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Abstract—The coupling between various levels of buses in a
cascaded system may cause instability of the entire system. The
traditional Nyquist criterion is not convenient for predicting the
oscillation frequency and some extra steps might be needed for
the possible right half plane poles. Therefore, new stability criteria
are desired to analyze the stability of this type of hybrid system. In
this article, taking a cascaded system containing an ac–dc converter
and multiple dc–dc converters as an example, the small signal
impedance model of the system is first established and analyzed in
detail according to the mutual coupling principle between different
converters. Second, based on positive-mode damping criterion, a
simple stability assessment method for cascaded systems is pro-
posed. By analyzing the real and imaginary parts of the eigenvalues
of the closed-loop transfer function matrix, the stability state and
the oscillation frequency of the system can be obtained. Finally, the
relationship between the coupling degree of each converter and the
oscillation of bus voltage is explored and a case analysis is given.
The proposed model and stability analysis results are verified both
by simulations and semiphysical hardware experiments.

Index Terms—Cascaded system, multiple dc buses, positive-
mode damping (PMD), stability analysis.

I. INTRODUCTION

W ITH the continuous development of renewable energy
sources, the proportion and the importance of power

electronic equipment in the power system is gradually increasing
[1], [2], [3]. In order to transfer energy better, the cascaded
structure has been widely used [4]. For instance, in the field
of photovoltaic generation system, as shown in Fig. 1(a), a
dc–dc converter is placed in front of the inverter to boost the
voltage, so as to reduce the requirements of the output voltage
of the photovoltaic panel [5]. On the distribution side, due to
the existence of various dc equipment with different supply
voltages, it is often necessary to use an ac–dc converter to get
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Fig. 1. (a) Photovoltaic power generation system and (b) distribution system
with multiple DC buses.

dc power first, and then adopt a cascaded structure that contains
multiple dc buses to supply power for equipment in different
situations [6], as shown in Fig. 1(b).

When one bus of a cascaded system becomes unstable, the
oscillation may be transmitted to other devices, thus causing
instability of the whole system. For the small signal stability of
a system, there are currently two main methods, i.e., the state-
space averaging (SSA) method [7], [8], [9] and the impedance
analysis method [10], [11]. The SSA method can provide a clear
understanding of the various states within the system, but this
method requires prior knowledge of the system parameters, in-
cluding specific details of the main circuit and controller, which
is often difficult to be obtained in practice [12]. In the meanwhile,
as the order of the system gradually increases, it becomes hard
to establish the state-space model of the system [13]. On the
contrary, the impedance analysis method equates the system
to an impedance series—a voltage source (or an admittance
parallel—a current source) [10], and its mathematical model
can be established through specific circuit modeling or directly
measuring the electrical quantities of the corresponding ports
without knowing the system parameters. Compared to the SSA,
the impedance analysis method can simply analyze and has been
extensively studied [14].
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In [14], [15], and [16], the interaction between single con-
verter and the power grid was discussed. The authors in [17],
[18], [19], and [20] extended the object to multiconverters, but
mainly focused on studying the stability with parallel structure.
Even if the system contained cascaded structure, these references
generally tended to view it as a whole, i.e., the stability of the
output ports. As for the cascaded system with multi-dc buses, in
order to ensure that there are no right half plane (RHP) poles, and
thus not spend more time to calculate the number of RHP poles,
a step-by-step analysis method was proposed in [21]. First, the
stability of each converter in the last stage is guaranteed so that
the input impedances of these converters do not contain RHP
poles. Then, these input impedances are taken as the equivalent
load of the upper stage and the stability is analyzed by Nyquist
criterion (NC) until traversing the whole system. The stability
assessment method is somewhat complex and time-consuming.
In addition, this method ignored the influence of the upper stage
when studying the lower stage. In [22], an unterminated two-port
model was proposed and the stability of a cascaded system with
dc–dc converters was studied with passivity criterion. However,
on the one hand, the passivity criterion may be conservative and
cannot provide the instability frequency of the system. On the
other hand, its main research objects were dc–dc converter and
ac–dc converter as loads in off-grid condition, and there was a
lack of attention to the interaction between ac–dc converter and
dc–dc converter in weak power grids.

A stability criterion called positive-mode damping (PMD)
criterion was proposed in [23], which is based on the closed-loop
transfer function. By analyzing the real part and imaginary
part characteristics of the eigenvalues of the system matrix, the
stability of the system can be judged, thereby avoiding the RHP
poles. Besides, the instability frequency of the system can be
predicted. The scenario of multiparalleled grid-connected con-
verters is studied in [23], without involving cascaded systems.
This article attempts to fill this gap, applying this method to the
stability analysis of a more complex cascaded hybrid system
with multiple dc buses, which consists of an ac–dc converter
and several different types of dc–dc converters, such as buck and
boost converters. A detailed derivation of the model required for
studying the stability of the cascaded system is provided, which
takes into account the effects of each level of the buses. Then,
based on the obtained model and combined with PMD criterion,
a cascaded system stability assessment method is proposed and
the stability of the system can be explored.

Compare with the time-domain-based eigenvalue criterion of
coefficient matrix of state-space equations and s-domain-based
generalized Nyquist criterion (GNC), there are some character-
istics of the proposed method as follows.

1) Few steps: Different from GNC, the method does not
need to consider the RHP poles. Besides, when the con-
structures or parameters of the system are not variable, in
order to determine the stability of the system through the
state equation, it is necessary to first obtain the closed-
loop transfer function, then convert it into a state-space
expression, and finally obtain the eigenvalues of the coef-
ficient matrix, which is complex and time-consuming. The
method used in this article does not require the derivation

and can directly assess stability through the eigenvalues
of transfer function.

2) Wide application range: For the closed-loop transfer func-
tion, it can be obtained not only by system data, but
also by system measurement, making it suitable for these
scenarios in which the systems are black-boxes due to
trade secret or user privacy.

3) By drawing the variations of the eigenvalues of the closed-
loop transfer function, it will be easy and intuitive to judge
the system stability and the oscillation mode [23].

The main contributions of this article are summarized as
follows.

1) A detailed small signal model of the cascaded system
with multiple dc buses is derived. On this basis, the
article discusses how each stage of the system affects
each other and reveals that the effects can be reflected
in changing the equivalent input impedance or output
impedance of the subsystem. Besides, when the number of
cascades increases, a gradual stability assessment strategy
is proposed, decreasing the complexity of model and the
computer calculation time.

2) The PMD criterion is used in ac/dc hybrid system and it
expands the application range of the criterion.

3) The relationship between the coupling degree of each
converter and the oscillation of bus voltage is investi-
gated and the function of the filter capacitor Cdc between
the ac–dc converter and dc–dc converter is discussed.
The result shows that increasing the coupling between
the converters appropriately may reduce the oscillation
of the overall system buses. It implies that the coupling
has also the potential to play a positive impact on the
stability of the system and provides a new idea for the
future controller design.

The rest of this article is organized as follows. Section II
studies the cascaded system with multiple dc buses and the
impedance model of each part is presented. The principle of
PMD criterion is introduced in Section III. In Section IV, how
to establish a comprehensive mathematical model for a cascaded
system that considers the impact of each level of converter on the
bus is discussed in detail, and a specific assessment strategy is
given. Stability analyses based on simulation and experiment are
presented in Sections V and VI, respectively. Finally, Section VII
concludes this article.

II. MODEL OF CASCADED SYSTEM WITH MULTIPLE DC BUSES

The structure of the studied cascaded system with multiple
dc buses is shown in Fig. 2. The power grid is connected to
a three-phase ac–dc converter and its energy is transferred to
the dc side. Several dc–dc converters are connected through dc
buses. For simplicity, a two-stage cascade system is designed on
the premise of without loss of generality. Meanwhile, different
from the system in [21], in addition to buck, a boost converter is
introduced to the cascaded system, which can better reflect the
general applicability of the proposed method.
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Fig. 2. Cascaded system with two DC buses.

Fig. 3. System diagram of the AC–DC converter.

A. Model of the Three-Phase AC–DC Converter

The three-phase ac–dc converter is shown in Fig. 3 and a
universal single-line circuit diagram is used to represent the
three-phase circuit for simplicity [14], [25]. The main circuit
adopts three-phase full-bridge topology and LCL filter, and the
control part is a voltage and current dual closed-loop control
in the dq coordinate system. The Bus 1 voltage is compared to
a reference and the difference is then used by a PI controller
to generate the reference value of the current inner loop. The
current loop includes cross-decoupling and point of common
coupling (PCC) voltage feedforward. Finally, the duty in the
dq coordinate system is converted back to its counterpart value
in the abc coordinate system through inverse Park transform
and the driving signal is generated through a sinusoidal pulse
width modulation (SPWM) module to adjust the output of the
converter.

The variables with subscript “abc” and “dq” are the vectors
under the abc three-phase coordinate and dq coordinate system,
respectively. For example, uabc = [ua, ub, uc]T and udq = [ud,
uq]T, where ua, ub, and uc are the three-phase PCC voltages,
and ud and uq are the d-axis and q-axis components of the PCC
voltage, respectively.

1) Main Circuit: According to the instantaneous power bal-
ance and the Park transform, there are⎧⎨

⎩udc (idc − iCdc) =
3
2

[
ubd ubq

] [ibd
ibq

]
iCdc = Cdc

dudc
dt

(1)

where ubd, ubq, ibd, and ibq are the d-axis and q-axis components
of the bridge leg side voltage and current, respectively.

Injecting small signal disturbances into each variable in (1),
i.e., ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

udc = Udc +Δudc, idc = Idc +Δidc

ubd = Ubd +Δubd ≈ Ud +Δubd

ubq = Ubq +Δubq ≈ Uq +Δubq

ibd = Ibd +Δibd ≈ Id +Δibd

ibq = Ibq +Δibq ≈ Iq +Δibq.

(2)

Lowercase letters represent the instantaneous values and cap-
ital letters stand for the steady-state values. Besides, the sym-
bol “Δ” before a physical quantity represents the small signal
variation.

Linearization is then performed to obtain the steady-state
points and the small signal expressions of the main circuit

UdcIdc =
3

2

[
Ubd Ubq

] [Id
Iq

]
(3)

UdcΔidc + IdcΔudc − CdcUdc
dΔudc
dt

= 3
2

([
Ud Uq

] [Δibd
Δibq

]
+
[
Id Iq

] [Δubd

Δubq

])
.

(4)

Similarly, the small signal expression of LCL filter can be
obtained and there is{

Δidq = G1Δudq +G2Δubdq

Δibdq = G3Δidq +G4Δudq
(5)

where ubdq and ibdq are the bridge leg side voltage vector and
current vector (ubdq = [ubd, ubq]T, ibdq = [ibd, ibq]T)

⎧⎨
⎩

G1=−(ZLAC1 +ZLAC2 +ZLAC1Y CfZLAC2)
−1(E +ZLAC1Y Cf )

G2 = (ZLAC1 +ZLAC2 +ZLAC1Y CfZLAC2)
−1

G3 = E +Y CfZLAC2

G4 = Y Cf .

(6)
The specific expressions of ZLAC1, ZLAC2, and YCf are given

in the Appendix and E is a 2 × 2 identity matrix.
Based on (5) and (6), applying Laplace transform to (4) yields

Δudc = Y −1
oacΔidc +GiudcΔidq +GuudcΔudq (7)

where Yoac = sCdc and the detailed expressions of Giudc and
Guudc are also given in the Appendix.

2) Phase-Locked Loop (PLL): Considering the dynamic
characteristic of phase-locked loop (PLL), there is a phase
difference between the main circuit and the control system,
which can be expressed asΔθ= θ c−θ s (superscripts “s” and “c”
represent the variables of system and controller, respectively).
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Fig. 4. Difference phase between two dq coordinate.

From Fig. 4, the relationship of variables between two coordinate
systems can be written as follows:

[
xc
d

xc
q

]
=

[
cosΔθ sinΔθ

− sinΔθ cosΔθ

] [
xs
d

xs
q

]
≈

[
1 Δθ

−Δθ 1

] [
xs
d

xs
q

]
(8)

where “x” can be voltage u, current i, or duty ratio d, and so on,
and it can be further derived from (8) that[

Δxc
d

Δxc
q

]
≈

[
Δxs

d +ΔθXs
q

Δxs
q −ΔθXs

d

]
=

[
Δxs

d

Δxs
q

]
+Δθ

[
Xs

q

−Xs
d

]
(9)

where Δq = GPI_PLLΔuc
q and GPI˙PLL is the PI controller of

PLL. So (9) can be rewritten in detail as⎧⎪⎪⎨
⎪⎪⎩

Δuc
dq =

[
1 GPLLU

s
q

0 1−GPLLU
s
d

]
Δuc

dq

Δ
= Gu

PLLΔus
dq

Δicdq = Δisdq +

[
0 GPLLI

s
q

0 −GPLLI
s
d

]
Δus

dq

Δ
= Δisdq +Gi

PLLΔus
dq

Δds
dq = Δdc

dq +

[
0 −GPLLD

c
q

0 GPLLD
c
d

]
Δus

dq

Δ
= Δdc

dq +Gd
PLLΔus

dq

(10)
in which GPLL = GPI˙PLL/(s+UdGPI˙PLL).

3) Controller: According to Fig. 3, there is{
Δdc

dq = 1
KPWM

[Δuc
dq + (Gi −Gi_L)(Δicdqref −Δicdq)]

Δicdqref = Gu(Δudcref −Δudc)
(11)

where

Δicdqref=

[
Δicdref
Δicqref

]
, Δudcref=

[
Δudcref

0

]
, Δudc=

[
Δudc

0

]

(12)⎧⎪⎪⎨
⎪⎪⎩
Gi_L =

[
0 ω0(LAC1 + LAC2)

−ω0(LAC1 + LAC2) 0

]

Gi =

[
GPI_i 0
0 GPI_i

]
, Gu =

[
GPI_u 0
0 GPI_u

]
.

(13)

GPI˙i and GPI˙u are the PI controllers of current loop and
voltage loop, respectively.

Based on above analysis, the ac–dc converter’s small signal
model can be obtained and it is shown in Fig. 5.

According to Fig. 5, the model of the ac–dc converter in
admittance matrix form can be written as follows:[

Δidq
Δidc

]
=

[−Y iac Y da Y rda

Y ad Y oac Y r

]⎡⎣ Δudq

Δudc

Δudcref

⎤
⎦ (14)

Fig. 5. Small signal model of three-phase AC–DC converter.

Fig. 6. Port model of three-phase AC–DC converter considering power grid
and DC side circuit.

Fig. 7. System diagram of DC 3 (boost converter).

where all admittance matrixes are 2 × 2 and they are transfer
functions between different variables. For example, Yoac is the
transfer function from Δudc to Δidc and there is

Δidc = Y oacΔudc|Δudq=0, Δudcref=0

⇒
[
Δidc

0

]
=

[
sCdc 0
0 0

] [
Δudc

0

]∣∣∣∣
Δudq=0, Δudcref=0

.

(15)

If Norton theorem is applied to the power grid and the dc
circuit equivalent input admittance Yidc is considered, and the
Δudcref is ignored, then the port model of the ac–dc converter
that includes the power grid and dc circuits can be obtained,
as shown in Fig. 6, in which Yg is the gird admittance and the
voltage and current relationship of the port are determined by
(14).

B. Model of the DC–DC Converter

Fig. 7 gives the control diagram of dc 3 (boost converter).
All dc–dc converters in the system adopt the voltage-mode
PWM controller with the PI-based regulation. It is worth noting



YANG et al.: STABILITY ANALYSIS OF CASCADED SYSTEM WITH MULTIPLE DC BUSES BASED ON POSITIVE-MODE DAMPING CRITERION 10443

Fig. 8. Two-port model of DC–DC converter.

that the power of dc–dc converters is decided by the specific
loads and the voltage of dc buses, where the power transmitted
via dc 1 is equivalent to the sum of dc 3 and dc 4, namely
P1 = P3 + P4.

Based on Fig. 7 and the prior knowledge of boost, there are

[
dii
dt
duo

dt

]
=

[
0 − 1−d

L
1−d
C − 1

RC

] [
ii

uo

]
+

[ 1
L

0

]
ui. (16)

Making (16) equal to 0 gives the values of state variables of
the boost converter in steady state, i.e., Uo = [1/(1−D)]Ui and Ii
= Uo/[R(1−D)]. Similar to the ac–dc converter, the small signal
disturbances and linearization are used to get the steady-state
model and small-signal model

[
Δii
Δio

]
=

[
Yi Yoi Gdii

Yio −Yo Gdio

]⎡⎣Δui

Δuo

Δd

⎤
⎦ . (17)

For the matrix elements in (17), they are the transfer functions
between different signals. Taking Yi as an example, it is the trans-
fer function from Δui to Δii and there is Yi = (Δii/Δui)|Δuo

= 0,Δd = 0. The detailed expressions are given in the Appendix.
When the feedback control is adopted, theΔd can be changed

as follows if the single voltage loop control is used

Δd = GcGdel [Δuoref −Δuo] (18)

where Gc is the PI controller and Gc = GPI˙3 here. Gdel rep-
resents the delay and it can be written approximately [21] as

Gdel =
T 2
d s

2 − 6Tds+ 12

T 2
d s

2 + 6Tds+ 12
(19)

where Td is the delay time.
Ignoring Δuoref and eliminating Δd by substituting (18) into

(17), then the main circuit of either boost converter or buck
converter can be represented by a two-port network, as shown
in Fig. 8, and (17) turns into

[
Δii
Δio

]
=

[
Yi Yoi −GdiiGcGdel

Yio −Yo −GdioGcGdel

] [
Δui

Δuo

]
. (20)

When the stability of dc buses is analyzed, the output admit-
tance of ac–dc converter also needs to be considered, and the
details will be further investigated in Section IV.

III. POSITIVE-MODE DAMPING CRITERION BASED ON

CLOSED-LOOP TRANSFER FUNCTION

For a multi-inputs multioutputs system, its small signal s-
domain model is

Δy(s) = Φ(s)Δu(s) (21)

where Δy(s) and Δu(s) are output and input variable vectors,
respectively, Δy(s) = [ Δy1, Δy2, …] T and Δu(s) = [Δu1,
Δu2, …] T.

In general, eigenvalue is a concept that suits for the complex-
domain. However, as introduced in [26], the meaning of eigen-
values can be extended to the s-domain and the eigenvalues of
Φ(s) can be defined as the solutions of the equation as follows:

det[λ(s)I −Φ(s)] = 0. (22)

In most cases, as discussed in [26], the poles of the eigenvalues
of the closed-loop transfer function matrix Φ(s) are the poles of
Φ(s), so λ(s) can be used to assess the stability of the system.

Assuming that one of the eigenvalues λi(s) is expressed as

λi(s) =

∏u
k=1 [(s− zk)(s− z∗k)]

∏t
g=1 (s− zg)

sh
∏v

l=1 [(s− pl)(s− p∗l )]
∏n

q=1 (s− pq)
(23)

where h is the number of integral links, zk and z∗k are the
conjugate zeros, and zg is the real zero. Similarly, pl and p∗l
are the conjugate poles and pq is the real pole. Assuming pm
and p∗m are one of a pair of conjugates and they can be written
as (σm ± jωm). Substituting s with jω, then (23) can be further
expressed as

λi(jω) =
∏u

k=1 [(jω−zk)(jω−z∗
k)]

∏t
g=1 (jω−zg)

(jω)h
∏v

l=1, l �=m [(jω−pl)(jω−p∗
l)]

∏n
q=1 (jω−pq)

× 1

(jω − pm)(jω − p∗m)

Δ
= Gi(jω)

(jω−pm)(jω−p∗
m) =

Gi(jω)
(ω2

m−ω2+σ2
m)−j2σmω (24)

where Gi(jω) is the rest part of λi(jω) except for the pair of
conjugate poles and it has Gi(jω) = Gi,r(jω)+jGi,i(jω).

So the real part λi,r(jω) and the imaginary part λi,i(jω) of (24)
can be, respectively, derived as follows:⎧⎨

⎩
λi,r(jω) =

(ω2
m−ω2+σ2

m)Gi,r(jω)−2σmωGi,i(jω)

(ω2
m−ω2+σ2

m)2+(2σmω)2

λi,i(jω) =
(ω2

m−ω2+σ2
m)Gi,i(jω)+2σmωGi,r(jω)

(ω2
m−ω2+σ2

m)2+(2σmω)2
.

(25)

By solving λi,i(jω) = 0, the zero-crossing frequency ωr of
λi,i(jω) can be obtained, namely

ωr =
2σmGi,r ±

√
(2σmGi,r)

2 + 4(σ2
m + ω2

m)G2
i,i

2Gi,i
. (26)

It is well-known that a system is stable when all of its poles
have negative real parts, whereas the system is unstable when-
ever one of the poles has a positive real part. Yet, as discussed in
[23] and [24], the monotonic instability caused by large positive
real part occurs less in the power system. Besides, when there
is a pole with a very small absolute value of the real part, it
indicates that the system is in poorly damped oscillatory mode
and the system is unstable (the real part is positive) or weakly
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stable (the real part is negative). When perturbed, the weakly
stabilized system takes longer to return to a steady state and it
is likely to become unstable due to some parameter variations
or disturbances. Based on these analyses, it can be known that
the poorly damped oscillatory mode is an important situation in
the power system and it is the main concern in this article. In
general, it is necessary to get the poles of all eigenvalues and then
analyze the stability of the system according to the polarity of
the real parts of the poles. However, the authors in [23] and [24]
gave a new criterion to analyze whether the system is unstable
by studying the real part and imaginary part of the eigenvalues
themselves.

For the poorly damped oscillatory mode, that is |σm|<<|ωm|,
it can be further found from (26) that ωr ≈ ωm, which implies
that the zero-crossing frequency ωr approximately equals to the
frequency ωm of the pole pm.

The rational fraction Gj(jω), consisting of zeros and poles
other than pm and p∗m, does not change much in the neighbor-
hood of ωm and the value of Gj(jω) is only related to ωm [27].
Thus, the λI,r and the slope of λi,i can be approximately obtained
as follows:⎧⎨
⎩

λi,r|ω=ωr
=

σ2
mGi,r−2σmωrGi,i

σ4
m+(2σmωr)

2 ≈ −Gi,i

2σmωr

ki,i|ω=ωr

Δ
=

dλi,i

dω

∣∣∣
ω=ωr

=
−2ωrGi,i+2σmGi,r

σ4
m+(2σmωr)

2 ≈ −Gi,i

2σ2
mωr

(27)
and there implies that

σm =
λi,r

ki,i
. (28)

Equation (28) shows that σm can be expressed as λi,r divided by
ki,i, i.e., the real part of λi is divided by the slope of imaginary
of λi. Thus, the system is stable if it satisfies ki,i > 0 and λi,r

< 0; or ki,i < 0 and λi,r > 0. In other words, if dividing λi,r by
ki,i is greater than 0, the system is unstable.

Besides, the stability criterion can be extended to stability
improvement. For example, the damping of a system is calcu-
lated by ξm =−σm /

√
σ2
m+ω2

m [28], in which σm and ωm can
be solved by (26) (ωr ≈ ωm) and (28), respectively. Besides,
Orellana et al. [24] has introduced participation factor into the
PMD criterion to locate the most sensitive nodes or converters
in the ac power grid, thus making targeted improvements to the
system. All of these reflect the potential of the proposed method
beyond stability assessment. Due to the theme of this article
being the stability analysis of ac/dc system containing multiple
dc buses, and limited by the length of the article, the content on
using this method for stability improvement can be considered
as future research article, and will not be elaborated here.

The following will analyze that how to apply the above
stability criterion in the multiple dc buses cascaded system.

IV. STABILITY CRITERION FOR THE CASCADED SYSTEM WITH

MULTIPLE DC BUSES

For the multi-dc buses cascaded system including ac–dc
converter and dc–dc converters [i.e., the model as shown in
Fig. 1(b)], the stability of dc buses and PCC need to be analyzed.
According to Fig. 9(a), the studied system in this article can be

divided into three parts: PCC, Bus 1, and Bus 2. Each part can
be seen as a parallel connection of several subsystems, as shown
in Fig. 9. Siegers et al. [22] proposed a useful unterminated
model of a certain level of converter, but it did not discuss
that how each level of converter affects each other. So the
equivalent mathematical models of the subsystems considering
the interactions are given first and then the stability of each part
is analyzed by using the PMD.

Taking Bus 2 as an example, the equivalent admittance model
can be seen in Fig. 9(d) and it can be written as

Δuo1(s)=[−Y ′
o1(s)+Yi3(s)+Yi4(s)]

−1
[Δi′o1(s)+Δii3(s)

+Δii4(s)]. (29)

Defining the closed-loop transfer function of Bus 2 as T2, then
T2= [Y′

o1+Yi3+Yi4]-1 and the stability of Bus 2 can be assessed
by analyzing the real part and imaginary part of the eigenvalues
of T2 based on the stability criterion introduced in Section IV.
Besides, the admittance elements in the T2 cannot be written
directly by (20) and it needs to consider the specific loads or
the connections with other converters. The detailed analyses are
given as follows.

A. Bus 2

Based on the above analysis, the input admittance of dc 3 and
dc 4 and the output admittance of dc 1 should be concerned when
studying Bus 2. It should be noted that since the front stage of
dc 1 is an ac–dc converter, and dc 1 is also connected in parallel
with dc 2, the influence of these two parts needs to be taken
into account when deriving the output admittance of dc 1. The
specific processes are as follows.

For dc 3 and dc 4, there are{
Δio3(s) = Yld3(s)Δuo3(s) =

1
R3

Δuo3(s)

Δio4(s) = Yld4(s)Δuo4(s) =
1
R4

Δuo4(s).
(30)

Substitute (30) into (20), and the input admittance of dc 3 and
dc 4 can be obtained

Y ′
ik(s) =

Δiik(s)

Δuik(s)
= Yik +

(Yoik −GdiikGckGdelk)Yiok

Yldk + Yok +GdiokGckGdelk
(31)

where k = 3 or 4, represents dc 3 or dc 4. In addition, the admit-
tance here is marked with a superscript “′,” which distinguishes
it from the unterminated model in (20).

As shown in Fig. 9, for dc 1, the ac–dc converter of the front
stage affects its input voltage and the dc 2 in parallel affects its
input current, so there are⎧⎨

⎩
Δu′

i1(s)−Δui1(s) = Y −1
oac(s)Δi′i1(s)

Δi′i1(s) = Δii2(s) + Δii1(s)
Δii2(s) = Yi2(s)Δui1(s) +Gir2(s)Δuo2ref(s)

(32)

where Gir2(s) is the transfer function of dc 2 from Δuo2ref (s)
to Δii2(s).

Due to the existence of grid admittance Yg, Yoac(s) is also
affected. At this time, there is

Δudq = Y g (Δidq +Δig) (33)
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Fig. 9. (a) Detailed topology of the cascaded system. (b) Equivalent model from the view of PCC. (c) Equivalent model from the view of Bus 1. (d) Equivalent
model from the view of Bus 2.

Fig. 10. Stability assessment of the cascaded system.

then substitute it to (14), so as to get the new output impedance
of ac–dc converter Y′

oac. After that, taking Δu′i1 and Δi′i1 as
the new input voltage and input current of dc 1, and its output
admittance can be obtained using (20) and (32)

Y ′
o1 = Z ′−1

o1 =
uo1

io1

∣∣∣∣
ug=0, uo1ref=0, uo2ref=0

. (34)

In fact, considering that the dc side filter capacitor Cdc of the
ac–dc converter is generally large, to some extent the ac system

and dc system is decoupling, so the interaction between the two
subsystem is limited [21].

Now, the specific T2 can be given based on (31) and (34). Its
expression is rewritten here

T2 = (−Y ′
o1 + Y ′

i3 + Y ′
i4)

−1 (35)

and the stability of Bus 2 can be assessed through (35).

B. Bus 1

Similarly, when the stability of Bus 1 needs to be considered,
for dc 1 and dc 2, there are{

io1(s) = Yld1(s)uo1(s) = (Y ′
i3 + Y ′

i4)uo1(s)
io2(s) = Yld2(s)uo2(s) =

1
R2

uo2(s)
(36)

in which the sum of input admittance of dc 3 and dc 4 is the
equivalent load of dc 1.

Substitute (36) into (20) and the input admittance of dc 1 Y′
i1

and the input admittance DC 2 Y′
i2 will be obtained. So the

closed-loop transfer function of Bus 1 T1 can be written as

T1 = (Z ′
oac + Y ′

i1 + Y ′
i2)

−1
. (37)

C. PCC

Finally, the input admittance of dc part has to be taken into
account when the stability of PCC is discussed, where

Yidc = Y ′
1 + Y ′

2 (38)
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Fig. 11. Waveforms of PCC, buses, and converters. (a) Change the controller parameters kp1 and ki1 of DC 1 from 0.002 and 1.2 to 0.001 and 0.2 at 0.8 s and
(b) is the local enlargement of (a).

substitute it into the small signal model of ac–dc converter and
get the new input admittance Y′

iac of ac–dc converter, so the
transfer function of PCC Tac is

T ac = (Y g + Y ′
iac)

−1
. (39)

After obtaining the transfer functions of each part, the eigen-
values of these transfer functions can be further solved and the
system stability can be judged by analyzing these eigenvalues
based on the stability assessment in Section III.

D. Stability Assessment for a Complex Cascaded System

When the number of cascades increases, theoretical modeling
can be used to measure the effect of each converter, but at the
cost of increasing the complexity of the model and the computer
calculation time. It is also impractical to measure the impedance
model of the two-terminal subsystem of a bus directly when
the whole system is connected, because the system may not
have a suitable steady-state operating point. Therefore, a gradual
stability assessment strategy is proposed here. First, a system is
divided into several subsystems based on the buses, and each
subsystem contains some buses and converters. Second, the
stability of each subsystem is ensured by the abovementioned
modeling methods and criterion. Then, the impedance model of
each subsystem is obtained by measurement and the stability of
the whole system can be assessed based on the known connection
relationships.

Furthermore, the advantage of using the above method is that
the matrix dimension to be studied depends only on the number

and type of the converters connected to the bus, so the dimension
of each transfer function is not high, making it easy to calculate.
However, due to the fact that the number of stability assessment
is equal to the number of cascade buses, it may take more time
to analyze the stability when the system’s scale becomes large.
A new admittance model is used in [29], [30], and [31], in
which the input or output terminals of converters and passive
networks are, respectively, transformed to Norton or Thevenin
equivalent circuit, allowing the active equipment of the entire
system to be integrated into a matrix for analysis. Although the
model increases the dimension of the matrix, it greatly decreases
the number of computation and stability assessment, making it
more suitable for large-scale system. Hence, regarding future
article, the new admittance model can be further combined with
the PMD criterion to better determine the stability of the more
complex ac/dc hybrid system with multiple buses.

V. SIMULATION ANALYSIS

In order to verify the validity of the proposed stability assess-
ment method for the multiple dc buses cascaded system, a sim-
ulation model based on Fig. 9(a) is built in MATLAB/Simulink.
The detailed control structures can be seen in Figs. 3 and 7.
Besides, the system parameters are listed in Table I.

First, when these converters are combined in the manner
shown in Fig. 9(a), the transfer functions of dc buses and PCC
can be obtained based on Sections II and IV. Then, the PMD
criterion is used for stability analysis. The result can be seen in
Fig. 10 and Table II. It shows that there exists a peak at about
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TABLE I
PARAMETERS OF SYSTEM

Fig. 12. Waveforms of PCC, Bus 1, and Bus 2 with different Cdc: (a) Cdc =
4000 µF and (b) Cdc = 100 µF.

Fig. 13. Grid-connected current waveform when increasing Lg to 2.2 mH at
1 s and adjusting kp_i from 1.2 to 0.5 at 1.2 s.

Fig. 14. Stability assessment of PCC when increasing Lg to 2.2 mH.

Fig. 15. Experiment platform.
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Fig. 16. Impedance bodes of Zeq = ΔudqΔi−1
dq

.

Fig. 17. Impedance bodes of T2.

TABLE II
STABILITY ASSESSMENT OF PCC

348 Hz for the closed-loop transfer function of Bus 2 (i.e., T2).
Besides, the real part T2, r of T2 and the slope of imaginary
part kT2, i of T2 are all less than 0, which indicate that Bus 2
is unstable. On the contrary, Bus 1 and PCC do not have the
abovementioned characteristics and they are stable.

Furthermore, a simulation model is established in MAT-
LAB/Simulink and its operating waveforms are shown in Fig. 11,
in which ia is the grid-connected current of A phase, udc is
the output voltage of ac–dc converter and uoi (i = 1, 2, 3,
or 4) is the output voltage of dc i. It should be noted that
these converters in the system are stable when each converter
operates independently. And, it can be seen that the system
becomes unstable after being connected according to Fig. 9(a).
The main oscillation occurs in Bus 2 and its oscillation frequency
is approximately 347 Hz, which is basically consistent with
theoretical prediction. The voltage of Bus 1 and the current of
PCC do not change much. Among these, the current at PCC

Fig. 18. Experiment waveforms.

(i.e., ia) is almost undistorted, and the voltage ripple of Bus
1 (i.e., udc) is less than 0.5%. These are also consistent with
previous analyses. In addition, the oscillations are transmitted
to the outputs of dc 3 and dc 4, as shown in Fig. 11, indicating
that in a cascaded system these levels are coupled to each other
and a local instability may affect the stability of other parts. To
restore stability to the system, attempt to adjust the parameter of
dc 1, which is directly connected to the Bus 2. As seen in Fig. 11,
the system returns to stable after the controller parameters kp1
and ki1 of dc 1 are adjusted from 0.002 and 1.2 to 0.001 and 0.2
at 0.8 s.

As mentioned in Section IV, a filter capacitor with large
enough capacitance can weaken the mutual fluence between
the ac–dc converter and the dc–dc converters. It seems that the
larger the capacitance value, the more stable the system. For
that, the effect of capacitor of Bus 1 is taken as an example to be
investigated and Fig. 12 gives several waveforms of the system
under two different values of Cdc.

Although the oscillation of Bus 1 and PCC becomes slightly
more severe when Cdc decreases from 4000 to 100 μF, it
can also be found that the oscillation amplitude of Bus 2 is
greatly reduced. The peaks of the closed-loop transfer function’s
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Fig. 19. Local enlargement of Fig. 18.

TABLE III
PEAKS OF CLOSED-LOOP TRANSFER FUNCTIONS OF BUSES

amplitudes are listed in Table III. It shows that for Bus 2, |T2|
jumped from 41.9 to 17.6 and the peak of Bus 1 and PCC have
a certain rise. That is consistent with the simulation. Based on
above results, it can be found that a larger capacitor can reduce
the degree to which oscillations propagate from one part of
the system to other parts. And in this example, the coupling
between the ac–dc converter and the dc–dc converter is cut
down. However, the interaction caused by a smaller capacitor
might make the whole system buses more stable. It means that
sometimes a certain coupling between the converters can be
beneficial for reducing the oscillation of the overall system
buses. Its mechanism and how to evaluate this effect with a more
appropriate indicator could be our future article.

Finally, the stability issue caused by the grid impedance is
analyzed. Increase Lg to 2.2 mH at 1 s and the ac–dc converter
also oscillates obviously. Then, tune the current loop parameter
kp˙i from 1.2 to 0.5 at 1.2 s and the system becomes stable
again. Its waveforms are shown in Fig. 13 and its stability
assessment can be seen in Fig. 14 and Table IV. It can be
found from Fig. 13 that the system loses stability at 620 Hz.

Fig. 20. (a) Experiment waveforms of ia and udc when Lg is set as 2.2 mH
and (b) is the local enlargement of (a).

Fig. 21. Experiment waveforms of PCC, Bus 1, and Bus 2 with different Cdc:
(a) Cdc = 4000 µF and (b) Cdc = 100 µF.

TABLE IV
STABILITY ASSESSMENT OF PCC
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On the other hand, Fig. 14 shows that the frequency of the main
harmonic component is about 576 Hz. The difference between
the simulation and the stability assessment is that the former
is in abc coordinate and the latter is in dq coordinate, there is
a difference of 50 Hz between them. So it indicated that the
simulation result is basically in accordance with the theoretical
predictions.

VI. EXPERIMENT VERIFICATION

To further validate the effectiveness of the proposed method
and analyses, a hardware-in-loop test platform was built based on
the circuit topology and control structure introduced in Section II
[see Figs. 3, 7, and 9(a) for details], as shown in Fig. 15. The
main circuit of the platform is simulated by Plexim’s RT Box,
and the controller algorithms are implemented in the hardware of
a TMS320F28335 digital signal processor (DSP). Specifically,
the circuit model is constructed by the electrical components in
the upper computer software, and then translated into the RT
box, while several I/O boards are used to transmit electrical and
control signals between DSP and RT Box.

First, the impedance model of PCC and Bus 2 are obtained
through sweeping frequency test (i.e., Zeq = ΔudqΔi−1

dq and
T2, respectively), and Figs. 16 and 17 give the detailed com-
parison of the results from the theory model (introduced in
Section II) and the measuring model, which are in agreement
with each other.

When the parameters are in accordance with Table I, the
detailed waveforms of the system are shown in Fig. 18 and its
local enlargements are given in Fig. 19. Besides, when the grid
impedance Lg is set as 2.2 mH, the experiment results are shown
in Fig. 20. They can be seen that the system becomes unstable
and the resonance frequency of Bus 2 and PCC are approxi-
mately 332.4 and 615 Hz, respectively. The error between ex-
periment and theory analysis is within 5%. Furthermore, change
corresponding controller parameters and the system returns to
normal operation.

Other than these, decrease Cdc from 4000 to 100 μF and
the waveforms of three buses are shown in Fig. 21. The results
indicated that a smaller capacitor might weaken the oscillation
of the whole system in some cases. It can be hard to evaluate
the effect of circuit parameter on the stability, especially for the
complex system studied in this article, containing different kind
of converters and many buses. However, it also provides many
possibilities to improve the system stability and will be further
investigated.

VII. CONCLUSION

In this article, the stability of a cascaded system with multiple
dc buses is discussed. On the one hand, the mathematical model
of the system is derived in detail and the mutual influence
between various levels of buses and converters is taken into
account. On the other hand, a cascaded system stability as-
sessment method based on the PMD criterion is proposed and
a further stability analysis procedure suitable for the complex
cascaded system is given. Compared with the traditional NC,
the proposed method has simple steps and does not need to

consider the possible RHP poles in the open-loop transfer func-
tion. Besides, the instability frequency of the system can be
predicted. In addition, the effect of dc bus capacitor is explored
and the result shows that increasing the coupling between the
converters appropriately may reduce the oscillation of the over-
all system buses. It provides new possibility for the cascaded
system controllers design and will be further investigated in the
future. Furthermore, a cascaded system with two dc buses and
several kinds of converters are designed in this article, and the
effectiveness of the proposed method is verified by simulation
and experiment.

APPENDIX

The detailed transfer function expressions in Section II⎧⎨
⎩

ZLAC1 =

[
sLAC1 −ω0LAC1

ω0LAC1 sLAC1

]
, ZLAC2 =

[
sLAC2 −ω0LAC2

ω0LAC2 sLAC2

]

Y Cf =

[
sCf −ω0Cf

ω0Cf sCf

]

(40)

GPI_PLL(s) = Kp_PLL +
Ki_PLL

s
(41)

where GPI˙PLL is the PI controller of PLL⎧⎨
⎩

Giudc = − 3
4sCdc

(
2

Udc

[
Id Iq
0 0

]
G−1

2 +

[
Dd Dq

0 0

]
G3

)

Guudc = − 3
4sCdc

(
− 2

Udc

[
Id Iq
0 0

]
G−1

2 G1 +

[
Dd Dq

0 0

]
G4

)
.

(42)

Buck:

GBuck =
1

1 + s2LC
(43)⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Yi = GBuck[sD
2C + D2

sL ], Yoi = − D
sL

Gdii = GBuck

[
s2LCIo + sCDUi + Io +

DUi

sL

]
Yio = D

sL , Yo = 1
GBuck(sL)

Gdio = Ui

sL .

(44)

Boost:

GBoost =
1

s2LC + (1−D)2
(45)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Yi = GBoost

[
(sC) + (1−D)2

sL

]
, Yoi = − 1−D

sL

Gdii =

GBoost

[
−s(1−D)LIi+(1−D)2Uo

]
sL

Yio = 1−D
sL , Yo = 1

GBoost(sL)

Gdio = −sLIi+(1−D)Uo

sL .

(46)
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