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Energy Control of Modular Multilevel Converters
for Drive Applications at Low Frequency

Using General Averaging
Qiuye Gui , Hendrik Fehr , and Albrecht Gensior

Abstract—This article focuses on the energy control of modu-
lar multilevel converters (MMCs) for drive applications at low
frequency. Utilizing the general averaging method, this work ex-
tends the results for MMC dc-operation in a previous work to
low-frequency operation, and inherits all improvements with re-
spect to model based controller design in dc-operation analysis,
compared to other state-of-art approaches. The proposed energy
control system—with either a constant or a stationary regime as
reference for the instantaneous MMC energies—is proven to be
globally stable, where the stability of the constant reference in low-
frequency operation is confirmed theoretically, which is missing in
state-of-art research. Besides, an optimization cooperating with two
common-mode voltages for the energy control and compensation
of ripples at low frequency is provided. The experiments verify
the stability of the energy control system, and provide comparison
between the two energy references in low-frequency operation for
the first time, confirming the constant energy reference as a note-
worthy option. The optimization improves the MMC performance,
including the stationary operation generated by the optimization
in cooperation with the approximated trapezoidal common-mode
voltage as an improvement of a state-of-art solution in the sense of
smaller arm currents RMS and cell capacitor voltage fluctuation.

Index Terms—Control theory, modular multilevel converters
(MMC), motor drives, optimization, stability.

I. INTRODUCTION

COMPARED with conventional two-level voltage-source
converters, the modular multilevel converter (MMC)

topology shows superior characteristics w.r.t. distortion in the
ac-side voltages and currents, industrial scalability, operational
power loss, and electromagnetic compatibility [1]. As a re-
sult, researches have been reported focusing on, e.g. HVDC-
transmission [2], [3], [4] and drive applications [5], [6], [7], [8],
[9]. This work focuses on the energy control issue of MMCs
with half-bridge cells in low-frequency mode (lf-mode), i.e., an
ac machine is fed at low stator electrical frequency (including
0Hz case as in dc operation [10]), see Fig. 1.
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Fig. 1. Scheme of the application.

Fig. 2. Structure of the control for an MMC for drive applications.

As discussed in [11], a commonly employed MMC control
structure is shown in Fig. 2. The task of the innermost stage is the
cell-voltage balancing within each arm which can be solved by
a sorting algorithm implemented in the modulation. It usually
requires the current-driving voltages from the outer stage for
current control, the common-mode voltage, the direction of the
arm currents, and the value of each cell capacitor voltage. Works
contributing to this task can be found in [12], [13], and [14]. As
presented in [5], [7], [15], and [16], the task in the current control
stage is usually split into the control of the common-mode
components, i.e., the dc-side current and the circulating currents,
and the differential-mode components, i.e., the ac-side currents.
For drive applications, the reference for the ac-side currents is
generated by the speed control of the ac machine, while the
references for the common-mode components are provided by
the outermost energy-control stage.

This work focuses on the outermost stage, where algorithms
are employed to retain the stored energy in each arm. The energy
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control is challenging due to the strong coupling [17], [18], the
underactuation of the energy model [19], [20], and the lack of
meaningful stationary operating points in which all arm energies
remain constant [8], [21], [22]. State-of-art approaches for this
stage include the average value control in [5], [9], [23], and [24],
the dynamic phasor model [25], [26], and the harmonic state-
space approach [27], [28]. Although widely accepted, they suffer
from some drawbacks or open issues. The average control lacks
a model for the average energy with mathematical background
and cannot confirm stability w.r.t. the energy ripples. The other
two approaches consider the dynamics of all energy harmonics,
but increase the system order substantially which increases the
control design effort. The works in [10] and [19] overcome the
drawbacks mentioned above. In contrast to [19] which derives
an average energy model limited to a finite time interval, a
simple systematic controller design framework for (nonlinear)
time-periodic systems was presented in [10]. The framework
relies on a theorem in [29] using an averaging method, and
thus extends the stability analysis in [19] to the whole time
range t ∈ [0,∞). Furthermore, the method in [10] confirmed
the energy control system to be globally stable. This is an
improvement over the results in [7], [27], and [30], since the
analyses there are only concerned to the region of attraction
in an uncertain small neighborhood of a stationary operating
regime/point.

A. From DC-Operation (0 Hz) to Low-Frequency Mode

With the advantages/improvements of [10] mentioned above,
it is reasonable and beneficial to extend the results in [10] for
MMC dc-operation (feeding a machine with zero stator electrical
frequency) to lf-mode in this text. Although the controller design
framework in [10] was compatible with time-periodic systems
and accomplishes the energy control design of an MMC in
dc-operation, it is not compatible with the lf-mode. As reported
in [5], [7], [31], and [32], in order to avoid energy ripples at
low frequency with undesired large amplitude, predetermined
high-frequency components are injected to the arm currents
and common-mode voltage in order to compensate the low-
frequency power or energy ripples. As a result, the MMC
arm energies are influenced by two different frequencies: The
stator electrical frequency ωm and the injected predetermined
high frequency ωcm. In this case, the system is considered as
time-almost-periodic. Although several equivalent definitions
for time-almost-periodic functions were given in [33], in this
text, we focus on the ones which are the sum of several time-
periodic functions with individual frequencies [29]. Generally
speaking, no period as defined for time-periodic systems can
be found for time-almost-periodic systems. This means that
the averaging method in the framework in [10] cannot accom-
plish the controller design in lf-mode. To this phenomenon, a
more detailed illustration with the MMC model will be given
in Section IV. Fortunately, the general averaging provided by
[29, Theorem 10.5] extends the averaging method used in [10]
to more general cases and is compatible with almost-periodic
cases. Thus, the general averaging method will be utilized to
accomplish the energy control task in lf-mode.

B. Contributions and Outline

In this context, the present work contributes as follows.
1) Based on [29, Theorem 10.5], this work utilizes the general

averaging method for the energy control task of an MMC
for drive application at low frequency (lf-mode). This
method extends the averaging method for dc-operation
(0Hz) in [10] to the almost-periodic cases in lf-mode.
Thus, this work covers the results for dc-operation (0Hz)
in [10] as a specific case, and inherits all improvements
of [10] compared to [5], [9], [19], [23], [24], [25], [26],
[27], and [28] (as mentioned before in Section I-A).

2) The analysis leads to the proposed control system for the
MMC energies in lf-mode. As an extension from the sta-
bility analysis for dc-operation in [10], this work provides
a rigorous global stability analysis of the energy control
system for lf-mode, in which either a stationary operating
regime (as in [5]) or a constant (as in [17] and [34]) can
be chosen as the reference for the instantaneous MMC
energies. Analogous to [10], the analysis offers a global
stability, unlike [7], [27], and [30] which use linearization,
and thus can only provide a region of attraction in an
uncertain small neighborhood of a stationary operating
regime/point. The validity of a constant reference for the
instantaneous MMC energies in lf-mode is provided by
dedicated theoretical analysis for the first time.

3) For the energy controller and compensation of ripples at
low frequency, besides a simple choice (similar to [5]),
an optimization is derived which enables all feasible cur-
rent harmonics for the control and compensation task.
It cooperates with two common-mode voltages: The
one in [6, Sec. IV-B] and an approximated trapezoidal
waveform.

4) The experiments verify the stability of the energy con-
trol system, including the theoretical conclusions. The
results provide a comparison between the constant en-
ergy reference [17], [34] and the regime as reference [5]
for the first time, and confirms the constant reference
as a noteworthy option. The optimization improves the
MMC performance, including the optimized stationary
regime/operation generated by the optimization in coop-
eration with vtrpz

y0 as an improvement of [7, Strategy II] in
the sense of smaller arm current Root Mean Square (RMS)
and cell capacitor voltage fluctuation.

The rest of this article is organized as follows. The theoretical
results w.r.t. general averaging method in [29] and the idea of
control design are illustrated briefly in Section II. According to
the energy model given in Section III and following the idea in
Section II, the design of energy control and compensation of
ripples at low frequency are presented in Section IV. The exper-
imental results are discussed in Section V. Finally, Section VI
concludes this article.

II. GENERAL AVERAGING METHOD

To make the analysis in Section IV more understandable, it
is beneficial to introduce general averaging method in [29], and
the main idea of the proposed controller design briefly.
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A. General Averaging and Associated Results from [29]

The averaging method [29]

f (x) =
1

T

∫ T

0

f (t,x) dt, for 0 < T <∞ (1)

used in the framework in [10] is compatible with the time-
periodic function f , given by

f (t,x) = f (t+ T,x) . (2)

Notice that the state vector x is regarded as time-independent
while considering (1) and (2). However, for the almost periodic
function which is the sum of several time-periodic functions
with individual frequencies, i.e.,

f (t,x) =

N∑
n=1

fn (t,x) (3a)

fn (t,x) = fn (t+ Tn,x) (3b)

Tn1
�= Tn2

for n1 �= n2 (3c)

the averaging method (1) is no longer compatible. This is
because in this case one cannot find any period T > 0 for all
fn, once the ratio Tn1

/Tn2
of two individual periods is irra-

tional. Instead, the general averaging [29] extends the averaging
method (1) by

f (x) = lim
T→∞

1

T

∫ T

0

f (t,x) dt. (4)

Same as in (1) and (2), the state vector x is regarded as
time-independent while considering (4). Confirmed by [29], for
almost periodic functions (3), the general average is the sum of
the average of its components fn in the sense of (1).

Associated with the general averaging (4), the main results
of [29, Theorem 10.5] can be summarized briefly as follows:
Under some conditions, for a sufficiently small perturbation
parameter ε, the solution x(t) of the original system

ẋ = εf (t,x, ε) (5)

lies in a small neighborhood of the solution x(t) of the average
system

ẋ = εf (x) (6)

for ∀t ∈ [0,∞), and the origin x = 0 of the original system (5)
is exponentially stable if it is an equilibrium point, i.e.,

f (t,0, ε) = 0. (7)

Here, the state of the average system (6) is represented by x
rather thanx in order to distinguish from the original system (5).
One may refer to Definition 1 and Theorem 1 in Appendix for
the detailed mathematical version.

B. Idea of Control Design

One may consider the original system (5) as the dynamics
of a closed-loop system with x as the control error. In this
context, this theorem provides an alternative method for the
controller design of a closed-loop system, i.e., instead of de-
signing a controller directly at the complicated time-varying

original system (5), a controller for the original system (5) can
be designed at the simplified time-invariant average system (6)
derived by (4). Moreover, the remaining error of (5) vanishes
once the additional condition (7) is also fulfilled.

Based on the modeling in Section III, the design of energy
control and compensation of ripples at low frequency in MMC
lf-mode follows the aforementioned idea, as will be presented
in Section IV.

III. ENERGY MODEL

For the energy control task in this work, the energy model

ės0 = vDCis0 − Re
(
v∗yi

)
(8a)

ėd0 = − 2vy0is0 − Re
(
i∗svy

)
(8b)

ės = vDCis − v∗yi
∗ − 2ivy0 (8c)

ėd = vDCi− i∗sv
∗
y − 2isvy0 − 2is0vy (8d)

from [10], [19] is considered. The transformed energies can be
summarized as e = (es0 ed0 Re(es) Im(es) Re(ed) Im(ed))

T,
where es0 denotes the scaled total stored energy, ed0 denotes
the scaled total vertical energy difference, while es and ed
denote the complex energy sum and difference, respectively.
The currents is0, is, and i denote the scaled dc current,
the circulating current, and the complex ac-side current,
respectively. The variables vDC, vy0, and vy denote the dc link
voltage, the common-mode voltage, and the complex ac-side
voltage, respectively. Details of the variable definition and
transformation can be found in [19] and [35]. Here, the current
dynamics are neglected since they are considered to be “much
faster” than the energy dynamics, i.e., the current control error is
assumed to be zero in the context of this article. In contrast, the
dynamics of the mechanical subsystem of the motor is generally
considered to be “much slower” such that the stator electrical
frequency ωm is assumed to be independent of time as far as
the energy control is concerned. Hence, only the fundamental
component with constant amplitude and angle is considered
for the ac side current i and voltage vy . Similar as in [5],
[7], [31], and [32], in order to accomplish the energy control
task and compensate undesired energy or power ripples at low
frequency, harmonics w.r.t. a high predetermined frequency
ωcm � |ωm| are injected in is, is0, and vy0. To sum up, the
current and voltage injection to the energy model (8) is given
by (9) shown at the bottom of next page, with |n1ωm| < ωcm

where the coefficients I [1,0], V [1,0]
y , V [0,n]

y0 , and V
[0,0]

DC are
constant, and the condition |n1ωm| < ωcm ensures that
the current harmonics I

[n1,n2]
s0 (·, ·)ej(n1ωm+n2ωcm)t and

I [n1,n2]
s (·, ·)ej(n1ωm+n2ωcm)t will not convert to a component

without explicit dependency on t. The stator electrical
frequency satisfies |ωm| ≥ 0, where ωm = 0 coincides with
the dc-operation studied in [10]. The coefficients of is0 and is
might depend on the energy error eerr = e− eref and its integral
eerr,I, obtained from ėerr,I = eerr, to facilitate the control task.
This covers the case in which the current coefficients are not
constant due to the controller behavior.
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Fig. 3. Common-mode voltages: 1st+3 rd harmonics v1st+3rd
y0 and approxi-

mated trapezoidal waveform v
trpz
y0 .

A. Common-Mode Voltage

In (9c), the coefficient V [0,n]
y0 is assumed to be independent of

the error state. Despite this, the following analysis in Section IV
is also compatible with error dependent V [0,n]

y0 (eerr, eerr,I) as
feasible controller output, as will be mentioned in Section IV-B.
Similar as in [10], two different common-mode voltage injec-
tions, shown in Fig. 3, are considered

1) The choice (9c) with

n ∈ Ncm = {1, 3} , V
[0,1]
y0 = 0.15 · V [0,0]

DC (10a)

V
[0,3]
y0 = −

∣∣∣V [0,1]
y0

∣∣∣ /6 · ej3arg(V [0,1]
y0

)
(10b)

drawn in red. Equivalent choice can be found in [6,
Sec. IV-B]. Due to the low electromotive force (EMF)
in the low frequency operation, the required cell terminal
voltage is dominated by the common-mode voltage. Thus,
compared with the sinusoidal waveform in [5], [31], [36],
[6, Sec. IV-A], this variant exploits the third harmonic in
order to allow for an increased first harmonic V [0,1]

y0 and
avoids saturation, as pointed out in [6].

2) Alternatively, choosing (9c) with

n ∈ Ncm = {1, 3, 5, 7} (11a)

V
[0,n]
y0 =

V
[0,0]

DC

4

sin
(
nπ

2

)
nπ

2

sin
(
n π

10

)
n π

10

(11b)

uses harmonics up to the 7th to approximate a trapezoidal
waveform. This is shown in blue. This waveform with lim-
ited derivatives avoids sharp edges in the square waveform
used in [6, Sec. IV-C], [7], [9], [37], [38], [39], [40], [41],
which helps to avoid harmful motor bearing failures [31].
The approximated flat top allows the waveform to contain

harmonics of high order with limited amplitude to avoid
saturation. Similar choices include the exact trapezoidal
waveform used in [34] and [42] and the smooth trigono-
metric function in [43] with the same maximal slope and
peak voltage level as an exact trapezoidal waveform. As
will be shown in (30) in Section IV-B, the finite harmonic
order in (11) will also limit the current harmonic orders
while using the proposed optimization, which is expected
to have a better current control accuracy [6], [7], [37],
compared with the exact trapezoidal waveform in [34]
and [42] and the square waveform with infinite harmonic
orders.

The same common-mode voltages are also used in [10] for
dc-operation (ωm = 0) of MMC.

B. Reference for the Instantaneous MMC Energies

For the energy reference, defined by ėref := pref(ωmt, ωcmt),
two options apply as follows.

1) The first one is a stationary operating regime eref = ergm

alternating around a constant E, where pref is almost peri-
odic without any drift. Same idea can be found in [5]. The
design of the regimes will be discussed in Section IV-D.
The remaining control errors are desired to be zero, since
the regimes fulfill the MMC energy model (8).

2) The second one is the constant eref = E with pref = 0.
Same choice can be found in [17] and [34]. Remaining
control errors are expected, since no meaningful stationary
operating point of MMC energy exist. In other words,
the resulting stationary energy ripples are expected to be
only caused by the remaining errors. The stability of this
option—which is missing in the state-of-art research for
lf-mode—deserves a dedicated theoretical analysis, as will
be provided in Section IV-E.

Same idea for energy reference can be found in [10] for dc-
operation (ωm = 0) of MMC.

IV. CONTROLLER DESIGN AND COMPENSATION OF RIPPLES AT

LOW FREQUENCY

The design of energy controller and the compensation of
ripples at low frequency in this section are based on the idea in
Section II-B. In Section IV-A, by means of general averaging (4),
the analysis is carried out to derive the average system for the

is0 = I
[0,0]
s0 (eerr, eerr,I) +

∑
n∈Z+

(
I
[0,n]
s0 (eerr, eerr,I) e

jnωcmt + I
[0,n]∗
s0 (eerr, eerr,I) e

−jnωcmt
)

+
∑

n1∈Z+,n2∈Z

(
I
[n1,n2]
s0 (eerr, eerr,I) e

j(n1ωm+n2ωcm)t + I
[n1,n2]∗
s0 (eerr, eerr,I) e

−j(n1ωm+n2ωcm)t
)

(9a)

is =
∑

n1∈Z,n2∈Z
I [n1,n2]
s (eerr, eerr,I) e

j(n1ωm+n2ωcm)t (9b)

vy0 =
∑
n∈Ncm

(
V

[0,n]
y0 ejnωcmt + V

[0,n]∗
y0 e−jnωcmt

)
, Ncm : made up of all harmonic orders of vy0 (9c)

vy = V [1,0]
y ejωmt, i = I [1,0]ejωmt, vDC = V

[0,0]
DC (9d)
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controller design and the condition for compensation of ripples
at low frequency. After finding the candidates in Section IV-B,
the energy control system is obtained in Section IV-C, with the
design of stationary operating regime given in Section IV-D. The
stability of the energy control system is provided in Section IV-E.

A. Derivation of Average System and Condition for
Compensation of Ripples at Low Frequency

Substituting the error definition eerr = e− eref, the injec-
tion (9), and the definition ėref := pref(ωmt, ωcmt) into the en-
ergy model (8) leads to the system

ėerr = pdc (eerr, eerr,I) + plf (ωmt, eerr, eerr,I)

+ phf (ωmt, ωcmt, eerr, eerr,I)

− pref (ωmt, ωcmt) (12a)

ėerr,I = eerr (12b)

with (13) shown at the bottom of this page, and |n1ωm| < ωcm

where pdc denotes the power terms without explicit dependency
on t, the termplf denotes the alternating powers at low frequency
which is independent of the predetermined frequency ωcm but

with explicit dependency on ωmt, the remaining alternating
power terms with explicit dependency on both, ωmt and ωcmt,
are represented by phf which is omitted for brevity. Finally,
(eTerr eTerr,I)

T represents the state variable.
The system (12) represents the dynamics of the energy error

(eTerr eTerr,I)
T. However, it is still not in the form of (5), since the

perturbation parameter is not defined yet. To achieve the form
of (5), using the same choice in [10], the perturbation parameter
can be chosen as ε = 1/ωcm, which means that ε can be reduced
by increasing the predetermined frequency ωcm. The change of
time variable τ = ωcmt transforms (12) into

d

dτ
eerr = ε [pdc (eerr, eerr,I) + plf (rτ, eerr, eerr,I)]

+ ε [phf (rτ, τ, eerr, eerr,I)− pref (rτ, τ)] (14a)

d

dτ
eerr,I = εeerr (14b)

which is in the same form as (5) by regarding τ as the time
variable. Here, the two frequencies are given by the relation
ωm = rωcm and therefore 0 ≤ |r| � 1. By means of the ratio
r, we can discuss the properties of the right-hand side of (14a)

pdc (·, ·) =
(
pdc,es0 pdc,ed0 Re

(
p
dc,es

)
Im

(
p
dc,es

)
Re

(
p
dc,ed

)
Im

(
p
dc,ed

))T

(13a)

plf (·, ·, ·) =
(
plf,es0 plf,ed0 Re

(
p
lf,es

)
Im

(
p
lf,es

)
Re

(
p
lf,ed

)
Im

(
p
lf,ed

))T

(13b)

pdc,es0 = V
[0,0]

DC I
[0,0]
s0 (·, ·)− Re

(
V [1,0]∗

y I [1,0]
)
, p

dc,es
= V

[0,0]
DC I [0,0]s (·, ·) (13c)

pdc,ed0 = − 2
∑
n∈Ncm

(
I
[0,n]
s0 (·, ·)V [0,n]∗

y0 + I
[0,n]∗
s0 (·, ·)V [0,n]

y0

)
− Re

(
V [1,0]∗

y I [1,0]s (·, ·)
)

(13d)

p
dc,ed

= − I [−1,0]∗
s (·, ·)V [1,0]∗

y − 2I
[1,0]∗
s0 (·, ·)V [1,0]

y − 2
∑
n∈Ncm

(
I [0,−n]
s (·, ·)V [0,n]

y0 + I [0,n]s (·, ·)V [0,n]∗
y0

)
(13e)

plf,es0 =
∑

n1∈Z+

V
[0,0]

DC

(
I
[n1,0]
s0 (·, ·) ejn1ωmt + I

[n1,0]∗
s0 (·, ·) e−jn1ωmt

)
(13f)

plf,ed0 = − 2
∑

n2∈Ncm,n1∈Z+

(
V

[0,n2]
y0 I

[n1,n2]∗
s0 (·, ·) + V

[0,n2]∗
y0 I

[n1,−n2]∗
s0 (·, ·)

)
e−jn1ωmt

− 2
∑

n2∈Ncm,n1∈Z+

(
V

[0,n2]
y0 I

[n1,−n2]
s0 (·, ·) + V

[0,n2]∗
y0 I

[n1,n2]
s0 (·, ·)

)
ejn1ωmt

− Re

⎛
⎝ ∑

n1∈Z\{1}
V [1,0]∗

y I [n1,0]
s (·, ·) ej(n1−1)ωmt

⎞
⎠ (13g)

p
lf,es

= V
[0,0]

DC

∑
n1∈Z\{0}

I [n1,0]
s (·, ·) ejn1ωmt − V [1,0]∗

y I [1,0]∗e−j2ωmt (13h)

p
lf,ed

= V
[0,0]

DC I [1,0]ejωmt − V [1,0]∗
y

∑
n1∈Z\{−1}

I [n1,0]∗
s (·, ·) e−j(n1+1)ωmt − 2V [1,0]

y I
[0,0]
s0 (·, ·) ejωmt

− 2
∑

n1∈Z\{0},n2∈Ncm

(
V

[0,n2]
y0 I [n1,−n2]

s (·, ·) + V
[0,n2]∗
y0 I [n1,n2]

s (·, ·)
)
ejn1ωmt

− 2V [1,0]
y

∑
n1∈Z+

I
[n1,0]
s0 (·, ·) ej(n1+1)ωmt − 2V [1,0]

y

∑
n1∈Z+\{1}

I
[n1,0]∗
s0 (·, ·) ej(−n1+1)ωmt (13i)
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shortly, which also justify the necessity of using general aver-
aging as follows.

1) Although the function plf(rτ, eerr, eerr,I) is periodic in τ
for |r| > 0, its period 2π/|r| → ∞ as r → 0. This is not
allowed by the averaging method (1) used in [10]. In the
case of r = 0, the function plf is then independent of τ .

2) The function phf(rτ, τ, eerr, eerr,I) is 2π-periodic in τ for
r = 0. If |r| > 0 and it is rational, the function phf is also
periodic, since we can always find another time scale τ/m
with an integer m such that any linear combination of
rτ and τ is an integer multiple of τ/m. In this case, the
function phf is 2πm-periodic in τ . However, the period
2πm→ ∞ as r → 0, which is not allowed by the averag-
ing method (1) used in [10]. If r is irrational, such integer
m does not exist, which means phf is almost periodic in τ .

3) If the energy reference is given by the constant E, then
pref(rτ, τ) = 0. If the energy reference is given by a
stationary operating regime, as will be shown in Sec-
tion IV-D, the function pref equals the function phf at
vanishing error state. In this case, the properties of phf

discussed in the previous point are valid for pref.
To sum up, in lf-mode, the system (14) is considered to

be almost periodic rather than periodic. Therefore, it is the
general averaging (4) rather than averaging (1) used in [10] that
contributes to the analysis in lf-mode.

After achieving the system (14) in the form of (5), the next step
is to use general averaging (4) to derive an time-invariant average
system where the controller design is carried out. However,
before the general averaging process, it should be pointed out
that the condition

plf = 0 (15)

should hold. This can be explained in two different aspects. On
one hand, from a mathematical viewpoint, since the norm of the
antiderivative of the functionplf w.r.t. τ is inversely proportional
to |r|, it is possible that the limit defined in (4) does not exist
as r → 0. On the other hand, from a viewpoint of engineering,
the power term plf leads to energy ripples with undesired large
amplitudes when the frequency is extremely small, as pointed
out in [5], [7], [31], [32], and [44]. The condition (15) means
to compensate all powers or energy ripples at low frequency.
Besides, the general average of phf and pref is zero since they
are almost periodic in τ , as discussed in the text between (14)
and (15). Therefore, the general averaging of the right-hand side
of (14) reads

lim
T→∞

1

T

∫ T

0

[pdc (eerr, eerr,I) + 0

+phf (rτ, τ, eerr, eerr,I)− pref (rτ, τ)] dτ

= pdc (eerr, eerr,I) (16a)

lim
T→∞

1

T

∫ T

0

eerrdτ = eerr. (16b)

Notice that the states eerr and eerr,I are considered as time-
independent while performing the integral, see Section II-A.

As a result, the average system

d

dτ
eerr = εpdc (eerr, eerr,I) ,

d

dτ
eerr,I = εeerr (17)

is obtained which corresponds to the standard average system
form (6). Here, the state is represented by (eTerr eTerr,I)

T in order
to distinguish from (eTerr eTerr,I)

T for the original system (14).
Since pdc in (17) is independent of ε, by means of the defi-

nition ε = 1/ωcm, the average system (17) can be rewritten as

ėerr = pdc (eerr, eerr,I) , ėerr,I = eerr. (18)

The average system (18) uses the same time scale as the original
energy control system (12), and thus, this rewriting helps com-
paring the solution of the two systems in the same t-scale, as will
be seen in Fig. 5 in Section IV-E. The change of time-variable
has no effect on the state variable, and thus, a feasible controller
which leads to an exponential stability of the origin of the
t-scaled system (18) will also guarantee a stability of the same
art for the τ -scaled system (17). Therefore, in the following
sub-section, energy controller candidates will be found at the
t-scaled system (18).

B. Design at Average System

Due to the strong coupling [17], [18] of the energy model (8),
some current coefficients appear in plf and pdc at the same
time and influence the dynamics w.r.t. different transformed
energies, as can be easily noticed in (13). In order to avoid an
elaborate “recursive” or “iterative” design procedure, we will
follow a “single-run” design approach, in which the controller
design and the coefficient design for compensation of ripples at
low frequency will be considered together. First, the complete
conditions w.r.t. all transformed energies will be derived, in
which the conditions (20a), (20b), and (22) for es0 and es will
be discussed first in order to specify some current coefficients
which simplifies the derivation of the conditions (23), (24) for
ed0 and ed. Second, two different solutions, i.e., a simple choice
(similar to [5]) and an optimization, to fulfill the conditions will
be given after a short summary of the derived conditions.

By an appropriate choice of pdc, the system (18) can obey the
linear error dynamics

ėerr = −kP,eeerr − kI,eeerr,I ėerr,I = eerr (19)

which guarantees that the origin is globally exponentially stable
if kP,e > 0, kI,e > 0. As in [10], the relation kI,e = k2P,e/2 is
chosen in order to keep a good compromise between the rapidity
and the overshoot of the solution of (19) [45]. Substituting the
error dynamics (19) into the system (18) leads to

0 = kP,ees0,err + kI,ees0,err,I

+ V
[0,0]

DC I
[0,0]
s0 (·, ·)− Re

(
V [1,0]∗

y I [1,0]
)

(20a)

0 = kP,ees,err + kI,ees,err,I + I [0,0]s (·, ·)V [0,0]
DC (20b)

0 = kP,eed0,err + kI,eed0,err,I
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− 2
∑
n∈Ncm

(
I
[0,n]
s0 (·, ·)V [0,n]∗

y0 + I
[0,n]∗
s0 (·, ·)V [0,n]

y0

)

− Re
(
V [1,0]∗

y I [1,0]s (·, ·)
)

(20c)

0 = kP,eed,err + kI,eed,err,I

− 2
∑
n∈Ncm

(
I [0,−n]
s (·, ·)V [0,n]

y0 + I [0,n]s (·, ·)V [0,n]∗
y0

)

− I [−1,0]∗
s (·, ·)V [1,0]∗

y − 2I
[1,0]∗
s0 (·, ·)V [1,0]

y . (20d)

This means, all current coefficients which do not appear in (20)
will no longer be considered as candidates of the controller
output. Hence, their error dependency will be dropped in the
following. In this case, the condition (15) leads to

0 =
∑

n∈Z+\{1},
|nωm|<ωcm

V
[0,0]

DC

(
I
[n,0]
s0 ejnωmt + I

[n,0]∗
s0 e−jnωmt

)

+ V
[0,0]

DC

(
I
[1,0]
s0 (·, ·) ejωmt + I

[1,0]∗
s0 (·, ·) e−jωmt

)
(21a)

0 =
∑

n∈{−1,1}
V

[0,0]
DC I [n,0]s (·, ·) ejnωmt

+
∑

n∈Z\{0,−1,1},|nωm|<ωcm

V
[0,0]

DC I [n,0]s ejnωmt

− V [1,0]∗
y I [1,0]∗e−j2ωmt (21b)

which are derived by plf,es0 = 0 and p
lf,es

= 0, respectively. It is
obvious that all coefficients of is0 and is which appear in (21),
except for I [−2,0]

s , must be zero since they introduce powers
at different low frequencies which cannot be compensated.
Therefore, condition (21b) leads to

0 = V
[0,0]

DC I [−2,0]
s − V [1,0]∗

y I [1,0]∗. (22)

At the same time, (20c) and (20d) are simplified as follows:

0 = − 2
∑
n∈Ncm

(
I
[0,n]
s0 (·, ·)V [0,n]∗

y0 + I
[0,n]∗
s0 (·, ·)V [0,n]

y0

)

+ kP,eed0,err + kI,eed0,err,I (23a)

0 = − 2
∑
n∈Ncm

(
I [0,−n]
s (·, ·)V [0,n]

y0 + I [0,n]s (·, ·)V [0,n]∗
y0

)

+ kP,eed,err + kI,eed,err,I. (23b)

Considering the analysis above and avoiding redundant current
harmonics which lead to powers that cannot be compensated,
the rest part of the condition (15), i.e., plf,ed0 = 0 and p

lf,ed
= 0,

leads to

0 = − 4
∑
n∈Ncm

(
V

[0,n]
y0 I

[3,−n]
s0 + V

[0,n]∗
y0 I

[3,n]
s0

)

− V [1,0]
y I [−2,0]∗

s (24a)

0 = − 4
∑
n∈Ncm

(
V

[0,n]
y0 I

[1,−n]
s0 + V

[0,n]∗
y0 I

[1,n]
s0

)

− V [1,0]
y I [0,0]∗s (·, ·) (24b)

0 = V
[0,0]

DC I [1,0] − V [1,0]∗
y I [−2,0]∗

s − 2V [1,0]
y I

[0,0]
s0 (·, ·)

− 2
∑
n∈Ncm

(
V

[0,n]
y0 I [1,−n]

s + V
[0,n]∗
y0 I [1,n]s

)
(24c)

0 = − V [1,0]∗
y I [0,0]∗s (·, ·)

− 2
∑
n∈Ncm

(
V

[0,n]
y0 I [−1,−n]

s + V
[0,n]∗
y0 I [−1,n]

s

)
. (24d)

To sum up, the conditions (20a), (20b), and (23) must be satisfied
for the controller design, while the conditions (22) and (24)
which are derived from the condition (15) must be fulfilled
for the compensation of ripples at low frequency. Notice that
these derived conditions are also available for the case where
the coefficient V [0,n]

y0 of the common-mode voltage is also used
as controller output with error dependency (like in [46]), since
the error state is regarded as time-independent while taking the
general averaging (4). Similar as the idea in [10], [47], and
[48], the constant coefficients of the common-mode voltage
vy0 avoid any nonlinearity w.r.t. the degrees of freedom to be
solved in (23) and (24) such that the design effort can be reduced
substantially. It is obvious that I [0,0]s0 (·, ·), I [0,0]s (·, ·), and I [−2,0]

s

are the only choice to fulfill the conditions (20a), (20b), and (22),
respectively, and the solution reads

I
[0,0]
s0 (·, ·) = (−kP,ees0,err − kI,ees0,err,I) /V

[0,0]
DC

+ Re
(
V [1,0]∗

y I [1,0]
)
/V

[0,0]
DC (25a)

I [0,0]s (·, ·) = (−kP,ees,err − kI,ees,err,I
)
/V

[0,0]
DC (25b)

I [−2,0]
s = V [1,0]∗

y I [1,0]∗/V [0,0]
DC . (25c)

However, more than one current coefficient can be used for
each condition in (23) and (24). In other words, the subsystem
(23), (24) is underdetermined and has infinite solutions. In the
following, two solutions are derived.

The first one is a simple choice, where only one feasible
current coefficient is used to fulfill each equality in (23) and
(24). This leads to the controller (25a), (25b) and

I
[0,1]
s0 (·, ·) = (kP,eed0,err + kI,eed0,err,I) /

(
4V

[0,1]∗
y0

)
(26a)

I [0,1]s (·, ·) = (
kP,eed,err + kI,eed,err,I

)
/
(
2V

[0,1]∗
y0

)
(26b)

while the additional current harmonic coefficients for (15) read
(25c) and

I
[3,1]
s0 = I [−2,0]∗

s V [1,0]
y /

(
−4V

[0,1]∗
y0

)
(27a)

I
[1,1]
s0 = − V [1,0]

y I [0,0]∗s (·, ·) /
(
4V

[0,1]∗
y0

)
(27b)

I [1,1]s =
(
V

[0,0]
DC I [1,0] − I [−2,0]∗

s V [1,0]∗
y

)
/
(
2V

[0,1]∗
y0

)
− 2I

[0,0]
s0 (·, ·)V [1,0]

y /
(
2V

[0,1]∗
y0

)
(27c)

I [−1,1]
s = − I [0,0]∗s (·, ·)V [1,0]∗

y /
(
2V

[0,1]∗
y0

)
. (27d)
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This choice only cooperates with the fundamental component of
the common-mode voltage vy0, and is very similar as in [5] ex-
cept for the harmonics with order−1w.r.t.ωcm in the circulating
current in [5]. In the case of ωm = 0, this variant is equivalent
to the controller with the simple choice in [10] for dc-operation
of MMC.

The second is an optimization, i.e., a quadratic programming
problem with linear constraints. Inspired by [10], the objective
function is given by the quadratic form

fobj = 4

⎛
⎜⎜⎝ ∑

n∈Ncm

∣∣∣I [0,n]s0 (·, ·)
∣∣∣2 + ∑

n1∈{1,3},
n2∈Ncm

∣∣∣I [n1,n2]
s0

∣∣∣2
⎞
⎟⎟⎠

+
∑
n∈Ncm

(∣∣∣I [0,n]s (·, ·)
∣∣∣2 + ∣∣∣I [0,−n]

s (·, ·)
∣∣∣2)

+
∑

n1∈{−1,1},n2∈Ncm

(∣∣∣I [n1,n2]
s

∣∣∣2 + ∣∣∣I [n1,−n2]
s

∣∣∣2) (28)

and it is subjected to the constraints (23), (24) which are linear
due to the constancy of the coefficient of the common-mode
voltage. This problem is convex and the objective function (28)
is nonnegative. According to the variable definition in [19],
[35], the minimum of (28) leads to the smallest arm current
RMS, when the MMC approaches a regime in which all current
coefficients in (28) are constant. The solution of the problem
leads to the optimized controller given by (25a), (25b), and

I
[0,n]
s0 (·, ·) = V

[0,n]
y0

kP,eed0,err + kI,eed0,err,I
A

(29a)

I [0,−n]
s (·, ·) = V

[0,n]∗
y0

kP,eed,err + kI,eed,err,I
A

(29b)

I [0,n]s (·, ·) = V
[0,n]
y0

kP,eed,err + kI,eed,err,I
A

(29c)

while the optimized additional current harmonic coefficients for
(15) read (25c) and

I
[3,−n]
s0 = − V

[0,n]∗
y0 I [−2,0]∗

s V [1,0]
y /(2A) (30a)

I
[3,n]
s0 = − V

[0,n]
y0 I [−2,0]∗

s V [1,0]
y /(2A) (30b)

I
[1,−n]
s0 = − V

[0,n]∗
y0 I [0,0]∗s (·, ·)V [1,0]

y /(2A) (30c)

I
[1,n]
s0 = − V

[0,n]
y0 I [0,0]∗s (·, ·)V [1,0]

y /(2A) (30d)

I [1,−n]
s = V

[0,n]∗
y0

(
V

[0,0]
DC I [1,0] − I [−2,0]∗

s V [1,0]∗
y

)
/A

− 2V
[0,n]∗
y0 V [1,0]

y I
[0,0]
s0 (·, ·) /A (30e)

I [1,n]s = V
[0,n]
y0

(
V

[0,0]
DC I [1,0] − I [−2,0]∗

s V [1,0]∗
y

)
/A

− 2V
[0,n]
y0 V [1,0]

y I
[0,0]
s0 (·, ·) /A (30f)

I [−1,−n]
s = − V

[0,n]∗
y0 I [0,0]∗s (·, ·)V [1,0]∗

y /A (30g)

I [−1,n]
s = − V

[0,n]
y0 I [0,0]∗s (·, ·)V [1,0]∗

y /A (30h)

with n ∈ Ncm and A = 4
∑

m∈Ncm
|V [0,m]

y0 |2. Unlike the ones
in [5] and [7] which only utilize one or a part of feasible
current harmonics, by cooperating with all harmonics in the
common-mode voltage vy0, this variant enables all feasible cur-
rent harmonic coefficients to fulfill the conditions (23) and (24).
Notice that the number of current harmonics varies according to
the common-mode voltage. Unlike [18] and [49] which focused
on optimizing controller parameters, the solution (29) and (30)
leads to an optimized distribution of the PI-control effort in (23)
and the effort in (24) for compensating ripples at low frequency
to all feasible current harmonics, such that the minimum of
the objective function (28) is achieved. Although (29), (30)
consider the energy control transient by regarding the energy
error dependency, by substituting 0 for all energy errors, the
current coefficients in (29) and (30) will generate an optimized
regime with minimal arm current RMS, as will be discussed in
Section IV-D. In the case of ωm = 0, this variant is equivalent
to the optimized controller in [10] for dc-operation of MMC.

C. Energy Control System

Using the two candidates above with the substitution eerr =
eerr and eerr,I = eerr,I, the energy control system in Fig. 4 is
derived as follows.

1) The switch Scoeff indicates the two options introduced
in Section IV-B for energy control and compensation of
ripples at low frequency, i.e., the simple choice (similar
to [5]) cooperating only with the fundamental component
of the common-mode voltage and the optimization utiliz-
ing all feasible current harmonics in cooperation with all
harmonics in the common-mode voltage.

2) The switch Svy0 selects between the two options
in Section III-A for the common-mode voltage, i.e.,
v1st+3 rd
y0 [6, Sec. IV-B] and the approximated trapezoidal

waveformvtrpz
y0 with up to 7th harmonic w.r.t. ωcm.

3) The switch Sref indicates the two options for energy ref-
erence, i.e., the constant E [17], [34] or a calculated
stationary operating regime ergm [5]. The design of the
regime will be illustrated in the following subsection, by
means of the condition (7).

D. Design of Stationary Operating Regimes

According to (7), the stationary operating regime ergm can be
designed such that the origin of the energy error is an equilibrium
point of the energy control system (12), which means that
the remaining error vanishes. This leads to pref(ωmt, ωcmt) =
phf(ωmt, ωcmt,0,0) which is derived from (12) with eerr = 0,
eerr,I = 0, the condition (15), and the system (18) designed
as the linear dynamics (19). In other words, a feasible sta-
tionary operating regime can be obtained by integrating the
energy model (8), where the corresponding current injection is
determined by the energy controller and the additional current
harmonics for (15) with vanishing energy error, and the general
average of the regime ergm is set to the constant E.

This method extends the one in [10] for MMC dc-operation to
lf-mode in this text. Generally speaking, a stationary operating
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Fig. 4. Energy control system for lf-mode. The implementation of the part in the dashed block for the experiments will be explained in Section V-A.

Fig. 5. Simulative verification of the stability of the energy control system in Fig. 4, with the energy error eerr(t) of the proposed energy control system in
Fig. 4 and the solution eerr(t) of the associated dynamics (19) of the average system. The common-mode voltage is given by v1st+3rd

y0 (Fig. 3, red. Also see Svy0:

1st+3 rd in Fig. 4.). Settings: I[1,0] = 8A, V [0,0]
DC = 600V, ωm = 2π · 30 rad/s, ωcm = 2π · 200 rad/s, kP,e = 250Hz, kI,e = k2P,e/2.

regime can be designed in such a way that the chosen current and
voltage injections to the energy model (8) will keep the average
value of the energies constant, as the idea mentioned in [19]
and [21]. The method in this text aims on finding a stationary
operating regime to eliminate the remaining energy control error
of the system in Fig. 4, and it shows no contradiction to the
conventional idea in [19] and [21] by using the substitution
eerr = 0, eerr,I = 0 into (12) to guarantee a constant average
value of the energies.

As mentioned in Section IV-B, following the method above,
the optimization leads to an optimized regime utilizing all
feasible current harmonics in cooperation with all harmon-
ics in common-mode voltage to achieve minimal arm current
RMS. Notice that the number of current harmonics and thus,
the waveform of the circulating current is determined by the
common-mode voltage, confirmed by (30). Thus, among the
steady states in [6] and [31] and the proposed optimized regime,
the difference of the circulating currents is analogous to that of
the common-mode voltages described in Section III-A. In the
case of v1st+3 rd

y0 as the common-mode voltage, the optimized

regime utilizes the same distribution of the compensation effort
to the arm currents, and thus the same minimum point in terms of
arm current RMS as [7, Strategy II], while the current injection
in [6, Sec. IV-B] cooperating with the same common-mode
voltage does not consider any optimization.

E. Stability of the Energy Control System

The system in Fig. 4 is the proposed energy control system for
lf-mode, covering the one in [10, Fig. 4] for MMC dc-operation
(ωm = 0) as a specific case. According to Theorem 1 in Ap-
pendix, the stability of this control system can be stated as
follows:1 For a sufficiently large predetermined frequency ωcm

and with the same initial values, the error (eTerr(t) eTerr,I(t))
T

of the proposed energy control system in Fig. 4 lies (for ∀t ∈
[0,∞)) in a neighborhood of the solution (eTerr(t) eTerr,I(t))

T of
the dynamics (19) of the corresponding average system which

1The required convergence function in the condition C2 and C3 can be chosen
as fcvg(T ) = 1

T+1 , confirmed by [29].
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converges globally and exponentially to 0, and the remaining
error vanishes when the energy reference is given by the regime
ergm. In other words: By means of the energy control system in
Fig. 4, for a sufficiently large predetermined frequency ωcm, the
MMC energy e(t) converges globally to a neighborhood of the
constant reference E, or it tracks the calculated regime ergm.

Although the range of ωcm for the stabilization of the control
system is hard to determine due to the complexity of the proof
of Theorem 1 [29], the choice ε = 1

ωcm
offers the possibility to

decrease ε for stabilizing the energy control system by increasing
the predetermined frequency ωcm, where the restriction should
be the pulse width modulation (PWM) frequency and the current
control accuracy [6], [37].

Simulative verification of the stability can be found in Fig. 5.
As shown by the first four rows, the energy error eerr(t) always
lies in a neighborhood of the solution eerr(t) of the associ-
ated dynamics (19) of the average system, which confirms the
stability of the energy control system in Fig. 4 at the chosen
predetermined frequency ωcm = 2π · 200 rad/s. As confirmed
by the theoretical conclusions above, the remaining energy error
vanishes only for the regime as energy reference (in the two
rightmost columns). Notice that the ripples of the equivalent
cell capacitor voltage vC in the last row are caused by different
reasons: For the constant energy reference in the two leftmost
columns, the ripples in vC are caused by the remaining energy
control errors, while the ripples of vC in the rightmost two
columns correspond to the designed energy ripples in the sta-
tionary regime. A dedicate comparison between the two kinds of
energy reference will be given by the experiments in Section V.

To sum up, for a sufficiently large predetermined frequency
ωcm, the MMC energye(t) converges globally to a neighborhood
of the constant reference E, or it tracks the calculated regime
ergm. The validity and stability of a constant reference for the
instantaneous MMC energies in lf-mode is verified theoretically,
which is missing in the state-of-art research. Unlike [7], [27],
and[30] which only provide a region of attraction in an uncertain
small neighborhood of a stationary operating regime/point, the
energy control system in Fig. 4 is proved to be globally stable.

V. EXPERIMENTS

Although Theorem 1 in Appendix provides a rigorous global
stability for the energy control system in Fig. 4, it is difficult to
analyze the arm currents and the cell capacitor voltages directly,
since Theorem 1 cannot offer the exact solution of the error
dynamics. Thus, it is more efficient to explore the effect of
the energy control system on the performance of the MMC by
experiments. As will be shown in this section, the experiments
will verify the stability of the energy control system in Fig. 4,
and also provide comparisons between the different options
w.r.t. the common-mode voltage, the energy reference, and the
energy controller and compensation of ripples at low frequency,
as represented by the three switches in Fig. 4.

A. Testbench Settings

The configuration of the experimental system is shown
in Fig. 1, where a permanent magnet synchronous machine

TABLE I
TEST BENCH SETTINGS FOR THE LF-MODE

(PMSM) is taken as the ac machine. The dc link capacitor voltage
is controlled by means of a grid side active rectifier. For the
implementation of the part in dashed block in Fig. 4, the energy
model is replaced by an MMC with current control and PWM,
as in [19]. As indicated by Fig. 2, the controller for i receives the
reference from the speed control of the ac machine and generates
vy for the modulation, while the signal vDC is obtained from the
dc link voltage measurement.

The test bench parameters are given in Table I.As indicated by
Section I including Fig. 2, keeping PWM frequency sufficiently
large is necessary for well-accomplished current control and cell
voltage balancing stage, which is the requirement/precondition
of using the energy model (8) for the design in the energy
control stage. According to the conclusion in Section IV-E,
the predetermined frequency ωcm needs to be large enough to
guarantee the stability of the proposed energy control system.
However, this frequency must be restricted in order to achieve a
good controllability of the currents [6], [37]. Therefore, the pre-
determined high frequency ωcm is chosen as 2π · 4884

24 rad/s =
2π · 203.5 rad/s which ensures 24 samplings within each pe-
riod w.r.t. ωcm. The controller parameter kP,e = 250Hz has the
same value as the settings for Fig. 5, which means that the
transient of the proposed energy dynamics ends within around
30ms.

As illustrated in the paragraph before Section III-A, the condi-
tion |n1ωm| < ωcm is required in (9), with max(n1) = 3 in the
designed variants. Thus, by choosing ωcm = 2π · 203.5 rad/s
in the experiments, the tested stator electrical frequency should
not exceed 2π · 203.5/3 ≈ 2π · 68 rad/s (54.4% p.u.). Another
factor that will limit the frequency range is the voltage re-
serve/margin. Due to the almost periodic characteristics in lf-
mode, around vDC/2−max |vy0| ≈ 150V is left for machine
EMF, current driving voltage, and margin for control transients
and energy ripples, according to the current experimental set-
tings.

The PMSM control bases on the classic field/rotor oriented
control, e.g., in [5]. Due to the permanent magnet, the d-axis
current reference is set to zero, while the q-axis current produces
torque for the speed control. In contrast to [5], for an improved
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TABLE II
PARAMETERS OF PMSM

speed control, the torque observer

x̂obs =
J

NP
ωm + kobsT̂L (31a)

˙̂xobs =
3

2
NP (ψd + (Ld − Lq) id) iq − ffrc

NP
ωm − T̂L (31b)

is designed according to the mechanical dynamics of the PMSM
given by [50]

J

NP
ω̇m =

3

2
NP (ψd + (Ld − Lq) id) iq − ffrc

NP
ωm

− TL. (32)

Here, x̂obs denotes the state of the observer, T̂L denotes the
observer output, kobs is a positive constant, TL denotes the load
torque, while the other parameters are given in Table II. The
observer (31) and the model (32) lead to the dynamics

kobs
d

dt

(
T̂L − TL

)
+
(
T̂L − TL

)
= 0 (33)

when the load torque is constant, i.e. ṪL = 0. The dynamics
(33) means that the output T̂L converges exponentially to the
load torque TL, and a smaller kobs leads to a faster convergence.
The observer output T̂L is used as a feedforward signal to support
the speed controller.

The real axis of the MMC ac side current i will be oriented
to the q-axis, i.e. I [1,0] = iq + jid. The absolute value of the
reference iq,ref is limited to 6A in order to keep the amplitude
of the arm currents within the safe operating area of the semi-
conductors. An anchor current controlled separately excited dc
machine works as the mechanical load for the PMSM.

The experiments focus on the comparison among the different
options in the energy control system, as represented by the
switches Sref, Svy0, and Scoeff in Fig. 4. For this purpose, three
performance indexes are defined as follows.

1) The maximal absolute value Iz,max among the six arm
currents.

2) The RMS value Iz,rms,sum of the arm currents

Iz,rms,sum =

√
1

T

∫
T

∑6

n=1
i2zndt (34)

Fig. 6. Example of the behavior of the PMSM during the test process for (a)
stability verification (b) performance at varying stator electrical frequency with
the settings Scoeff: optimization, Sref: regime, Svy0: trpz.

where izn for n = 1, . . . , 6 are the six arm currents, and
T represents the length of the compact time interval T.

3) The peak-to-peak value vC,pp of the six equivalent cell
capacitor voltages.

B. Experimental Results

1) Stability: In the computational verification of the stability
shown in Fig. 5, the initial value of the energy errors are set
to the same for all options of the energy control system. This
is hard to achieve in the experiment due to the ripples of the
MMC energies. Thus, in the experiments, an alternative process
is chosen to verify the stability of the energy control system in
Fig. 4, i.e., a load torque change is utilized to create an imbalance
for the energy control system to react to, see Fig. 6(a) as an
example of the behavior of PMSM. The load change at 0 s results
in a speed control transient for only about 0.1 s, thanks to the
torque observer which follows the new load torque fast, as shown
in the first and the last row in Fig. 6(a). As a result, the MMC
needs to enter a new stationary operation with different ac-side
load currents, as shown in the second row.

The measured energy errors during this process are shown in
Fig. 7. The results w.r.t. the simple choice (similar to [5]) for the
energy control and compensation of powers at low frequency are
given in the first row, while the results of the optimization with
the two common-mode voltages are shown in the last two rows.
The first column shows the results with the constant E as the
reference for the instantaneous MMC energies [17], [34], while
the second column represents the results w.r.t. the regime ergm

as the reference [5]. After the transient due to the load change,
the energy error converges to the visible remaining error around
0 in the case of the constant reference E (left column), while the
remaining control errors almost vanish in the case of the regime
as reference (right column). Thus, the experimental results co-
incide well with the theoretical conclusions in Section IV-E.
The effect of the different remaining control errors on the MMC
performance will be explored by means of the measured arm
currents and cell capacitor voltages in the following.
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Fig. 7. Measurement results of the energy errors during the test process for stability verification shown in Fig. 6(a), at ωm = 2π · 5Hz (4% p.u.).

2) Stationary Performance: The stationary performance
w.r.t. different options of the energy control system is compared
by means of the results in Figs. 8 and 9 under the same stationary
condition as in Fig. 6(a) after 0.2 s.

The subfigures have the same organization as in Fig. 7. The
defined performance indexes for the subfigure (a) in the upper
left corner are given by their values, while the indexes for the
other subfigures (b)–(f) are given by a percentage compared to
(a). As mentioned in Section IV-D, the results in (d) correspond
to [7, Strategy II]. The results are illustrated as follows.

1) The two options for the energy reference are compared by
means of (a), (c), (e) for constant reference E [17], [34]
and (b), (d), (f) for regime as reference [5], respectively.
As mentioned in Section IV-E, the ripples in the equivalent
cell capacitor voltage vC in the case of the constant energy
reference E in (a), (c), (e) in Fig. 8 is caused by the
remaining energy control errors, while the ripples of vC in
the case of regime as reference in (b), (d), (f) correspond
to the energy ripples in the designed stationary regime.
On the whole, the stationary operation resulting from the
constant energy referenceE [17], [34] is comparable to the
designed regime as energy reference [5], except for larger
peak arm current Iz,max caused by the constant reference
E with the optimization.

2) The two options for the energy controller and compensa-
tion of ripples at low frequency are compared by means
of (a), (b) for the simple choice (similar to [5]) and (c),
(d) for the optimization, respectively. Compared with the
simple choice, the optimization reduces the arm current

RMS Iz,rms,sum significantly, and also reduces the peak
arm current Iz,max in the case of regime as reference in (d).

3) The two options for the common-mode voltages are
compared by means of (c), (d) for v1st+3 rd

y0 [6,
Sec. IV-B], and (e), (f) for approximated trapezoidal wave-
form vtrpz

y0 , respectively. With the optimization, at a cost
of increased peak arm current Iz,max, the approximated
trapezoidal waveform vtrpz

y0 leads to smaller arm current
RMS Iz,rms,sum and significantly smaller peak-to-peak
value vC,pp of the equivalent cell capacitor voltage ripples,
compared to v1st+3 rd

y0 .
4) The results in (d)–(f) confirm the optimized stationary

regime/operation generated by the optimization in coop-
eration with vtrpz

y0 as an improvement of [7, Strategy II] in
the sense of smaller arm current RMS and cell capacitor
voltage fluctuation.

3) Performance at Varying Frequency: In order to explore
the performance at varying stator electrical frequency which
is not considered in the assumption of the analysis in Sec-
tions III and IV, the proposed energy control system is tested
by a process with several speed reference steps. An example
of the behavior of PMSM is given in Fig. 6(b). At 0 s, the
referenceωm,ref of the electrical stator frequency steps from 0 to
2π·30 rad/swhich is 24% of its nominal value. At 0.4 s, the ma-
chine is controlled to accomplish a speed reversal from 24% to
−24% of its nominal speed, while the speed reference steps back
to zero at 0.9 s. The anchor current reference of the dc machine
is proportional to the rotor speed, with 100% p.u. at the nominal
rotor speed of PMSM, to provide a passive speed-dependent
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Fig. 8. Measurement results of the six equivalent cell capacitor voltages during the stationary operation at ωm = 2π · 5Hz (4% p.u.) and iq = −3.7A.

Fig. 9. Measurement results of the six arm currents during the stationary operation at ωm = 2π · 5Hz (4% p.u.) and iq = −3.7A.
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Fig. 10. Measurement results of the six arm currents during the test process shown in Fig. 6.

load torque in both rotating directions. On the whole, although a
current control error exists and the observer output cannot track
the speed varying load torque exactly during the speed transient,
the speed control is accomplished without any overshoot. The
reason of the current control error is suspected to be the nonideal
decoupling between the d- and q-axis current, while the transient
of the observer is expected, since the conditions for the desired
dynamic (33) include a constant load torque.

The measurement results of the six arm currents and equiv-
alent cell capacitor voltages w.r.t. the proposed energy con-
trol with different options are shown in Figs. 10 and 11 with
zooming-in for a detailed description of the trajectories, respec-
tively.

The subfigures have the same organization as in Figs. 8 and 9.
The results are analyzed as follows.

1) First of all, the results verify the stability of the energy
control system in Fig. 4 under the tested stator electrical
frequency profile in Fig. 6(b), since the measured trajecto-
ries in Figs. 10 and 11 do not increase or decrease perma-
nently. This is not included by the theoretical conclusion
in Section IV-E since the theoretical analysis assumes a
constant stator electrical frequency.

2) The two options for the energy reference are compared
by means of (a), (c), (e) and (b), (d), (f), respectively.
Regarding the defined indexes, the regime as reference [5]
shows better transient performance than the constant ref-
erence [17], [34].

3) The two options for the energy controller and compensa-
tion of ripples at low frequency are compared by means of
(a), (b) and (c), (d), respectively. In cooperation with the



GUI et al.: ENERGY CONTROL OF MODULAR MULTILEVEL CONVERTERS FOR DRIVE APPLICATIONS AT LOW FREQUENCY 5253

Fig. 11. Measurement results of the six equivalent cell capacitor voltages during the test process shown in Fig. 6.

same common-mode voltage v1st+3 rd
y0 [6, Sec. IV-B], the

optimization reduces not only the current indexes Iz,max

and Iz,rms,sum, but also the peak-to-peak value vC,pp of the
equivalent cell capacitor voltage ripples, compared with
the simple choice (similar to [5]).

4) The two options for the common-mode voltages are com-
pared by means of (c), (d) and (e), (f), respectively.
In cooperation with the optimization, the approximated
trapezoidal waveform vtrpz

y0 leads to smaller arm current
RMS Iz,rms,sum and smaller peak-to-peak value vC,pp of
the six equivalent cell capacitor voltages, compared to
v1st+3 rd
y0 [6, Sec. IV-B]. However, the peak arm current

Iz,max is larger than the case with v1st+3 rd
y0 . The reason

is suspected to be the challenging current control task,
since the approximated trapezoidal waveform vtrpz

y0 enables
current harmonics of higher order, leading to requirement
of improved current control than the current test bench
setting.

4) Summary: To sum up, the experiments verify the theoret-
ical conclusion in Section IV-E, i.e., the MMC energies track
the designed stationary regime, or it approaches a stationary
operation with ripples around the constant reference E. The
stability of the energy control system at varying stator electrical
frequency is also verified experimentally, which is not included
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in the theoretical conclusion. Furthermore, the experiments also
offer a dedicated comparison between the options in the energy
control system in Fig. 4 by means of the defined performance
indexes. The comparison between the constant reference E
[17], [34] and the regime as energy reference [5] is provided
for the first time. Although the constant reference E increases
the performance indexes slightly, it is still a noteworthy option,
since it spares the costly regime calculation. Compared with the
simple choice (similar to [5]), the optimization—especially in
cooperation with the approximated trapezoidal common-mode
voltage vtrpz

y0 —reduces the peak-to-peak cell capacitor voltage
ripples and the arm current RMS substantially. This includes
the optimized regime/operation generated by the optimization
in cooperation with vtrpz

y0 as an improvement of [7, Strategy II] in
the sense of smaller arm current RMS and cell capacitor voltage
fluctuation. Compared with v1st+3 rd

y0 [6, Sec. IV-B], the approx-

imated trapezoidal common-mode voltage vtrpz
y0 reduces the arm

current RMS and cell capacitor voltage fluctuation at a cost of
higher peak arm current due to more challenging current control.

VI. CONCLUSION

This work extends the results in [10] for MMC dc-operation
(0Hz) to lf-mode for drive applications. Thus, this work cov-
ers the results for dc-operation (0Hz) in [10] as a specific
case, and inherits all improvements of [10] w.r.t. model based
controller design, compared to [5], [9], [19], [23], [24], [25],
[26], [27], and [28] (as mentioned before Section I-A). Using
the general averaging (4) which extends the averaging method
for dc-operation (0Hz) in [10] to the almost-periodic cases in
lf-mode, the proposed control system for the MMC energies in
lf-mode is derived. As an extension from the stability analysis for
dc-operation in [10], Theorem 1 in Appendix provides a rigorous
global stability of the energy control system for lf-mode in which
the instantaneous MMC energy either converges globally to a
neighborhood of the constant reference E (same idea for refer-
ence in [17], [34]) or tracks the calculated stationary operating
regime (same idea for reference in [5]), unlike [7], [27], [30]
which only provide a region of attraction in an uncertain small
neighborhood of a stationary operating regime/point. The valid-
ity of a constant reference for the instantaneous MMC energies
in lf-mode is confirmed by dedicated theoretical analysis for the
first time. Besides, an optimized variant in cooperation with all
harmonics in the common-mode voltage for the energy control
and compensation of ripples at low frequency is derived by
quadratic programming.

The experiments verify the stability of the energy control
system in the sense of the theoretical conclusions and also at
varying stator electrical frequency which is not included by
the theoretical conclusions. The options in the energy control
system are compared by experiments with defined performance
indexes, in which the comparison between the constant reference
E [17], [34] and the regime as energy reference [5] is provided
for the first time. Although the constant reference E increases
the performance indexes slightly, it is still a noteworthy option,
since it spares the costly regime calculation. Compared with the
simple choice (similar to [5]), the optimization—especially in

cooperation with the approximated trapezoidal common-mode
voltage vtrpz

y0 —reduces the peak-to-peak cell capacitor voltage
ripples and the arm current RMS substantially. This includes
the optimized stationary regime/operation generated by the opti-
mization in cooperation with vtrpz

y0 as an improvement of [7, Strat-
egy II] in the sense of smaller arm current RMS and cell capacitor
voltage fluctuation. Compared with v1st+3 rd

y0 [6, Sec. IV-B], the

approximated trapezoidal common-mode voltage vtrpz
y0 decreases

the arm current RMS and cell capacitor voltage fluctuation at a
cost of higher peak arm current due to more challenging current
control.

The general averaging method presented in this work is
compatible with almost periodic systems which are affected by
several frequencies. Therefore, it is expected to be applied to
the controller design of other topologies like modular multilevel
matrix converter (M3C).

APPENDIX

Definition 1: A continuous, bounded function f : [0,∞)×
D → R

n is said to have a general average f(x) if the limit
given in (4) exist and∥∥∥∥∥ 1

T

∫ t+T

t

f (τ,x) dτ − f (x)

∥∥∥∥∥ ≤ c · fcvg(T ) (35)

for some c > 0, ∀(t,x) ∈ [0,∞)× D0, and ∀D0 ⊂ D, where x
is regarded to be independent of twhile considering the integral
in (4) and (35). The function fcvg(T ) is called the convergence
function which is strictly decreasing, continuous, and bounded
such that limT→∞ fcvg(T ) = 0. �

Theorem 1: Suppose an n-dimensional function f(t,x, ε)
satisfies the following conditions.

C1: The function f(t,x, ε) and its partial derivatives w.r.t.
(x, ε) up to the second order are continuous and bounded
for (t,x, ε) ∈ [0,∞)× D1 × [0, ε1], for every compact set
D1 ⊂ D2, where ε1 > 0 and D2 ⊂ R

n is a domain.
C2 : The function f(t,x, 0) has the general average f(x) on

(t,x) ∈ [0,∞)× D2 with the convergence function fcvg(T ),
in the sense of Definition 1.

C3: The Jacobian ∂
∂x (f(t,x, 0)− f(x)) has zero general aver-

age with the same convergence function fcvg(T ) as f(t,x, 0).
C4: The initial values of the solution x(t) of the original sys-

tem (5) and the solution x(t) of the average system (6) satisfy
x(0) = x(0).

C5: The origin x = 0 ∈ D2 is an exponentially stable equilib-
rium point of the average system (6) and x(0) ∈ D3, where
D3 ⊂ D2 is a compact subset of its region of attraction.

Then, there exist ε2 > 0 and a strictly increasing function
fK(ε) ≥ 0 with fK(0) = 0, such that for all 0 < ε < ε2, x(t) is
defined and

‖x(t)− x(t)‖ ≤ c2fK (ε) (36)

for some c2 > 0 and ∀t ∈ [0,∞), and the origin of the original
system (5) is exponentially stable if the following additional
condition is satisfied.
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C6 : The origin is an equilibrium point of the original system
(5), i.e., (7) for ∀(t, ε) ∈ [0,∞)× [0, ε1]. �
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