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Abstract—In this article, a switched active power control of the
grid-connected inverter is proposed. First, the principle of the pro-
posed control is demonstrated with the phase trajectory analysis.
The proposed control allows for direct adjustment of the maximum
rate of change of frequency (RoCoF) and frequency overshoot of
the inverter, thereby enhancing the frequency stability. Next, the
stability of the proposed control is examined using the Lyapunov
function. For the active power control loop of the inverter, the
proposed control has been proven to ensure global asymptotic
stability. Then, the parameters of the proposed control are de-
signed. Due to the clear physical meaning, the proposed control
allows for explicit derivation of the relationships among RoCoF,
frequency overshoot, response time, and active power overshoot of
the inverter. Therefore, the controller parameters can be directly
designed using the derived analytical equations, simplifying the
application of the proposed control. Finally, the proposed control is
clarified through detailed comparisons to highlight its advantages.
The proposed control achieves a lower RoCoF and frequency over-
shoot compared to existing controls while maintaining the same
active power overshoot and response time. This is demonstrated
through theoretical, simulation, and experimental results.

Index Terms—Frequency stability, grid-connected inverter,
rate of change of frequency (RoCoF), switched control, virtual
synchronous generator (VSG).

I. INTRODUCTION

D ISTRIBUTION generators are widely used in power sys-
tem applications, such as solar photovoltaic [1], [2] and

wind-driven generators [3], [4], [5]. The output voltages of these
generators, unlike those of synchronous generators, are either
dc or unregulated ac. Therefore, the grid-connected inverters,
namely the grid-following inverter and the grid-forming inverter,
are typically connected between the distribution generator and
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Fig. 1. General structure of a grid-forming inverter.

the power grid [6], [7]. Among them, the grid-forming inverter
has garnered significant attention from a diverse range of re-
searchers owing to its grid-forming ability [8], [9], [10].

The general structure of a grid-forming inverter, as shown in
Fig. 1, consists mainly of the inner dual-loop control, optional
virtual impedance control, reactive power control, and active
power control. The aforementioned four parts have seen the
publication of many good and interesting works, which are
currently hot topics. However, for an article, if the concern is so
broad, it is nearly impossible to make progress on any specific
topic. Therefore, this article focuses on the active power control
labeled in red in Fig. 1.

Traditionally, the active power control of the grid-forming
inverter is achieved through the droop control [11], [12], [13],
where the local frequency reference is decided by proportional
feedback. Compared to the traditional synchronous generator,
the grid-connected inverter with droop control has a higher
rate of change of frequency (RoCoF) and frequency overshoot.
The characteristics of the power grid are determined by the
connected power source. Therefore, the increasing proportion
of grid-connected inverters in the power grid leads to higher
RoCoF and frequency overshoot, resulting in a lower frequency
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nadir [14], [15], [16]. These frequency characteristics can lead
to the operation of RoCoF relay protection and the instability of
the power grid [17], [18], [19].

The aforementioned problems can be avoided through two
main methods. One method is maintaining a high proportion of
synchronous machines in the power grid. Their rotor and damp-
ing winding can limit their RoCoF and frequency overshoot
naturally and enhance the frequency stability of the power grid.
Another method is controlling the grid-connected inverter to
reshape its frequency characteristics. The control method should
limit the RoCoF and frequency overshoot of the grid-connected
inverter to reduce their negative impact on power grid stability.
This article focuses on the second method, with virtual syn-
chronous generator (VSG) control as a typical representative
[20], [21], [22], [23].

In the VSG, the active power control loop is designed similarly
to a real synchronous generator, aiming to reduce RoCoF and
frequency overshoot. However, recent research [24], [25], [26],
[27], [28], [29], [30], [31] indicates that inverters with VSG
control experience significant active power overshoot and re-
sponse time, which limits their application. On the one hand, the
large active power overshoot causes the current saturation (CS)
problem [24], leading to transient instability and weakening the
VSG’s ability to enhance the frequency stability. To avoid this
problem, the current limit of the inverter needs to be increased.
Correspondingly, the selection of inverter devices with VSG
control must be made with a significant margin, thereby increas-
ing both size and cost. On the other hand, the large response
time hampers the primary and secondary frequency modulation
ability of the inverter.

Nowadays, the performance of the VSG control has been
continuously improved through high-order linear control [25],
self-adaptive VSG control [26], [27], [28], [29], fractional-order
VSG control [30], and H∞ control [31]. The high-order linear
control [25] and fractional-order VSG control [30] allow for
adjusting additional coefficients, such as the controller’s order,
to enhance flexibility in design and achieve superior perfor-
mance. The self-adaptive VSG control [26], [27], [28], [29]
achieves diverse design requirements by using different inertia
and damping coefficients in various states. The H∞ control [31]
enables obtaining optimized controller parameters based on the
H∞ theory to enhance the inverter performance. These controls
can achieve better frequency stability than the original VSG
control, with lower RoCoF and frequency overshoot.

However, the aforementioned controls are not sufficient to
fully solve the problems in VSG controls. On the one hand,
the aforementioned controls primarily rely on transfer functions
in the s-domain or the z-domain. For the stability analysis,
these transfer functions are readily comprehensible. However,
the objective of enhancing VSG control is to achieve a control
system with reduced RoCoF and frequency overshoot, both
of which are control targets in the time domain. Based on
the state-space model in the time domain, the control method
with lower RoCoF and frequency overshoot can be obtained,
which is lacking in existing research. On the other hand, ex-
isting controls based on transfer functions typically employ
complex exponential or transcendental functions to express the

relationships among control parameters, active power overshoot,
response time, RoCoF, and frequency overshoot, resulting in a
complicated parameter design process. The application needs a
control method and controller design process that are simpler
and have clearer physical meaning.

To solve the aforementioned problems in existing research,
this article introduces the switch control theory into the active
power control design of the grid-connected inverter and pro-
poses a switched active power control with reduced RoCoF and
frequency overshoot. The main contribution can be summed as
follows.

1) A standard state-space model is proposed to represent the
active power characteristics of the grid-forming inverter.
Based on this model and the phase trajectory analysis, a
switched active power control is designed, allowing direct
adjustment of maximum RoCoF and frequency overshoot
to enhance frequency stability.

2) Based on the Lyapunov function, a stability analysis of
the proposed control is made. For the active power control
loop, the Lyapunov function of the inverter with the pro-
posed control decreases monotonously in the whole phase
plane, resulting in global asymptotic stability.

3) The relationship among the RoCoF, frequency overshoot,
response time, and active power overshoot of the inverter
with the proposed control is derived explicitly. The pro-
posed control has a clear physical meaning, allowing for
the direct design of controller parameters using derived
analytical equations. This simplifies the application of the
control.

4) The inverters employing the proposed control are com-
pared in detail to those employing existing controls. The
proposed control achieves a lower RoCoF and frequency
overshoot compared to existing controls while maintain-
ing the same active power overshoot and response time.
This is demonstrated through theoretical, simulation, and
experimental results.

The rest of this article is organized as follows. The principle
of the proposed switched active power control is derived in
Section II. The controller parameters are designed in Section III.
The proposed control is compared with existing similar controls
in Section IV. All the aforementioned analyses and compar-
isons are verified by the simulation and experiment results in
Section V. Finally, Section VI concludes this article.

II. SWITCHED ACTIVE POWER CONTROL

In this section, a standard state-space model is first derived to
represent the frequency characteristic of the inverter connected
with the power grid. Then, the phase trajectories of the inverter
with different RoCoF inputs are analyzed. Finally, a switched
active power control is proposed by the phase trajectory analysis
and its stability is analyzed by the Lyapunov function. To sim-
plify analyses, several assumptions are made as follows, which
are also used in previous works [25], [26], [27], [28], [29], [30],
[31].

1) The response speed of the voltage and current inner control
loop is much faster than that of the active power control
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loop, rendering their coupling negligible. As shown in
Fig. 1, the controller in the grid-forming inverter con-
sists of multiple parts and is a high-order system. With
this assumption, the active power control loop of the
grid-connected inverter can be analyzed individually as
a two-order system.

2) The resistance of the power transmission line is much
lower than its inductive reactance, and the power grid can
be seen as inductive. With this assumption, the active and
reactive power loop is decoupled.

3) The analyzed distribution generators participate in the pri-
mary frequency control and have sufficient energy reserves
to meet the power requirement.

4) As the active power reference and grid frequency remain
constant values at a steady state, the analysis and controller
design are mainly made for their step changes. Therefore,
the situation with periodic changes in grid frequency and
active power reference is not discussed here.

A. Standard State-Space Model

For the inverter connected to the power grid, to achieve syn-
chronization and primary frequency control, the steady values
of the active power and angular frequency are{

P (tS) = PS = P0 − kp(ωg − ω0)
ω(tS) = ωS = ωg

(1)

where PS is the steady value of the active power, ωS is the steady
value of the angular frequency, tS is the steady time point, ω0 is
the nominal value of the angular frequency,ωg is the grid angular
frequency, P0 is the nominal value of the active power, and kp

is the droop coefficient of the primary frequency control.
In this article, the state variables in the state-space model

are defined as the deviations between their actual values and
their steady-state values. Therefore, the final values of all state
variables are 0, facilitating a uniform description and discussion.
With the aforementioned consideration, the state variables are

x =
[
ΔP Δω

]T
=

[
P − PS ω − ωS

]T
(2)

where ω is the local angular frequency of the inverter, and P is
the active power of the inverter.

Besides, in the ac power grid, based on the power transmission
characteristics of inductive transmission lines [32], the relation-
ship between the active power P and the power angle δ is

P =
EU

X
sin δ =

EU

X
δ +O(δ3) = Pmδ +O(δ3) (3)

where E is the output voltage of the inverter, U is the voltage of
the power grid, X is the impedance between the inverter and the
grid, Pm is the maximum active power transmission limit, and
O(δ3) is the high-order term of δ.

Generally, the power angle is small enough and O(δ3) can be
ignored. Taking the derivative of (3), it is obtained that

ΔṖ = Ṗ = Pmδ̇ = PmΔω. (4)

Fig. 2. Phase trajectory diagram. (a) u is umax. (b) u is −umax. (c) u is 0.
(d) Four special phase trajectories.

Therefore, in the time interval (t0, tS), the standard state-
space function of the frequency characteristic is

ẋ = Ax+Bu (5)

A =

[
0 Pm

0 0

]
, B =

[
0
1

]
(6)

where u is the control quantity.
In the proposed model, the initial state x(t0) is decided by the

changed values of P0 and ωg. Besides, the target of the proposed
control is to make the actual values of state variables equal to
their steady-state values without the steady-state error. There-
fore, the final state x(tS) should be 0. They can be expressed as

{
x(t0) =

[−ΔP0 + kpΔωg −Δωg
]T

x(tS) = 0
(7)

where t0 is the initial time point, ΔP0 is the changed value of
P0, and Δωg is the changed value of ωg.

B. Phase Trajectory Analysis

The proposed control is obtained by analyzing the phase tra-
jectory of the standard state-space model. As a basic mathemati-
cal tool, the detailed principle of the phase trajectory analysis can
be found in most textbooks of the modern control theory, such
as textbooks [33], [34]. The phase trajectory analysis requires
obtaining a phase plane first. As shown in Fig. 2, a plane is
obtained by choosing state variablesΔP andΔω as the abscissa
and ordinate, namely the phase plane. The phase plane assigns
a coordinate to each point, representing a state of the state
vector. For example, the state vector corresponding to the point
(x10, x20) is

x =
[
x10 x20

]T
. (8)



CHEN et al.: SWITCHED ACTIVE POWER CONTROL OF A GRID-CONNECTED INVERTER 4065

The solution of the two-order state-space equation in (5) is

x =

[
ΔPini + Pm

∫ t

0

(
Δωini +

∫ t

0 udt
)
dt

Δωini +
∫ t

0 udt

]
(9)

where ΔPini and Δωini are the initial values of ΔP and Δω.
As shown in (5) and (6), the control quantity u is just equal

to the RoCoF of the inverter

u = Δω̇ = ω̇ = RoCoF. (10)

When the control quantity u is equal to the positive maximum
RoCoF limit umax, negative maximum RoCoF limit −umax, and
0, the solution in (9) can be expressed as

x =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
ΔPini + Pm

(
Δωinit+ 0.5umaxt

2
)

Δωini + umaxt

]
, u = umax[

ΔPini + Pm
(
Δωinit− 0.5umaxt

2
)

Δωini − umaxt

]
, u = −umax[

ΔPini + PmΔωinit
Δωini

]
, u = 0.

(11)

As shown in (11), when ΔPini, Δωini, Pm, and umax are
constant, the state vector varies by the time variable t. In the
phase plane, each point represents a state of the state vector.
Therefore, these varying state vectors in (11) can be represented
by a line, namely phase trajectory. And an arrow represents
the changing direction of the state vector as time increases. As
shown in Fig. 2(a)–(c), when the control quantity u is umax,
−umax, and 0, the corresponding phase trajectories are signed as
l+, l−, and l0. The functions of these lines can be obtained by
eliminating the time variable t in (11), which are⎧⎪⎨

⎪⎩
l+ =

{
(ΔP,Δω)|ΔP = ΔPini +K(Δω2 −Δω2

ini)
}

l− = {(ΔP,Δω)|ΔP = ΔPini −K(Δω2 −Δω2
ini)}

l0 = {(ΔP,Δω)|Δω = Δωini}
(12)

where K is the form factor decided by Pm and umax

K = 0.5Pmu
−1
max. (13)

As shown in (12), when u is umax and −umax, the phase
trajectories are parabolas. In (11), when u is umax, Δω increases
when the time increases and the arrow goes up. When u is
−umax, Δω decreases when the time increases and the arrow
goes down. When u is 0, the phase trajectories are lines parallel
to the horizontal axis. In (11), when Δωini is positive, ΔP
increases when the time increases and the arrow goes right.
When Δωini is negative, ΔP decreases when the time increases
and the arrow goes left. Besides, with different initial values, the
exact functions in (12) are different. Therefore, l+ represents a
series of phase trajectories with the same shape but different
intercepts. The same applies to l− and l0.

C. Proposed Control

As shown in Fig. 2(a)–(c), the different values of the control
quantity lead to different phase trajectories. For each value of the
control quantity alone, the phase trajectory points to the infinite.

Fig. 3. Coordinate plane partition and the phase trajectory of the proposed
control. (a) Coordinate plane partition. (b) Phase trajectory of the proposed
control.

And the state vector cannot be controlled to be their set steady
values. However, by switching the value of the control quantity
properly, with the combination of different phase trajectories,
the state vector can be transferred to the origin of coordinates
quickly and stably. This is the main idea of the proposed switched
active power control.

To achieve the aforementioned objective, four special phase
trajectories are used as the boundary, which include γ+, γ−,
β+, and β− shown in Fig. 2(d). In l+ and l−, phase trajectories
through the origin of coordinates are labeled as γ+ and γ−. In
l0, phase trajectories through points (0, ±Δωmax) are labeled as
β+ and β−, where Δωmax is the maximum frequency overshoot
limit. And functions of the four boundaries are⎧⎪⎪⎪⎨

⎪⎪⎪⎩

γ+ =
{
(ΔP,Δω)|ΔP = KΔω2, Δω < 0

}
γ− =

{
(ΔP,Δω)|ΔP = −KΔω2, Δω > 0

}
β+ =

{
(ΔP,Δω)|Δω = Δωmax, ΔP < −KΔω2

}
β− =

{
(ΔP,Δω)|Δω = −Δωmax, ΔP > KΔω2

} .

(14)

As shown in Fig. 3, the four boundaries divide the coordinate
plane into four parts signed by R1, R2, R3, and R4⎧⎪⎪⎪⎨
⎪⎪⎪⎩

R1 = {(ΔP,Δω)|ΔP ≤ −KΔω |Δω| ,Δω < Δωmax}
R2 = {(ΔP,Δω)|ΔP < −KΔω |Δω| ,Δω ≥ Δωmax}
R3 = {(ΔP,Δω)|ΔP ≥ −KΔω |Δω| ,Δω > −Δωmax}
R4 = {(ΔP,Δω)|ΔP > −KΔω |Δω| ,Δω ≤ −Δωmax}

.

(15)

And the proposed switched active power control can be obtained
by setting the different values of the control quantity u for the
state vector belonging to different parts in (15), whose control
law uP is

uP =

⎧⎪⎨
⎪⎩
umax, x ∈ R1

−umax, x ∈ R3

0, otherwise

. (16)

And the control loop of the proposed active power control is
shown in Fig. 4.

For the state vector with different initial states, the proposed
control can transfer the state vector to the origin of coordinates.
As shown in Fig. 5, there are six different cases. As the cases



4066 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 39, NO. 4, APRIL 2024

Fig. 4. Control loop of the proposed active power control.

Fig. 5. Phase trajectory of the state vector with different initial states.
(a) x(t0) ∈ R1 (case 1). (b) x(t0) ∈ R1 (case 2). (c) x(t0) ∈ R2. (d) x(t0) ∈
R3 (case 1). (e) x(t0) ∈ R3 (case 2). (f) x(t0) ∈ R4.

shown in Fig. 5(d)–(f) are symmetrical to the cases shown in
Fig. 5(a)–(c), only the first three cases are discussed here.

1) For x(t0) ∈ R1, the state vector follows a phase trajectory
in l+ with u set to umax first. If Δωmax is large enough,
the aforementioned phase trajectory is only intersected
with the boundary γ−. After the intersection, u switches
to −umax, and the state vector continues along the phase
trajectory γ− toward the origin of coordinates. Therefore,
the total transfer trajectory is l+ → γ− → O.

2) For x(t0) ∈ R1, if Δωmax is relatively small, the phase
trajectory intersects with boundary β+ before intersecting
with γ−. After this intersection, u switches to 0 and the
state vector continues along the phase trajectoryβ+ toward
the intersection between β+ and γ−. Finally, after the
intersection between β+ and γ−, u switches to −umax,
and the state vector continues along the phase trajectory

γ− toward the origin of coordinates. Therefore, the total
transfer trajectory is l+ → β+ → γ− → O.

3) For x(t0) ∈ R2, the state vector follows a phase trajectory
in l0 with u set to 0 first. Then, after the intersection
between l0 and γ−, u switches into −umax, and the state
vector continues along the phase trajectory γ− toward
the origin of the coordinate. Therefore, the total transfer
trajectory is l0 → γ− → O.

In the aforementioned processes, the maximum RoCoF is
umax, and the maximum frequency overshoot is Δωmax. They
can be adjusted directly, which enhances the frequency stability.

As a switched control, there is a buffeting problem when the
inverter is close to the steady state. Therefore, the proposed
controller is only triggered for large disturbances. When the
inverter is close to the steady state, the control law returns to the
VSG control law and the final control law is

u =

{
− 1

Jω0
ΔP − D+kp

Jω0
Δω, ‖x‖ ≤ ε

uP, ‖x‖ > ε
(17)

where ε is the threshold value to decide whether the inverter is
at a steady state, and J and D are the inertia and damping of the
VSG control.

As the VSG control is only used when the inverter is close to
the steady state, it does not influence the following calculation
and comparison.

D. Stability Analysis of the Proposed Control

The stability analyses include small-signal analyses and large-
signal analyses. As shown in (17), the proposed control is
switched into the VSG control when the converter is at a steady
state. The small-signal analysis of the proposed control is the
same as the VSG control, which can be found in [35] and [36],
thus not repeated here.

The large-signal stability of the proposed control is analyzed
with the Lyapunov function. The Lyapunov function V (x)
is a positive-definite continuous function, with its derivative
dV (x)/dt being negative semidefinite but not equal to zero
for all x �= 0. Based on the Lyapunov theorem of stability, if
the Lyapunov function can be found, the system is asymptoti-
cally stable. Especially, when ‖x‖ tends to ∞, if the Lyapunov
function V (x) tends to ∞ simultaneously, the system is global
asymptotically stable.

For the proposed control, the Lyapunov function V (x) is

V (x) =

{
KΔω2 +ΔP, ΔP ≥ 0
KΔω2 −ΔP, ΔP < 0

. (18)

As shown in in the aforementioned equation, V (x) is a positive-
definite continuous function. And when ‖x‖ tends to ∞, the
Lyapunov function V (x) tends to ∞ simultaneously.

Then, it is shown that its derivative dV (x)/dt is negative
semidefinite but not equal to zero for all x �= 0. The derivative
of V (x) in (18) is

dV (x)

dt
=

{
Pm
umax

Δω dΔω
dt + dΔP

dt , ΔP ≥ 0
Pm
umax

Δω dΔω
dt − dΔP

dt , ΔP < 0
. (19)
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Substituting (5) and (6) into (19) and eliminating dΔP/dt
and dΔω/dt, the derivative is

dV (x)

dt
=

{
PmΔω(u/umax + 1), ΔP ≥ 0
PmΔω(u/umax − 1), ΔP < 0

. (20)

Substituting the proposed control in (16) into (20), the deriva-
tive is

dV (x)

dt
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2PmΔω, x ∈ R1 and ΔP ≥ 0

0, x ∈ R1 and ΔP < 0

−PmΔω, x ∈ R2

−2PmΔω, x ∈ R3 and ΔP < 0

0, x ∈ R3 and ΔP ≥ 0

PmΔω, x ∈ R4

. (21)

In the aforementioned equation, the derivative is decided by
the value of Δω. As shown in Fig. 3, in the four parts where
dV (x)/dt is not equal to 0, the value of Δω is⎧⎪⎪⎨

⎪⎪⎩
Δω ≤ 0, x ∈ R1 and ΔP ≥ 0
Δω > 0, x ∈ R2

Δω > 0, x ∈ R3 and ΔP < 0
Δω < 0, x ∈ R4

. (22)

Substituting (22) into (21), the derivative dV (x)/dt is neg-
ative semidefinite. Besides, for x �= 0, dV (x)/dt is not always
equal to 0. Therefore, based on the Lyapunov theorem of sta-
bility, for the active power control loop, the inverter with the
proposed switched active power control is global asymptotically
stable.

III. CONTROL DESIGN

In this section, parameters of the proposed control are de-
signed, which include the maximum RoCoF limit umax and the
maximum frequency overshoot limit Δωmax. Due to the clear
physical meaning of the proposed control, these parameters can
be designed by analytical equations directly.

A. Maximum RoCoF Limit

A smaller umax is better for frequency stability. However, a
small umax will lead to a large active power overshoot of the
inverter. As the maximum power is limited by the hardware of
the inverter, umax should be designed accordingly.

When there are step changes for the active power reference
P0, the initial state of the state vector is

x(t0) =
[−ΔP0 0

]T
. (23)

When ΔP0 > 0, x(t0) is on the negative half of the abscissa
axis and x(t0) ∈ R1. As shown in Fig. 6, when the state vector
is transferred to the origin of coordinates, the absolute value of
ΔP is monotone decreasing and there is no overshoot. When
ΔP0 < 0, the same conclusion can be obtained with symmetric
processes, which is not expanded here.

When there are step changes for power grid frequency ωg, the
initial state of the state vector is

x(t0) =
[
kpΔωg −Δωg

]T
. (24)

Fig. 6. Phase trajectory of the state vector with the active power reference
increase. (a) x(t0) ∈ R1 (case 1). (b) x(t0) ∈ R1 (case 2).

Fig. 7. Phase trajectory of the state vector with the grid frequency decrease
and active power overshoot. (a) x(t0) ∈ R3 (case 1). (b) x(t0) ∈ R3 (case 2).

When Δωg < 0, x(t0) is in the second quadrant. As shown
in Fig. 5(a)–(c), in the second quadrant, when x(t0) ∈ R1 or
x(t0) ∈ R2, the absolute value of ΔP is monotone decreasing
in the whole process and there is no active power overshoot.
As shown in Fig. 7, when x(t0) ∈ R3, the maximum overshoot
occurs at point M , where M is the intersection between the
abscissa axis and phase trajectory. Substituting (24) into (12),
the point M is

M : ((KΔωg + kp)Δωg, 0). (25)

Considering the condition of x(t0) ∈ R3, the maximum over-
shoot ΔPov is

ΔPov = (KΔωg + kp)Δωg, kp < −KΔωg. (26)

When Δωg > 0, with symmetric processes, ΔPov can be ob-
tained and expressed as the following unified form:

ΔPov=

{
(0.5Pmu

−1
max |Δωg| − kp) |Δωg| , |Δωg| > kp/K

0, |Δωg| ≤ kp/K
.

(27)

This overshoot is obtained with the assumption that sin δ ≈ δ.
And the exact maximum active powerPmax is calculated without
this assumption

Pmax

Pm
= sin

(
PS +ΔPov

Pm

)
, |Δωg| > kp/K. (28)

Therefore, to meet the active power output limit Pmax, umax is

umax ≥ 0.5PmΔω2
gmax

Pm arcsin(Pmax/Pm)− PS + kp|Δωgmax| (29)

where Δωgmax is the maximum step change of ωg.
In (29),Pmax is the active power output limit. In a grid-connect

inverter, the total output current is the sum of active power
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current and reactive power current. The active power output limit
can be obtained by the total current limit Imax and the maximum
reactive power output limit Qmax of the inverter

Pmax =
√

(EImax)2 −Q2
max. (30)

B. Maximum Frequency Overshoot Limit

A smaller Δωmax is better for frequency stability. However, a
small Δωmax will lead to a large response time tS. When Δωmax

is set to 0, the maximum tS is +∞, which is unacceptable.
Therefore, it is important to set a properΔωmax to keep a balance
between frequency overshoot and response time.

With a small Δωmax, β+ and β− are approximately coincided
with the abscissa axis, and the maximum response time occurs
in Figs. 6(b) and 7(b).

When there is a step change for the active power referenceP0,
the initial state of the state vector is (23). As shown in Fig. 6(b),
when ΔP0 > 0, the phase trajectory is l+ → β+ → γ− → O.
With a small Δωmax, β+ is approximately coincided with the
abscissa axis. Therefore, processes l+ → β+ and γ− → O are
much shorter than the process β+ → γ−. And the total response
time is mainly decided by the time of the process β+ → γ−,
where the state vector moves following the x-direction and the
controlled quantity is 0. Based on the proposed model in (5) and
(6), the move speed of the state vector is

dΔP

dt
= ΔωmaxPm. (31)

Besides, as processes l+ → β+ and γ− → O are short enough
to be ignored, the total move distance can be seen as ΔP0

approximately. Therefore, the total response time is

tS =
|ΔP0|

ΔωmaxPm
+O(Δωmax) (32)

whereO(Δωmax) is the high-order term ofΔωmax and represents
the ignored time in processes l+ → β+ and γ− → O.

When ΔP0 < 0, with a symmetric process, the same result
can be obtained, which is not repeated here.

When there is a step change for the power grid frequency
ωg, the initial state of the state vector is (24). When ωg < 0, as
shown in Fig. 7(b), the whole phase trajectory can be divided
into two parts. In the first part, the state vector is transferred
from the initial state to point M . In this part, the ordinate is
reduced from Δωg to 0. Based on the proposed model, dωg/dt
is equal to the control quantity u, which is equal to −umax in
this process. Therefore, the time of the first part is |Δωg|/umax.
In the second part, the state vector is transferred from point
M to the origin of the coordinates. As shown in Fig. 7(b), this
process is similar to the process in Fig. 6(b). The only difference
is that the initial abscissa is KΔω2

g − kp|Δωg| in (25) rather
than ΔP0. Therefore, the time of the second part is (KΔω2

g −
kp|Δωg|)/(ΔωmaxPm), and the total response time is

tS =
|Δωg|
umax

+
KΔω2

g − kp|Δωg|
ΔωmaxPm

+O(Δωmax). (33)

When Δωg > 0, with a symmetric process, the same result can
be obtained, which is not repeated here.

Therefore, for the primary frequency control, Δωmax is

Δωmax ≥ umax(KΔω2
gmax)− kp|Δωgmax|

Pm(umaxtSmax − |Δωgmax|) . (34)

For the secondary frequency control and active power reference
changes, Δωmax is

Δωmax ≥ |ΔP0max|
PmtSmax

(35)

where tSmax is the maximum allowable response time of the
primary and secondary frequency control, and ΔP0max is the
maximum step change of P0.

IV. COMPARISON

In this section, the proposed control is compared with the
original VSG control [23] and other similar controls proposed
in recent years, which include the high-order linear control [25],
self-adaptive VSG control [28], fractional-order VSG control
[30], and H∞ control [31].

The comparison can be divided into two steps. In the first
step, it is shown that the selected controls can be expressed
by the proposed state-space model with special control laws.
In this way, regardless of the specific details of these controls,
they can be analyzed using the same approach. In the second
step, it is proven that for all controls that can be expressed
by the proposed model, the proposed active power control has
the lowest RoCoF and frequency overshoot. As the existing
controls can be expressed by the proposed model and their
control laws are different from the proposed control law, the
proposed control has lower RoCoF and frequency overshoot
than existing controls. The detailed comparisons are shown as
follows.

A. Relationship Among Different Controls

First, with the standard state-space model, the aforementioned
controls can be expressed as following unified forms:{

ẋ = Ax+Bu

u = f(ΔP,Δω, t)
(36)

where f(ΔP,Δω, t) is decided by the control method.
The detailed derivation of (36) is shown in the Appendix.

B. Comparison of Maximum RoCoF

Next, the RoCoF is discussed, which is limited by the max-
imum power Pmax of the inverter. When the frequency of the
power grid decreases, based on the standard state-space model
in (5), (6), and (36), the relationship between P and Δω is

P = P0 + Pm

∫
Δωdt. (37)

As shown in Fig. 8(a), the output power is maximum at time
point t1. And the maximum output power Pmax is positive to the
blue shadow area in the time interval (t0, t1)

Pmax = P0 + Pm

∫ t1

t0

Δωdt. (38)
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Fig. 8. Waveform of the active power and frequency of the inverter. (a) Grid
frequency decreases. (b) Active power reference decreases.

As shown in Fig. 8(a), to decrease the blue shadow area, ω
should decrease as quickly as possible. As analyzed in (10), in
this case, ω in the proposed control is

ω = ω0 − umaxt. (39)

As ω in the proposed control always decreases with the maxi-
mum RoCoF limit umax, ω in the other controls cannot decrease
faster than the proposed control. Therefore, with the same maxi-
mum RoCoF limit, the maximum output powerPmax of the other
controls is higher than the proposed control. That is to say, when
Pmax is limited by the hardware of the inverter, the lowest umax

can be set in the proposed control and the maximum RoCoF of
the proposed control is lowest as well.

C. Comparison of Frequency Overshoot

Then, the frequency overshoot is discussed, which is limited
by the response time. As shown in Fig. 8(a), in the time interval
(t1, tS), the active powerP is reduced fromPmax toPS. Based on
the standard state-space model in (5), (6), and (36),Pmax − PS is
positive to the orange shadow area in the time interval (t1, tS).
As the time intervals (t1, t2) and (t3, tS) are much lower than
the time interval (t2, t3), they can be ignored and

|Pmax − PS| ≈ Pm

∫ t3

t2

|Δω|dt = Pm|Δω̄|(t3 − t2) (40)

where Δω̄ is the average value of Δω between t2 and t3.
As shown in (40), when other parameters are fixed, for the

fixed response time, Δω̄ is fixed as well. The maximum value
Δωmax cannot be lower than the average value Δω̄, and they
are equal to each other only when Δω is constant. Therefore, to
obtain the minimum Δωmax, Δω should be controlled equal to
Δωmax in the time interval (t2, t3). As shown in Fig. 5(b) and
(e), ω in the proposed control conforms to the above situation.
Therefore, when the maximum response time is limited as tSmax,
the lowest Δωmax can be set in the proposed control.

As shown in Fig. 8(b), when the active power reference
decreases, the whole process is the same, which is not repeated
here.

Fig. 9. Main circuit of the experiment.

D. Comparison of the Frequency Nadir

Finally, the frequency nadir is discussed. A low-frequency
nadir can lead to the misoperation of the low frequency load
shedding device. Therefore, a larger frequency nadir is better
for frequency stability.

As shown in Fig. 8, the frequency nadir ωFD is decided by the
steady frequency ωS and the frequency overshoot Δωmax

ωFD = ωS −Δωmax. (41)

As discussed in the last subsection, the proposed control has the
lowest Δωmax. Therefore, based on (41), the proposed control
has the largest frequency nadir.

V. VERIFICATION

In this section, the proposed control and the comparison with
other controls are verified by simulations and experiments.

A. Verification Setup

In this verification, the tested circuit is the same as the main
circuit shown in Fig. 1. As the power level of the grid-connected
inverter is generally much lower than the total power grid, the
grid-connected inverter can be seen as being connected to an
infinite bus. The infinite bus is a network node whose voltage is
predetermined and remains constant in magnitude, phase, and
frequency under all loading conditions [37]. In the simulation,
the grid voltage is generated by a controlled AC voltage source,
whose angular frequency is always controlled to be equal to the
set value. And the line impedance is simulated by inductors.

In the experiment, the circuit is shown in Fig. 9 and the
photo of the text rig is shown in Fig. 10. The experiment rig
is mainly constituted by two inverters, three line inductors, a
dc source, several dc-link capacitors, an auxiliary power supply,
several probes (Tektronix TPP0201, Cybertek P1300, and Cy-
bertek CPA300), an oscilloscope (Tektronix DPO3014), and a
computer. As introduced in [38], [39], the power grid is generally
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Fig. 10. Photograph of the test rig in the experiment.

TABLE I
PARAMETERS OF VERIFICATIONS

simulated by an inverter. The same solution is also used in this
article, and the power grid is simulated by another three-phase
inverter, whose main circuit is the same as that of the tested
inverter. The only difference is that the angular frequency of
this grid-simulated inverter is locked as the set value, regardless
of the input active power. However, the tested inverter is con-
trolled by the proposed control method. Therefore, based on the
definition of the infinite bus, for the analysis of the active power
control loop, the characteristic of this grid-simulated inverter is
the same as the infinite bus in theory.

Besides, in the experiment, the dc-link voltage is maintained
by the dc source and dc-link capacitors. Generally, the dc source
has no energy feedback function. Therefore, an energy dissipa-
tion resistance Rloss is connected to the dc bus, which is 2 kΩ.
As the majority of energy is cycled in the experiment rig, the
power level of the dc source is permitted to be much lower than
the tested power level of the inverter. It will be shown in the
following parts of this section that the experiment results fit
well with the simulation results, which can prove the validity of
this experiment scheme.

The parameters of the verification are listed in Table I. Due
to the limitation of experimental conditions, the experiment’s
power, voltage, and current levels have been proportionally
reduced. The ratio of power level between the simulation and
experiment is 10:1. Correspondingly, the ratio of voltage and

current level between the simulation and experiment are both√
10 : 1. This approach ensures that the parameters’ per-unit

value remains consistent between the simulation and experi-
ment, enabling direct comparison of their respective results.

Except for the aforementioned parameters, in the exper-
iment, the main controller is the digital signal processor
TMS320F28335. And a digital-to-analog converter MCP4822
is used to transfer the digital quantities calculated by the main
controller into the analog quantities, which include the active
powerP , angular frequencyω, and RoCoF df/dt of the inverter.

B. Verification of the Proposed Control

On the one hand, the analysis and parameter design of the
proposed control are verified by the simulation and experiment
of the inverter with the step changes of the grid frequency and
the active power reference, and the following cases are analyzed.

Case 1: The grid frequency ωg decreases from 100π rad/s to
100π − 0.5 rad/s, and then, returns to 100π rad/s. The active
power reference P0 is 2 kW in the simulation and 200 W in the
experiment.

Case 2: The grid frequency ωg decreases from 100π rad/s
to 100π − 1 rad/s, and then, returns to 100π rad/s. The active
power reference P0 is 2 kW in the simulation and 200 W in the
experiment.

Case 3: In the simulation, the active power reference P0

increases from 2 to 4 kW, and then, returns to 2 kW. In the
experiment, the active power reference P0 increases from 200
to 400 W, and then, returns to 200 W. The grid frequency ωg is
always 100π rad/s.

Case 4: The grid frequency ωg decreases from 100π rad/s to
100π − 0.5 rad/s, and then, returns to 100π rad/s. The active
power reference P0 is 2.5 kW in the simulation and 250 W in
the experiment.

Case 5: The grid frequency ωg decreases from 100π rad/s
to 100π − 1 rad/s and then returns to 100π rad/s. The active
power reference P0 is 2.5 kW in the simulation and 250 W in
the experiment.

Case 6: In the simulation, the active power reference P0

increases from 2.5 to 4.5 kW, and then, returns to 2.5 kW. In
the experiment, the active power reference P0 increases from
250 to 450 W, and then, returns to 250 W. The grid frequency
ωg is always 100π rad/s.

The allowed active power overshoot is 20%Pmax in cases 1–3,
and 10%Pmax in cases 4–6.

In the above cases, calculated by (29), umax should be larger
than 0.548 Hz/s in cases 1–3 and 0.658 Hz/s in cases 4–6, which
are set as 0.550 and 0.660 Hz/s, respectively. As calculated
by (34) and (35), Δωmax should be larger than 0.070 rad/s in
cases 1 and 2, 0.034 rad/s in cases 4 and 5, and 0.095 rad/s
in other cases, which are set as 0.080, 0.040, and 0.120 rad/s,
respectively. Besides, to avoid the buffeting problem, as shown
in (17), in the aforementioned cases, the control is switched from
the proposed control to the VSG control when |ΔP | < 0.05P0

and |Δω| < 0.05Δωmax simultaneously. Correspondingly, when
|ΔP | > 0.05P0 or |Δω| > 0.05Δωmax, the VSG control is
switched to the proposed control.
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Fig. 11. Simulation waveforms of the proposed control. (a) Δωg is −0.5 rad/s (Case 1). (b) Δωg is 0.5 rad/s (Case 1). (c) Δωg is −1 rad/s (Case 2). (d) Δωg is
1 rad/s (Case 2). (e) ΔP0 is 2 kW (Case 3). (f) ΔP0 is −2 kW (Case 3). (g) Δωg is −0.5 rad/s (Case 4). (h) Δωg is 0.5 rad/s (Case 4). (i) Δωg is −1 rad/s (Case
5). (j) Δωg is 1 rad/s (Case 5). (k) ΔP0 is 2 kW (Case 6). (l) ΔP0 is −2 kW (Case 6).

The simulation and experiment waveforms are shown in
Figs. 11 and 12. In the experiment, as the change of ω is much
smaller than its steady value, when the waveforms of ω are
drawn, the base values of ω are set to 312.5 rad/s. Besides, due
to the symmetry of the three phases, only the output voltage and
current waveforms of one phase are shown.

The simulation and experiment results verify the analysis of
the proposed control. First, as shown in Figs. 11 and 12, when the
step changes of the grid frequency and active power reference oc-
cur, the proposed control can lead the inverter into the new steady
state. In the whole process, the maximum RoCoF and frequency
overshoot are equal to the given umax and Δωmax, which verifies
the analyses of the proposed control in Section II. Then, for the
step changes of the active power reference, there is no overshoot
of the active power. For the step changes of the grid frequency,
when |Δωg| is 0.5 rad/s and lower than kp/K (0.658 rad/s in
cases 1–3 and 0.785 rad/s in cases 4–6), there is no overshoot
of the active power and frequency. When |Δωg| is 1 rad/s and
higher than kp/K, the maximum active power is just lower than
5 kW in the simulation and 500 W in the experiment, which is the
same as the maximum active power limit in Table I. Simulation
and experiment results verify the parameter design of umax in
Section III. Finally, the response time of the inverter is always
lower than tSmax in Table I. The parameter design of Δωmax

in Section III is also verified by simulation and experiment
results.

C. Verification of the Comparison

On the other hand, the comparison with other controls is
verified by the simulation and experiment, which includes the
simulation and experiment of the inverter with the step decreases
of the grid frequency and the active power reference. There are
four situations.

Situation 1: The grid frequency ωg decreases from 100π rad/s
to 100π − 1 rad/s. The active power reference P0 is 2 kW in the
simulation and 200 W in the experiment.

Situation 2: In the simulation, the active power reference P0

decreases from 4 to 2 kW. In the experiment, the active power
reference P0 decreases from 400 to 200 W. The grid frequency
ωg is always 100π rad/s.

Situation 3: The grid frequency ωg decreases from 100π rad/s
to 100π − 1 rad/s. The active power reference P0 is 2.5 kW in
the simulation and 250 W in the experiment.

Situation 4: In the simulation, the active power reference P0

decreases from 4.5 to 2.5 kW. In the experiment, the active power
reference P0 decreases from 450 to 250 W. The grid frequency
ωg is always 100π rad/s.

To make a fair comparison, the parameters of other controls
are designed to meet the maximum active power limit and max-
imum response time limit in Table I as well. And their RoCoF
and frequency overshoot are compared under these conditions.
The detailed principle of the parameters design can be found in
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Fig. 12. Experiment waveforms of the proposed control. (a) Δωg is −0.5 rad/s (Case 1). (b) Δωg is 0.5 rad/s (Case 1). (c) Δωg is −1 rad/s (Case 2). (d) Δωg
is 1 rad/s (Case 2). (e) ΔP0 is 200 W (Case 3). (f) ΔP0 is −200W (Case 3). (g) Δωg is −0.5 rad/s (Case 4). (h) Δωg is 0.5 rad/s (Case 4). (i) Δωg is −1 rad/s
(Case 5). (j) Δωg is 1 rad/s (Case 5). (k) ΔP0 is 200 W (Case 6). (l) ΔP0 is −200W (Case 6).

TABLE II
RESULTS OF COMPARISON

corresponding articles, which are not repeated here. Simulation
and experiment results are listed in Table II and their waveforms
are shown in Figs. 13–18.

As listed in Table II, the proposed control achieves a lower
RoCoF and frequency overshoot compared to existing controls.
For the step decrease of the grid frequency, compared with the
other controls, the maximum RoCoF decreases by 11.1∼36.7%,
and the frequency overshoot decreases by 58.8∼74.5%. For the
step decrease of the active power reference, compared with the
other controls, the maximum RoCoF decreases by 26.0∼66.7%,
the frequency overshoot decreases by 70.5∼79.8%, and only the
proposed control has no active power overshoot. Compared with
existing similar controls, the proposed control can improve the

performance of the inverter, which is the same as the comparison
by theory.

Except for the aforementioned contents, the total energy in-
jected by the inverter is discussed. In a typical duration time
of primary frequency modulation, such as 30 s, the average
active power output for the inverter with different controls is
compared. In the simulation, in situation 1, the average output
power of inverters with the proposed control and the other
five chosen controls are 4.010, 4.003, 4.003, 4.004, 4.004, and
4.004 kW, respectively. In situation 2, they are 2.028, 2.006,
2.009, 2.009, 2.008, and 2.008 kW, respectively. In the afore-
mentioned two situations, the maximum difference is 1.01%
and the average output powers of the inverter with all control
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Fig. 13. Simulation waveforms of the inverter with different controls. (a) Δωg is −1 rad/s (Situation 1). (b) ΔP0 is −2 kW (Situation 2). (c) Δωg is −1 rad/s
(Situation 3). (d) ΔP0 is −2 kW (Situation 4).

Fig. 14. Combined experiment waveforms of the inverter with different controls. (a) Δωg is −1 rad/s (Situation 1). (b) ΔP0 is −200 W (Situation 2). (c) Δωg
is −1 rad/s (Situation 3). (d) ΔP0 is −200 W (Situation 4).

Fig. 15. Separate experiment waveforms of the inverter with different controls in situation 1. (a) Proposed control. (b) Original VSG control. (c) Generalized
droop control. (d) Self-adaptive VSG control. (e) Fractional-order VSG control. (f) H∞ control.
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Fig. 16. Separate experiment waveforms of the inverter with different controls in situation 2. (a) Proposed control. (b) Original VSG control. (c) Generalized
droop control. (d) Self-adaptive VSG control. (e) Fractional-order VSG control. (f) H∞ control.

Fig. 17. Separate experiment waveforms of the inverter with different controls in situation 3. (a) Proposed control. (b) Original VSG control. (c) Generalized
droop control. (d) Self-adaptive VSG control. (e) Fractional-order VSG control. (f) H∞ control.

Fig. 18. Separate experiment waveforms of the inverter with different controls in situation 4. (a) Proposed control. (b) Original VSG control. (c) Generalized
droop control. (d) Self-adaptive VSG control. (e) Fractional-order VSG control. (f) H∞ control.

methods are similar. Similar results can also be obtained by the
experiment and other situations, which are not expanded here.
In this article, the proposed control and other chosen controls
mainly influence the transient state of the inverter. However, the
average output power is mainly decided by the parameters of

the steady state, such as the droop coefficient and the output
power reference. As the transient state is much shorter than
the steady state, the influences of the aforementioned controls
on the average performance of the inverter are almost the
same.
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VI. CONCLUSION

In this article, to enhance the frequency stability, the active
power control of the grid-connected inverter is designed by the
switched control theory. And a switched active power control
with reduced RoCoF and frequency overshoot is obtained. The
proposed control has the following advantages. First, the pro-
posed control allows for direct adjustment of the maximum Ro-
CoF and frequency overshoot of the inverter, thereby enhancing
frequency stability. Next, as analyzed by the Lyapunov theorem
of stability, for the active power control loop, the inverter with the
proposed control has global asymptotic stability. Then, due to the
clear physical meaning of the proposed control, the parameters
of the proposed controller can be directly designed using the
derived analytical equations, simplifying proposed control’s ap-
plication. Finally, compared with existing controls, the proposed
control has the lowest RoCoF and frequency overshoot. In the
simulation and experiments, the maximum RoCoF decreases
by 11.1∼66.7% and the frequency overshoot decreases by
58.8∼79.8%. Due to the aforementioned advantage, when better
frequency stability is needed, the proposed control is a potential
alternative to the traditional VSG control and other improved
VSG controls used in grid-connected inverters.

APPENDIX

In the appendix, it is shown that the chosen control methods
can be expressed as the standard state-space model with special
control laws in (36).

A. VSG Controls

For the original VSG control [23] and self-adaptive VSG
controls [28], although the values of the inertia J and damping
D in different VSG controls are different, their active power
control loop can be expressed as the unified form

ω̇ =
P0 − P − kp(ω − ω0)−D(ω − ωg)

Jω0
. (A1)

With the standard state-space model, the active power loop of
VSG controls is transferred into{

ẋ = Ax+Bu

u = − 1
Jω0

ΔP − D+kp

Jω0
Δω

. (A2)

As shown in (A2), VSG controls are the standard state-space
model with two-order state feedback control laws.

B. Generalized Droop Control

For the generalized droop control [25], the active power
control loop is

Δω(s)

ΔP (s)
= −G(s) = −

m−1∑
i=0

ais
i

/ m∑
i=0

bis
i. (A3)

Making the derivation of Δω in (A3), the transfer function
between u(s) and ΔP (s) is

u(s)

ΔP (s)
= −sG(s) = −

m∑
i=1

ai−1s
i

/ m∑
i=0

bis
i. (A4)

In the time domain, with the standard state-space model, the
transfer function in (A4) can be expressed as state-space equa-
tion form, which is signed as⎧⎨

⎩
ẋ = Ax+Bu
ẋC = ACxC +BCΔP
u = CCxC +DCΔP

(A5)

wherexC,AC,BC,CC, andDC are the state vector, state matrix,
input matrix, output matrix, and direct transfer matrix of the
controller.

The detailed process of transferring the transfer function into
the state-space equation can be completed with the general
principle of the modern control theory, which is not expanded
here. As shown in (A5), the generalized droop control can be
expressed as the standard state-space model with high-order
state feedback control laws.

C. Fractional-Order VSG Control

For the fractional-order VSG control [30], the active power
control loop is

Δω(s)

ΔP (s)
= − 1

Msγ+λ +D1sγ +D2
(A6)

where γ, λ, M , D1, and D2 are parameters of the controller,
whose definition can be found in [30].

As the fractional-order s in (A6) is achieved by the expansion
of the integer order s [30], the transfer function in (A6) can
be transferred into the same form as the transfer function in
(A3). Although their parameters are different, the analysis of the
generalized droop control is also suitable for the fractional-order
VSG control, which can be expressed as the standard state-space
model with high-order state feedback control laws.

D. H∞ Control

For the H∞ control [31], the active power control loop is

Δω(z)

ΔP (z)
=

x2z
2 + x1z + x0

z2 + y1z + y0
(A7)

where x2, x1, x0, y1, and y0 are parameters of the controller,
whose definition can be found in [31].

With the bilinear transformation, the transfer function in the
z-domain can be transferred into the s-domain, which has the
same form as the transfer function in (A3). Then, the analysis of
the generalized droop control is also suitable for theH∞ control,
which can be expressed as the standard state-space model with
high-order state feedback control laws.
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