FEM .
O Experimentall
T oast -
=5
N—
Q
S 30F E
g
225t 1
e
=)
—
= 20 b
%"
s 15 b
10 | E
5 1 1 1 1 1 1 1 1 1 1 1
40 50 60 70 8 90 100 110 120 130 140
Vertical misalignment zz (mm)
Fig. 12.  Diagram of the experimental results for vertical misalignment.

where M. is the mutual inductance calculation result, M is the
mutual inductance simulation result, and M, is the actual mutual
inductance measurement result.

A. Vertical Misalignment

The position change diagram of the vertical misalignment is
shown in Fig. 11(a). zz denotes the air gap from the transmitting
coil to the receiving coil. The range of zz is 40-140 mm,
and the step length is set to 10 mm. The results and errors of
the calculated, simulated, and experimental results of mutual
inductance are shown in Table II.

According to the data in Table II, €1 is less than 3.87%, and
€9 1s less than 4.32%. The results show that the calculated, sim-
ulated, and experimentally measured results match. According
to the data in Table II, the coil mutual inductance variation curve
under vertical misalignment is plotted in Fig. 12.

Asshownin Fig. 12, when the air gap between the transmitting
coil and the receiving coil is misaligned by the minimum amount
of zz, the mutual inductance achieves the maximum value. As
the air gap increases, the mutual inductance gradually decreases.
This is because the coupling between the coils decreases with
an increasing air gap.

m(mm)  Ms(uH)  Me(uH)  Mc(uH) €1 €2
-100 7.6362 7.5541 7.6892 0.69% 1.79%
-80 8.9945 8.6941 8.9155 0.88%  2.55%
-60 10.1863 9.9105 10.0375 1.46% 1.28%
-40 11.1324  10.8128  10.9541  1.60% 1.31%
-20 11.7407 11.3723 11.5601 1.54% 1.65%
0 11.8988 11.5051 11.7734 1.05%  2.33%
20 11.6434 11.1558 11.5601 0.72%  3.62%
40 10.9482 10.7763 10.9541 0.05% 1.65%
60 9.9209 9.8443 10.0375 1.18%  1.96%
80 8.7568 8.7228 8.9155 1.81% 2.21%
100 7.5748 7.5535 7.6892 1.51%  1.80%
14 T T T T T T T AIla]ytica]
13t + FEM
(O Experimental
T} ;
2
31t .
g
3 10F ]
=]
RS
= 97 T
2
7k -
6 L— A A A A A A A A A A
-100 -80 -60 -40 20 0 20 40 60 80 100

Horizontal misalignment 7 (mm)

Fig. 13.  Diagram of the experimental results for horizontal misalignment.

B. Horizontal Misalignment

The position change of the horizontal misalignment is shown
in Fig. 11(b). m indicates the distance of the horizontal mis-
alignment between the transmitting coil and the receiving coil.
zz has an initial value of 110 mm. m is set to an initial value
of 0 mm and a step size of £20 mm. The results and errors of
the calculated, simulated, and experimental results of the mutual
inductance are shown in Table III.

In Table III, &4 is less than 1.81%, and 5 is less than 3.62%.
The results show that the calculated, simulated, and experimental
measurement results match. According to the data in Table III,
the coil mutual inductance variation curve under horizontal
misalignment is plotted in Fig. 13.

As shown in Fig. 13, when the horizontal misalignment be-
tween the transmitting coil and the receiving coil m is smallest,
the mutual inductance achieves the maximum value. As the hori-
zontal misalignment increases, the mutual inductance decreases.
This is because the coupling area between the receiving coil and
the transmitting coil decreases, which leads to a rapid decrease
in the mutual inductance.
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TABLE IV
MUTUAL INDUCTANCE FOR ROTATIONAL MISALIGNMENT
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TABLE V
MUTUAL INDUCTANCE FOR HORIZONTAL AND ROTATIONAL MISALIGNMENT

0(°)  Ms(uH)  Me(pH)  Mc(uH) €1 €2
-50 11.8817 11.7345 11.3293  4.65% 3.45%
-40 13.3461 13.2135 127071 479%  3.83%
-30 13.2076 13.1331 12.9055  2.29% 1.73%
-20 12.5542 12.3321 12.5822  0.22%  2.03%
-10 12.0817 12.0576  12.1453  0.53% 0.73%
0 11.8988 11.5051 11.7731  1.06%  2.33%
10 12.0322 12.0595 12.1453  094% 0.71%
20 12.4551 12.3265 125822 1.02%  2.07%
30 13.0277 13.0021 12.9055 0.94%  0.74%
40 13.2089 13.0615 127071 3.80% 2.71%
50 11.6338 11.6005 11.3293  2.62% 2.34%
1 T T T T T T T
6 -Analytical
sk ~+ FEM
O Experimentall
T 1} -
=5
N—
[}
Q 13 E
g
3 12 .
el
=]
=
= lF E
g
s 10 F E
9| i
50 -40 -30 20 -10 O 10 20 30 40 50
Rotational misalignment € (°)
Fig. 14.  Diagram of the experimental results for rotational misalignment.

C. Rotational Misalignment

The position change diagram of the rotational misalignment is
shownin Fig. 11(c).  indicates the rotation angle of the receiving
coil and the receiving side magnetic shielding around the Y -axis
simultaneously. zz has an initial value of 110 mm. 6 is set to an
initial value of 0° with a step size of £10°. The results and
errors of the calculated, simulated, and experimental values of
the mutual inductance are shown in Table I'V.

According to the data in Table IV, ¢1 is less than 4.79%,
and ¢, is less than 3.83%. The results show that the calculated,
simulated, and experimental measurement results match. The
mutual inductance change curve under rotational misalignment
is plotted in Fig. 14.

Fig. 14 shows that the mutual inductance increases and then
decreases when the receiving coil and the magnetic shielding
are rotated around the Y -axis at the same time.

D. Horizontal and Rotational Misalignment

The position change diagram of the horizontal and rotational
misalignment is shown in Fig. 11(d). zz has an initial value
of 110 mm, and 6 has an initial value of 30°. The horizontal
misalignment m is from —100 to +100 mm in steps of £20

m(mm)  Ms(uH)  Me(uH)  Mc(uH) €1 €2
-100 7.8409 7.6843 7.8985 0.73%  2.79%
-80 9.5193 9.4403 9.6602 1.48%  2.33%
-60 11.1529 10.9621 11.2932  1.26%  3.02%
-40 12.4901 12.3735 12.6273  1.10%  2.05%
-20 13.1786 13.0948 13.3191 1.07% 1.71%
0 13.0277 13.0021 13.2845  197% 2.17%
20 12.2014 12.2428 124612 2.13% 1.78%
40 10.9029 11.1195 11.0653  1.49%  0.49%
60 9.4239 9.5763 9.3827 0.44%  2.02%
80 7.8162 7.9093 7.6424 222%  3.37%
100 6.1583 6.1955 5.9589 324%  3.82%
14 T T T T T T T
-Analytical
3t <+ FEM
O Experimentall
[ = -
o 12
5.
o 11F E
=
S10F -
2
2 9 .
P
= gt i
E 8
=
= 7t 1
6} i
5 1 1 1 1 1 1 1 1 1 1 1
-100 -80 -60 -40 -20 O 20 40 60 80 100
Horizontal and rotational misalignment m (mm)
Fig. 15. Diagram of the experimental results for horizontal and rotational

misalignment.

mm. The results and errors of the calculated, simulated, and
experimental results of the mutual inductance are shown in
Table V.

According to the data in Table V, ¢, is less than 3.24%, and
€9 18 less than 3.82%. The results show that the calculated,
simulated, and experimental measurements match. The coil
mutual inductance change curve under horizontal and rotational
misalignment is plotted in Fig. 15. As shown in Fig. 15, when the
rotation misalignment 6 is 30° and the horizontal misalignment
m is —20 mm, the mutual inductance achieves the maximum
value.

E. Effect of Harmonic Number

In order to research the effect of harmonic number on the
calculation accuracy and calculation time, the harmonic number
is divided into three groups: 1) the region where the magnetic
shielding is located (L2, Ip2, Le2, I'as, Lves Ie6); 2) the region
where the transmitting coils are located (1,4, I b4, L 'cas 'gs, Leq);
and 3) the all-air region (I, I'5, I'5, I'7). Each set of experiments
is categorized into two cases of vertical misalignment and arbi-
trary position: 1) Set vertical misalignment zz = 110 mm, hor-
izontal misalignment m = 0 mm, and rotational misalignment
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Fig. 17.
and [ 4.

Diagram of boundary conditions. (b) Regions I'y4, Ipq, I'cas L4,

0 = 0°. 2) Set vertical misalignment zz = 110 mm, horizontal
misalignment m = 60 mm, and rotational misalignment § =30°.
The number of harmonics is from 25 to 250 in steps of 25. Using
the simulated values as a reference, the effect of the number of
harmonics on the accuracy and calculation time is shown below.

As shown in Fig. 16, the highest accuracy of mutual induc-
tance calculation is obtained when the number of harmonics is
equal to 50. From Fig. 17, the highest accuracy of mutual induc-
tance calculation is obtained when the number of harmonics is
equal to 100. And then when the number of harmonics continues
to increase, the mutual inductance calculation accuracy remains
unchanged, but the calculation time increases.

In Figs. 16-18, FEM_V and ANA_V denote the simulated
and calculated results at vertical misalignment, respectively,
FEM_HR and ANA_HR denote the simulated and calculated
results at arbitrary position, respectively, and TIME_V and

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 39, NO. 10, OCTOBER 2024

w

48
___________________ 44
40

o
T
1

b

T T
4
® 1
%)
[=))

= 2
2 29
g / — —FEM_V E
g 8 —=— ANA_V 128 <
2 1t/ e FEM_HR 124 §
2 —o— ANA_HR =
S 6f 4120 B
- —— TIME_V 5
3 st —— TIME_HR 116 £
= )
S 4t {12 8
N 18

\

0
25 50 75 100 125 150 175 200 225 250
Number of harmonics

Fig. 18. Diagram of boundary conditions. (c) Regions I, I's, I'5, and I7.

TABLE VI
TIME COMPARISON OF THE CALCULATED AND SIMULATED RESULTS

Modeling Type RA (s) RF (s)
vertical misalignment 4 75
horizontal misalignment 12 79
rotational misalignment 12 132
horizontal and rotational misalignment 12 129

where RA is the runtime of analytic and RF is the runtime of 422 FEM.

TIME_HR denote the runtime of the procedure at vertical mis-
alignment and arbitrary position, respectively.

As shown in Fig. 18, the mutual inductance calculation ac-
curacy is higher with the increase of the harmonic number and
stabilizes at 150. However, when the harmonic number is larger
than 150, the computation time continues to increase. Because
the receiving coil is located in region I35, the accuracy of the
mutual inductance calculation will decrease when a harmonic
number is too small; whereas the computation time will increase
when a harmonic number is too large.

FE. Comparison

In this section, the runtime of the proposed calculation method
is compared with the runtime of FEM, as shown in Table VI.
The runtime of the proposed method is approximately 4 s with
vertical misalignment, which is approximately 19 times faster
than that of the FEM. The runtime of other three misalignments
is 12 s, which is approximately 11 times faster than that of the
FEM, verifying the rapidity of the method. More importantly, the
runtime of the proposed method does not increase with the scale
of the model, but the runtime of the FEM increases significantly
with the scale of the model.

The proposed method of this article is compared with other
methods in the literature mentioned in Table VII. Table VII
shows that the proposed method has a high degree of freedom
in receiving coils with a complex computational model and a
small error rate. The feasibility and superiority of the proposed
method is verified in this article.
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TABLE VII
COMPARISON OF THE METHODS AMONG IN THIS PAPER AND
OTHER LITERATURE
Literature Method HM AP SM BM FT FL ER
[18] Biot-Savart X XX X XX 584%
[19] SOVP formulation v/ X X X X X 3.00%
[20] Vertex method v/ X X X X X 5.00%
[21] Stokes Theorem vV VX X XX 433%
[22] Hyperbolic function vV /X X XX 500%
[23] Bessel transformation v/ X v/ X X X 857%
[24] Fourier series v vV XV X 130%
[26] Separate variable v XV VVV1450%
This paper ~ SPM, VCTM S 479%

where HM is the horizontal misalignment.

AP is the arbitrary position.

SM is the single-side magnetic shielding.

BM is the bilateral magnetic shields.

FT is the finite thickness of the magnetic shielding.
FL is the finite length of the magnetic shielding.
ER is the maximum error rate.

V. CONCLUSION

In this article, a mutual inductance calculation method for
rectangular coils with bilateral finite magnetic shields at ar-
bitrary position is proposed. First, the 3-D rectangular coil
structure is analyzed into two 2-D planes. The mutual induc-
tance calculation formula is derived for rectangular coils with
bilateral finite magnetic shields at vertical misalignment using
the SPM. Second, a VCTM is proposed for the case of horizontal
and rotational misalignment between the coils, and the mutual
inductance expression is obtained for the rectangular coils at
arbitrary position. The experimental results show that the mutual
inductance calculation, simulation, and experimental results are
basically consistent. The maximum error does not exceed 4.79%,
and the computation time of the proposed method is about 11
times of the simulation time. Compared with finite element
simulation, the proposed method is capable of model parameter-
ization, and the parameters can be flexibly modified according
to the requirements. The proposed method not only provides a
theoretical basis for the fast optimization of mutual inductance
between coils in wireless charging systems for electric vehicles,
but also provides a theoretical basis for the next study of mutual
inductance calculation methods between rectangular coils with
bilateral toroidal magnetic shields at arbitrary locations.
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