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Low-Complexity and Less-Conservativeness
Ostrowski Stability Criterion for Parallel Fractional
Grid-Connected Converters Under Unbalanced Grid

Bo Long , Senior Member, IEEE, Wandi Yang , JieFeng Hu , Senior Member, IEEE,
Jose Rodriguez , Fellow, IEEE, and Kil To Chong , Member, IEEE

Abstract—Three-level T-type converter (3LT2C) with LCL filter
have been widely used in renewable energy power generation
system. Recent articles have shown that, due to the fractional
characteristics of the inductance and capacitance of the LCL fil-
ter, the fractional-order model has higher accuracy than integer-
order model in describing the static- and dynamic-behaviors of
the physical LCL-3LT2C converter. To evaluate the stability of the
grid-connected fractional LCL-3LT2C, fractional impedance model
is often used. However, due to the fractional calculus, the overall
order of the characteristic equation would increase, thus leading to
high computation burden. Existing eigenvalues estimation method
is not accurate enough for excessive estimation range. To solve these
problems, a low-complexity and less-conservative stability criteria
based on Ostrowski theorem is proposed, which determines the
critical stability point according to the system loop gain matrix.
First, the fractional sequence admittance models for a single and
multiparallel F3LT2C are established under unbalanced grid. Sec-
ond, the critical stability points of the system are determined by
Ostrowski theorem. Simulation and experimental results verify
the modeling accuracy of the proposed fractional model and the
effectiveness of the proposed stability theorem in low-complexity
and less-conservativeness.

Manuscript received 19 December 2023; revised 9 March 2024 and 21
April 2024; accepted 19 May 2024. Date of publication 22 May 2024; date
of current version 16 July 2024. This work was supported in part by the Natural
Science Foundation of Sichuan Province under Grant 23NSFSC0294, in part
by Guangdong Basic and Applied Basic Research Foundation under Grant
2023A1515240058, in part by the Funding for Chengdu Science and Technol-
ogy Bureau level International Cooperation Projects under Grant 2023-GH02-
00014-HZ). Recommended for publication by Associate Editor M. Molinas.
(Corresponding author: Bo Long.)

Bo Long and Wandi Yang are with the School of Mechanical and Electri-
cal Engineering, University of Electronic Science and Technology of China
(UESTC), 611731, China, also with the Yangtze Delta Region Institute
(Huzhou), UESTC, Huzhou 313001, China, and also with the Institute of Elec-
tronic and Information Engineering of UESTC in Guangdong, 523808, China
(e-mail: longbouestc1980@126.com; 202121040318@std.uestc.edu.cn).

JieFeng Hu is with the Centre for New Energy Transition Research, Federation
University Australia, Mount Helen, VIC 3353, Australia, also with the Future
Regions Research Centre, Federation University Australia, Mount Helen, VIC
3353, Australia (e-mail: j.hu@federation.edu.au).

Jose Rodriguez is with the Faculty of Engineering, Universidad Andres Bello,
Santiago 8370146, Chile (e-mail: jose.rodriguez@unab.cl).

Kil To Chong is with the Department of Electronics and Information En-
gineering, Jeonbuk National University, Jeonju 54896, South Korea (e-mail:
kitchong@jbnu.ac.kr).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TPEL.2024.3404356.

Digital Object Identifier 10.1109/TPEL.2024.3404356

Index Terms—Fractional inductor and capacitor, Gershgorin
theorem, Ostrowski theorem, stability margin, T-type grid-
connected converter.

I. INTRODUCTION

W ITH the increasing integration of renewable energy into
power grid [1], compared with the single converter, the

multiparallel grid-connected converter (MP-GCC) [2] plays a
more important role in increasing power capacity, enhancing
the reliability and reducing the current harmonics [3]. However,
the presence of unbalanced grid conditions [4], i.e., the multi-
phase short-circuit fault and unbalanced load [5], which poses
significant challenges to the stability and output current quality
of MP-GCC. Therefore, it is crucial to determine the critical
stable resonance point of MP-GCC under unbalanced grid.

The power and control parts of traditional system modeling
are often modeled by integer-order calculus. However, more
and more studies have shown that active devices such as actual
inductors [6] and capacitors [7] often exhibit fractional order
(FO) calculus characteristics in actual circuits. Therefore, using
fractional calculus theorem, the more accurate FO system math-
ematical model can be established. It will be closer to the actual
physical model and the error is smaller, which is conducive
to the subsequent research and analysis based on the system
mathematical model.

At present, the modeling of FO systems mainly focuses
on the circuit model containing fractional inductance and ca-
pacitance, and the fractional controller model, such as FO
commande robuste d’Ordre non entier (CRONE) control, FO
proportional-integral-deriative (PID) controller, fractional-order
sliding-model control [8], etc. The modeling of FO power
electronic converters is mainly divided into two categories, FO
modeling in time-domain and frequency-domain.

In terms of time-domain modeling, most studies choose the
state-space model to analyze the FO system. In [9], a sliding
FO control safety was applied with the state-space model of
multilevel converter, which improved the system robustness
under system parameter uncertainties and nonlinear load alter-
ations. In [10], a robust adaptive fuzzy FO nonsingular terminal
sliding-mode controller was used to improve the output voltage
tracking ability of dc/dc buck converters. In [11], to eliminate the
disturbance, a high-order nonlinear disturbance observer based
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on FO sliding-mode control strategy was proposed for Buck
converters, which also used the state space model.

On other hands, the FO modeling in frequency-domain
mainly focuses on the impedance modeling. In [12], a frac-
tional active damping control with a more tuning parameter for
grid-connected converter high-power photovoltaic systems was
proposed, which robustly mitigated the passive filter resonance
and improve the power quality. In [13], the coupling between the
doubly-fed induction generator and the grid was analyzed, which
proposed fractional damping to enhance the system robustness
and improve the tracking ability of the phase-lock-loop (PLL).

The stability analysis for different system models can be
divided into two types, time- and frequency-domain [14], [15].
The stability of the system in time-domain is determined by
the eigenvalues of the state-space equation. For example, the
reduced-order Jacobian matrix criterion was applied to analyze
the stability characteristics of grid-connected converters [16]. In
[17] and [18], Lyapunov stability theorem and Floquet theorem
were proposed with the small-signal state-space model to deter-
mine the system stability of multilevel converters. These stability
analysis methods can help estimating the parameter range of
the controller. However, the time-domain stability analysis is
based on the state-space model. When the grid voltage falls
within unbalanced conditions, it becomes difficult to separate
the negative- and positive-sequence.

In frequency-domain, there are many classical methods to
analyze, i.e., the Routh criterion, impedance ratio criterion and
Nyquist stability criterion [19]. In [20], the Nyquist stability
criterion was utilized to assess small-signal stability of grid-
connected converter and the short time small-signal was injected
to the reference current of control loop to identify the grid
impedance. In [21], a discrete generalized Bode criterion was
proposed, which combined the Nyquist criterion and open loop
Bode diagram to analyze the stability of the impedance of the
three-phase converter. Compared with the impedance model,
admittance model is more suitable for the FLCL-3LT2C in
parallel connection [22].

Traditional Nyquist stability criterion needs to calculate the
eigenvalues, however, for high-order complex converter-grid
coupling system, the calculation of the eigenvalues is often very
complicated for fractional system. To reduce the calculation
burden, an eigenvalue estimation method based on the system
model was often used for stability analysis. In [23], the calcula-
tion of eigenvalues in conventional Nyquist criterion was sim-
plified by estimating the eigenvalue range by Gershgorin discs
theorem.

Gershgorin theorem is one of the discs theories, which is
also the basis of using inverse Nyquist array of multivariable
frequency control. It has been already used in [24] to estimate
the controller and PLL parameter range of a double-fed induction
generator when the system is in stable operation. While another
disc theorem, Ostrowski theorem, has narrower circular bands in
the complex plane than those computed by Gershgorin theorem,
and therefore has a more accurate and less conservative range of
eigenvalues estimation. Accordingly, this article applied the Os-
trowski stability criterion to estimate the range of the eigenvalue
of the loop gain matrix to determine the critical stability point,

and compared the results with those calculated by Gershgorin
theorem.

In summary, the main contribution of this article is summa-
rized as follows.

1) Based on the fractional calculus, fractional model of the
LCL-3LT2C established, which is proved to have higher
accuracy by comparing it with the integer-order mathe-
matical model and the physical object.

2) The Ostrowski theorem is combined with the fractional
admittance model to calculate the stability margin and
justify the critical stability point of the parallel connection
converter under unbalanced grid. This improved stability
criterion could reduce the computational complexity and
the operation time.

3) Experimental results of the critical stability points calcu-
lated by different methods verify the low conservativeness
and higher accuracy of the proposed method.

The rest of this article is organized as follows. Section II
introduces the power circuit of FLCL-3LT2C based on fractional
calculous. Sections III and IV give the sequence fractional
admittance model for a single and parallel FLCL-3LT2C under
unbalanced grid. Based on the loop gain matrix, Section V
compares the stability critical point calculated by Gershgorin
and Ostrowski theorems. Section IV illustrates the experimental
results, which validates the effectiveness of the proposed method
under two scenarios. Finally, Section VII concludes this article.

II. POWER CIRCUIT OF FRACTIONAL GRID-CONNECTED

LCL-3LT2C CONVERTER

A. Preliminary of Fractional Order Calculus

The concept of FO calculus is extended from the integers to
the real axis and even the whole complex plane. Depending on
the needs, the main definitions of FO operators are currently
Grunwald–Letnikov (GL), Riemann–Liouville, and Caputo(C)
definitions, but all three calculus definitions have the same
general expression as

Dα
t f(t) =

⎧⎪⎨
⎪⎩

dαf(t)
dtα , α > 0

f(t), α = 0∫ t

t0
f(τ)dτα, α < 0

(1)

where Dα
t is the FO calculus operator, α is the FO. According

to the existing research, the order of FO inductor and capacitor
is positive. Based on (1), the comparison of electrical character-
istics of FO and integer order (IO) of inductor and capacitor in
time- domain and frequency-domain can be obtained, as given
in Table I.

B. Topology Description

The topology of parallel-connected fractional-order three
phase T-type converter with LCL filter is demonstrated in Fig. 1,
which contains two parts: power module and control module.

In Fig. 1, two series connected capacitors C1 and C2 are
set at the dc-link, then twelve power transistors are denoted
as Ta1 to Ta4, Tb1 to Tb4 and Tc1 to Tc4. The fractional LCL
filter is composed of fractional inductance L1 and L2, fractional
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TABLE I
COMPARISON BETWEEN FO- AND IO-INDUCTANCE AND CAPACITANCE

Fig. 1. Power circuit topology of a FLCL-3LT2C.

capacitance Cf and their parasitic resistances RL1, RL2, RC .
e, i1, vC , iC are converter voltage and current, capacitance
voltage and current respectively. At the grid side, the converters
are parallel connected at the point of common coupling (PCC)
while the grid impedance is formed of Lg and Rg . vg and ig are
the grid voltage and current.

The controller contains the duel second order general integra-
tor PLL, the abc− dq frame transformation module, the current
regulator and pulsewidth modulator generator. The capacitor
current feedback module is the constant HC . α1, α2 and β are
the FO of L1, L2 and Cf , respectively.

III. SEQUENCE ADMITTANCE MODEL UNDER

UNBALANCED GRID

A. Sequence Separation of the Grid Voltage and Current

According to the method of symmetrical components and
due to the absence of zero sequence in the grid connected
converter, the unbalanced grid voltage of FLCL-3LT2C could be
decomposed into positive sequence and negative sequence. The
grid voltage of phase a in time-domain vga can be decomposed
as

vga = V1 cos(ω0t) + V2 cos(ω0t+ ϕ2)

+ Vp cos(ωpt+ ϕp) + Vn cos(ωnt+ ϕn) (2)

where V1 and V2represent the amplitude of positive- and
negative-fundamental sequence, ω0 is fundamental angular fre-
quency; VP and Vn represent the amplitude of positive and
negative perturbation sequence, ωp, ωn, ϕp and ϕn represent
their angular frequency and their initial phase, respectively.
Equation (2) could be transformed to frequency-domain by

Fig. 2. abc− dq transformation of PLL with Δθ.

utilizing Fourier transform, which is given as

vga[f ] =

⎧⎨
⎩
V 1 + V 2 = (V1/2)e+ (V2/2)e

±jϕ2 , f = ±f1
V p = (Vp/2)e

±jϕp , f = ±fp
V n = (Vn/2)e

±jϕn , f = ±fn
(3)

where f1, fp, fn are the fundamental, positive perturbation and
negative perturbation frequency respectively. The frequency do-
main expression of the symmetrical components of grid current
is similar to (3). It is derived in (4), where I1 and I2 represent
the amplitude of positive and negative fundamental grid current
sequence; IP and In represent the amplitude of positive and
negative perturbation sequence; ϕi1, ϕi2, ϕip and ϕin are there
initial phase angle, respectively,

iga[f ] =

⎧⎪⎪⎨
⎪⎪⎩

I1 + I2 = (I1/2)e
±jϕi1 + (I2/2)e

±jϕi2 ,
f = ±f1

Ip = (Ip/2)e
±jϕip , f = ±fp

In = (In/2)e
±jϕin , f = ±fn

. (4)

B. Small-Signal Model of PLL

Since the controller requires the transformation of grid voltage
and current from abc to dq frame, but due to the unbalanced grid
including positive and negative sequence perturbation, the phase
angle θ extracted by PLL is the sum of fundamental phase angle
θ1 and error angle Δθ as Fig. 2.

Because Δθ is much smaller than θ, assume cosΔθ ≈ 1,
sinΔθ ≈ Δθ, then T (θ) is derived in (5), cosθ and sinθ are
expressed as

T (θ1) =

⎡
⎢⎣

cos θ1 cos
(
θ1 − 2π

3

)
cos

(
θ1 +

2π
3

)
− sin θ1 − sin(θ1 − 2π

3 ) − sin
(
θ1 +

2π
3

)
1
2

1
2

1
2

⎤
⎥⎦

T (Δθ)=

⎡
⎣Δθ 1 0
−1 Δθ 0
0 0 1

⎤
⎦ (5)

{
cos θ ≈ cos θ1 − sin θ1Δθ
sin θ ≈ sin θ1 + cos θ1Δθ

. (6)

According to [25], under the influence of fundamental
positive- and negative-sequence voltage V 1 and V 2, the per-
turbation components of positive- and negative-perturbation
voltage V p and V n of Δθ in frequency-domain Δθ[f ] are as
follows:

Δθ(f) =

⎧⎪⎪⎨
⎪⎪⎩

∓jG(s)V p, f = ±(fp − f1)
±jG(s)V n, f = ±(fn + f1)
±jFp(s)V pV 2, f = ±(fp + f1)
∓jFn(s)V nV

∗
2, f = ±(fn − f1)

,
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⎧⎨
⎩
G(s) = HPLL(s)/(1 + V1HPLL(s))
Fp(s) = G(s)G(s∓ j4πf1)
Fn(s) = G(s)G(s± j4πf1)

(7)

where HPLL = 1
s (KpPLL + KiPLL

s ). Substituting (7) into (6) and
apply Fourier Transform, then the frequency-domain expression
for the sine- and cosine-components of θ are cos(θ)[f ] and
sin(θ)[f ], are shown as

cos(θ)[f ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1/2, f = ±f1

(G(s)V p + Fp(s)V pV 2)/2, f = ±f
p

−G(s)V p/2, f = ±(fp − 2f1)

(G(s)V n + Fn(s)V nV
∗
2)/2, f = ±f

n

−G(s)V n/2, f = ±(fn + 2f1)

−Fp(s)V pV 2/2, f = ±(fp + 2f1)

−Fn(s)V nV
∗
2/2, f = ±(fn − 2f1)

(8)

sin(θ)[f ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∓j/2, f = ±f1
(∓jG(s)V p ± jFp(s)V pV 2)/2, f = ±f

p

±jTpV p/2, f = ±(fp − 2f1)

(∓jTnV n ∓ jFn(s)V nV
∗
2)/2, f = ±f

n

±jTnV n/2, f = ±(fn + 2f1)

±jFp(s)V pV 2/2, f = ±(fp + 2f1)

∓jFn(s)V nV
∗
2/2, f = ±(fn − 2f1)

.

(9)

Substituting the output of PLL in frequency-domain in (5)
with (8) and (9), the frequency-domain expression of the abc−
dq transformation matrix T (θ)[f ] could be obtained in (10),
which contains the phase angle errorΔθ caused by positive- and
negative harmonic sequence voltage influenced by fundamental
grid voltage

T (θ) [f ]

=

⎡
⎢⎣

cos(θ)[f ] cos(θ − 2π
3 )[f ] cos(θ + 2π

3 )[f ]

− sin(θ)[f ] − sin(θ − 2π
3 )[f ] − sin(θ + 2π

3 )[f ]
1
2

1
2

1
2

⎤
⎥⎦ .

(10)

C. Current Regulator Model Under dq-Frame

Applying the frame transformation matrix T (θ) to (4), then
the grid current in dq frame with the positive- and negative-
sequence coupling are shown as

igd[f ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

I1 cosϕi1, f = 0
I2, f = ±2f1

Ip ∓ j sinϕi1I1G(s)V p, f = ±(fp − f1)

±j sinϕi1I1Fp(s)V pV 2, f = ±(fp + f1)

In ± j sinϕi1I1G(s)V n, f = ±(fn − f1)

∓j sinϕi1I1Fn(s)V pV
∗
2, f = ±(fn + f1)

(11)

Fig. 3. Diagram of PI controller under dq-frame.

igq[f ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

I1 sinϕi1, f = 0
±jI2, f = ±2f1
∓Ip ± j cosϕi1I1G(s)V p, f = ±(fp − f1)

∓j cosϕi1I1Fp(s)V pV 2, f = ±(fp + f1)

±jIn ± jcoaϕi1I1G(s)V n, f = ±(fn − f1)

±j cosϕi1I1Fn(s)V pV
∗
2, f = ±(fn + f1)

.

(12)

The current regulator has to transform the controlled vari-
ables from abc- to dq-frame, as shown in Fig. 3, where idref
and iqref are grid current reference; igd, igq and iCd, iCq are
the sampling grid current and the filter capacitance current;
HPI(s) = kpPI + kiPI/s is the proportional and integral con-
troller; Kdq = (L1 + L2)ω0 is the decoupling constant; HC is
the feedback constant of capacitance current.

Substituting the grid current in (11) and (12) with the variables
in Fig. 3, the converter voltage in dq frame ed and eq could be
expressed with grid current and voltage given as[
ed
eq

]
=HPI(s)

[
idref
iqref

]
+

[
M(s) Kdq

−Kdq M(s)

] [
igd
igq

]
−Cfs

β

[
vgd
vgq

]

M(s) = CfL2s
(α2+β) −HPI(s). (13)

The reference value of positive and negative perturbation grid
current can be assumed to be suppressed to zero. Assuming the
dc components of current regulator is D0 and Q0, they can be
calculated through circuit equations at the operating point with
fundamental frequency, as shown in [25]. Finally, the output of
the current regulator in frequency-domain is given as

ed[f ]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CfL2s
(α2+β)I1 cosϕi1 −KdqI1 sinϕi1 +D0, f = 0

M(s)I2 ± jKdqI2 − Cfs
βV 2, f = ±2f1

Ip(M(s)±Kdq) + jI1G(s)V p(∓ sinϕi1(M(s)

−Cfs
β)∓ cosϕi1Kdq), f = ±(fp − f1)

jI1Fp(s)V pV 2(± sinϕi1(M(s)− Cfs
β)

∓ cosϕi1Kdq), f = ±(fp + f1)

In(M(s)± jKdq) + jI1G(s)V n(± sinϕi1(M(s)

−Cfs
β)± cosϕi1Kdq), f = ±(fn − f1)

jI1Fn(s)V nV
∗
2(∓ sinϕi1(M(s)− Cfs

β)

± cosϕi1Kdq), f = ±(fn + f1)

(14)
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eq[f ]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CfL2s
(α2+β)I1 cosϕi1 −KdqI1 sinϕi1 +Q0, f = 0

M(s)I2 ∓ jKdqI2 − Cfs
βV 2, f = ±2f1

Ip(M(s)∓Kdq)+jI1G(s)V p(± cosϕi1(M(s)

−Cfs
β)± sinϕi1Kdq), f = ±(fp − f1)

jI1Fp(s)V pV 2(∓ cosϕi1(M(s)

−Cfs
β)± sinϕi1Kdq), f = ±(fp + f1)

In(M(s)∓ jKdq)+jI1G(s)V n(∓ cosϕi1(M(s)

−Cfs
β)∓ sinϕi1Kdq), f = ±(fn − f1)

jI1Fn(s)V nV
∗
2(± cosϕi1(M(s)− Cfs

β)

∓ sinϕi1Kdq), f = ±(fn + f1)

.

(15)

Applying inverseabc− dq transformation matrixT−1(θ), the
converter voltage e can be transformed to abc-frame expressed
by positive- and negative-perturbation sequence of grid current
and voltage, whose coefficient matrix Cig and CV g can be
derived from (14) and (15), and the converter-side voltage is
given as follows:
⎡
⎣eaeb
ec

⎤
⎦=CigA

⎡
⎣Ip

In

0

⎤
⎦+CvgA

⎡
⎣V p

V n

0

⎤
⎦ ,A=

⎡
⎣ 1 1 1
α2 α 1
α α2 1

⎤
⎦
(16)

where α = ej2/3π .

D. Sequence Admittance of a Single FLCL-3LT2C Converter

1) Admittance Model of a Single FLCL-3LT2C: Based on
Kirchhoff’s voltage law and the FO calculus, the circuit equation
of a single FLCL-3LT2C in frequency-domain under abc frame
is derived as⎡
⎣eaeb
ec

⎤
⎦ = (1 + L1Cfs

(α1+β))

⎡
⎣vgavgb
vgc

⎤
⎦

+
(
sα1L1 + sα2L2 + L1L2Cfs

(α1+α2+β)
)⎡
⎣igaigb
igc

⎤
⎦ .

(17)

Substituting the converter voltage in (17) with (16) and con-
vert the grid voltage and current to positive and negative se-
quence expressions, then the output admittance of FLCL-3LT2C
is derived[

Ip

In

]
= −Y o

[
V p

V n

]
= −

[
Y

PP
Ypn

Y
nP

Ynn

] [
Vp

V n

]
(18)

where the expression of Y o is as (19) and I is 2× 2 identity
matrix

Y o =
Cvg − (1 + L1Cfs

(α1+β))I

Cig − (
sα1L1 + sα2L2 + L1L2Cfs(α1+α2+β)

)
I
.

(19)

TABLE II
FRACTIONAL ORDER DESCRIPTION

TABLE III
PARAMETER SPECIFICATIONS

E. Accuracy Comparison of Fractional Admittance Model

FO in real circuits can be obtained by the voltage step response
combined with least squares, etc., but how to measure the exact
filter order is beyond the focus of this article. According to
the existing fractional-order system research, the order of the
inductor and capacitor is usually between [0,2], so the FO
selected in the simulation and experiments in this article is given
in Table II.

To verify the higher accuracy of fractional-order admittance,
a simulation model of the FLCL-3LT2C with the parameter
in Table III was built in MATLAB/Simulink. The converter is
treated as a black box, and the small-signal voltage perturbations
with different frequency are applied on the grid side [26]. This
allows obtaining the magnitude-frequency characteristics sam-
pling points of positive- and negative- sequence impedance in
the range of [100, 104] Hz, represented as orange dots in Figs. 4
and 5. Both integer-order model and FLCL-3LT2C mathematical
admittance models Ypp_IO, Ynn_IO and Ypp_FO, Ynn_FO were
compared in the Bode plot, along with the sampled points of the
simulation model, as shown in Fig. 4.

It can be observed that the positive sequence admittance is in-
ductive in the low-frequency and high-frequency bands with the
phase approaching 90°. In the mid-frequency range, it becomes
capacitive, with the phase approaching −90°. It also exhibits
a dip in the frequency response at the fundamental frequency,
indicating a significant ability to suppress the current. On the
other hand, the negative sequence admittance is capacitive in
the mid-low frequency band, with the phase approaching -90°,
and inductive in the high-frequency range.

Fig. 5 shows the Bode diagram of the coupling positive-
sequence [see Fig. 5(a)] and negative- sequence admittance
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Fig. 4. Bode plot of the positive- and negative-sequence admittance com-
parison with FO- and IO-mathematical model as well as switching model.
(a) Positive sequence admittance. (b) Negative sequence admittance.

model [see Fig. 5(b)] of IO-3LT2C and FLCL-3LT2C, where
Ypn_IO and Ynp_IO represent the integer-order admittance
model, and Ypn_FO and Ynp_FO represent the fractional ad-
mittance model. The positive coupling admittance frequency
responses of the IO-model and FO-model are not significantly
different in the whole frequency range. However, at the turning
point, it can still be seen that the response of the fractional-
order admittance-frequency characteristics is more closely fitted
to the sampling points by simulation. The negative coupling
responses of IO and FLCL-3LT2C exhibits inductive at low
frequency band and capacitive at mid-frequency band. However,
the FO-model would crossover the 180° line at high frequency
range.

In summary, although there are some differences at certain
frequency points sampling, the cc mathematical model is closer
to the magnitude- and phase-response curves formed by the sam-
pled points of the actual model compared to the IO model. This
verifies the accuracy of the FO positive and negative sequence
admittance model derived in (19), which could be applied in
the followed analysis. Since the IO- and FO- admittance models
differ greatly in the low and middle frequency bands, with some
bands showing completely opposite inductance and capacitance
characteristics, the application of IO- model matrices for sub-
sequent stability margin analyses would result in large errors in
the calculation of the critical stability point.

Fig. 5. Bode diagram comparison of the coupling positive- and negative-
sequence admittance with FO- and IO-model as well as switching model.
(a) Positive coupling sequence admittance. (b) Negative coupling sequence
admittance.

Fig. 6. Equivalent circuit of multiparallel FLCL-3LT2C converters.

IV. ADMITTANCE MODEL OF PARALLEL GRID-CONNECTED

FLCL-3LT2C CONVERTER

A. Equivalent Model

Since the system model is based on the admittance and current
source, when there are N times FLCL-3LT2C connected in
parallel, the equivalence output admittance Yeq(see Fig. 5) can
be expressed as

Y eq =

N∑
n=1

Y n
o = NY o. (20)
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The equivalent circuit is shown in Fig. 6, where iPCC is the
PCC current, Zg is the grid impedance. Based on Fig. 6, the
expression of the PCC current iPCC is derived as

iPCC(s) =
1

(1 +NZg(s)Y o(s))
(Nig(s)−Nvg(s)Y o(s)).

(21)
The grid impedance Zg is composed with grid inductance and

grid resistance, whose expression is as

Zg =
1

3

[
Zga + Zgb + Zgc Zga + α2Zgb + αZgc

Zga + αZgb + α2Zgc Zga + Zgb + Zgc

]
,

⎧⎨
⎩
Zga = sLga +Rga

Zgb = sLgb +Rgb

Zga = sLgc +Rgc

. (22)

B. Loop Gain Derivation of the System

According to (21), when the grid impedance Zg is 0,
the system model do not contain the poles in the right-
half-plane, so the system stability is determined by M(s) =
(1 +NZg(s)Y o(s))

−1. If M(s) is equivalent to a negative
feedback loop system with a forward path transfer function
of 1 and a feedback path transfer function of NZg(s)Y o(s),
then NZg(s)Y o(s) is the equivalent loop gain of the system,
defined as loop gain L(s). At this point, the system stability can
be determined by whether L(s) satisfies the Nyquist stability
criterion

L(s) = NZg(s)Y o(s) =

[
Lpp(s) Lpn(s)
Lnp(s) Lnn(s)

]
. (23)

The loop gain L(s) is a 2 × 2 matrix, therefore the inverse
Nyquist array (INA) in multivariable frequency domain analysis
could be applied. The principle of INA is to determine system
stability by analyzing whether the inverse matrix of the feedback
loop matrix satisfies the diagonal dominance. In this article, this
inverse matrix happens to be L(s). To calculate whether L(s)
has the property of diagonal dominance, this article introduces
an eigenvalue estimation method based on the disk theory.

Different with the Nyquist Criterion, this method does not
directly calculate the eigenvalues of L(s) to determine the
system stability. Instead, it uses the disk theories from matrix
theorem to estimate the range of the eigenvalues. If the estimated
eigenvalues of L(s) enclose the point (−1,0) on the complex
plane, then the system is unstable. This method is based on the
traditional Nyquist Criterion but does not require large calcula-
tion of the eigenvalues. This significantly reduces the computa-
tional complexity, especially for high-order systems whereL(s)
is complex and challenging to solve. The following sections will
explain the two disk theories to estimate the eigenvalues of the
L(s).

Therefore, based on the admittance model proposed by the
FLCL-3LT2C, this article reduces the computational complexity
of stability analysis and critical stability points from the follow-
ing two aspects.

1) No need to calculate the inverse matrix form of the feed-
back path.

Fig. 7. Disc band of the stable system. (a) and (b) Gershgorin disc band.
(c) and (d) Ostrowski disc band.

2) No need to calculate the exact values of the eigenvalues.

V. STABILITY ANALYSIS

A. Preliminary of Gershgorin and Ostrowski Theorems

Assume the matrix A is on the complex plane as

A =

⎡
⎢⎣
a11 . . . a

1n

...
. . .

...
an1 . . . ann

⎤
⎥⎦ . (24)

The eigenvalues λ1, λ2, . . . , λn would fall within the union
of n disks band on complex plane, denoted as S(A). There
are mainly two disk theories to calculate the union, Gershgorin
theorem S(A)G and Ostrowski theorem S(A)O, and their ex-
pressions are shown as

Gershgorin : S(A)G=

n⋃
x=1

{z : |z− axx| ≤ Rx,

Rx=

n∑
y=1
y �=x

|axy|} (25)

Ostrowski : S(A)O =

n⋃
x=1

{z :|z − axx

≤
n∑

y=1
y �=x

|axy|
n∑

y=1
y �=x

|ayx||}. (26)

Substituting L(s) into (25) and (26) with the frequency
bandwidth selected as [0, 1e4] Hz and sampling at intervals
of 500 Hz, it is possible to plot the circular bands formed by
20 Gershgorin and Ostrowski discs on the complex plane, as
shown in Fig. 7. From the figure, it can be observed that the
circular bands formed by the Ostrowski theorem are narrower
compared to the Gershgorin ranges, occupying a smaller space
on the complex plane. Therefore, the critical stability points
determined by Ostrowski are less conservative and yield more
accurate results.
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Fig. 8. Disc band of critical stable system determined by Gershgorin theorem.
(a) and (b) Gershgorin disc band. (c) and (d) Ostrowski disc band.

B. Stability Verification

The distance between the S(A)O discs band formed by the
eigenvalues of L(s) and the point (−1, 0) is mainly influenced
by three factors: the output admittance Yo, the grid impedance
Zg , and the number of parallel-connected converters N . There-
fore, the effects of unbalanced grid impedance and the addition
of positive- and negative sequence harmonics in the grid voltage
are separately considered in the simulation. By changing the
number of parallel-connected converters N, the transformation
trend of S(A)G and S(A)O in the complex plane is observed
from Fig. 8. It can be observed that as N increases, the radii of
the two theoretical disc bands become larger, and the distance
to the point (-1, 0) becomes smaller. By this method, the crit-
ical stability point can be determined when the disc band just
encloses (−1, 0) as

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Dp =
√

(Im(Lpp(ω)))
2 + (Re(Lpp(ω)) + 1)2

− |Lpn(ω)| |Lnp(ω)|
Dn =

√
(Im(Lnn(ω)))

2 + (Re(Lnn(ω)) + 1)2

− |Lnp(ω)| |Lpn(ω)|

. (27)

By (27), we can determine the maximum number of parallel-
connected converters of the system. The calculation procedure
is shown in Fig. 9.

C. Operation Time Comparison

Fig. 10 compares the time required to calculate the Nyquist
criterion, Gershgorin theorem and Ostrowski theorems to deter-
mine the system stability when the parallel converter number
is 10, and there are positive sequence harmonic components in
the grid voltage, respectively. Since disc theorem only estimates
the eigenvalues of L(s), the amount of operations required is
less than that of the Nyquist criterion (about 5.037 s), which
reduces the computational cost, and Ostrowski takes slightly
less operation time (about 0.194 s) than Gershgorin theorem. In
Fig. 10, the computational time for the two disk theories is the
time after going through the full iteration, whereas the traditional
stability criterion is the time to plot a single Nyquist curve.

Fig. 9. Implementation steps to determine the critical stability point.

Fig. 10. Operation time comparison.

Fig. 11. Hardware setup.

VI. EXPERIMENTAL RESULTS

A. Hardware Setup

The laboratory platform was set up as shown in Fig. 11.
In experiment, the parallel FLCL-3LT2C was operated with a
32-bit floating-point digital signal processor (TMS320F28379,
Texas Instrument Company), which is typically used for fast
and complex digital calculation and control algorithm imple-
mentation. One of the parallel FLCL-3LT2C consists of six
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Fig. 12. Comparison of the tracking error with different modeling methods.

1MBH50D-060 (600 V/50 A) IGBTs with trr of 0.6 μs and six
2MBI150U2A-060 (600 V/150 A) IGBTs with trr of 0.35 μs
for vertical and horizontal bridges from FUZI company. Three
Hall current sensors (HCS-LTS-06A) were used to measure
grid current. The amplifier OPA4350 was used for grid voltage
detection. Two series-connected dc-link capacitors (560 μF/600
V) were used. A fundamental-frequency three-phase isolation
transformer was applied for voltage matching between the output
and grid voltages.

To evaluate the accuracy of critical stability point based on dif-
ferent estimation methods (Gershgorin and Ostrowski theorem),
two different unbalanced grid scenarios are set to test the quality
of the PCC current: unbalanced grid with phase-A grid voltage
dropping by 40%; andunbalanced three-phase grid impedance.
The results indicate that the critical stability point calculated by
Ostrowski theorem has higher accuracy. The related parameters
and FOs are given in Tables II and III.

B. Comparison Between Fractional and Integer Model

1) Tracking Error Comparison Between Different Modeling
Methods: To verify that the controller parameters designed
according to the FO model have better control effects, the
open-loop response io of an ac voltage VAC(amplitude = 10
V, frequency = 50 Hz) is applied on a physical FLCL circuit,
the filter parameters are given in Tables II and III. When VAC

is applied to the fractional- and integer model the differences
between the outputs and io are tracking errors, defined as ΔeFO

and ΔeIO (see Fig. 12). The filter parameters for integral model
are given in Table III. The tracking error response of fractional
model is closer to 0, the peak-to-peak value of integral tracking
error ΔeIO is about 0.83 A, shown in Fig. 13.

2) Accuracy Comparison of Stability Margin Calculation
With Different Modeling Method: Apply mathematical models
based on fractional- and integer-order filter, then calculate the
critical stability points under balanced grid conditions. The
results of the two sets of criteria are shown in Fig. 14. When the
parallel capacity exceeds the critical stability point determined
by the integer-order model, the PCC current can maintain stable
output, with the total harmonic distortion (THD) of less than
5%. Conversely, the critical stability point calculated using

Fig. 13. Tracking error comparison with different modeling methods.

Fig. 14. PCC current at critical stable point calculated by integer model and
fractional model. (a) Ostrowski criterion. (b) Gershgorin criterion.

fractional-order model is more accurate. Beyond this critical
stability point, different degrees of resonance occur in the PCC
current, with THD of 12.98% in Fig. 14(a) and 8.52% in
Fig. 14(b).

C. Critical Stability Point Determination of FLCL-3LT2C
Under Unbalanced Grid

The amplitude of the grid voltage in phase-B drops by 40%
to simulate the unbalanced grid condition. The waveform of the
unbalanced three-phase grid voltage is shown in Fig. 15.

From the derivation results in Sections III and IV, it could be
seen that the unbalanced grid will cause the phase angle error
of the phase-locked loop, thus changing the equivalent output
admittance Yo(s) of the parallel FLCL-3LT2C system.

1) Critical Stability Point Determination With Gershgorin
Theorem: According to the derivation and implementation
flowchart in Section V, it can be concluded that the maximum
parallel FLCL-3LT2C calculated by Gershgorin stability crite-
rion is 126. Fig. 16(a) shows the waveform of the PCC current at
N = 127 under the critical instability condition. The output cur-
rent obviously contains more harmonics, and the THD is about
4.86% shown in the FFT analysis of Fig. 16(b). The critical stable
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Fig. 15. Waveform of the grid voltage.

Fig. 16. Critical stable point calculated by Gershgorin theorem. (a) Dynamic
response of PCC current. (b) FFT analysis when N = 127.

point judged by Gershgorin criterion in the case of single-phase
grid voltage drop shows that, although the harmonic content
of PCC current is higher than the stable condition (0.74%), the
phase balance of three-phase current can still be maintained, and
the PCC current would not diverge.

2) Critical Stability Point Determination With Ostrowski
Theorem: According to the derivation results in Section IV,
the maximum parallel units N calculated by Ostrowski stability
criterion is 145. Fig. 17 shows the three-phase PCC current at
N = 146 under critical instability conditions. First, the ampli-
tude of the reference current is 20 A. However, Fig. 17(a) shows
that the peak output current changes from 8 to 30 A and has
an increasing trend. Second, the three-phase output currents are
unbalanced, and their periods could not maintain 50 Hz, the
frequency is smaller than the fundamental frequency, and the
PCC current is periodically oscillating. Meanwhile the THD of
N = 146 increases to 70.57% in FFT analysis of Fig. 17(b). In
this case, the output current is completely unstable, which may
endanger the system stability and even case serious damage the
power electronic devices.

Fig. 17. Critical stable point calculated by Ostrowski theorem. (a) Dynamic
response of PCC current. (b) FFT analysis when N = 146.

D. Critical Stability Point of FLCL-3LT2C Unbalanced Grid
Impedance

This part of experiment verifies the accuracy of stability
criteria in determining the critical stability point of the system
when the three-phase grid impedance is unbalanced. The grid
inductance Lgof a single FLCL-3LT2C in abc-phases is given
as follows: ⎧⎨

⎩
Lga = 2 μH
Lgb = 5 μH
Lgc = 2 μH

. (28)

Based on (28), the equivalent grid impedance Zg_eq of the
parallel FLCL-3LT2C system is

Zg_eq = NZg. (29)

1) Critical Stability Point With Gershgorin Theorem: From
the simulation results When the grid impedance is unbalanced,
the critical stability point calculated by Gershgorin band is
achieved with N = 103.

In experiment (see Fig. 18), as the parallel converter number
increases to 104, the peak current of phase b is 12.3 A, which is
significantly lower than the peak currents of phases-a and -c at
21.7 A. Although there is severe distortion and peak amplitude
imbalance in the three-phase current (with single-phase THD
increasing to 27.87%), the frequency of the PCC current remains
at the fundamental frequency of 50 Hz. The current peaks do
not diverge but fluctuate around the peak value of the reference
current.

2) Critical Stability Point Based on Ostrowski Theorem:
According to the simulation results in Section V, the critical
stability point determined by the Ostrowski band occurs when
N = 137. The grid current waveform when the parallel number
of converters is 138 is shown in Fig. 19.
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Fig. 18. PCC current iPCC with unbalanced grid impedance whenN = 104.

Fig. 19. PCC current with unbalanced grid impedance from N = 10 to
N = 138.

At this point, the three-phase PCC currents exhibit divergence.
The current peaks would greatly oscillate, significantly exceed-
ing the reference current 20 A. However, to prevent the hazards
caused by excessive grid current, the converter would be discon-
nected to the grid when the root-mean-square value of the PCC
current is greater than 40 A. From the amplified section, it can be
observed that the current frequency at this point is approximately
2.5 kHz. Furthermore, the current frequency increases with the
increasing oscillation peak amplitude, indicating severe system
instability.

E. Stability Analysis of Parallel FLCL-3LT2C With Different
Filter Parameters

To verify that the improved stability criterion proposed in
this article is also applicable to parallel systems with different
filter parameters, two parallel converters were used (see Fig. 20)
and defined as Groups A and B, with their filter parameters and
converter capacities given in Tables IV and V, respectively. The
FO of an LCL filter used here is given in Table II

1) Dynamic Response of the Converter Output Current:
Fig. 21 illustrates the operating conditions with a fixed num-
ber of 2 converters in Group A and varying units of group B
connected to the grid. Based on the simulation results shown in
Fig. 9, the Gershgorin theory calculates the maximum parallel

Fig. 20. Switching states of the FLCL-3LT2C with different filters.

TABLE IV
PARAMETERS OF GROUP A

TABLE V
PARAMETERS OF GROUP B

operation scale as 72 units, while the Ostrowski theory suggests
85 units. In Fig. 18, the left-side of the dashed line represents
the scenario where the equivalent grid impedance reaches the
critical stability point determined by Gershgorin, while the right
side represents the Ostrowski stability criterion. Concerning the
grid-side impedance of both A and B group converters, when
the output current reaches the maximum stable margin as per the
Ostrowski theory, there is a significant increase in THD leading
to severe waveform distortion.

2) Dynamic Response of PCC Current: Fig. 22 depicts the
waveforms of the three-phase PCC current under critical stable
margin conditions calculated using two different disk theories,
with the dashed line indicating the boundary. As the equivalent
grid impedance increases to the critical stability point according
to the Gershgorin theory, the voltage and current at the PCC
remain stable and maintain three-phase balance. However, if
the impedance rises to the critical stability point based on the
Ostrowski theory, significant waveform distortion occurs in
the voltage and current outputs. In Fig. 23, it is demonstrated
that when the equivalent grid impedance surpasses the critical
stability point calculated by the Ostrowski theory, the THD of the
PCC current reaches approximately 14.73%, indicating a high
level of harmonics that do not meet grid connection standards.
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Fig. 21. Grid current of groups A and B. (a) Group A. (b) Group B.

Fig. 22. PCC current under different stability criterion.

Fig. 23. FFT analysis of PCC current.

TABLE VI
CONSERVATIVENESS COMPARISON OF THE CRITICAL STABILITY POINT WITH

GERSHGORIN AND OSTROWSKI METHODS

This situation could potentially lead to damage to the power
electronic devices connected to the grid.

F. Summary

Equation (23) indicates that L(s) is mainly affected by the
number of shunt units N , the system admittance Y o and the
grid impedance Zg . Then the experiments are divided into two
unbalanced grid conditions (Section VI-C for grid voltage drop
to change Y o, and Section VI-D for grid impedance unbalance
to influence Zg), while the Gershgorin and Ostrowski theorems
are used to calculate the critical stability point, i.e., the maximum
parallel FLCL-3LT2C converter number that can be connected
to the grid. From Table VI, the critical stability point calculated
by Gershgorin theorem only makes the grid side current dis-
tortion more severe, while the critical stability point calculated
by Ostrowski theorem makes the system completely destabi-
lized and oscillating. Therefore, the critical stability estimation
method based on Ostrowski theorem is more accurate and less
conservative.

VII. CONCLUSION

This article investigates the critical stability point estima-
tion of the parallel FLCL-3LT2C system under unbalanced
grid. First, the factional order mathematical model of paral-
lel LCL-3LT2C is established; second, the Ostrowski theorem
is applied to estimate the stability margin based on the loop
gain of the coupling system of FLCL-3LT2C and unbalanced
grid. The proposed fractional admittance improves the model
accuracy compared with the traditional integer model and the
stability analysis method in this article effectively reduces the
computational burden and the conservativeness compared with
traditional stability analysis methods.
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