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Fixed-Time Generalized Active Disturbance
Rejection With Quasi-Resonant Control for
PMSM Speed Disturbances Suppression

Xiufeng Liu
Jianli Wang

Abstract—Robust and smooth speed control is very important for
permanent magnet synchronous motor (PMSM) drives. However,
aperiodic and periodic disturbances generally exist in PMSM
system, which affects the stability of the system and causes speed
fluctuations. Therefore, this article proposes a fixed-time switching
generalized active disturbance rejection control method with a
switching quasi-resonant controller to achieve satisfactory speed
control performance. First, a fixed-time switching generalized
extended state observer whose state estimation errors can converge
to steady state in a fixed time is used to suppress the aperiodic
disturbances. Second, a switching quasi-resonant controller that
can avoid the side effect of resonant terms during motor dynamics
is designed to attenuate the speed fluctuations caused by the
periodic disturbances. Then, the performance of the proposed
scheme is systematically analyzed. Finally, the feasibility and
effectiveness of the proposed method are verified on a 5.5-kW
PMSM experimental platform.

Index Terms—TFixed-time control theory, generalized active
disturbance rejection control (GADRC), permanent magnet
synchronous motor (PMSM), quasi-resonant controller (QRC).

1. INTRODUCTION

ERMANENT magnet synchronous motor (PMSM) has
been extensively employed in high-precision servo systems
owing to its superior torque inertia ratio, high power density,
and high reliability, such as electric vehicles, robots, large-
scale telescopes, and various other fields [1], [2], [3]. However,
there exist aperiodic and periodic disturbances in PMSM drive
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system, which will cause speed fluctuations and reduce the speed
control performance. The aperiodic disturbances mainly include
external load torque and model parameters uncertainty, while
the periodic disturbances mainly include flux harmonics, in-
verter nonlinearity, current sampling errors, and cogging torque.
Therefore, to achieve robust and smooth speed control, many dif-
ferent disturbance suppression schemes have been investigated
in recent years.

Over the past few years, the effective methods for suppressing
the aperiodic disturbances include active disturbance rejection
control (ADRC) [4], [5], [6], adaptive control [7], model predic-
tive control [8], sliding mode control [9], [10], extended Kalman
filter (EKF) [11], [12], intelligent control [13], etc. Among
these methods, ADRC is receiving increasing attention as it is
relatively less reliant on the model information [14]. As the core
of ADRC, extended state observer (ESO) can estimate all the
aperiodic disturbances as lumped disturbance and compensate it
to the feedback control law to suppress the aperiodic speed fluc-
tuations. However, the conventional linear ESO (CLESO) has
the limited ability to observe the fast-varying disturbance, and
the estimation error of the CLESO for fast-varying disturbance
cannot converge asymptotically [3], [15]. To overcome this prob-
lem, the linear generalized ESO (LGESO), also known as the
generalized proportional integral observer, has been proposed
[16], which has a higher estimation accuracy to the fast-varying
disturbances by increasing the order of the observer.

Meanwhile, the CLESO can only asymptotically converge
in an infinite domain. Therefore, to improve the convergence
rate of the CLESO, the fixed-time ESOs (FESOs) based on the
fixed-time control theory [17], [18] have been studied by more
and more researchers in [19], [20], [21], [22], and [23], whose
convergence time is bounded by a fixed constant independent
of the initial conditions. Owing to this attractive characteristic,
FESOs have been successfully employed in a range of academic
and practical applications, such as robotic systems, spacecraft,
and multiagent systems with second-order dynamics [19], [20],
[21]. However, the correction terms of these FESOs contain sign
functions, which will cause high-frequency chattering. To solve
this problem, the fixed-time GESO (FGESO) with continuous
correction terms has been proposed in [22] and [23]. Although
the abovementioned FGESO avoids the high-frequency
chattering problem caused by the sign functions, the nonlinear
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TABLE I
COMPARISON OF THE EXISTING ESOs

Sensitivity to

Methods  divrbance  distrbance  Comergence  high-requency

suppression  suppression time dlsturbap ce

and noise

CLESO v poor infinite domain insensitive
LGESO v good infinite domain insensitive
FESO v poor fixed time sensitive
FGESO v good fixed time sensitive
LNSESO v poor \ insensitive

FGESO still has the chattering caused by high-frequency dis-
turbance and noise, which results in a large limitation on the ob-
server performance and practical application. In [24], [25], and
[26], linear/nonlinear switching ESOs (LNSESOs) have been
proposed to reduce the sensitivity of the ESO to high-frequency
disturbance and noise, which integrate the advantages of the
C-LESO and nonlinear ESO. Table I further shows the strengths
and weaknesses of the abovementioned methods. From Table I,
it can be seen that the existing ESOs all have some flaws.
Therefore, using the linear/nonlinear switching control strategy,
a fixed-time switching GESO (FSGESO) is proposed for
PMSM drive system to suppress the aperiodic disturbances
in this article, which integrates the merits of the FGESO and
LGESO, not only can converge to steady state in a fixed time
but also can reduce the sensitivity of the observer to system
high-frequency disturbance and noise.

Although the proposed FSGESO algorithm is proficient in es-
timating aperiodic disturbances, it demonstrates inadequate per-
formance in suppressing periodic disturbances. Consequently,
the integration of an auxiliary component into the proposed
FSGESO is essential to effectively deal with the periodic distur-
bances. Recently, several auxiliary components, such as iterative
learning controller [27], repetitive controller [28], and resonant
controller [29], [30], [31], have been proposed in combina-
tion with ADRC to suppress periodic disturbances. Among
these methods, resonant controller is particularly popular for
its ability to suppress periodic disturbances. Wang has added
a conventional quasi-resonant controller (CQRC) to the linear
ADRC for PMSM speed regulation to suppress the aperiodic and
periodic disturbances in [29]. Tian et al. [30] proposed an adap-
tive linear ADRC with an adaptive resonant controller which
can estimate the uncertain periodic disturbances for PMSM
current disturbances suppression. Although, those methods can
effectively attenuate the periodic disturbances, the side effect
of resonant terms during motor dynamics is not considered.
To solve this problem, Xia et al. [31] proposed a proportional-
integral-resonant (PIR) controller by switching resonant mode
to avoid transient instability and obtain high-precision speed
control performance. However, the limited gain bandwidth of
the PIR could negatively impact the stability of the system.
Hence, a switching quasi-resonant controller (SQRC) designed
by the switching resonant mode will be an effective and practical
method for suppressing periodic disturbances.
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Motivated by the abovementioned investigations, to obtain
robust and smooth speed control, this article proposes an FS-
GESO with an SQRC for PMSM drive system to attenuate the
aperiodic and periodic disturbances. The main contributions of
this article are summarized as follows.

1) An FSGESO is proposed for PMSM speed control to
suppress the aperiodic disturbances, which possesses the
advantages of the FGESO and LGESO. The FSGESO not
only can converge to steady state in a fixed time but also
can reduce the sensitivity to the system high-frequency
disturbance and noise. In addition, the performance limi-
tation of the FGESO existing in [22] and [23] is mitigated
by using the linear/nonlinear switching control strategy.

2) An SQRC is designed to enhance the control law to
attenuate the periodic disturbances, which is implemented
in parallel with the FSGESO. The SQRC avoids the tran-
sient instability through the automatic switching resonant
mode, and its gain bandwidth can be adjusted by its cut-off
frequency.

3) The proposed FSGESO-SQRC method can effectively
eliminate the aperiodic and periodic disturbances to
achieve robust and smooth speed control performance.

The rest of this article is organized as follows. Section II
introduces the mathematical mode of PMSM and analyzes
the disturbances in PMSM. The proposed FSGESO-SQRC is
designed in Section III. Performance Analysis of the system
with the proposed FSGESO-SQRC is given in Section IV. In
Section V, experiments are carried out to verify the proposed
scheme. Finally, Section VI concludes this article.

II. MATHEMATICAL MODELS AND DISTURBANCES ANALYSIS
A. Mathematical Model of PMSM

Neglecting the effects of hysteresis loss, core saturation and
eddy current of the surface-mounted PMSM, the dg-axis volt-
age equation in the synchronous rotating reference frame is
expressed as [1]

{ud = Rgig + Ld% — wmanqiq

Ug = Rslq + Lq% + wmnp(LdZd + wf)

where u4 and u, are the d- and g-axis stator voltages, Lqg = L, =
L are the d- and g-axis stator inductance, ¢4 and 7 are the d- and
g-axis stator currents, respectively. R, is the stator resistance,
Wy, 1s the rotor mechanical angular speed, n,, is the number of
pole pairs, and 1) is the permanent magnet flux linkage.

The dynamic equation of PMSM can be expressed as

Jwpy =T, — Bwpy, — 171 ()

where T, is the electromagnetic torque, B is the viscous fric-
tional coefficient, J is the inertia, and 77, is the load torque.
By utilizing the field-oriented control strategy, we can get the
maximize output torque when the d-axis current is zero (i = 0).
Then, the electromagnetic torque equation can be presented as

3 .. 3 ) .
T, = inpzq[zd(Ld — Ly) + ] = inpzbfzq =Kiig (3)

where K is the torque coefficient.
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B. Disturbances Analysis

The aperiodic disturbances in PMSM mainly include external
load torque and model parameters uncertainty. Considering the
change of model parameters, the dynamic equation (2) of PMSM
can be expressed as

(Jo + Ao = (Ko + AK,)ig — (Bo + AB)wp, — T4,
(4)

where Jy, Ko, and By are the rated values of inertia, torque coef-
ficient, and viscous friction coefficient, AJ = J — Jy, AK; =
K, — K9, and AB = B — By are the mismatch values of the
inertia, torque coefficient, and viscous friction coefficient, re-
spectively.

The periodic disturbances that exist in PMSM drive system
mainly include flux harmonics, inverter nonlinearity, current
measurement errors, and cogging torque. According to the lit-
erature [1], the periodic disturbances will cause torque ripples,
thereby the speed fluctuations will be induced by the torque
ripples. Considering the abovementioned periodic disturbances,
the total torque harmonics caused by the periodic disturbances
can be expressed as

Ty = f(iﬁh, Udh, Ugh, Tcoga Tottset, chaling)
=Ty cos(f. + 01) + T» cos(260, + 02)

o0 o0
+ Z Ton cos(6nb. + g,,) + Z Teoe sin(nN.0.)

n=1
&)

where )y, is the flux harmonics, ug4, and ugy, are the voltage
harmonics caused by the inverter nonlinearity, ¢, is the cogging
torque, Tofrser and Ticaiing are the torque harmonics caused by
the current offset error and scaling error, 7%, 15, and T§,, are
the amplitudes of the first, second, and 6nth torque harmonics,
01, 0o, and Og,, are the phase angle of the first, second, and
6nth torque harmonics, respectively, 755, is the magnitude of the
nN.th cogging torque harmonics, and NN, is the least common
multiple of the number of motor cogging and pole pairs.

Based on the abovementioned analysis, under the aperiodic
and periodic disturbances, the dynamic equation of PMSM can
be expressed as

n=1

(Jo + AJ)@m:(Kt0+AKt)iq - (BO + AB)wm — T, 4+ T.

(6)
Furthermore, the PMSM dynamic equation (6) can be repre-
sented as the following disturbed system:
T 1 = d + bou
y=1a

)

where 1 = w,, is the system state, u = %4 rr is the control
input, ¥y = w,, is the system output, by = K/Jp, and d =
(AKyiq — Bwy, — Ty, + T, — Adw,,)/Jo is the lumped dis-
turbance.

III. DESIGN OF THE PROPOSED FSGESO-SQRC

In order to suppress the aperiodic and periodic disturbances
existin PMSM system, this section proposes an FSGESO-SQRC
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method. First, an FSGESO is proposed and its fixed-time con-
vergence property is proved systematically. Then, an SQRC is
designed in parallel with the FSGESO. Finally, the structure
diagram of the FOC-based PMSM with the proposed FSGESO-
SQRC is shown.

A. Design of the FSGESO

First, system (7) can be extended as

% = Ax + Bou + Dd(™ )
(3)
y = Cx
where x = [v1 @9 23 -+ 2n)T = |wp d d -+ dD]T,
01 0 ---0 o 0 e
00 1 " 0 0 0
A= - ' Bo= Ol,p=|:].c=10
00 --- 0 1 : 0 :
00 --- 0 0 0 1 0

Assumption 1: The (n—1)th derivative of the disturbance
d=Y exists and satisfies |[d" V| < dax), where difay) de-
notes the upper bound.

Then, the FSGESO of system (8) can be designed as

ijl = £2 + bOU + k1WO¢(6, 1917 71 él)
Ty =1d3+ kowd1h (8,92, 72, €1)
Iy = &g+ kawip(8,93,73,€1) )

-%n = knwgw(év 1971/7,}/1’7,7 él)

él/élfﬁio < |é1‘ <4
sgnﬁi(él),é <lé] <1

8,0, iy 1) = N 10

,17[]( ) 8t el) Sgnﬂﬁ(el)"e” >1 ( )
1=1,2,....n

where X = [:231 Lo - j;"]T: [@,m d dA(n—Q)}T

is the estimation of x, é; = 7 — 1 is the observation er-
rorofxq, ¥, =i — (i —1),9€ (1 —1/n,1), v =4y — (1 —
1),v€ (1,+00)(i =1,2,--+ ,n), wp = 1is a constant related
to the observer bandwidth, 6 € (0,1) is the switching point,
sgn*(-) = sign(-)| - |* where sign(-) is the sign function, and

the observer gain vector K = [/{:1 ko k:n] r is designed

as
K=s1!c?T (11)

where S is the solution of the Riccati equation [32]
S+ATs+sA-cTc=o. (12)

According to (9) and (10), the FSGESO is an FGESO when
|é1| > 0, while the FSGESO will switch to an LGESO when
|é1| < 0. Therefore, taking |é;| = ¢ as the switching point, the
FSGESO can be divided into the following two cases.

Case 1: When |é1| > ¢, the FSGESO is a nonlinear FGESO.
Combining (8) and (9), the differential equation of the estimation
error can be expressed as

é=Aé— ®(wy,K,0,7,61) +Dd D (13)
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whereé = [61 & -+ &, . & =mi—@i(i=1,2,...,n)

is the estimation errors, ®(wo, K, 1,7, é1) is a vector field with

®; (wo, ki, 94,7, €1) = kiwlo(¥i,75,61)(i = 1,2,...,n), and
where
) sgn”i(é1), 0<|é| <1
7-91'7 79 = N N 14
#lbe%,€) {Sgn%(ﬁ), |é1] > 1. (1

To achieve fixed-time convergence of the observation er-
rors, we introduce a bi-limit homogeneous corrective term
®(wo, K, 9,7, é,). When d™1) = 0, the approximation at 0 or
at oo of (13) is closely related to the behavior of the following
standard homogeneous system:

é=Ae—d' (K, a,é) (15)

where ®'(K, a, é1) is a vector with ®';(k;, v, é1) =k;sgn®i
(é1)i=1,2,...,n),a; =ia— (i—1),a € (1 — 1/n,+00).

According to Deﬁnltlon 2 given in the Appendix, system (15)
is homogeneous of degree o — 1 with respect to the weight vec-
tor r(a) =[r1 72 )b, ri=(i—Da—(i—2)(i=
1,2,...,n). Therefore, we can construct the homogeneous Lya-
punov function of system (15) according to the following lemma.

Lemma I (see [22]): There exists € > 0 such that system (15)
is asymptotically stable forall « € (1 — €, 1 + ¢). Furthermore,
a homogeneous Lyapunov function of degree 2 with respect to
the weight vectorr(«a), whose 1-level setis exactly the 1-level set
E £ {é € R"|éTSé = 1} of the quadratic Lyapunov function
V(&) = éTSé, exists and for all > 0 satisfies

Wa (AL ©z) = 32W, (2) = 22V (3) (16)

where z € = and AJ is defined in the Appendix. Furthermore,
the time derivative of the Lyapunov function along the trajecto-
ries of system (15) satisfies the following inequality:

Waf@ln = { o 5.@) < S ova @)

where (&) = Aé — ®'(K, o, é1).

When wy = 1, the approximations of ®(wg, K, d,~,é1) at
0 and at oo are ®'(K,d,¢é;) and ®'(K,~, é;). Then, using
the structure of the homogeneous Lyapunov function defined in
Lemma 1, we can build two homogeneous Lyapunov functions
(one for each approximation): at 0 (resp. co) denoted by Wy for
¥ < 1 (resp. W, for v > 1).

Let us denote two error sets as follows:

= 2 {A"Pzn € (0,1),% € B}

a7

. 2 {(AIVzh e [1,00), % € B} (18)
which can be equal to
By 2 {ecR"eTse < 1}
E. 2 {ecR"&TSe > 1} (19)

Then, the candidate homogeneous Lyapunov function is de-
fined as

Wﬂ (é)7

. (20)
W, (e), e

mm

[I] jy

Wﬁﬁ(é) = {
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Based on Lemma 1 and the constructed homogeneous Lyapunov
functions defined in (20), we can obtain the following theorem.

Theorem 1: Consider system (8) under Assumption 1, if
the FSGESO is designed as (9), and wy satisfies that wy >

max{ (4dgfax1 \/ Snm)l/n

, 1}, then there exists €1 > 0, for all
v € (1—ep,1)andy € (1,1 + £1), theestimationerrors é; (i =
1,2,...,n)arebound and é; can converge to the switching point
|é1] = J in a fixed-time independent of the initial conditions.

Proof: By making the transformation € =A,, & with A, 2
diag(1,1/wp, ..., 1/wi™t), the estimation error differential
equation (13) can be rewritten as

&=wy(Ae— ®(1,K,9,7,é1)) + A, Dd™ V. (21)

The right-hand side of (21) can be divided into two parts,
wo(A& — ®(1,K,19,v,é1)) and A, Dd"™ V), respectively.
Lemmas 2 and 3 are given first for the derivatives of Wy . (€)
with respect to these two vector fields in the Appendix. Then,
using the Lemmas 2 and 3, we can get that there exists €1 > 0,
foralle e R", 9 € (1 —e1,1), y € (1,1 +¢1), and wp > 1,
there has

Wﬁ,’y(é)|(21) < - -5 P 2 ) 2

5 Wﬂn(é))

W ()

where M = 2df§;cl)\ /S’mn/f,u(’)“"1
When d("~1) = 0, inequality (22) is expressed as

{Wﬁﬁ(é”@l)
Wy~ (@) 21)

According to (23), we can obtain that, when &(0) € E,
Wy ~(€) converges to € € E( within fixed time 7y = 4/wo(y —
1), and then converges to the origin within fixed time 75 =
4/wo(l —9).

When d(*=1) # 0, according to [23, Lemma 5], there exists
¢ and 73 independent of the initial conditions, for all ¢ > 73 that

Wi,5(€) < Dyexp(—=((t = 73)) + D2

where Dy = 1— Dy, Dy = (2)2/7 75 = 4/((v

) M—wqo/2
20)). ¢ = mase{ - 42 ()", etz
Then, according to (24), we can obtain equation (26) shown

at the bottom of next page,

(22)

< -
(23)
< -

m‘E m‘ﬁ
~
2

(24)

1)(Wo -

leil =wi el <wi el < Yii=1,2,...n (25)
where Y; shows at the bottom of the next page. This indicates
that, within a fixed time independent of the initial conditions,
the estimation errors can approach a narrow vicinity around the
equilibrium point, which theoretically can be made infinitely
small by increasing the value of wq. Therefore, we can choose
0 > Y7, then the FSGESO can converge to the switching point
|é1] = 4 in a fixed time T3.

Case 2: When |é1| < 0, the FSGESO will switch to an
LGESO. Combining (8) and (9), the differential equation of the
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estimation error can be expressed as

é=(A-LC)e+Dd"V 27
where
T
L=[p B2 - fn
= |: k1wo kawd knw }T
5191 5102 61-9n
w 2 w n T

= gt k()" - k()] 9

According to (11), the observer gain K can be chosen as

n!

k,‘: ',i:1,2,...,n.

i(n —1) 9)

Obviously, A — LC is a Hurwitz matrix whose eigenvalues
are all negative real number —wg/3'~7. Therefore, we can get
that & is asymptotically stable if d*~1) = 0, and & is bounded-
input bounded-output (BIBO) stable if d~1) # 0 but it is
bounded.

According to the discussion of Cases 1 and 2, the proposed
FSGESO is globally convergent. When |é;1| > ¢, the proposed
FSGESO is a nonlinear FGESO, which can converge to the
switching point in a fixed time independent of the initial condi-
tions. When |é1] < 4, the FSGESO will switch to an LGESO,
which can improve the steady-state performance by reducing
the sensitivity to system high-frequency disturbance and noise.

Remark 1: For the conventional LGESO, it can only asymp-
totically converge in an infinite domain. For the conventional
FGESO, its bandwidth can be improved by decreasing ¢,
whereas the chattering is more likely to be triggered at the
same time. For the proposed FSGESO, due to the chattering
is attenuated by using the linear/nonlinear switching strategy,
we can set smaller ¥ to obtain higher bandwidth, meanwhile,
the steady-state performance of the FSGESO can be ensure
by switching the FGESO into LGESO during system steady-
state. Therefore, the proposed FSGESO has better dynamic and
steady-state performance than the conventional LGESO and
FGESO.

B. Design of the SORC Controller

The CQRC is widely used in practical systems which can be
presented as

2k, w8

Goarcld) = F st oy

(30)
where wy, is the resonant frequency, w, is the cut-off frequency,
and k, is the resonant gain.

However, the CQRC has side effect of the resonant terms
during system dynamics [31]. Thus, we proposed an SQRC by
using the switching resonant mode to avoid this problem, which
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Fig. 1. Bode plots of the SQRC with the varying parameters. (a) w. =
1.5%wp,, kr =[10, 50, 100]. (b) k = 50, we = [1.0%wp,, 1.5%wp,, 2.0%wp].

can be presented as

2k, wes sign(|e| + §) — sign(le] — 0)
$2 + 2wes + w? 2

Gsqre(s) =
(31)

where e = wy, ref — Wiy, 1S the speed error, wy, rr i the speed
reference, ¢ is the switching point, which is used to switch
ON or OFF of the SQRC. When the system is in the dynamic
process, |e| > §,the SQRC has no effect on the system. When the
system approaches steady state, |e¢| < J, the SQRC acts on the
system to suppress the speed fluctuations caused by the periodic
disturbances.

Remark 2: The SQRC is designed by the automatic switching
resonant mode to avoid the side effect of resonant controller
during motor dynamics. Therefore, the SQRC has the better
ability than the CQRC during motor dynamics, while still has the
same ability to suppress the periodic disturbance as the CQRC
during motor steady-state.

Then, in order to illustrate the effect of the parameters on
the performance of the SQRC, Fig. 1 shows the Bode plots
of the SQRC with w, varies from 1%w;, to 2%wy; and k,
varies from 10 to 100 when wp, = 607 rad/s, respectively. Fig.
1(a) illustrates that a larger resonant gain k, can improve the
harmonics suppression capability of the SQRC. However, it is
important to note that setting an excessively high resonant gain
may amplify the signals near the resonant frequency, potentially
leading to instability. In contrast, Fig. 1(b) shows that a larger
cut-off frequency w,. provides a wider gain bandwidth, which
can enhance the stability of the system.

o Y e (9 B 2/9\ " (9)
Y, = \/(w?)(z 1)/“L(19)D1 exp(*g(t - T3) + "‘)(2)(z B/ rald)=2n g <4d£gax1)\/ Sn,n) ) /)‘min<S)

(26)
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TABLE II
PARAMETERS OF PMSM

Symbol Quantity Value

vy Flux linkage 0.29 Wb
J Inertia 0.0425 kg-m?
B Viscous friction coefficient 0.02 N-m-s
np Pole pairs 3

slot Slot 12

R Stator resistance 0.675 Q
Ls Stator inductance 0.0065 H
PN Rated power 5.5 kW
wN Rated speed 3000 r/min
TN Rated torque 17.5 N-m
Un Rated voltage 380 V

Upc DC-bus voltage 560 V

C. Design of the Proposed FSGESO-SQRC for PMSM

Although, increasing the order of the GESO can improve
the estimation precision towards fast-varying disturbances [33].
However, as reported in [4], this improvement comes at the
expense of increased sensitivity to noise. Therefore, the order of
the proposed FSGESO is selected as n = 3 to balance the dis-
turbance suppression capability and antinoise capability. Then,
the FSGESO for the PMSM system is designed as

1 = &g + bou + k1wop (6, V1,71, €1)
To = &3 + kowdep(8, 92,72, é1)
T3 = kswi(6,03,73, 1)

where k1 = 3, ko = 3, and k3 = 1.

According to the analysis of the periodic disturbances in
Section II, the speed fluctuations in PMSM are mainly caused
by first, second, 6nth, and nN_th periodic disturbances. Low-
frequency speed fluctuations are significant factors that deteri-
orate the performance of the PMSM drive system in practical
applications. Conversely, high-frequency speed fluctuations can
typically be disregarded since their effects can be mitigated
through the rotor inertia and velocity measurements [31]. Con-
sequently, this article only considers the fundamental frequency
of the flux harmonics, inverter nonlinearity, and cogging torque.
In addition, based on the number of the pole pairs and slot
presented in Table II, it can be observed that the period of
cogging torque aligns with that of flux harmonics. As aresult, the
SQRC only considers first, second, and sixth speed fluctuations,
can be designed as

(32)

G/ (S) o 2krlwcls 2k7-2w023
SQRC $2+2was+wi 82+ 2wes + wiy
2kr6w065
$2 + 2wees + wig

(sign(e| +0) — sign(le| — 5)> (33)

2

where k1, ko, and k,.¢ are the first, second, and sixth resonant
gain, w.1, We2, and wg are the first, second, and sixth cut-off
frequency, w1 = We, Wha = 2w, and wp = 6w, are the first,
second, and sixth resonant frequency, respectively, w. = npwp,
is the electrical angular speed of PMSM.
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Using the error feedback control strategy, the speed control
law is designed as
Ty
bo
where ug = kp(Wm,ref —wm) is the speed error feed-
back control law, k, is the proportional coefficient, uq, =
L1 (G'sqre(s)E(s)) is the output of the SQRC, L~ represents
the inverse Laplace transform, E/(s) is the Laplace transform of
e(t).

Subsequently, Fig. 2 presents the structural diagram of the
FOC-based PMSM with the proposed FSGESO-SQRC. It is
evident from Fig. 2 that the current loop adopts PI controllers that
produce stator voltages, whereas the proposed FSGESO-SQRC
is utilized in the speed loop to produce the g-axis reference
current.

U= Uy + Ugp — (34)

IV. PERFORMANCE ANALYSIS OF FSGESO-SQRC
A. Stability Analysis of the Speed Closed-Loop System

The stability of the FSGESO has been analyzed in Section
III-A, and it indicates that the FSGESO can converge to switch-
ing point in a fixed-time independent of the initial conditions,
and the FSGESO is globally BIBO stable under the lumped
disturbance. Then, according to the literature [26], the stability
of the speed closed-loop of the PMSM system with the proposed
FSGESO-SQRC will be analyzed here. First, substituting the
speed control law (34) into the PMSM dynamic system (7), we
can get that

T =d+ b()kp(wm,ref —wm) + bougr — &2
= bo {kl’ + Lt [G/SQRC(S)]} (Wm,ref - xl) + é2
= bo {kp + Lt [G/SQRC(S)]} (wm,ref -

According to Theorem 1, the disturbance estimation error és
are bounded. Then, taking the Laplace transform of (35), we can
obtain the following transfer functions:

r1) +é2.  (35)

Xi(s) _ bo[ky + G'sqre(s)] 36)
Qm,ref(s) 5+ b [kp + G,SQRC(S)]
X1 (S) 1
_ = 37
Ey(s)  s+bo[kp + G'sqre(s)] oD

where X (s), Qun rer(s), and Ey(s) are the Laplace transform
of 21(t), wm rer(t), and éx(t), respectively. Due to ky, by, ki
(kr1, ko and kp6), and w,. (we1, we2 and weg) are all positive real
number. Therefore, the poles of transfer functions (36) and (37)
are in the left half-plane of the complex domain. Therefore, the
speed closed-loop system is stable.

B. Speed Tracking Performance Analysis

To analyze the speed tracking performance of the proposed
method, from the view of practical engineering, the bode dia-
grams of the proposed method can clearly show its frequency do-
main characteristics. However, the FSGESO-SQRC constructed
in this article is a linear/nonlinear switching system, its trans-
fer function is difficult to obtain. Therefore, according to the
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literature [34], a unified frequency-sweep method is adopted to
acquire the bode diagrams. Then, selecting ¥ = 0.8, v = 1.2, w,;
= 1.5%wn;, and k,; = 107 (i = 1, 2, 6), Fig. 3 shows the bode
diagrams of the FSGESO-SQRC system with variable k, and
wop. It can be seen from Fig. 3 that the bandwidth of the speed
loop is only related to the proportional coefficient k,, and the
speed tracking performance improves with the increase of k.
In addition, Fig. 3(a) shows that the speed tracking performance
of the FSGESO-SQRC is the same as CLESO-CQRC with the
same kj,.

C. Antidisturbance Performance Analysis

1) Aperiodic Disturbance Suppression: In order to analyze
the antidisturbance performance of the proposed method, the
bandwidth of the speed loop is designed as 62.8 rad/s, thus, k,
is set as 2.1. In the proposed scheme, the aperiodic disturbance
rejection performance is mainly affected by the parameters 4, ~,
and wy. Thus, the bode diagrams of the FSGESO with different
1 and  are shown in Fig. 4. It can be seen from Fig. 4, the
bandwidth of the FSGESO increases with the decrease of ¢

Structure diagram of the FOC-based PMSM with the proposed FSGESO-SQRC.
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Fig. 4. Bode diagrams of the FSGESO system with different 9 and ~y.

and increase of v, and the low-frequency disturbance rejection
performance of the FSGESO is stronger under a smaller ¢
and a larger . Note that the FSGESO is equivalent to the
LGESO when ¢ = 1 and v = 1. Meanwhile, to show that
the antidisturbance ability of the FSGESO is superior to the
CLESO and LGESO, choosing k, = 2.1, = 0.8, and v =
1.2, the comparison of the antidisturbance performance with the
three methods is shown in Fig. 5. It can be seen from Fig. 5,
the FSGESO has the best disturbance estimation and rejection
ability to the low-frequency disturbance with the same parameter
wo, followed by LGESO and CLESO. In addition, even if the
value of parameter wy in the FSGESO is much smaller than
CLESO, its low-frequency antidisturbance ability is stronger.
2) Periodic Disturbance Suppression: From Fig. 3(a), we
can see that increasing k, can enhance the antidisturbance
capability to the periodic disturbance. However, the restricted
current loop bandwidth limits the speed loop bandwidth meaning
that &, cannot be excessively large [29]. Thus, according to
Fig. 1, we can set appropriate k,. and w, to suppress the special
periodic disturbance effectively. Selecting k, = 2.1, ¥ = 0.8, v
=12, wg = 7.5, we; = 1.5%wp;, and k., = 10i (i = 1, 2, 6),
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the step response curves and bode diagrams of the FSGESO,
FSGESO-CQRC, and FSGESO-SQRC are shown in Fig. 6.
Fig. 6(a) shows that the SQRC avoids the side effect of the
resonant controller by using the automatic switching strategy,
and the SQRC has better ability than the CQRC during the
motor dynamics. Moreover, Fig. 6(b) shows that the SQRC can
improve the special periodic disturbance suppression capability,
and still has the same ability to suppress the periodic disturbance
as the CQRC during motor steady-state.

D. Parameters Robustness Analysis

The inertia J and torque coefficient K are affected by operat-
ing environment changes and aging to produce mismatches from
nominal parameters. However, the proposed method includes
model information by = Ky /Jp. Thus, it is necessary to analyze
the robustness of the FSGESO-SQRC to parameters mismatch.
Selecting k, =2.1,9 =0.8,7y=1.2,wp = 7.5, we; = 1.5%wh;,
and k,.; = 10¢ (: = 1, 2, 6), Fig. 7 shows the bode diagrams
of the antidisturbance and speed tracking performance of the
FSGESO-SQRC with b, varies from 0.7 to 1.3by. From Fig. 7,
it can be seen that the change of parameter by only has a limited
impact on the system’s antidisturbance and speed tracking per-
formance. Meanwhile, according to (36) and (37), we can obtain
that parameter by change will not change the stability of the
speed-loop system. Therefore, the proposed FSGESO-SQRC
scheme exhibits excellent robustness to parameters variations.
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E. Parameters Configuration

The proposed method has some parameters that need to be
designed, including k,, ¥, v, wo, k;, w. and é. First, according
to the speed tracking performance analysis, the bandwidth of
the speed loop is only related to the proportional coefficient k,,
therefore, we can design &, based on the expected speed loop
bandwidth. In this article, we design the bandwidth of the speed
loop as 62.8 rad/s, thus, k), is set as 2.1. Second, according to
the analysis in Section I'V-C, the antidisturbance performance of
the proposed method mainly effected by the parameters 9, -,
and wy. For ¥ and v, we can get that a smaller ¥J and a larger ~
can achieve better antidisturbance performance to the aperiodic
disturbance. However, an overshoot tends to be generated with
a large vy, and the chattering is more likely to be triggered with a
small ¢ [23]. Although, the proposed FSGESO-SQRC method
has deal with the chattering problem of the conventional FGESO
by using the linear/nonlinear switching strategy, the ¥/ and ~
also should not be designed as too small or large. Thus, we set
¥ = 0.8 and v = 1.2 for the FSGESO. According to [29], the
bandwidth of the FSGESO is recommended to design to be twice
the speed loop. Therefore, wy is selected as 7.5. Then, for k,. and
we, according to [31], k,- should increase with the increase of the
resonant frequency. Thus, k.o and k,.¢ are set to 2k,.; and 6k,.1,
respectively. According to [29], w, is set to 1.5%wy,. Finally, §
is the switching point for the FSGESO-SQRC, it is designed to
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Fig. 9. Experimental results of the speed step responses with the five different
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ensure that the FSGESO switches from FGESO to LGESO to
avoid chattering and SQRC avoids the side effect of the resonant
controller during motor dynamics. Thus, the value of ¢ should be
selected by the steady-state speed error, which is recommended
to select as twice steady-state speed error.

V. EXPERIMENTAL RESULTS AND ANALYSIS

To exhibit the effectiveness of the proposed FSGESO-SQRC
method, experiments are carried out on a hardware platform
with a 5.5 kW PMSM, illustrated in Fig. 8. The crucial nominal
parameters of the PMSM are itemized in Table II. During
the experiments, the control algorithm is executed on a DSP-
TMS320F28335, and a magnetic powder brake is used to add
the external load. The current loop of the PMSM adopts PI
controller, and the sampling frequency of the current loop is
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8 kHz. The parameters of the d- and g-axis current PI controllers
are both designed as &k, = 7.141 and k; = 741.6. The proposed
FSGESO-SQRC strategy is applied as the speed controller
whose sampling frequency is the same as the current loop, and
the bandwidth of speed loop is designed as 62.8 rad/s. Thus, the
parameters of the proposed methods are designed as &, = 2.1,
Y= 08, Y= 12, Wy = 75, k,«l == 10, krg = 2]{3,«1, kr6 = 6]€T1,
wWei = 1.5%wpi, whi = iwe (1 = 1,2,6), and 6 = 0.1. Moreover,
conventional PI, LGESO and FGESO methods are also studied
under different working conditions on the PMSM hardware
platform to compare with the proposed method. Meanwhile, the
state-of-the-art EKF is constructed as a benchmark to evaluate
whether the proposed method can achieve the performance level
of state-of-the-art methods. The bandwidth of the PI speed con-
troller is designed as the same as the proposed FSGESO-SQRC,
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thus, ks, = 1.9, ks; = 3.4. The parameters of the LGESO are
selected as the same as the proposed FSGESO. According to
the literature [23], the parameters ¢} and y of the conventional
FGESOare setas ¥ = 0.9,y = 1.1, and the other parameters are
set as the same as the proposed FSGESO. For the EKF, according
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to the literature [11], its antidisturbance ability is determined by
the gain coefficient of the integral of tracking error, but the EKF
gain coefficient is limited by the measurement noise. Therefore,
the gain coefficient of the EKF is set to 420, enabling the system
to achieve its best dynamics possible.

A. Dynamic Performance Experiment

To evaluate the dynamic performance of the proposed method,
the comparative experimental results of the PI, LGESO, FGESO,
EKF, and FSGESO under rated load are given in Figs. 9 and
10. First, Fig. 9 shows the speed step responses of the five
different schemes from 100 to 600 r/min. It can be seen from
Fig. 9 that the overshoot and settling time of the FSGESO in
the full speed range are smaller than those of the PI, LGESO,
and FGESO methods. Therefore, the proposed FSGESO has
better dynamic performance than the other three methods under
the step responses. Comparing the proposed FSGESO with the
state-of-the-art EKF method, the setting time of the FSGESO is
similar to that of the EKF, which shows that the proposed method
can achieve the performance indicators of the state-of-the-art
algorithm. Furthermore, Fig. 10 shows the speed response curves
and speed tracking error curves of the five different algorithms
with a sinusoidal signal w, ref = 60 4 30sin(2t) r/min, respec-
tively. From Fig. 10, it can be seen that the proposed FSGESO
outperform PI, LGESO, and FGESO in tracking sinusoidal
speed reference. The speed tracking error fluctuations with the
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0.04F I sG:s0-sore ]
‘qg) 003k i Control Remove rated load Add rated load
% method Speed rise | Setting time | Speed drop | Setting time
< 0.02f 1 (r/min) (s) (r/min) (s)
oo PI 23.3 2.45 29.68 1.78
o1f 1
. LGESO 16.9 2.35 24.05 1.44
0 FGESO 14.1 1.83 20.6 1.23
Ist . 2nd 6th
e EKF 9.7 1.65 13.35 1.02
Fig. 17.  Histogram of the speed harmonics with w.y, ref = 100 r/min. FSGESO 9.5 L7 13.38 1.05

five methods are 16.11 r/min, 21.6 r/min, 20.52 r/min, 13.39
r/min, and 12.95 r/min, respectively.

B. Aperiodic Disturbance Suppression Experiment

To verify the antidisturbance performance of the proposed
method to aperiodic disturbance, the comparative experiments
of the PI, LGESO, FGESO, EKF, and FSGESO are carried out
under the condition of sudden unload and sudden load. Then,
Fig. 11 shows the experimental results of the five different
methods under rated load. When the load is removed abruptly at
10 s, we can obtain from Fig. 11 that the speed rise with the PI,
LGESO, FGESO, EKF, and FSGESO algorithms is 23.3 r/min,

16.9 r/min, 14.1 r/min, 9.7 r/min, and 9.5 r/min, respectively,
and the settling time of the five different algorithms is 2.45 s,
2.35s, 1.83 s, 1.65 s, and 1.7 s, respectively. When the load is
added suddenly at 20 s, the speed drop with the PI, LGESO,
FGESO, EKF, and FSGESO algorithms is 29.68 r/min, 24.05
r/min, 20.6 r/min, 13.35 r/min, and 13.38 r/min, respectively,
and the settling time is 1.78 s, 1.44 s, 1.23 s, 1.02 s, and
1.05 s, respectively. Moreover, we have listed the important
performance indices of the PI, LGESO, FGESO, EKF, and
FSGESO in Table I1I. Thus, it can be concluded from Fig. 11 and
Table I11 that the proposed method has a stronger antidisturbance
performance to aperiodic disturbance than the PI, LGESO, and
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0.1 T T T process. Therefore, compared with the conventional FGESO, the
I sciso proposed FSGESO with the linear/nonlinear switching strategy
008F I sc:so-sore has better dynamic performance and steady-state performance.
a00 The dynamic performance of the FSGESO can be improved by
.06 . .
E adjusting the parameter 1, and the steady-state performance can
g o0sk be guaranteed by the switching strategy.
0.02F . . . . .
. C. Periodic Disturbance Suppression Experiment
0 et P ."'-—mh In order to evaluate the effectiveness of the proposed
Harmoic order (<1 Hz) FSGESO-SQRC method to suppress the periodic disturbance,
comparative experiments are carried out by using the FSGESO
Fig. 20.  Histogram of the speed harmonics with wy, ref = 20 r/min. P P Y g

FGESO methods, and the antidisturbance performance of the
proposed method reaches the level of state-of-the-art algorithms.

Meanwhile, to illustrate the advantage of the proposed FS-
GESO compared with the conventional FGESO, Fig. 12 shows
the disturbance estimation results of the FGESO and FSGESO
under the condition that the load varies from rated load to
0 N-m to rated load. From Fig. 12, we can seen that the
FSGESO has a faster response than the FGESO as the load
changes. Furthermore, we can clearly see that the steady-state
fluctuation of the estimated lumped disturbance with the FS-
GESO is much smaller than that with the FGESO in the whole

and FSGESO-SQRC methods.

First, to show that the proposed SQRC can avoid the side
effect of the resonant terms during motor dynamics, the speed
responses of the FSGESO, FSGESO-CQRC, and FSGESO-
SQRC methods to step signal w,;, rof = 100 r/min under rated
load are shown in Fig. 13. As shown in Fig. 13, comparing the
speed response curves of the FSGESO and FSGESO-CQRC, the
dynamic process of the FSGESO-CQRC is seriously affected by
the addition of CQRC, meanwhile, it still needs a long settling
time to eliminate the speed fluctuation caused by the CQRC.
In contrast, the speed response curve of the FSGESO-SQRC
method is almost the same as the FSGESO, and there is only a
small speed fluctuation, which can be quickly eliminated when it
will reach the steady state. Therefore, compared with the CQRC,
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the SQRC proposed in this article has little side effect of the
resonant terms during motor dynamics, which can be eliminated
quickly. In addition, Fig. 14 shows the output of the SQRC and
its fast Fourier transform (FFT) analysis results corresponding
to the experimental result of the FSGESO-SQRC method of
Fig. 13. It can be seen from Fig. 14 that the first, second,
and sixth harmonics have been effectively extracted by the
SQRC.

Then, in order to assess the effectiveness of the FSGESO-
SQRC inmitigating periodic disturbances, the speed fluctuations
caused by the periodic disturbances are analyzed using the fast
Fourier transform (FFT). The speed responses of the FSGESO
and FSGESO-SQRC methods to step signal wy, rer = 100 r/min
under rated load have shown in Fig. 13. Subsequently, we use
the steady-state speed data collected between 8 and 18 s for
FFT analysis, which enables us to identify the first, second, and
sixth harmonics. Figs. 15 and 16 have shown the steady-state
speed response, FFT analysis of speed, and A-phase current
of the FSGESO and FSGESO-SQRC methods, respectively. As
shownin Figs. 15(a) and 16(a), the fluctuation and total harmonic
distortion (THD) of the steady-state speed with the FSGESO
are 2.19 r/min and 0.62%, the fluctuation and THD of the
steady-state speed with the FSGESO-SQRC are reduced to 1.92
r/min and 0.53% by adding the SQRC to speed loop. Moreover,
Fig. 15(b) shows that the first, second, and sixth speed harmonics
with the FSGESO are 0.0202 r/min, 0.0377 r/min, and 0.0074
r/min, respectively. When the SQRC is applied to the FSGESO,
the first, second, and sixth speed harmonics with the FSGESO-
SQRC decrease to 0.011 r/min, 0.0176 r/min, and 0.0022 r/min,
respectively. Meanwhile, Fig. 17 exhibits a histogram depicting
the discrepancies in harmonic amplitude outcomes. Clearly,
the FSGESO-SQRC has a satisfactory capability for periodic
disturbance suppression. Finally, Figs. 15(c) and 16(c) show that
the THD of the I, with the FSGESO and the FSGESO-SQRC
is 1.95% and 1.72%, respectively, which is further verified that

Frequency (Hz)

Frequency (Hz)

(b) ©

Experimental results of the FSGESO-SQRC method with bg variation. (a) 0.7bg. (b) bg. (c) 1.3bg.

the proposed method makes the speed smoother. In summary, it
can be concluded that the FSGESO-SQRC method effectively
attenuates the first, second, and sixth speed harmonics caused by
the periodic disturbances by using the SQRC, thereby reducing
the THD of the steady-state speed and speed fluctuation.

Considering that the torque fluctuation of PMSM is more
obvious at low speed, we conduct experiments at a low speed
of Wy, ref = 20 r/min under 50% rated load. Figs. 18 and 19
have shown the steady-state speed response, FFT analysis of
speed and A-phase current of the FSGESO and FSGESO-SQRC
methods, respectively. Upon compensating for the FSGESO
method using the SQRC, the THD of the speed reduces from
2.02%t0 1.36%. Figs. 18(b) and 19(b) show that the first, second,
and sixth harmonics decrease from 0.0163 r/min, 0.0796 r/min,
and 0.0125 r/min to 0.0041 r/min, 0.0164 r/min, and 0.0037
r/min, respectively. And Fig. 20 exhibits a histogram depicting
the discrepancies in harmonic amplitude outcomes. In addition,
the A-phase current exhibits smoother performance after the
implementation of the SQRC.

D. Parameters Robustness Experiment

In order to verify the parameters robustness of the proposed
FSGESO-SQRC method, Fig. 21 shows the experimental results
of the FSGESO-SQRC method with the parameter by variation.
In Fig. 21, speed, A-phase current and Fourier analysis of
steady-state speed are presented from top to bottom, respec-
tively. According to (32) and (34), the parameter robustness of
the proposed method is only related to parameter by = Ko/ Jp,
which is the function of the torque coefficient Ky and inertia
Jo. Therefore, we can selected by as the tested parameter to
verify the robustness of the proposed method in the case of
torque coefficient Ky, and inertia J, mismatches, and we set
by from 0.7bg to 1.3by. Then, it can be seen from Fig. 21, the
proposed method still has strong antidisturbance performance to
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TABLE IV
COMPARISON OF THE EXECUTION TIME

Methods Clock cycles Execution time
PI 773 5.15 us
LGESO 845 5.63 us
FGESO 1175 7.83 ps
EKF 1251 8.34 us
FSGESO-SQRC 1482 9.88 us

aperiodic and periodic disturbances with the parameter variation.
Therefore, we can conclude that the proposed FSGESO-SQRC
has strong robustness to parameter variation.

E. Computational Burden Analysis

In order to discuss the computational burden of the proposed
method, the comparison of the execution time of the five methods
on DSP is given in Table IV. The clock frequency of the 32-bit
floating-point DSP-TMS320F28335 is 150 MHz. Therefore, the
execution time can be calculated based on the clock cycles
performed by the algorithm. It can be seen from Table IV
that the execution time of the PI, LGESO, FGESO, EKF, and
FSGESO-SQRC is 5.15 ps, 5.63 us, 7.83 us, 8.34 us, and
9.88 wus, respectively. The shortest execution time is for PI,
followed by LGESO, FGESO, and EKF, while the longest is
for the proposed method. Fortunately, the execution time of the
proposed scheme is much shorter than the 125 s control period
of the speed loop, which is acceptable for PMSM speed control.

VI. CONCLUSION

In this article, a fixed-time switching generalized ADRC with
an SQRC is proposed to enhance the speed control performance
of PMSM. First, an FSGESO is designed to estimate the aperi-
odic disturbance in a fixed time and compensate the disturbance
to the feedback control law. Comparing with the conventional
LGESO and FGESO, the FSGESO has better dynamic and
steady-state performance by combining the advantages of the
FGESO and LGESO. Second, an SQRC is designed to suppress
the periodic disturbance in parallel with the FSGESO, which
has a wider gain bandwidth by tuning the cut-off frequency.
Meanwhile, the SQRC has little side effect of the resonant terms
during the motor dynamics by using the automatic switching
resonant mode. Then, the performance analysis of the proposed
FSGESO-SQRC has been given systematically. Finally, the
experimental results show that the FSGESO-SQRC method is
feasible and effective for PMSM system and has satisfactory
dynamic and steady-state speed control performance under the
aperiodic and periodic disturbances, reaching the performance
level of state-of-the-art methods.

APPENDIX
Notation 1: Ry = {z € Rz > 0} and RY = {z € R|z >

0}; AL = diag(A™,A"2,--- ,A™) for all A€R,, and r =
[r1 7o rn)T withr; € Ry(i=1,2,---,n); Amin(S) is
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the smallest eigenvalue of S, \S; ; is the element of the ith row
and the jth column of S.

Definition 1 (see [18]): Let £ : Ry x R™ — R™ be a con-
tinuous vector field satisfies f(0) = 0. Consider the system as
follows:

x(t) = £(x()),x(0) = xo.

System (38) is said to be fixed-time stable if it is globally finite-
time stable and the settling-time function 7'(x), i.e., 3T jmax > 0
such that T'(xg) < Tiax for all xg € R™.

Definition 2 (see [22]): A function f(x) : R™ — R is homo-
geneous of degree d with respect to the weight r if f(Alx) =
A4 f(x) for all x € R™ and A > 0. A vector field f : R* — R”
is homogeneous of degree d with respect to the weight r if the
1th component f; is homogeneous of degree 7; + d with respect
to the weight r for all 0 < ¢ < n. A dynamical system x = f(x)
is homogeneous of degree d with respect to the weight r if the
vector field f is homogeneous of degree d with respect to the
weight r.

Definition 3 (see [17]): A function f(x):R™ — R is said
homogeneous in the p-limit (p = 0 or co) with associated triple
(rp,dy, fp), where ), € (R*)" is the weight, d,, € R is the
degree and fj,(x) : R" — R is the approximating function, if
f(x) is continuous, f,(x) is continuous and not identically zero,
and for each compact set C € R™\{0} and each ¢, > 0, there
exists A, such that

max | F(AGox) /A% — fo(x)| < 0,4 € (0, 20]
max | F(AT=%) /A% — foo(%)| < €oos A € [Aoo, 00).

(38)

(39)

A vector field f: R™ — R™ is said homogeneous in the
p-limit (p = 0 or co) with associated triple (r,, d,, f,), where
r, € (R )™ is the weight, d, € R is the degree, and f), is the
approximating vector field, if f; is homogeneous in the p-limit
(p = 0 or co) with associated triple (r;, dp + 7., fp,;) for all
0<i<nandd, +7r,; > 0.

A function f(x) : R™ — R (or a vector field f : R™ — R™)
is said homogeneous in the bi-limit if it is homogeneous in the
0-limit and co-limit.

Lemma 2: There exists 1 € (0,¢), ¢ is defined in Lemma 1,
forallée € R", ¥ € (1 —ey,1) andy € (1,1 + &), there has

<dW’l9”Y(é)/dé7 Ae — (I’(l, Ka ’193 v él))

<5 (SRS wn@). @
Proof: Inequality (40) is equivalent to
(dWy(e)/de, Ae — ®(1,K,,~,¢é1))
< —3Wo(e)Fee=
(dW,(e)/de, Ae — ®(1,K,,~,é1))
< —iw, (e e c E..

The proof process of the two cases is basically the same, thus
only € € E is discussed here. According to Lemma 1, for all
e € E, we can obtain

(dWy(€e)/de, Aé — ®(1,K,¥,7,é1))
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aWy(e) ,_ .
= <(;é(e),Ae — <I”(K,19761)>

+ <dvg’@ (K, 0. 61) — <I><1»K”9’”’é1)>

< —ZW@(@)T

+ <dVV19(é)’ @/(K,ﬁ, él) - q)(]-vKa ﬁa77é1)> :
(42)

Let us denote & = A7)z with Z € = and A € (0, 1). Then,
we obtain

(dWy(e)/de, ® (K, 9, ¢é1) — ®(1,K, 9,7, é1))

= 0!17z7sQ (43)

where Q =[Q; Q» Q,]7 for all 1<i<n, Q=
k‘i[(sgnﬂi (Az1) — (94, vi, 121))/)\.191'}(2' =1,2,...,n).

According to Definition 3 and [22, Lemma 4], (¥, Vi, A21)
uniformly converges to sgn”i (AZ;) on any compact set, when
9,y — 1. Thus, there exists 1 € (0, €) such that

1
zZ7'sQ < — (44)
16
for every ¥ € (1 —e1,1), v€(1,14¢1), ZEE, and A €
(0, 1].
Finally, we can obtain
(AW, (8)/d8, AS — B(1, K, 9,7, 1))
3 1 1
< —Ewﬂ(é)%” g
. ]_ 149
< _%Wﬁ(é)# + g(szﬁ(z)) ’
1
< —EWa(é)lgﬂ 45)
forVe € Egpand ¥ € (1 —eq,1).
Lemma 3: There exists M > 0 such that
(W (8)/d8, Ay, DA™ V) < M\ /W, ,(6)  (46)
foralle e R", ¥ € (1 —¢y,1),andy € (1,1 +¢1).
Proof: Inequality (46) is equivalent to
(dWy(e)/de, Ay, DA™ V) < M\/Wy(€),& € Eg
(dw,(e)/de, A, Dd" V) < M\/W,(§), & € Ex.
(47

Due to the proof process of the two cases is basically the

same, thus, only € € E is discussed here. Define € = Aiw)i
withz € Eand A € (0, 1], one has

<dW79 (e)/de, AwoDd(”—1)>

22— Tn (V)
AR

n—1
Wo

— S[o 0 d»T, (48)
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Utilizing Schwartz inequality yields
‘ZTS[O 0 d(”‘l)]T‘ <dnV. /s, TSz, (49)
Thus, we can get
<qug(é) /ds, AwODd("*1)> <MWy(@®)  (50)

where M = 2450 VSnn/wg !
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