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Abstract—Model predictive control (MPC) has recently been
considered for many permanent magnet synchronous motor
(PMSM) drive applications. However, the conventional MPC
presents insufficient overmodulation capability and, thus, cannot
reach the six-step operation, which limits its application in the
traction drive areas. This article proposes a novel MPC-based
six-step operation scheme for the PMSM drive in traction applica-
tions. The prediction horizon is extended to the whole commutation
period of the six-step operation, and a new average current-based
objective function is introduced to determine the optimal commu-
tation instants. To enhance the method’s precision, a trapezoidal
discretization method has been adopted in the long-horizon predic-
tion. The effectiveness of the proposed method has been validated
by detailed studies. The proposed method is demonstrated to have
excellent current-tracking accuracy and fast dynamic response in
the six-step operation, which is an advantage over the existing
methods.

Index Terms—Current prediction, model predictive control
(MPC), permanent magnet synchronous machine, six-step,
trapezoidal method.

I. INTRODUCTION

P ERMANENT magnet synchronous motors (PMSMs) have
drawn increasing attention in railway traction applications,

owing to their notable attributes of high efficiency and high
power density [1], [2], [3]. As railway traction represents a
prototypical medium-voltage, high-power drive application, the
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inverter switching frequency typically remains below 1 kHz. To
further minimize the switching loss and enhance the dc-link
voltage utilization, the high-speed region of railway traction
PMSMs often necessitates the six-step operation [4], [5]. The
six-step operation can maximize the utilization of the dc-link
voltage by up to 10.27% compared with the linear modulation
region, thereby extending the PMSMs highest speed ranges [6].

Field-oriented control (FOC), coupled with a variety of
pulsewidth modulation methods, is widely employed for traction
PMSMs. However, due to the voltage saturation, the current
regulation ability of the conventional proportional–integral (PI)
dq current controller with FOC will be degraded in the six-step
operation. Extensive research has been conducted to address this
issue, and a family of single-current controller methods has been
proposed [7], [8], [9]. Nonetheless, these single-current methods
often suffer from poor current dynamic performance and lose
the tracking ability for the q-axis current. Some investigations
have explored direct voltage angle control methods [10], [11],
[12], [13]. In [12], the reference voltage angle is generated
by a two-dimensional lookup table (2D-LUT) and is provided
to generate the modulation voltage, but the current dynamics
are not considered. In [13], the transient flux dynamics under
the six-step operation are analyzed, and a time-optimal voltage
vector transition method is proposed to eliminate the flux error.

Recently, model predictive control (MPC) has demonstrated
remarkable potential in medium-voltage high-power drive ap-
plications, owing to its ability to handle multiobjective targets
and exhibit fast dynamic performance [14], [15], [16]. The MPC
can be categorized into two variants: the continuous control set
MPC (CCS-MPC) and the finite control set MPC (FCS-MPC).
The CCS-MPC adopts a quadratic program solver to handle
the online constrained optimization problems and is coupled
with a modulator to generate the gate signals, which can achieve
the overmodulation by incorporating specific constraints in the
optimization problem [17], [18], [19]. Nevertheless, the CCS-
MPC algorithm is quite complicated, and the high computation
expense also hinders its application. The FCS-MPC consid-
ers the nonlinear switching states of the inverter and can di-
rectly output the optimal voltage vector without the modulation
stage, which presents superior dynamic performance than the
CCS-MPC [20]. Due to its simple structure and intuitive de-
sign process, FCS-MPC has attracted more attention in PMSM
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drives. However, the conventional FCS-MPC exhibits minimal
overmodulation capacity and thereby cannot maximize the dc-
link voltage utilization, which potentially becomes a limiting
factor in traction drives.

While some publications have investigated the extension of
the speed range using the FCS-MPC [21], [22], [23], [24], few
have addressed the six-step operation. An alternative way to
achieve the six-step operation with the FCS-MPC is to add a
heavy penalization on switching efforts [25], [26]. However,
this will deteriorate the reference tracking performance, and
the tuning process to find the optimal weighting factor can be
time-consuming and costly. In [27], the FCS-MPC for railway
application in the six-step operation was investigated, wherein
a voltage vector clamping method was proposed to enhance the
dc-link voltage utilization. However, clamping angle calculation
necessitates the accurate conversion of the reference voltage
based on the deadbeat manner, which heavily relies on the
model accuracy regarding the parameter sensitivity and the noise
component coupled in the current. Consequently, the current
dynamic performance could be somewhat limited. In [28] and
[29], the six-step operation using FCS-MPC with boundary is
elaborated, where a rectangular current boundary is introduced
to restrict the switching frequency within the overmodulation
speed ranges. Nevertheless, determining the exact boundary
value required to achieve fundamental switching frequency
under the six-step operation could be exceedingly challenging
in practical applications. In [30], a predictive torque control
is proposed to accomplish the six-step operation, and a time
counter is introduced to facilitate the switch transition at the
appropriate turning angle.

Extending the prediction horizon length can significantly im-
prove the control performance of FCS-MPC while exponentially
increasing the computations in the optimization process [31],
[32]. However, when the PMSM enters the six-step operation,
the number of candidate voltage vectors is reduced to two, which
provides the possibility to apply the multistep prediction and,
thus, extends the FCS-MPC. A predictive current control scheme
with a long prediction horizon for the six-step operation was first
proposed in [33], wherein an objective function is formulated
by using the average value of the predicted current. However, in
this yearly work, the current-tracking performance has not been
analyzed, and the validation is made by the simulation only.

In this article, a novel FCS-MPC scheme is proposed that ex-
tends to the six-step operation for traction PMSM drives, which
is based on the method in [33]. This method effectively enhances
the overmodulation capability of the conventional FCS-MPC,
thereby increasing the dc-link voltage utilization and broadening
the speed range of the PMSM drive. The experimental test results
validate the effectiveness of the proposed method. The novelty
and contribution of this article can be summarized as follows.

1) A new cost function based on the average value of current
is derived to achieve the six-step operation with FCS-
MPC. The multistep prediction is introduced to calculate
the average value of current over a long commutation
period.

2) To improve the prediction accuracy with a six-step opera-
tion, the trapezoidal discretization method is introduced.

Fig. 1. Simplified circuit topology of a three-level inverter-fed PMSM drive.

Although the trapezoidal method for the MPC in the linear
speed range has been studied in the literature [34], its
performance with MPC in the six-step operation has not
been studied yet. A detailed analysis has been conducted
to evaluate the advantages of the trapezoidal method over
the forward Euler method.

3) The experimental results demonstrate the effectiveness of
the proposed method and the ability to transition smoothly
between the linear and the six-step modes, which may not
be possible with conventional MPC methods.

4) The proposed control method overall may be very useful
for traction drives, enabling increased voltage utilization
in the high-speed region.

II. SYSTEM MODELING

A. Inverter and PMSM Model

Consider a simplified system circuit with a PMSM fed by
a three-level inverter, such as the one depicted in Fig. 1. The
switch position of the inverter can be defined as follows:

us = [ua ub uc]
T (1)

where us represents the voltage vector in the stationary reference
frame, and ux {ux�(−1, 0, 1)} denotes the normalized output
voltage in phase x {x�(a, b, c)}. Subsequently, there are 27
alternative voltage vectors for the three-level inverter. Then, the
inverter output voltage in the rotating reference frame can be
derived by

ur =
1

2
vdcKus (2)

K =
2

3

[
cos θr cos

(
θr − 2

3π
)

cos
(
θr +

2
3π

)
− sin θr − sin

(
θr − 2

3π
) − sin

(
θr +

2
3π

)] (3)

where ur = [ud uq]T represents the inverter output voltage in the
rotating reference frame, and ud and uq are the corresponding
dq-axis voltages. vdc denotes the dc-link voltage. K is a matrix
that transforms the variables in the abc-plane to the dq-plane
based on the rotor electrical angle θr.

For the purpose of dc-link capacitor voltage balance, the
neutral point potential should be maintained around 0, which
is denoted by vn and can be defined as

vn =
1

2
(vc2 − vc1) (4)
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where vc1 and vc2 are the measured voltages of the upper and
lower capacitors of the dc side. The dynamics of the neutral point
potential can be given as

dvn
dt

= − 1

2Cdc
in (5)

where Cdc represents the capacitance of dc bus; in denotes the
neutral point current, which is determined by the phase current
ix {x�(a, b, c)}; and the state of the switches captured by the
normalized voltage state ux�(−1, 0, 1). Based on the circuit in
Fig. 1, in can be expressed as

in =
∑

x∈(a,b,c)
(−ix |ux|). (6)

The dynamic model of the PMSM based on the rotating dq
reference frame can be described as{

ud = Rsid + Ld
did
dt − ωrLqiq

uq = Rsiq + Lq
diq
dt + ωr(Ldid + ψf )

(7)

where id and iq are the stator currents; Rs is the stator winding
resistance; Ld and Lq are the stator inductances; ψf is the flux
linkage of the permanent magnets; and ωr represents the rotor
electrical angular speed. The electromagnetic torque Te can be
expressed as

Te = 1.5piq[(Ld − Lq)id + ψf ] (8)

where p represents the number of pole pairs in the PMSM.

B. FCS-MPC for Linear Speed Region

Based on the forward Euler method, (7) can be discretized
and be expressed as state-space formulation, yielding

ir(k + 1) = Air(k) +BKus(k) +D (9)

where ir = [id iq]T represents the stator current in the rotating
reference frame; k is the time counter representing the sampling
period. The matrices in (9) are given by

A =

[
1− Rs

Ld
Ts

Lqωr

Ld
Ts

−Ldωr

Lq
Ts 1− Rs

Lq
Ts

]
, B =

[
Ts

Ld
0

0 Ts

Lq

]
,

D =

[
0

−ψfωrTs

Lq

]
(10)

where Ts denotes the sampling period.
According to (4)–(6), the neutral point potential can be

predicted in the discrete formulation using the forward Euler
method, yielding

vn(k + 1) = vn(k) +
Ts
2Cdc

[K−1ir(k)]
T |us(k)| (11)

where the notation for |us| is used to denote [|ua| |ub| |uc|]T (which
is not to be confused with the vector norm).

Next, the number of switch transitions should be established.
For each lth vector candidate from the available set, the number
of switching transitions of the inverter from its (k−1)th state to
kth state is expressed as

Δus(k) = us(k)− us(k − 1) (12)

Fig. 2. (a) Definition of the voltage angle. (b) Electromagnetic torque curve
versus voltage angle.

where Δus represents the change of voltage vector for each lth
vector to be enumerated.

For the purpose of overall optimization, the system state at
the k+1 instance is defined by

x(k) = [iTr (k) vn(k) Δus(k)]
T . (13)

The cost function of FCS-MPC is normally expressed by

J = (x∗(k + 1)− x(k + 1))T ·w · (x∗(k + 1)− x(k + 1))
(14)

where w represents a diagonal matrix consisting of weighting
factors (WFs). Each variable in w represents a weight for the
corresponding control target, which can adjust the priority of
the control objectives. The superscript * denotes the variable
with a reference value.

III. ANALYSIS OF SIX-STEP OPERATION

A. Voltage Angle

In the six-step operation, the amplitude of the fundamental
component of the output stator voltage reaches its maximum
value, which is

us =
2

π
vdc (15)

where us is the output stator voltage. The definition of the voltage
angle is presented in Fig. 2(a), where the voltage angle δ is
defined as the angle (in radians) between us and the d-axis. The
stator voltage in the dq frame can be given as{

ud = us cos δ
uq = us sin δ.

(16)

For the purpose of derivation, consider (7) in the steady state
during the six-step operation. Then, by neglecting the resistive
voltage drop, the steady-state stator current can be expressed as{

id =
uq

Ldωr
− ψf

Ld

iq = − ud

Lqωr

(17)

Then, combining (8), (16) and (17), the electromagnetic
torque can be derived as

Te = −1.5p

[
ψf
Ldωr

us cos δ +
Ld − Lq
2LdLqω2

r

u2s sin 2δ

]
. (18)
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Fig. 3. Typical current trajectory in the dq-plane for a single commutation
cycle with different commutation time instants: Case 1—applying new voltage
vector immediately; and Case 2—applying the new voltage vector at the next
sampling.

Since the amplitude of us is saturated under the six-step oper-
ation, the voltage angle becomes the only controllable variable
to adjust the torque of the PMSM. The relationship between the
electromagnetic torque and the voltage angle can be described
by the curve, as shown in Fig. 2(b). Here, the dashed yellow line
represents the reluctant torque, the blue dashed line represents
the torque due to the PM rotor, and the red line represents the
total resulting output electromagnetic torque Te. As can be seen
in Fig. 2(b), the voltage angle that corresponds to the minimum
and maximum of the torque approximately equals 0 and π,
respectively. Therefore, δ can be controlled in the approximate
range of 0–π to adjust the electromagnetic torque monotonically.
In the actual six-step operation, the voltage vector is applied for
one-sixth of the fundamental period, and δ is the average value of
the voltage angle. Hence, as the dq axes rotate, the actual voltage
angle decreases from δ+π/6 to δ−π/6 over one commutation
cycle, and then goes back to δ+π/6 when the voltage is switched
to the next voltage vector. The blue dashed line in Fig. 2(a) shows
the movement of the voltage angle.

However, if one only adjusts the voltage angle in this simple
step manner, the current dynamic response would be limited, and
the current would have damped oscillations [5]. Alternatively,
the dynamics of current should be considered to achieve a better
performance under the six-step operation.

B. Current Trajectory

In the six-step operation, the current trajectory over any two
adjacent commutation instants forms a waterdrop shape loop
[4], as shown in Fig. 3. Depending on the rotor speed, the
period for each commutation cycle may include a number of
sampling intervals. Still, its general shape will be similar to
the one depicted in Fig. 3. The red and blue lines show the
current trajectories with different commutation points, where
the commutation for the blue one is one sampling step later than
the red one.

Since the voltage vectors are applied in sequence for the six-
step operation, the new voltage vector to be applied depends on
the present one. Thus, only two cases need to be considered in
the objective function: Case-1 is to apply the new voltage vector

immediately, while Case-2 is to apply the new voltage vector at
the next sampling instant, as can be seen in Fig. 3.

Conventional MPC with one-step prediction will apply the
voltage vector that achieves the closest distance of the predicted
current at the next sampling instant and its reference value.
However, the optimal voltage vector may not be correctly se-
lected. Due to the voltage saturation, the dq current trajectory
cannot be regulated directly to its reference. Instead, the optimal
voltage regulates the dq current by the voltage angle, which
will first decrease the dq current and then increase it, forming
a waterdrop shape as the voltage angle changes. Assuming that
the PMSM operates in a steady state, the current will trace the
identical trajectory after each commutation instant. Hence, for
each commutation cycle, the average value of the current should
be equal to its reference (which is fixed in a steady state).

C. Control Problem Formulation

For the six-step operation, only the large voltage vectors
are employed and are applied in sequence. Each vector lasts
one-sixth of the period of the fundamental voltage. The voltage
angle for the applied large vector decreases from δ∗+π/6 to
δ∗−π/6 for ideal steady-state condition. However, the exact
commutation instant will be determined by a current controller
using the MPC to guarantee high dynamic current performance.
When the actual voltage angle is close to δ∗−π/6, the current
controller will be activated to decide if the present voltage vector
should be replaced with a new one or not.

In order to achieve precise and high dynamic current control
for the six-step operation with the MPC scheme, the error
between the average current over a commutation cycle and the
reference current should be as low as possible, which yields the
following objective function:

J =
1

Tp

∥∥∥∥
∫ t+Tp

t

[i∗r (τ)− ir (τ)] dτ

∥∥∥∥
2

(19)

where t represents the initial time of the last commutation instant.
We define the prediction horizon Tp, which represents the period
of the commutation cycle under the six-step operation, given as

Tp =
π

3ωr
. (20)

IV. PROPOSED METHOD

A. Objective Function

To determine the optimal commutation time instant, the aver-
age current for the entire current trajectory should be predicted,
as given in (19). However, (19) should be discretized to be
applied in the real-time microprocessor, which thereby requires
multistep prediction. If the sampling time Ts is used as the time
interval for each prediction step, the prediction steps would be
extremely long, and thus, the computational cost may be too
high to be implemented in the microprocessor. Hence, a limited
number of steps should be employed to reduce the computational
burden. Here, a subinterval for each prediction step denoted as
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Fig. 4. Different subintervals inside the commutation cycle with period Tp.

Tz can be defined as

Tz =
Tp
z

(21)

where z indicates the number of prediction steps (subintervals).
The selection of z is presented in Section V-A, but it may be
a reasonably small number of subintervals that still accurately
reproduces the current trajectory in Fig. 3. Next, the original ob-
jective function described (19) can be discretized and expressed
as

J =

∥∥∥∥∥i∗r(t)− 1

z

z∑
i=1

ir(t+ iTz)

∥∥∥∥∥
2

. (22)

In (22), the reference current i∗r(t) is a constant within the
prediction horizon. Meanwhile, it is noticed that the subinterval
Tz is adopted for the average current calculation, which should
be distinguished from the conventional MPC method.

The relationship between the sampling time and intervals
(subintervals) is depicted in Fig. 4 for two cases. Case-1 cor-
responds to the commutation instants happening at time t, and
in Case-2, the commutation occurs one sample interval later, at
t+Ts. The real-time controller sets the sample interval Ts (length
between two gray dashed lines), which is much shorter than Tz.
The prediction horizon Tp (length between two red dashed lines,
which also equals one commutation cycle) consists of z steps of
the prediction subintervals Tz (distance between two blue dashed
lines).

B. Current Prediction Using Trapezoidal Method

The current prediction for MPC is normally based on the
forward Euler linearization method [20], which is given as

ir(t+ Tz) = ir(t) +
dir
dt

(t) · Tz. (23)

Here, the current derivative is assumed to be constant during
the time interval Tz. Based on (7), the current derivative can be
calculated with the continuous state-space formulation as

dir
dt

(t) = Fir(t) +Gur(t) +E (24)

where the state matrices are given as

F =

⎡
⎣ −Rs

Ld

ωrLq

Ld

−ωrLd

Lq
−Rs

Lq

⎤
⎦ , G =

[
1
Ld

0

0 1
Lq

]
,

E =

[
0

−ωrψf

Lq

]
. (25)

The forward Euler method can provide good calculation ac-
curacy over a short-time interval. However, the time interval Tz

could be prolonged if the number of prediction steps z is small.
Therefore, a trapezoidal method is introduced to enhance the
calculation accuracy for long-time intervals Tz. The trapezoidal
method for current prediction is expressed as

ir(t+ Tz) = ir(t) +
1

2

(
dir
dt

(t) +
dir
dt

(t+ Tz)

)
Tz. (26)

The dq current derivative for the (t+Tz) instant is unknown,
which makes (26) an implicit equation that cannot be applied in
the real-time calculation. The current derivative at the next time
instant is given as

dir
dt

(t+ Tz) = Fir(t+ Tz) +Gur(t+ Tz) +E. (27)

For real-time calculations in a microcontroller, (27) should be
expressed explicitly. The current state at (t+Tz) instant in (27)
can be estimated using the forward Euler method given by (23).
In this case, the output voltage at (t+Tz) instant should also be
estimated iteratively with the time step Tz, as the voltage angle
significantly changed within the long prediction horizon. Since
us is fixed for the entire prediction horizon, the variation of ur

only depends on the voltage angle, which can be estimated as

ur(t+ Tz) =
1

2
vdcK(t+ Tz)us(t+ Tz) (28)

K(t+ Tz) = f(θr(t+ Tz)). (29)

It is seen from (28) that the output voltage changes with the
transformation matrix K. The electrical angle θr(t+Tz) can also
be calculated using the forward Euler method, yielding

θr(t+ Tz) = θr(t) + θ̇r(t)Tz

= θr(t) + ωrTz. (30)

Since the mechanical time constant is relatively larger than the
electrical time constant, the rotor speed ωr is seen as a constant
in the whole prediction horizon.

The reference current for each subinterval can be derived by
linear extrapolation, but some small reference oscillations might
be amplified. In this study, the current reference is assumed to
be the same as the initial value, which affects little to the current
control accuracy.

As analyzed in Section III-C, only two cases need to be
enumerated since the sequence of the voltage vectors has been
determined for the six-step operation. Case-1 applies the new
voltage vector immediately. Case-2 will keep the present voltage
vector for one more sampling period Ts, and then apply the new
voltage vector. The difference between the two conditions is the
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Fig. 5. Comparison of predicted current trajectory in the six-step operation
using forward Euler and trapezoidal discretization methods for different numbers
of prediction steps. (a) z = 50. (b) z = 20. (c) z = 10. (d) z = 6.

initial time. For Case-1, the initial time is t, and the initial current
is the sampling current. For Case-2, the initial time is denoted
by t+Ts, as seen in Fig. 5. Hence, the initial current for Case-2
can be given by

ir(t+ Ts) = ir(t) +
dir
dt

(t) · Ts. (31)

C. Voltage Angle Clamping

The voltage angle control enforces voltage angle clamping,
which can hold the voltage vector unchanged until approaching
the commutation instant. When the voltage angle is close to
its reference, the MPC algorithm will be activated to decide the
actual commutation instant. This mechanism can prevent the un-
expected commutation, especially when the voltage angle is far
from the exact reference commutation angle. The computation
resources can also be released when the MPC is inactivated. It is
noted that the voltage angle clamping does not decide the actual
commutation instant. Thus, the optimal voltage vector can be
expressed as

uopt =

{
us(t), if δ∗ − δ < π

6 + ε
argmin J, if δ∗ − δ ≥ π

6 + ε
(32)

where uopt denotes the optimal voltage vector for the next
control period, and ε is a defined value that affects the current-
tracking dynamics.

The reference voltage angle δ∗ can be calculated based on
(18), but the calculation could be computationally expensive.
The electromagnetic torque is related to the voltage angle and
the electrical speed in the six-step operation, according to (18).
Hence, a lookup table (LUT) method can be adopted to obtain the
reference voltage angle [12]. Under a specific electrical speed,
the torque can be adjusted monotonically by the voltage angle in

TABLE I
INITIAL VOLTAGE ANGLE FOR DIFFERENT VOLTAGE VECTORS

a specific range. Since the outer speed loop feeds the reference
stator current to the inner loop, the torque input of the LUT
should be replaced by the current input, which can be estimated
based on (8), assuming id = 0. Accordingly, a 2D-LUT block
based on the electrical speed ωr and the reference current i∗s is
introduced to obtain an approximate value of δ∗.

The present voltage angle δ can be derived according to the
voltage vector. The six large voltage vectors correspond to the
initial angles marked as δini, as shown in Table I. The present
voltage angle can be calculated as

δ =

{
δini − θr, if δini ≥ θr
δini − θr + 2π, if δini < θr.

(33)

D. Implementation of the Algorithm

The control algorithm of the proposed six-step MPC method
consists of five steps, which are presented as follows.

Step 1: Check the rotor speed and determine the control mode
of the MPC. Check the initial condition for six-step MPC. If
the present voltage vector is not a large vector, calculate the
optimal large vector with the linear MPC mode.

Step 2: Generate the reference voltage angle using 2D-LUT
based on the rotor speed and reference torques. Calculate the
voltage angle of the present voltage vector.

Step 3: Check if the present voltage angle is located in the
clamping area. If yes, keep the same voltage vector output
and skip to step 5. Else, go to step 4.

Step 4: Calculate the predicted current of two cases (see Fig. 3)
within the prediction horizon Tp. Minimize the cost function
and select the optimal voltage vector.

Step 5: Generate gate signals based on the optimal voltage vector
and send them to the inverter.

V. PERFORMANCE ANALYSIS AND FULL-SPEED RANGE

OPERATION

A. Current-Tracking Performance

To evaluate the prediction accuracy of the forward Euler
and the trapezoidal methods, the predicted current trajectory
with different numbers of prediction steps z (subintervals) is
compared and presented in Fig. 5. When the number z decreases,
the subinterval Tz becomes longer. Consequently, the prediction
accuracy of the forward Euler method reduces significantly.

However, the current trajectory of the trapezoidal method
nearly overlaps the analytical trajectory even for fairly large
values of z. As a result, the prediction error of the average current
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Fig. 6. Relationship between the average value of current and the current ref-
erence. (a) Current trajectories corresponding to delayed commutation instants
while reference current is constant. (b) Moving reference current.

with the trapezoidal method is significantly smaller than that for
the forward Euler method.

To further analyze the current tracking in a practical appli-
cation, the discrete nature of the MPC controller should be
considered. Fig. 6(a) illustrates the moving direction of the
average current as the commutation instant is delayed. As the
commutation instant is incrementally delayed by sampling time
Ts (from instant k to k+4), the current trajectory and its cor-
responding average value also change and shift to the right. In
Fig. 6(a), the direction of the average current shift is indicated
by the black arrow. In contrast, the reference current is assumed
to stay constant for several sampling periods.

Another situation may be when the average current is assumed
constant from one commutation cycle to the next, while the refer-
ence current may be stepping in some direction, as illustrated in
Fig. 6(b). In this figure, the average current for Case-1 and Case-2
is assumed to be about the same for each sampling interval, and
the reference current is moving along the direction indicated by
the black arrow. Based on the average current values in Case-1
and Case-2, a midperpendicular of the two points can be plotted,
which is shown in Fig. 6(b) with a dashed line. This line divides
the plane into two parts, and it can be expressed as

y = kx+ b

k = − id_avg1 − id_avg2

iq_avg1 − iq_avg2

b =
(id_avg1 + id_avg2)(id_avg1 − id_avg2)

2(iq_avg1 − iq_avg2)
+
iq_avg1 + iq_avg2

2
(34)

where id_avg1 and id_avg2 and iq_avg1 and iq_avg2 represent the
average values of the d-axis current and q-axis current over a
commutation interval, respectively. According to the objective
function (11), the voltage vector switches only when the ref-
erence is geometrically closer to the average current value in
Case-1. When the current reference moves to the left side of
the midperpendicular, we have i∗q > ki∗d + b. Then, the voltage
vector will be switched to the next one.

Based on Figs. 5 and 6, a typical current trajectory computed
using different discretization methods is illustrated in Fig. 7,
where the number of prediction steps z equals 10. In Fig. 7, the
reference current point is assumed to step to the left along the
yellow arrow. Here, the present-time instant is denoted by k.

Fig. 7. Comparison of the commutation time instant of the forward Euler and
trapezoidal methods.

Based on this figure, it can be inferred that the commutation
instant of the trapezoidal method will be (k+1), while for the
forward Euler method, it will be (k+3) commutation instant.

According to Fig. 7, there will be a steady-state tracking error
between the current reference and the predicted average current.
These errors are marked with the red lines in Fig. 7. The distance
between i∗r(k + 1) and the analytical average current value of
Case-1 (shown by the green point) indicates the actual tracking
error. Likewise, the distance between i∗r(k + 3) and the green
point is the actual tracking error for the forward Euler method.
Fig. 7 clearly illustrates that the tracking error for the trapezoidal
method is primarily reduced (in both the d and q axes) compared
with the forward Euler method.

The number of prediction steps z should be large to have
a better control performance. However, considering the heavy
computational burden on the real-time controller, the number z
must be limited to several steps that can be completed within
a single commutation instant. After investigation using simula-
tions and experiments, it was determined that z= 10 (as in Fig. 7)
gives good results for the considered experimental hardware.

B. Operation in the Full-Speed Range

The block diagram of the proposed MPC method is shown in
Fig. 8, where the PI speed controller, the 2D-LUT, the reference
calculation block, the dual-mode MPC, and the mode selection
block are illustrated. The PI speed controller calculates the
reference current i∗s and provides it to the reference calculation
block, which then assigns i∗s to the dq frame and derives i∗r. The
2D-LUT block feeds the reference voltage angle to the mode
selection block, which decides the operation mode of the MPC
controller. The MPC algorithm calculates the optimal voltage
vector considering the selected operation mode and provides it
to the inverter. In the mode selection block, a hysteresis con-
troller based on the rotor speed and voltage angle is designed to
guarantee a smooth transition between linear mode and six-step
mode.

This article adopts the rotor speed and the reference voltage
angle to determine the operating mode. Specifically, the rotor
speed ωrm is compared with a base speed ωb, and the reference
voltage angle δ∗ is compared to 90°. To prevent frequent changes
between the operating modes at the margin values, a small



SUN et al.: SIX-STEP OPERATION WITH MULTISTEP PREDICTIVE CONTROL USING THE TRAPEZOIDAL METHOD 3493

Fig. 8. Block diagram of the proposed MPC method illustrating reference calculation and mode selection.

hysteresis band is set for the speed ωrm and the voltage angle δ∗.
For example, if ωrm is over ωb and δ exceeds 90°, the operating
mode will change from the linear MPC to the six-step MPC.
When ωrm is lower than ωb−εω or δ∗ is below 90°−εδ , the
mode will change from the six-step MPC back to the linear
MPC. Here, εω and εδ are the hysteresis band values set for
the rotor speed and the reference voltage angle, respectively.
In this article, εω is set to 10 rad/s, and εδ is set to 5°, which
have been determined by simulations and experimentally to give
sufficiently good results.

As shown in Fig. 8, the current reference calculation consists
of a maximum torque per ampere (MTPA) block and a flux-
weakening (FW) block. The linear control mode, as introduced
in Section II-B, is used to operate under the rated motor speed,
where the MTPA calculates the reference current [35].

The FW control is used to calculate the reference current
to extend the operation of PMSM above the rated speed. Due
to the absence of the modulation stage, there is no reference
voltage that may be fed back to form the closed-loop FW
control. In [24], the voltage magnitude is reconstructed from
the current information and motor parameters. However, under
the six-step operation, the six-order harmonics will be injected
into the feedback and could lead to instability of the reference
current. Alternatively, a feedforward method [36] is adopted in
this article. According to this method, the current references are
expressed by

i∗d_FW =
ψfLd−

√
(ψfLd)

2+(L2
q−L2

d)

[
ψ2

f+L
2
qi

∗2
s −

(
vmax

ωr

)2
]

L2
q−L2

d
(35)

i∗q =
√

(i∗s)
2 − (i∗d_FW)2 (36)

where i∗d_FW denotes the reference FW current of the d-axis; vmax

represents the maximum available voltage, which depends on the
operation mode of MPC (i.e., linear or six steps). Therefore, the
value of vmax can be given as

vmax =

{ 1√
3
vdc, if m = 0(linear mode)

2
πvdc, if m = 1(six-step mode).

(37)

Fig. 9. Experimental setup used for implementation of the proposed method.

VI. EXPERIMENTAL DEMONSTRATIONS

Extensive experimental studies have been conducted to eval-
uate the performance of the proposed method. Fig. 9 shows the
hardware setup for the experiments, wherein an 11-kW interior
PMSM is driven by a three-level active neutral point clamped
inverter [16], [26] and an induction motor fed by a commer-
cial variable frequency drive for applying the load torque. The
dSPACE MircroLabBox serves as the controller for the PMSM.
The parameters of the control system are summarized in the
Appendix.

A. Steady-State Performance

This part evaluates the current-tracking performance with the
proposed MPC method in a steady-state scenario of the six-step
operation. To this end, the PMSM is controlled to operate at
800 r/min with a 10 N·m mechanical load. The measured results
are presented in Figs. 10 and 11. Here, the comparisons are made
among the conventional MPC (also for the linear mode), the
proposed MPC with the forward Euler method, and the proposed
MPC with the trapezoidal method.

First, for the conventional MPC in Figs. 10(a) and 11(a),
the reference current is provided with a higher vmax (2/π∗vdc)
corresponding to the six-step mode. Although the phase current
and phase voltage have reached a quasi-six-step operation, the
q-axis current-tracking ability has been significantly reduced.
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Fig. 10. Measured steady-state phase currents in overmodulation tests. (a) Conventional MPC. (b) Proposed MPC with forward Euler method. (c) Proposed MPC
with trapezoidal method.

Fig. 11. Measured steady-state phase currents in dq coordinates and line-to-line voltages in overmodulation tests. (a) Conventional MPC. (b) Proposed MPC
with forward Euler method. (c) Proposed MPC with trapezoidal method. The current tracking is achieved in (c), but not in (a) and (b).

Fig. 12. Dynamic test results with reference rotor speed increased from 700 to 900 r/min. (a) Proposed MPC with the forward Euler method. (b) Proposed MPC
with the trapezoidal method.

Furthermore, from the wave of line-to-line voltage, we can
see that there are excessive switch transitions around the edge of
voltage-level changes, which hinders the maximum dc-link volt-
age utilization of the conventional MPC. These results demon-
strate that the overmodulation capability of the conventional
MPC is limited.

As can be seen in Figs. 10(b) and (c) and 11(b) and (c),
the performance of the proposed MPC is validated in terms of
phase current and line voltage. These results demonstrate that the
proposed MPC method has good overmodulation capability and
extends the six-step operation. From the comparison between the
two discretization methods, it is seen that the trapezoidal method
in Figs. 10(c) and 11(c) demonstrates more accurate reference
current tracking than the performance of the forward Euler

method in Figs. 10(b) and 11(b). The current iq in Fig. 11(b)
is slightly lower than its reference, which is consistent with the
analysis, as presented in Section V-A.

B. Dynamic Performance

In this study, the dynamic performance with respect to the
speed and load change scenarios of the proposed method is
evaluated, and comparisons are made between the forward Euler
method and the trapezoidal method. The results are presented in
Fig. 12, wherein the speed reference steps from 700 to 900 r/min.
The coefficient ε for the voltage vector clamping is set to π/18
in this case; thus, the maximum advance angle of the voltage is
10°. Due to the higher current-tracking accuracy, the trapezoidal
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Fig. 13. Dynamic tests result with load torque steps from 10 to 2 N·m. (a) Proposed MPC with the forward Euler method. (b) Proposed MPC with the trapezoidal
method.

Fig. 14. Dynamic tests result of mode switch scenarios corresponding to rotor speed ramping up from 600 to 900 r/min, and then ramping down from 900 to
600 r/min using the proposed MPC with a trapezoidal method. (a) and (b) Performance of rotor speed and dq-axis currents. (c) and (d) Performance of line-to-line
voltage and phase current.

method achieves faster current responses, significantly reducing
the speed step time.

Fig. 13 presents the transient performance resulting from the
load torque changes from 10 to 2 N·m. The nearly identical
responses can be seen from the figure for the proposed MPC with
two different discretization methods. Nevertheless, the forward
Euler method shows larger current-tracking errors than the error
with the trapezoidal method in the whole time range.

To validate the mode switch performance, the PMSM works
from the linear speed region to the flux-weakening region,
which is presented in Fig. 14. The conventional linear MPC
and the proposed MPC with the trapezoidal method are adopted
in this scenario. The reference speed is set to change from
600 to 900 r/min and then set back to 600 r/min, while the
rotor speed slew rate is limited to ±100 r/min in this case.
It is seen that the dq-axis current can accurately and rapidly
track the reference in the entire speed range. No significant

speed and current overshoots are seen during the control-mode
switching.

C. Computational Cost

The execution time for different control algorithms has been
measured in real time on the considered microprocessor and
is illustrated in Fig. 15. The number of prediction steps z
for the six-step mode is set as 10 in the tests. Although the
alternative voltage vectors with the six-step control mode are
reduced from 27 to 2, Fig. 15 shows that the multistep prediction
consumes a lot of computational resources. It can be seen that the
microprocessor execution time for the MPC with linear mode
is around 26 μs. The execution time for the MPC operating
in the six-step mode depends on the voltage clamping. When
the optimization process with MPC is activated to decide the
optimal commutation instant, the microprocessor execution time
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Fig. 15. Microprocessor execution time of different methods in the experi-
mental implementation.

becomes high, reaching up to 40 μs. During other times, when
no current predictions are made, the execution time drops down
to 18 μs. In addition, from the comparison in Fig. 15, we can
see that using the trapezoidal method only slightly increases the
computing cost compared with the forward Euler method. This
demonstrates the advantages of using the trapezoidal method.

VII. CONCLUSION

This article presents an improved MPC method that has
been extended for the six-step operation of traction PMSM
drives. The proposed method derives a new objective func-
tion using the average value of phase current and combines
trapezoidal method-based multistep prediction to enhance the
current-tracking accuracy and overall control performance. The
experimental results demonstrate the effectiveness of the pro-
posed method and the ability to transition smoothly between the
linear and the six-step modes, which may not be possible with the
conventional MPC methods. The multistep long-term prediction
combined with the trapezoidal discretization appears to achieve
good current-tracking results for the six-step operation while
only slightly increasing the computational cost compared with
the forward Euler method. The proposed control method overall
may be very useful for traction drives, enabling increased dc-link
voltage utilization in the high-speed region.

APPENDIX

A. Parameters of PMSM

P= 11 kW, U= 380 V, Nr = 1500 r/min, p= 2, Rs = 0.383Ω,
Ld = 11.2 mH, Lq = 27.5 mH, and ψf = 0.77 Wb.

B. Parameters of the Inverter

Cdc = 6 mF and vdc = 200 V.

C. Parameters of the Controller

Ts = 50 μs, kp = 0.3, ki = 6, z = 10, ε= π/18, εω = 10 rad/s,
and εδ = 5°.

D. Setup Details

Controller: dSpace MicroLabBox. Semiconductor mod-
ules of the ANPC inverter: Infeneon FF200R12KE3, CREE
CAS120M12BM2. Commercial inverter for load: Inovance
MD520.
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