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Abstract—The hybrid modular multilevel converter (MMC),
which consists of half-bridge submodules ( HBSMs ) and full-bridge
submodules (FBSMs), is the general form of MMC. The conven-
tional arm average value model (AAVM) of hybrid MMC assumes
that the dynamics of HBSMs and FBSMs are identical and does not
consider capacitor voltage differences between FBSM and HBSM,
so it cannot describe the dynamics of hybrid MMC accurately.
This article proposes an improved AAVM of a hybrid MMC,
which includes an equivalent circuit and an arm modulation signal
allocation algorithm: first, considering the dynamic difference be-
tween HBSM and FBSM, the equivalent circuit of improved AAVM
was derived; second, an allocation algorithm that describes the
nonlinear distribution of arm modulation signal between HBSM
and FBSM was proposed. Considering the influence of high-order
harmonics, the differential equation of the electrical part of hybrid
MMC in the d-q frame was derived. Based on the nonlinear al-
location algorithm of reference voltage and the piecewise solution
method, the expressions of HBSM and FBSM equivalent reference
voltages in the d-q frame were derived. A modular small-signal
model of a hybrid MMC in the d-q frame was established. The
correctness and accuracy of the proposed models are verified by
simulation and experimental results.

Index Terms—Arm average value model (AAVM), equivalent
circuit, modular multilevel converter (MMC), small-signal model.

I. INTRODUCTION

IN RECENT years, modular multilevel converter (MMC)
has been widely used in flexible high voltage dc (HVdc)

transmission technology due to its high modularity, low power
loss, and low harmonic distortion [1]. MMC with half-bridge
submodules (HBSMs) does not have the ability to isolate dc
faults and requires dc circuit breakers to deal with dc faults
[2]. The hybrid MMC with HBSM and full-bridge submodule
(FBSM) has the ability to output negative voltage and ride
through dc fault [3]. The hybrid MMC topology is adopted in the

Manuscript received 25 September 2023; revised 9 January 2024; accepted 12
March 2024. Date of publication 19 March 2024; date of current version 16 May
2024. This work was supported by National Key R&D Program of China under
Grant 2022YFB2402800. Recommended for publication by Associate Editor L.
Zhang. (Corresponding author: Quanrui Hao.)

The authors are with the Key Laboratory of Power System Intelligent Dispatch
and Control of Ministry of Education, School of Electrical Engineering, Shan-
dong University, Jinan 250061, China (e-mail: 202014567@mail.sdu.edu.cn;
haoquanrui@sdu.edu.cn; dinglei@sdu.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TPEL.2024.3379409.

Digital Object Identifier 10.1109/TPEL.2024.3379409

Kunliulong HVdc transmission project in China. The existing
research mainly focuses on the design, modeling, and control
methods of hybrid MMC systems. In terms of system design,
Li et al. [4] studied the submodule (SM) capacitor parameter
design and number configuration method. Zeng et al. [5] ana-
lyzed the voltage fluctuation characteristics of SM capacitors
and proposed the design principle and voltage-sharing control
strategy of SM capacitors. In [6], [7], and [8], several methods
are proposed to optimize the SM capacitor parameters based on
the operation constraints of hybrid MMC.

In terms of control strategies, the existing literature mainly
focuses on the control methods of dc faults, which can be
divided into two categories: one type of method realizes the
rapid removal of dc fault current by blocking the converter,
but it cannot carry out power transmission, the other method
utilizes the negative voltage output capability of hybrid MMC
to realize dc fault ride through [9]. In [10], the ac grid is bypassed
by crossing thyristor branches to eliminate dc side and ac side
current under dc short circuit fault. Psaras et al. [11] proposed
a dedicated dc fault handling strategy that extended the fault
clearance time. The strategy allows the use of relatively slow
and cheaper dc circuit breakers and improves the fault resiliency
and security of dc grids for pole-to-pole faults. Cui et al. [12]
proposed a dc fault ride-through strategy in bipolar short-circuit
and unipolar short-circuit scenarios based on the balancing con-
trol of arm capacitor energies. Xu et al. [3] developed a dynamic
model that considered fault current commutation to accurately
describe the fault-clearing process after converter blocking. The
basic control of hybrid MMC includes the modulation method
and capacitor voltage balance strategy [13]. Some improved
phase-shift carrier pulsewidth modulation (CPS-PWM) methods
have been proposed for hybrid MMC under the nominal and
variable dc conditions [14], [15]. An SM capacitor voltage
balance strategy is proposed based on the capacitor voltage im-
balance mechanism of FBSM and HBSM under overmodulation
conditions [16], [17].

In terms of analytical modeling, Dong et al. [18] proposed the
analytical expression of the SM output voltage of hybrid MMC,
but the second harmonic component of the arm current was not
considered. A simplified arm Thévenin equivalent model for
hybrid MMC is developed in [19], but the model is complex and
not suitable for small-signal modeling. Lu et al. [20] proposed a
conventional arm average value model (AAVM) of hybrid MMC
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Fig. 1. Basic topology of hybrid MMC.

and a calculation method for PQ operation zones considering
various constraints. The existing analytical modeling studies
for hybrid MMC are based on the conventional AAVM, which
does not consider the difference in capacitor voltages between
FBSM and HBSM under negative output voltage conditions.
However, the conventional AAVM cannot accurately reflect the
dynamic characteristics of hybrid MMC under some conditions,
and the analysis results obtained are also quite different from the
actual situation.

The novelties of this article are summarized as follows.
1) An improved AAVM of hybrid MMC based on equivalent

circuit construction and arm modulation signal allocation
algorithm is proposed to correctly represent the dynamic
difference between HBSMs and FBSMs;

2) Based on the idea of modularization [21], the differential
equations of the electrical part considering higher har-
monics and the mathematical analytic expressions of arm
reference voltages of FBSMs and HBSMs in the d-q frame
are presented respectively, and then the complete modular
small-signal models of hybrid MMC are developed.

II. BASIC PRINCIPLE OF HYBRID MMC

The basic topology of hybrid MMC is illustrated in Fig. 1,
where each arm contains NH HBSMs and NF FBSMs. vpx and
vnx are the output voltages of the upper and lower arms of the x
phase, respectively. HBSMs can output 0 or Uc, whereas FBSMs
can output −Uc, 0, or Uc, where Uc represents the SM capacitor
voltage.

Because FBSMs can output negative voltage, hybrid MMC
has a wider output range of ac voltage. The capacitor voltages of
FBSMs and HBSMs within the same arm are balanced according
to the principle similar to that of HBSM-MMC: the SMs with
the largest voltages are switched ON when the charging current is
negative, and vice versa. The difference is that the positive part of
the reference voltage will be generated by FBSMs and HBSMs
together, whereas the negative part of the reference voltage will
be just generated by FBSMs. The details of the voltage balancing
method are shown in Fig. 2.

Similar to conventional HBSM-MMC, hybrid MMC adopts
the two-layer control structure including the outer and inner
control loops [20]. Besides the ac current inner loop and the
circulating current loop, there exists one more dc current inner

Fig. 2. Voltage balancing method of hybrid MMC.

Fig. 3. Control structure of hybrid MMC.

Fig. 4. Equivalent circuit of conventional AAVM.

loop for hybrid MMC. Typically, the outer loops are used to
regulate SM average capacitor voltage vc,avg, active power Ps,
and reactive power Qs, as shown in Fig. 3.

III. CONVENTIONAL AAVM OF HYBRID MMC

A. Conventional AAVM

AAVM, which ignores the voltage balancing and switching
events of MMC, is the basis for deriving the small-signal model.
As shown in Fig. 4, the conventional AAVM of hybrid MMC
has the same circuit as that of AAVM of HBSM-MMC, which
represents each arm with a controllable voltage source vpx that
is coupled with an external circuit composed of a controllable
current source and an equivalent capacitor Ceq [20]. The key
point is that the conventional AAVM of hybrid MMC ignores
dynamics differences between HBSMs and FBSMs and as-
sumes all capacitor voltages of SMs are identical. Therefore,
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Ceq = C/N, where N = NH + NF and C is the capacitance of a
single SM capacitor.

The relationship of the variables in Fig. 4 is expressed as

{
Ceq

dvctpx

dt = mpxipx

vpx = mpxvctpx

(1)

where vctpx and ipx represent the voltage of equivalent capacitor
Ceq and the upper arm current of phase x, and mpx represents
the modulation signal.

According to (1), the circuit equations of the upper and lower
arms of the hybrid MMC can be expressed as

vdc

2
− vx = La

dipx

dt
+mpxvctpx +Raipx (2)

vdc

2
+ vx = La

dinx

dt
+mnxvctnx +Rainx (3)

where vx is ac voltage at the converter side of the transformer of
phase x, and ipx and inx are currents of the upper and lower arm,
respectively. ipx=–idifx – 0.5ivx and inx=–idifx+0.5ivx, where
ivx and idifx represent ac current and the differential current.

Adding (2) and (3) yields

La
didifx

dt
= −Raidifx +

1

2
(mpxvctpx +mnxvctnx)− vdc

2
. (4)

Subtracting (2) from (3) yields

La

2

divx

dt
= −Ra

2
ivx +

1

2
(mpxvctpx −mnxvctnx) + vx. (5)

Equations (1), (4), and (5) characterize the dynamics of hybrid
MMC in the a-b-c frame based on the conventional AAVM.

B. Defects of Conventional AAVM

The conventional AAVM of hybrid MMC is based on the
premise that capacitor voltages of FBSMs and HBSMs are
identical. However, the premise is only valid for the case that the
arm reference voltage is positive because FBSMs and HBSMs
perform the same. When the arm reference voltage is negative,
the capacitor voltages of FBSMs and HBSMs are obviously
different, and conventional AAVM is no longer valid.

Fig. 5 compares results from the DSM and conventional
AAVM of hybrid MMC when the q-axis modulation index
mq changes from −0.5 to 0.5 at 1 s. To be noticed, there is
no control implemented for hybrid MMC, and the modulation
signal is directly used as input to the hybrid MMC model. As
can be seen, even before 1 s, the steady-state capacitor voltage
of conventional AAVM is different from DSM. After 1 s, the
DSM shows that capacitor voltage gradually becomes unstable
while the conventional AAVM shows it is still stable. Therefore,
conventional AAVM cannot accurately reflect the dynamic of
hybrid MMC in some operating conditions, because it ignores
the dynamic differences between HBSM and FBSM capacitor
voltages.

Fig. 5. Comparison of capacitor voltages. (a) Total capacitor voltages in the
upper arm of DSM and conventional AAVM. (b) Single HBSM and FBSM
capacitor voltages of DSM.

IV. IMPROVED AAVM OF HYBRID MMC

A. Equivalent Circuit of Improved Average Arm Model

As described above, the capacitor dynamics of HBSMs and
FBSMs should be modeled separately. The proposed modeling
method is based on the following assumptions.

1) One of the assumptions made in this article is that the
switching frequency of hybrid MMC is high enough and
the time interval of capacitor voltage balancing control is
short enough. Hence, the capacitor voltages of all HBSMs
are identical, and so are those of all FBSMs. Based on the
assumption, the capacitor voltage sorting frequency and
control time interval have no effect on the capacitor volt-
ages of FBSMs and HBSMs. All FBSMs can be equivalent
to a capacitor, and so can HBSMs.

2) The model proposed is suitable for the condition that the
output voltage is generated only by FBSMs when the arm
modulation signal is negative. The other possibility is that
the output voltage is generated by FBSMs and HBSMs
when the arm modulation signal is negative. For example,
to generate −2Uc, the method of this article is that two
FBSMs of −Uc are on, and the other one is that three
FBSMs of −Uc and one HBSM of Uc are on. Compared
with the method that the output voltage is generated by
FBSMs and HBSMs, the method of this article reduces
the conduction and switching losses of the SM and it has
been widely used.

For each FBSM in Fig. 1

CF
dvcFj

dt
= SFjiarm (6)

voFj = SFjvcFj=SFjvcF (7)

where j = 1, 2, …, NF and NF is the number of FBSMs, CF

is the capacitance of a single FBSM, iarm is arm current, voFj
and vcFj represent output voltage and capacitor voltage of the jth
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Fig. 6. Equivalent circuit of improved AAVM.

FBSM, respectively. vcF1 = vcF2 = … = vcFNF = vcF. SFj = 1
or 0 represents the jth FBSM is switched ON or OFF, respectively.

Summing all equations of NF FBSMs yields

CF
d

dt

⎛
⎝NF∑

j=1

vcFj

⎞
⎠ = CF

d

dt
(NFvcF) = iarm

NF∑
j=1

SFj (8)

voF =

NF∑
j=1

voFj = vcF

NF∑
j=1

SFj (9)

where voF represents the arm voltage generated by FBSMs.
Define the modulation signal of FBSMs mF as

mF =

NF∑
j=1

SFj

/
NF. (10)

Substituting (10) into (8) and (9) yields{
CF

d
dt (NFvcF) = iarmmFNF

voF = mFNFvcF
(11)

Since vctF = NFvcF, (11) can be rewritten as{
CF

NF

dvctF
dt = mFip

voF = mFvctF
. (12)

Regardless of the high-order harmonics, VSMΣSFj = VrFB,
where VSM is the rated capacitor voltage of a single FBSM and
VrFB is the reference voltage of all FBSMs. Therefore, (10) is
also equal to

mF =
VrFB

NFVSM
. (13)

Equations (12) and (13) constitute the AAVM of FBSMs in
one arm of hybrid MMC. Similarly, the dynamics of HBSMs
can be also expressed by the same equations with the symbol
“H” to replace “F” in (12) and (13).

The total arm voltage of the hybrid should be the sum of the
output voltages of FBSMs and HBSMs. As shown in Fig. 6,
the equivalent circuit of improved AAVM consists of two series
of controllable voltage sources, which represent HBSMs and
FBSMs separately, instead of one identical voltage source in
conventional AAVM.

B. Reference Voltage Dynamic Distribution

As shown in Fig. 6, all FBSMs and all HBSMs within one arm
are considered as two separate groups. Accordingly, the arm
reference voltage Vr will be divided into two parts: reference
voltage VrFB of the FBSM group and reference voltage VrHB of
the HBSM group. The corresponding voltage balancing method
is shown in Fig. 2. If Vr is negative, Vr will be purely generated by
the FBSM group since only FBSM can output negative voltage.
If Vr is positive, Vr will be dynamically distributed between
VrFB and VrHB depending on the arm current and the capacitor
voltage.

The dynamic distribution of positive Vr between VrFB and
VrHB follows the general principle: depending on whether arm
current will charge or discharge SM capacitors, the SM group
with lower or higher capacitor voltage has the priority to switch
ON. For example, if a single FBSM capacitor voltage vcF is
smaller than a single HBSM capacitor voltage vcH, FBSMs will
be switched ON with the highest priority.

1) If the SM group with the highest priority cannot generate
a sufficient positive voltage of Vr, all SMs of the SM
group with the highest priority will switch on first and
the insufficient part will be generated by the other SM
group. Taking NH < NF as an example, if Vr is bigger
than VcF∗NF, all NF FBSMs will be switched ON and Vr –
VcF∗NF will be generated by HBSMs, which means VrFB

= VcF∗NF and VrHB = Vr – VcF∗NF.
2) If capacitor voltages of FBSM and HBSM are equal, each

SM has the same opportunity to switch on no matter if it
is FBSM or HBSM. Taking NH < NF as an example, if
vcF = vcH, Vr will distribute between VrFB and VrHB in
proportion to the number of each SM group, i.e., VrFB =
Vr∗NF/(NF + NH) and VrHB = Vr∗NH/(NF + NH).

3) To avoid unnecessary switching, the tolerance ε is used
to compare vcF and vcH. To be detailed, when |vcF – vcH
|<ε, vcF and vcH are considered to be equal. When vcF–
vcH>ε, vcF is considered to be greater than vcH. When
vcF–vcH<–ε, vcF is considered to be smaller than vcH.

The details of reference voltage dynamic distribution for the
case of NH<NF are illustrated in Fig. 7. The distribution for
NH≥NF follows a similar procedure.

C. Improved AAVM of Hybrid MMC

Based on Sections IV-A and IV-B, the completely improved
AAVM shown in Fig. 8 is constituted of two components: the
equivalent circuit and the reference voltage dynamic distribution
logic, which is obviously different from conventional AAVM in
Fig. 4. First, the arm reference voltage Vr is divided into VrFB

and VrHB according to the procedure in Fig. 7, with the arm
current and capacitor voltages of HBSM and FBSM group as
the inputs. VrFB and VrHB are further processed to derive mF

and mH according to (13). Finally, mF and mH are used as inputs
to motivate the equivalent circuit.

The dynamics of hybrid MMC in the a-b-c frame based on the
improved AAVM can be described by modifying (1), (4), and
(5) based on conventional AAVM. For improved AAVM, the
arm output voltage is the sum of that of HBSMs and FBSMs.
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Fig. 7. Reference voltage dynamic distribution (for the case of NH<NF).

Fig. 8. Improved AAVM of hybrid MMC.

Accordingly

La
didifx

dt
= −Raidifx − vdc

2
+

1

2
(mfpxvctfpx +mfnxvctfnx

+ mhpxvcthpx +mhnxvcthnx) (14)

La

2

divx

dt
= vx − Ra

2
ivx +

1

2
(mfpxvctfpx −mfnxvctfnx

+ mhpxvcthpx −mhnxvcthnx) . (15)

The dynamics of capacitor voltages of FBSMs and HBSMs
are, respectively, described by

CeqF
dvctfpx

dt
= mfpx

(
−idifx − ivx

2

)
(16)

CeqH
dvcthpx

dt
= mhpx

(
−idifx − ivx

2

)
(17)

where CeqF = CF/NF and CeqH = CH/NH.
Equations (14)–(17) characterize the dynamics of hybrid

MMC based on the improved AAVM. For the convenience of
analysis, (14)–(17) will be transformed into the d-q frame.

D. Typical Waveforms With Improved AAVM

As shown in Fig. 9, when the arm reference voltage has a
negative part, the capacitor voltage of HBSM is completely
different from that of FBSM, which violates the premise of
the conventional AAVM. Although the arm reference voltage
is of sinusoidal waveform with dc offset, the reference voltages
of HBSMs and FBSMs are irregular and nonlinear due to the
dynamic distribution.

Fig. 9. Type curves of hybrid MMC improved AAVM. (a) Reference voltages.
(b) Capacitor voltages.

TABLE I
COMPARISON BETWEEN IMPROVED AND CONVENTIONAL AAVM

E. Comparison Between Improved and Conventional AAVM

To illustrate the difference between improved AAVM and
conventional AAVM, this section compares the accuracy, com-
plexity, and computational efficiency of the two models in
PSCAD. Table I shows a relative error of the total capac-
itor voltage vct, complexity, and computational time of the
two models. The dc, fundamental-frequency (FF) and double-
fundamental-frequency (DFF) components of arm reference
voltage Udcref = 15 kV, Udref = 50 kV, Uqref = −20 kV, and
U2dref = U2qref = 0 kV. The simulation time is set to 2 s, and
the simulation step size and the drawing step size are both 10 μs.
The computer configuration is: Win10 64-bit, i7 Intel Core CPU.
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TABLE II
COMPARISON OF PRECISION UNDER DIFFERENT DC VOLTAGES

As Table I shows, the relative error of conventional AAVM
is 4.568% compared with DSM while that of improved AAVM
is 0.101%. The accuracy of improved AAVM is significantly
higher than that of conventional AAVM. In terms of complexity,
improved AAVM is more complex due to its reference voltage
dynamic distribution algorithm. Compared with DSM, the simu-
lation time acceleration ratio of improved AAVM is 22.58 while
that of conventional AAVM is 31.87. The simulation efficiencies
of improved AAVM and conventional AAVM are close and
much higher than DSM. It can be concluded that the complexity
of improved AAVM will reduce the computational efficiency,
but the reduction is within an acceptable range.

Table II shows the relative error of vct from improved AAVM
and conventional AAVM under different dc voltages, Udref =
50 kV, Uqref = −20 kV, and U2dref = U2qref = 0 kV. When
the arm reference voltage exists negative part, the simulation
accuracy of improved AAVM is higher than that of conventional
AAVM with the decrease of dc voltage. When dc voltage is Udcn,
the reference voltage is all positive, and the simulation accuracy
of improved AAVM is the same as that of conventional AAVM.
Therefore, when hybrid MMC operates under overmodulation
conditions, the larger the negative part of arm reference voltage,
the more obvious the difference between FBSM and HBSM
capacitor voltages, and the greater the accuracy advantage of
improved AAVM.

V. SMALL-SIGNAL MODEL OF HYBRID MMC

A. Small-Signal Model of Hybrid MMC Electrical Part

For the convenience of theoretical analysis, it is better to es-
tablish the small-signal model of hybrid MMC in the d-q frame.
The following assumptions are made for electrical and control
variables for modeling: ac current ivx only contains fundamental
frequency component; circulating current idifx contains dc and
DFF components; capacitor voltages vctH and vctF, modulation
signal mH and mF contain dc and 1–n harmonic components,
where n is the highest harmonic order considered.

The ith harmonic of f can be expressed in the d-q frame as

fi = Fid cos(iθpll)− siFiq sin(iθpll) (18)

where si = 1 when mod(i, 3) = 1 and si = –1 when
mod(i, 3)�1. The d-q components of the product of xi and yj can
also be expressed by d-q components of xi and yj in a general
form of

(xiyj)(i+j)d = 0.5 (XidYjd − sisjXiqYjq)

(xiyj)(i+j)q = 0.5si+j (siXiqYjd + sjXidYjq)

(xiyj)(i−j)d = 0.5 (XidYjd + sisjXiqYjq)

(xiyj)(i−j)q = 0.5si−j (siXiqYjd − sjXidYjq) . (19)

Based on (19), the differential equations in (14)–(17) of the
improved AAVM in the a-b-c frame can be mapped into the d-q
frame. Based on that, the small-signal model of the electric part
can be expressed as{

Δẋe = AeΔxe +BemΔmf,h +BeuwΔuew +BeurΔuer

Δye = CeΔxe +DemΔmf,h +DeuwΔuew +DeurΔuer

(20)
where Δxe = [Δidiff0, Δivd, Δivq, Δidif2d, Δidif2q, Δvc0f,
Δvc1df, …, Δvcndf, Δvc1qf, …, Δvcnqf, Δvc0h, Δvc1dh, …,
Δvcndh, Δvc1qh, …, Δvcnqh]T, Δmf,h = [Δm0f, Δm1df, …,
Δmndf,Δm1qf, …,Δmnqf,Δm0h,Δm1dh, …,Δmndh,Δm1qh,
…Δmnqh]T, Δuer = [Δvsd, Δvsq, Δvdc]T, Δuew = [Δω,
Δθpll]T, and Δye = [Δvtd, Δvtq, Δvdc, Δidc, Δivd, Δivq,
Δidif2d, Δidif2q, Δvc,avg]T. Δidif0, Δidif2d, and Δidif2q are dc
and DFF-dq components of circulating current, Δivd and Δivq
are d-q components of ac current, andΔvc0f,Δvc1df, …,Δvcndf,
and Δvc1qf, …, Δvcnqf are dc and d-q components of FBSM
capacitor voltage. Δm0f, Δm1df, …, Δmndf, and Δm1qf, …,
Δmnqf are dc and d-q components of the modulation signal of
FBSMs, and the variables for HBSMs are named in the same
way. Δvsd and Δvsq are d-q components of ac voltage.

B. Small-Signal Model of Reference Voltage Distribution

According to the reference voltage dynamic distribution in
Section III-B, it is difficult to directly derive its expression
in the d-q frame with the approach in Section V-A because
reference voltages for HBSMs and FBSMs are irregular and
highly nonlinear, as shown in Fig. 9. In this section, a piecewise
method is proposed to derive the mathematical expression of
reference voltage distribution in the d-q frame.

Since the reference voltage distribution contains a logical
judgment part, the state-space model cannot be established.
Therefore, using the idea of small-signal modeling, the small-
signal model of reference voltage distribution can be written as

Δmf,h = CTΔxe +DTmΔm+DTuΔuew (21)

where Δm = [Δmdc, Δmd, Δmq, Δm2d, Δm2q]T represents
modulation index of MMC. The subscript “dc,” “1,” and “2”
represent the dc, FF, and DFF components of the modulation
index.

Take the modulation signal mf of FBSMs as an example.
According to the Fourier transformation, the harmonics of mf

can be calculated by

m0f =
1

T

∫ t1+T

t1

mfdt (22)

mndf =
2

T

∫ t1+T

t1

mf cosnθplldt (23)

mnqf =
2sn
T

∫ t1+T

t1

mf sinnθplldt. (24)
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The above equations also apply to the harmonics of mh for
HBSMs just by replacing the subscript “f” with “h.” As shown
in Fig. 9, reference voltages of HBSMs and FBSMs are linear
within specific time intervals defined by instants t1–t6. The time
instants t1-t6 are defined as follows:
t1: First zero-crossing point of Vr;
t2: Second zero-crossing point of Vr;
t3: First zero-crossing point of Vr – NHVSM;
t4: Zero-crossing point of iarm at Vr>0;
t5: Second zero-crossing point of Vr – NFVSM;
t6: First intersection time of vcf and vch.

Therefore, VrFB within a period can be described as: VrFB

= Vr when t1<t≤t2; VrFB = 0 when t2<t≤t3; VrFB = Vr –
NHVSM when t3<t≤t4; VrFB = NFVSM when t4<t≤t5; VrFB =
Vr when t5<t≤t6; and VrFB = VrNF/N when t6<t≤t1+T. Thus,
(22) can be rewritten as the sum of multiple interval integrals

m0f =
1

TNFVcsm

[∫ t2

t1

Vrdt+

∫ t4

t3

(Vr −NHVSM) dt

+

∫ t5

t4

NFVSMdt+

∫ t6

t5

Vrdt+

∫ t1+T

t6

NF

N
Vrdt

]
(25)

where Vr = 0.5udcn(mdc – mdcosθpll +mqsinθpll – m2dcos2θpll
– m2qsin2θpll), and udcn is the nominal dc voltage. Equations
(23) and (24) can also be rewritten as the sum of multiple
interval integrals and the expression of HBSM can be obtained
by replacing the subscript “f” with “h.”

According to the meaning of each segment time, the corre-
sponding functions of segment time are shown in the following
equations:

t1 :
Vr(t1) =

udcn
2 (mdc −md cos θpll(t1) +mq sin θpll(t1)

−m2d cos 2θpll(t1)−m2q sin 2θpll(t1)) = 0 (26)

t2 :
Vr(t2) =

udcn
2 (mdc −md cos θpll(t2) +mq sin θpll(t2)

−m2d cos 2θpll(t2)−m2q sin 2θpll(t2)) = 0 (27)

t3 :

Vr(t3)−NHVSM = udcn
2 (mdc −md cos θpll(t3)

+mq sin θpll(t3)

− m2d cos 2θpll(t3)−m2q sin 2θpll(t3))−NHVSM = 0

(28)

t4 :
iarm(t4) = −idif0 − 0.5ivd cos θpll(t4) + 0.5ivq sin θpll(t4)

−idif2d cos 2θpll(t4)− idif2q sin 2θpll(t4) = 0

(29)

t5 :

Vr(t5)−NFVSM = udcn
2 (mdc −md cos θpll(t5)

+mq sin θpll(t5)

− m2d cos 2θpll(t5)−m2q sin 2θpll(t5))−NFVSM = 0

(30)

t6 :

vcf(t6)− vch(t6) =
1

NF
[vc0f +

∑n
i=1 (vcidf cos θpll(t6)− sivciqf sin θpll(t6))]

− 1
NH

[vc0h +
∑n

i=1 (vcidh cos θpll(t6)

−sivciqh sin θpll(t6))] = 0 (31)

where the subscript “i” represents the ith harmonic component
of the capacitor voltage.

According to (25), the analytical expression of the modulation
signal mf,h contains m, the segment time vector tm, and uew,
where tm = [t1, t2, t3, t4, t5, t6]T. The function relationship can
be written as

mf,h = f1(m, tm,uew). (32)

According to (26)–(31), the function relationship between tm,
m, xe, and uew can be written as

f2(m, tm,xe,uew) = 0. (33)

By linearizing (32) at a steady-state point, the expression of
Δmf,h can be written as

Δmf,h =
∂f1

∂m
Δm+

∂f1

∂tm
Δtm +

∂f1

∂uew
Δuew. (34)

Similarly, according to the implicit function differentiation
rule, Δtm can be written as

Δtm = − ∂f2/∂xe

∂f2/∂tm
Δxe − ∂f2/∂m

∂f2/∂tm
Δm

− ∂f2/∂uew

∂f2/∂tm
Δuew. (35)

Substituting (34) into (35), the expression of CT, DTm, and
DTu in (21) can be written as

CT =
∂f1

∂tm

(
−∂f2

∂xe

/
∂f2

∂tm

)

DTm =
∂f1

∂m
+

∂f1

∂tm

(
−∂f2

∂m

/
∂f2

∂tm

)

DTu =
∂f1

∂uew
+

∂f1

∂tm

(
− ∂f2

∂uew

/
∂f2

∂tm

)
(36)

where CT is a (4n + 2) × (4n + 7)-dimensional matrix, DTm

is a (4n + 2) × 5-dimensional matrix, and DTu is a (4n + 2) ×
5-dimensional matrix (n is the order of harmonics considered).

C. Small-Signal Model of Hybrid MMC With Control System

The small-signal model of the electrical part is as follows:{
Δẋs = AsΔxs +BscΔusc +BsrΔusr

Δys = CsΔxs +DscΔusc +DsrΔusr
(37)

where Δxs = Δxe, Δusc = [Δm; Δuew], Δusr = Δuer, and
Δys = Δye.
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Therefore⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

As = Ae +BemCT

Bsc =

[
BemDTm 0

0 Beuw +BemDTu

]
,Bsr = Beur

Cs = Ce +DemCT

Dsc =

[
DemDTm 0

0 Deuw +DemDTu

]
,Dsr = Deur

.

(38)
The control system considers the inner and outer loop and

phase-locked loop (PLL) controller. Based on [20], the small-
signal model of the control system is established as follows:

{
Δẋc = AcΔxc +Bc1Δuc1 +Bc2Δuc2

Δyc = CcΔxc +Dc1Δuc1 +Dc2Δuc2

(39)

where Δxc = [Δθpll, Δxpll, ΔxP, ΔxQ, Δxdc, Δxid, Δxiq,
Δxidc, Δx2d, Δx2q]T, Δuc1 = [ΔPref, ΔQref, Δvc,avg,ref]T,
Δuc2 = Δys, and Δyc = Δusc. The small-signal model of the
inverter station control system can be obtained by replacingΔxP
and ΔPref with the dc voltage outer loop control variables Δxdc
and Δvdcref.

By linearizing at the steady-state point, the small-signal model
of hybrid MMC with control and ac system can be written as

{
Δẋsys = AsysΔxsys +BsysΔusys

Δysys = CsysΔxsys
(40)

where Δxsys = [Δxs; Δxc], Δusys = [Δusr; Δuc1], and Δysys
= Δxsys.

Therefore⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Asys =[
As +BscDc2H1Cs Bsc(E +Dc2H1Dsc)Cc

Bc2(E +DscH2Dc2)Cs Ac +Bc2DscH2Cc

]
Bsys =[

Bsr+BscDc2H1Dsr Bsc(E +Dc2H1Dsc)Dc1

Bc2(E +DscH2Dc2)Dsr Bc1 +Bc2DscH2Dc1

]
Csys = E

(41)
where {

H1 = (E −DscDc2)
−1

H2 = (E −Dc2Dsc)
−1

. (42)

VI. SIMULATION VERIFICATION

A. Parameters of Test System

Taking the test system shown in Fig. 10, for example, DSM,
the conventional AAVM, and the improved AAVM proposed
in this article are constructed in PSCAD. According to the
configuration principle of SMs for hybrid MMC in [22] and
[23], the ratio between FBSMs and HBSMs numbers is set to
2:1. Parameters of the test system are shown in Table III.

Fig. 10. Topology of the test system.

TABLE III
PARAMETER OF HYBRID MMC TEST SYSTEM

Fig. 11 Steady-state curves of different models. (a) Reference voltage of
FBSM. (b) Reference voltage of HBSM. (c) Capacitor voltage of FBSM.
(d) Capacitor voltage of HBSM.

B. Accuracy Verification of Improved AAVM

To verify the accuracy of the improved AAVM, this section
compares the DSM, the conventional AAVM, and the improved
AAVM under open loop mode in PSCAD. Fig. 11(a) and (b)
shows that, without considering the high-order switching har-
monics of the reference voltages for DSM due to the switching
process, the reference voltages of improved AAVM are consis-
tent with that of DSM. The reference voltages of conventional
AAVM are obviously different from the DSM. As shown in
Fig. 11(c) and (d), the capacitor voltages of HBSM and FBSM
from improved AAVM are highly consistent with that of DSM
while the capacitor voltages of conventional AAVM exist errors
compared with DSM. Fig. 12 compares the transient response of
different models. Before 1 s, mdc = 0.5, md = 1.2, mq =−0.33,
and m2d = m2q = 0.05. At 1 s, mq changes from – 0.33 to 0.67.
The SM total capacitor voltage and the arm current of the DSM
are unstable after 1 s. The improved AAVM transient response is
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Fig. 12. Transient response curves of different models. (a) Total capacitor
voltage. (b) Current in upper arm.

Fig. 13. Small-signal dynamics of different models. (a) Δivq. (b) Δxid.
(c) ΔxP. (d) ΔxQ.

consistent with that of DSM, whereas the conventional AAVM
remains stable. Therefore, the improved AAVM can predict the
dynamic characteristics of hybrid MMC correctly and accurately
than the conventional AAVM.

C. Small-Signal Dynamics and Stability of Hybrid MMC

According to the small-signal modeling method proposed in
Section V, the small-signal dynamics of conventional AAVM
and improved AAVM are simulated in MATLAB. The small-
signal dynamics of DSM are also simulated in PSCAD. At
3 s, Pref changes from 220 to 210 MW. Fig. 13 illustrates
the small-signal dynamics of Δivd, Δxid, ΔxP, and ΔxQ from
three models. As can be observed, the small-signal dynamics of
improved AAVM are consistent with DSM in PSCAD. Although
Δivd of the conventional AAVM is close to the DSM,Δxid,ΔxP,
and ΔxQ of the conventional AAVM are obviously different
from the DSM. It can be concluded that the improved AAVM
can correctly simulate the small-signal dynamics of DSM.

To reflect the influence of different harmonic orders on small-
signal model accuracy, this section compares the dynamic re-
sponses of the small-signal model with harmonics up to various
orders. At 3 s, Pref changes from 220 to 210 MW. Fig. 14 shows
the small-signal dynamics of Δivd and Δxvc with harmonics up
to the order of 2, 5, 8, and 10. It can be seen that the accuracy of

Fig. 14. Small-signal dynamics with different harmonic orders.

Fig. 15. Root locus of the conventional AAVM as k1p changes from 2 to 4.

Fig. 16. Root locus of the improved AAVM as k1p changes from 2 to 4.

the small-signal model is higher with the increase of harmonic
order. The small-signal dynamics corresponding to n = 8 and
n = 10 are very close. With the increase of the harmonic order,
the dimension of the system matrix and the calculation time also
increase. To balance the computational efficiency and accuracy
of the proposed model, this article considers the harmonics up
to the order of n = 8.

The small-signal stability of the hybrid MMC can be evaluated
by calculating the eigenvalues of the systematic matrix Asys in
(40). k1p is the proportional parameter of the ac current inner
loop, and many literatures have selected k1p as the parameter to
show the results. Therefore, k1p is selected as the parameter to
show the results in this article. Figs. 15 and 16 show the root loci
of conventional AAVM and improved AAVM as the proportional
parameter k1p of ac current inner loop changes from 2 to 4 with
the step of 0.1. In Figs. 15 and 16, two branches of the root loci,
which are considered the dominant roots, start to move to the
left half plane as k1p increases. The loci of the dominant roots
are zoomed in at the right sides of Figs. 15 and 16.

It can be observed from Fig. 15 that the critical value of k1p is
around 3.14. When k1p is less than 3.14, the dominant root will
be located in the right half plane, which indicates that the test
system becomes unstable based on the conventional AAVM. In
Fig. 15, the eigenvalue of the dominant root for k1p = 3.13 are
0.15±j106.82 and k1p = 3 are 2.61±j105.64.
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Fig. 17. Dynamics of active power with different k1p changing at t = 2 s.
(a) k1p changes from 4 to 3.13. (b) k1p changes from 4 to 3.

As for Fig. 16, the root locus exhibits a similar trend to that
of Fig. 16. However, the value of the critical dominant root is
different due to the use of improved AAVM. As can be observed
in Fig. 16, the critical value of k1p is around 3.12, which means
that the test system based on improved AAVM will become
stable as k1p increases over 3.12. In Fig. 16, the eigenvalue of
the dominant root for k1p = 3.13 are−0.21±j109.44 and k1p = 3
are 2.26±j107.77, which will be further verified by simulation
in PSCAD.

To validate the correctness and accuracy of the root locus,
the stability of the test system in PSCAD with different k1p is
tested. The control parameters of ac current inner loop PI are
set as (4,100) initially and k1p changes from 4 to 3 and 3.13 at
t = 2 s, respectively. The dynamics of active power are plotted
in Fig. 17.

It can be seen from Fig. 17(a) that the test system still remains
asymptotically stable as k1p changes from 4 to 3.13 at 2 s. The
real part of the eigenvalue for k1p = 3.13 is 0.15 in Fig. 15 which
is inconsistent with the stability of the test system. Meanwhile,
the real part of the eigenvalue for k1p = 3.13 is −0.21 in
Fig. 16 which means the root locus of improved AAVM can
predict the stability of the test system correctly. As Fig. 17(b)
shows, the dynamics of active power become unstable and the
oscillating period is 0.057 s when k1p changes from 4 to 3 at
2 s. The root locus in Figs. 15 and 16 can predict the stability
of the test system correctly when k1p changes from 4 to 3.
The oscillation period corresponding to the unstable mode in
Fig. 16 is 2π/107.77 = 0.0583 s while the oscillation period
corresponding to the unstable mode in Fig. 15 is 2π/105.24
= 0.0597 s. The oscillation period of the small-signal model
based on improved AAVM is much closer to the DSM. Figs. 15
and 16 validate the correctness and accuracy of the proposed
small-signal model of hybrid MMC based on improved AAVM
in the aspect of stability prediction and oscillating period. On
the contrary, the conventional AAVM may cause the wrong
assessment of the stability of hybrid MMC.

Fig. 18 illustrates the normalized participation factors of
the unstable dominant root for k1p = 3 in Fig. 16, where the
highest participation factor is considered as the base value, and
the magnitude of each participation factor is divided by the

Fig. 18. Participation factors of the dominant root when k1p = 3.

TABLE IV
PARAMETER OF THE EXPERIMENTAL SYSTEM

base value. The participation factors are calculated according
to their definition in [24]. As can be seen in Fig. 18, the major
contributors to the dominant modes in Fig. 17 are mainly related
to the ac current, including the following:

1) the FF-dq components of ac current (ivd and ivq);
2) the dc components of SM capacitor voltages (vc0f and

vc0h);
3) state variables of controllers (xP, xdc, xid, xiq);
4) the measurements (ivdm and ivqm).
It can be concluded that ac current is the main reason for the

instability of the system when k1p = 3. The small signal stability
of the system can be improved by adjusting the PI parameters
of the current inner loop controller.

VII. EXPERIMENTAL VERIFICATION

In this section, a scaled-down hybrid MMC prototype is used
to validate the correctness of the improved AAVM. The proto-
type and the circuit of the prototype are shown in Fig. 19(a) and
(b), respectively. Each arm of the prototype contains an HBSM
and three FBSMs. The power hardware of the SM is IGBT with
freewheeling diodes and the physical diagram of SM is shown in
Fig. 19(c). The three-phase converter connects to an ac voltage
source via ac resistance and a dc voltage source. The converter is
controlled to supply power to the dc source. The main parameters
of the experimental system are listed in Table IV. The converter
is modulated using the CPS-PWM technique with a carrier
frequency of 500 Hz and the grid frequency is 50 Hz. This
section also constructs the improved and conventional AAVM
of the experimental system in PSCAD.

Figs. 20 and 21 show the steady-state performance of exper-
imental results and simulation results of improved AAVM and
conventional AAVM under md = 1.33, respectively. It can be
observed that the shape of SM capacitor voltages in Fig. 20 are
consistent with that of improved AAVM in Fig. 21. Besides,
the FBSM and HBSM capacitance voltages in Fig. 20 have a
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Fig. 19. Topology of experimental system. (a) Scale-down laboratory proto-
type. (b) Circuit of prototype. (c) Physical diagram of SM.

Fig. 20. Experimental results of the prototype at md = 1.33.

coincidence part in a period, which reconfirms the correctness
of improved AAVM under the overmodulation mode.

In Figs. 20 and 21, the relative errors of the SM capacitor volt-
ages between the experimental results and the simulation results
of improved AAVM are 5.11% (FBSM) and 5.58% (HBSM),
respectively. The simulation results of conventional AAVM have
obvious errors compared with the experimental results. The

Fig. 21. Simulation results of the prototype at md = 1.33.

Fig. 22. Experimental results of the prototype when md changes.

reason for the error between experimental results and simulation
results of improved AAVM is that the experimental system only
contains four SMs and the improved AAVM does not consider
the losses of the SMs. It can be concluded that the simulation
results of improved AAVM are consistent with the experimental
results.

Figs. 22 and 23 show the dynamic performance of the experi-
mental and simulation results of improved AAVM and conven-
tional AAVM when md changes from 1.67 to 1, respectively. It
can be seen from Fig. 22 that the SM capacitor voltages increase
and the capacitance voltages of FBSM and HBSM still have a
coincidence part in a period. As for Fig. 23, the SM capacitor
voltages, arm current and ac current of improved AAVM exhibit
a similar trend to that of Fig. 22.

The steady-state value of capacitor voltages, arm current, and
ac current of improved AAVM in the simulation results are
consistent with that of the experimental results. The arm current
and ac current of conventional AAVM also exhibit a similar
trend with that of experimental results. However, the relative
error of conventional AAVM is larger than that of improved
AAVM. Therefore, the improved AAVM proposed in this article
can reflect the dynamics of the experimental system correctly.
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Fig. 23. Simulation results of the prototype when md changes at 1.5 s.

Fig. 24. Experimental results of the prototype when k1p changes.

Fig. 25. Simulation results of the prototype when k1p changes.

To verify the correctness of the small-signal model, the k1p
of the experimental system is changed from 4.5 to 0.45 in this
section. Fig. 24 shows the experimental results of iva, Ps, Qs, and
the spectrum of Ps. When k1p changes, the experimental results
show that the system oscillates, and the oscillation frequency of
Ps is about 9.3 Hz. Besides, iva contains frequency components

of 40.7 and 59.3 Hz. According to the frequency coupling
characteristics of MMC, it is also shown that the oscillation
frequency of the experimental system is 9.3 Hz. Fig. 25 shows
improved AAVM simulation results of Ps and Qs of the prototype
when k1p changes from 4.5 to 0.45 at 1 s. As shown in Fig. 25, the
oscillation frequency of improved AAVM is 1/0.08 = 12.5 Hz.
The reason for the error of the oscillation frequency between
experimental results and simulation results of improved AAVM
is that the experimental system only contains four SMs and
improved AAVM does not consider the losses, stray inductance,
and capacitance of the SMs. Therefore, improved AAVM can
reflect the oscillation dynamic performance of the experimental
system correctly.

VIII. CONCLUSION

First, based on the difference in dynamic characteristics be-
tween FBSM and HBSM of hybrid MMC under negative voltage
output conditions, this article presents the equivalent circuit of
the improved AAVM and the arm reference voltage allocation
algorithm which describes the nonlinear distribution of arm
modulation signal between HBSM and FBSM. The complete
improved AAVM is constituted by the equivalent circuit and the
arm reference voltage allocation algorithm. Second, considering
the higher harmonics of the capacitor voltages and the modula-
tion signals, the dynamic differential equation of the electrical
part and the nonlinear distribution in the d-q frame are derived.
Based on the nonlinear allocation algorithm of the reference volt-
age and the piecewise solution method, the modular small-signal
model of the hybrid MMC is established. Finally, the correctness
of the proposed model is verified by simulation results. The sim-
ulation results show that the dynamics of the improved AAVM
and the DSM are highly consistent under the negative voltage
output condition, whereas the conventional AAVM has obvious
errors. Besides, the simulation results validate the correctness
of the small-signal model based on improved AAVM in the
aspect of stability prediction while the conventional AAVM
may cause the wrong assessment of stability. Meanwhile, the
steady-state and dynamic operation experimental results confirm
the correctness of the improved AAVM.

The improved AAVM has its limitations such as it could not
simulate blocking conditions in practical applications. Improved
AAVM uses a series of controlled voltage sources to simulate
the arm output voltage of hybrid MMC. When the arm of hybrid
MMC is blocked due to dc fault, submodule fault, and other
reasons, the controlled voltage source is set to 0 directly without
considering the influence of IGBT anti-parallel diode in SMs.
Therefore, improved AAVM cannot simulate the current free-
wheeling process after blocking correctly. The improved AAVM
cannot be used to simulate blocking conditions of the hybrid
MMC. Besides, compared with the conventional AAVM, the
improved AAVM slightly increases the simulation time, but the
simulation efficiency is within the acceptable range according to
Table II. Meanwhile, the accuracy of improved AAVM is higher
than conventional AAVM significantly under overmodulation
conditions, and the improved AAVM can reflect the stability of
hybrid MMC correctly.
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APPENDIX

The differential equations of internal differential currents are

La
didif0

dt
= −Raidif0 − vdc

2
+m0fvc0f

+

n∑
i=1

midfvcidf +miqfvciqf

2

+m0hvc0h +
n∑

i=1

midhvcidh +miqhvciqh

2
(A1)

La
didif2d

dt
= −Raidif2d − 2ωLaidif2q +

∑
z=f,h

(
m0zvc2dz

+m2dzvc0z +
m1dzvc1dz −m1qzvc1qz

2

+
m3dzvc1dz −m3qzvc1qz

2

+
m4dzvc2dz −m4qzvc2qz

2

+

n∑
j=3

(m(j−2)dzvcjdz

2
+

sj−2sjm(j−2)qzvcjqz

2

+
m(j+2)dzvcjdz + sj+2sjm(j+2)qzvcjqz

2

))
(A2)

La
didif2q

dt
= −Raidif2q + 2ωLaidif2d +

∑
z=f,h

(
m0zvc2qz

+m2qzvc0z − m1qzvc1dz +m1dzvc1qz

2

+
m3qzvc1dz +m3dzvc1qz

2

− m4qzvc2dz +m4dzvc2qz

2

+
n∑

j=3

(sj−2m(j−2)qzvcjdz

2
− sjm(j−2)dzvcjqz

2

+
−sj+2m(j+2)dzvcjdz + sjm(j+2)dzvcjqz

2

))
.

(A3)

The dynamics of ac currents are

Le
divd

dt
= −Reivd + vsd + ωLeivq +

∑
z=f,h

(
m0zvc1dz

+m1dzvc0z +
m2dzvc1dz −m2qzvc1qz

2

+

n∑
j=2

(
m(j−1)dzvcjdz + sj−1sjm(j−1)qzvcjqz

2

+
m(j+1)dzvcjdz + sj+1sjm(j+1)qzvcjqz

2

))
(A4)

Le
divq

dt
= −Reivq − ωLeivd + vsq +

∑
z=f,h

(
m0zvc1qz

+m1qzvc0z − m2qzvc1dz +m2dzvc1qz

2

+
n∑

j=2

(
m(j−1)dzvcjqz − sjm(j−1)qzvcjdz

2

+
sj+1m(j+1)qzvcjdz − sjm(j+1)qzvcjqz

2

))
. (A5)

The dynamics of FBSM capacitor voltages are:

CeqF
dvc0f
dt

= −
(
m0f idif0 +

m1dfivd +m1qfivq

4

+
m2dfidif2d +m2qfidif2q

2

)
(A6)

CeqF
dvc1df

dt
= ωCeqFvc1qf −

(
m0f ivd

2
+m1dfidif0 +

m1dfidif2d

2

− m1qfidif2q

2
+

m2dfivd −m2qfivq

4

+
m3dfidif2d +m3qfidif2q

2

)
(A7)

CeqF
dvc1qf

dt
= − ωCeqFvc1qf −

(
m0f ivq

2
+m1qfidif0

− m1qfidif2d

2
− m1dfidif2q

2
− m2qfivd +m2dfivq

4

+
m3dfidif2q −m3qfidif2d

2

)
(A8)

CeqF
dvc2df

dt
= − 2ωCeqFvc2qf −

(
m0f idif2d +m2dfidif0

+
m1dfivd

4
− m1qfivq

4
+

m3dfivd −m3qfivq

4

+
m4dfidif2d −m4qfidif2q

2

)
(A9)

CeqF
dvc2qf

dt
= 2ωCeqFvc2df −

(
m0f idif2d +m2qfidif0

− m1qfivd

4
− m1dfivq

4
+

m3qfivd +m3dfivq

4

− m4qfidif2d +m4dfidif2q

2

)
. (A10)

If k≥3

CeqF
dvckdf

dt
= skkωCeqFvckqf −

(
mkdfidiff0 +

m(k−1)dfivd

4

− sk−1m(k−1)qfivq

4

+
m(k−2)dfidif2d + sk−2m(k−2)qfidiff2q

2

+
m(k+1)dfivd + sk+1m(k+1)qfivq

4

+
m(k+2)dfidif2d − sk+2m(k+2)qfidif2q

2

)
(A11)
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CeqF
dvckqf

dt
= − skkωCeqFvckdf − sk

(
skmkqfidif0

+
sk−1m(k−1)qfivd

4
+

m(k−1)dfivq

4

+
sk−2m(k−2)qfidif2d −m(k−2)dfidif2q

2

+
sk+1m(k+1)qfivd −m(k+1)dfivq

4

+
sk+2m(k+2)qfidif2d +m(k+2)dfidif2q

2

)
.

(A12)

The expression of HBSM capacitor voltages can be obtained
by replacing the subscript “f” with “h.”
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