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Abstract—This article explores the setup where large numbers
of single-phase grid-forming inverters with droop control across
distribution networks self-organize into a stable and balanced
system with 120◦ phase offsets across aggregates in the absence of
balanced three-phase generating resources or external communica-
tion. A suite of circuit- and system-theoretic notions are leveraged
to derive a dynamical model for phase-angle differences across
aggregates of inverters connected in the three phases. Focusing
on this model, large-signal stability is established and the region
of attraction of the phase-balanced equilibria is determined with
the aid of a Lyapunov function. Experimental validation for a
bench-top prototype network is included to support the analytical
developments. Overall, the effort supports the vision of facilitating
balanced operation of distribution networks with grid-forming
inverters during service disruptions at the bulk transmission net-
work.

Index Terms—Droop control, grid-forming (GFM) inverters,
Lyapunov stability, phase balancing, single-phase inverters.

I. INTRODUCTION

GRID-FORMING (GFM) inverters are recognized to be
enabling technologies for the integration of distributed re-

newable generation, storage systems, and electrified transporta-
tion across transmission and distribution networks [1]. Model-
ing, analysis, and control of GFM technologies across a diverse
pool of applications is the subject of significant contemporary
research [2]. We consider the particular setting of distribution
networks with large numbers of single-phase droop-controlled
GFM inverters interconnected to the subtransmission network
through step-up delta-wye transformers (See Fig. 1). A variety of
operational attributes are of interest in such a setting. We focus on
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Fig. 1. Presence of massively distributed single-phase inverter-based genera-
tion gives the opportunity to realize ultraresilient systems capable of providing
uninterruptible power. Our analysis shows that GFM droop controls facilitate
communication-free phase balancing for single-phase inverters.

the large-signal stability of phase-balanced equilibria, wherein
aggregates of inverters across each of the phases settle to 120◦

phase offsets during islanded operation with no external com-
munication between inverters across phases. Large-signal stabil-
ity is established analytically with Lyapunov’s direct method.
Experimental validation for scaled prototypes is provided to
support the analytical developments.

The effort extends our prior work [3], which demonstrated
small-signal stability of phase-balanced equilibria for a col-
lection of three single-phase delta-connected droop-controlled
inverters serving a common load. While the setting in [3] is
elementary, it provided a proof-of-concept into the intriguing
possibility of achieving phase-balanced operation with GFM
technologies. However, in real-world settings, we will indeed
encounter scores of inverters in distribution networks; further-
more, small-signal stability, while critical, does not yield guar-
antees for ultraresilient operation in the face of a wide range
of disturbances. Building on the work in [3], we consider the
following setup which is admittedly more practical for the en-
visioned application: 1) multiple inverters with different ratings
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Fig. 2. (a) Overview of the system architecture and (b) the steps involved in obtaining a simplified equivalent-circuit network model. Section II presents details
of the constituent elements of the system in (a) and Section III presents the steps involved in the derivation of the equivalent-circuit network model in (b).

are connected to each phase in a distribution network; 2) step-
up delta-wye transformers are leveraged to interface the low-
voltage distribution to a **high(er)-voltage (sub)transmission
network. See Fig. 2 for a sketch of the system architecture.
While the work in[3] considered small-signal stability, in this
effort we prove large-signal stability and characterize the region
of attraction (ROA) of phase-balanced equilibria for this more
complex and realistic setting. We do so with the Lyapunov
stability theory; and, the derivation of the dynamical model
leveraged for stability assessment is based on the application of
a wide number of circuit-theoretic constructs including aggrega-
tion, mesh analysis, and power-flow analysis. While we present
results on large-signal stability, we refrain from dwelling on
current-limiting operation, fault analysis, and advanced controls
to manage fault performance of inverters.

We review related prior literature focusing on the following.
1) Efforts where three-phase networks are realized with

single-phase inverter-based resources.
2) Stability of phase-angle dynamics in the context of power

electronics.
3) Aggregation of inverter dynamics.
Majority of existing research on multi-inverter systems is fo-

cused on three- (or single-) phase systems built exclusively with
three- (or single-) phase inverters. Such approaches overlook the
vision in Fig. 1. However, there are several notable exceptions.
For instance, in [4], interphase static transfer switches are used to
island a three-phase system with single-phase droop-controlled
inverters. System-wide communications are used to manage the
timing such that all three islanded ac phases are synchronized

and then connected in parallel to form a larger single-phase
island. Clearly such an approach requires nontrivial modifica-
tions to the network, entails additional hardware, and cannot
provide power to three-phase loads. There is another line of
related work where microgrids are assembled using a mix of
three- and single-phase inverters [5], [6]. In such settings, three-
phase inverters innately ensure phase balancing at the outset and
single-phase inverters hang off of each phase. Such an approach
skirts the challenges of obtaining a balanced three-phase sys-
tem purely with single-phase generation. A recent work that is
closely related is [7]; in here, a hybrid system model containing
three- and single-phase GFM inverters across transmission and
distribution is examined. A method to characterize small-signal
stability of the inverter-based system is put forward using a
linearized power flow model that accommodates imbalances
and various transformer interconnection types (e.g., wye-delta
and wye-wye). By and large, stability assessment, as it pertains
to GFM technology, is a very active area of research, and we
point interested readers to the survey effort in [8] for detailed
discussions of contemporary efforts. While stability of phase-
difference dynamics in the context of GFM technology—our
particular focus in this effort—is not widely studied, it has
received attention in the context of switch interleaving in dc–dc
converters [9]. Theoretical results covering stability of phase-
difference dynamics are also available for networks of Van der
Pol oscillators [10], Liénard-type oscillators [11], and planar
particles moving at constant speed [12], [13]. Finally, we point
out that our effort also contributes to aggregation of inverter
models at the intersection of three-phase power-system analysis
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and power-electronics circuits, factoring in transformer charac-
teristics. In general, aggregation is an active research area and
there has been significant contemporary interest in development
of aggregate inverter models for different inverter-control types
(e.g., grid-following [14] and grid-forming (GFM) [15]), and
applications (e.g., PV [16] and wind [17]).

To summarize, in the context of the literature surveyed above,
this article provides the following contributions.

1) Resilient operation of three-phase power networks with
single-phase power-electronics circuits.

2) Large-signal stability assessment of the phase-difference
dynamics of nonlinear oscillators.

3) Modeling of aggregations of inverter dynamics across
multiple phases including transformer interconnections.

Taken together, it paves the way for ultraresilient distribution
systems by outlining an analytical framework (supported by
experiments) for phase-balanced operation.

The rest of this article is organized as follows. In Section II,
we describe the system models focusing on the GFM inverters,
transformers, and their interconnection. Section III focuses on
the derivation of two equivalent-circuit aggregate models: for
inverters connected in each phase and for the entire distribution
network encompassing all three phases. Building on this model,
we obtain the dynamical model that governs the phase-angle
differences for aggregates in Section IV. This section also puts
forth the main analytical contribution of the work, i.e., large-
signal stability assessment of the phase-balanced equilibria.
Next, Section V provides experimental validation to support the
analytical developments and demonstrates the robustness of the
overall strategy. Finally, Section VI concludes this article.

II. SYSTEM DESCRIPTION AND MODELING

In this section, we provide an overview of all constituent
models that make up the system architecture in Fig. 2(a). We
begin with notation, then move on to the model for individual
single-phase droop-controlled inverters, and finally, discuss the
transformer model that interconnects them.

A. Notation and System-Architecture Overview

Referring to Fig. 2(a), the low-voltage primary side of the
power transformer has clusters of single-phase GFM voltage
source inverters distributed across its phases. Distribution sys-
tems are realized with a multitude of transformers that convert
between various voltage levels and with a mix of wiring schemes.
We zoom in on an elemental subsystem comprising a single
transformer with single-phase resources on the low-voltage
wye-connected side and the high-voltage delta-connected side is
interfaced with the remainder of the transmission network. All
inverters have the same nominal voltage and frequency ratings,
i.e., Vnom and ωnom. The number of inverters on phases a, b,
and c are denoted by na, nb, and nc, respectively; and Sφ

k

(k ∈ {1, . . . , nφ}) denotes the apparent power rating of the kth
inverter on phase φ ∈ Φ = {a, b, c}. While individual inverters
may have different nameplate capacities, the aggregate ratings

Fig. 3. Up-close look at the kth inverter in phase φ with droop control
implemented for GFM operation. An equivalent model at the capacitive filter
terminals comprising a controlled voltage source is presumed for analytical
developments that follow.

of all inverters across the phases are assumed to be the same

na∑
k=1

Sa
k =

nb∑
k=1

Sb
k =

nc∑
k=1

Sc
k =: S. (1)

The bus-voltage magnitude and phase angle on phase φ are
denoted by V φ and θφ; Z load denotes the local-load impedance
on each phase while Z load,s is the load impedance on the
high-voltage secondary side. Note that the loads on the primary
and secondary sides of the transformers are all assumed to be
identical; in other words, the distribution network is assumed to
be balanced with regard to the aggregate load.

B. GFM Control Implementation

The structure of an individual GFM inverter and its controller
implementation are shown in Fig. 3. Each inverter is fed by a dc
voltage source and the power stage performs dc–ac conversion
where the ac output features anLCLfilter. The capacitive branch
of the kth LCL filter on phase φ presents instantaneous voltage

vφk =
√
2V φ

k cos θφk (2)

where V φ
k is the RMS amplitude, θφk =

∫
ωφ
k (τ)dτ is the phase

angle, and the corresponding angular frequency is denoted by

ωφ
k . In phasor form, (2) reads V

φ
k = V φ

k ∠θφk . As shown at the
top of Fig. 3, the inverter is modeled as an equivalent voltage
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source, V
φ
k , with an RL output impedance, Z

φ
k = Rφ

k + jXφ
k ,

that includes the effect of its filter. We assume the following.
Assumption 1: Inverter output impedances are identical

when perunitized in their own bases. In particular ∀i ∈
{1, . . . , nφ}, j ∈ {1, . . . , nφ′ }, and φ, φ′ ∈ Φ

Rpu =
Rφ

i

Zφ
base,i

=
Rφ′

j

Zφ′
base,j

, Xpu =
Xφ

i

Zφ
base,i

=
Xφ′

j

Zφ′
base,j

(3)

where Rpu and Xpu denote the perunit resistance and reactance,
and the inverter base impedances are given by

Zφ
base,k =

V 2
nom

Sφ
k

.

Each inverter contains a set of independent control loops
shown within the inset at the bottom of Fig. 3. Inner control
loops ensure that the voltage vφk closely tracks the reference
vφ�k generated by the outer droop controller. The voltage and
frequency droop relations are

V φ
k = Vnom − mφ

qk

(
Qφ

k − Qφ�
k

)
(4a)

ωφ
k = ωnom − mφ

pk

(
Pφ
k − Pφ�

k

)
(4b)

where Vnom, ωnom are the nominal grid voltage and frequency;
mφ

qk and mφ
pk are voltage- and frequency-droop slopes; Pφ

k

and Qφ
k are filtered active- and reactive-power output-terminal

measurements; and Pφ�
k and Qφ�

k are active- and reactive-power
references. Note from Fig. 3 that a low-pass filter is assumed
to be implemented to eliminate double-frequency fluctuations
from the power calculations. The bandwidth of this filter, ωc,
ranges from several Hz to tens of Hz for typical single-phase
applications [18], [19].

Systematic selection of inverter droop slopes mφ
qk and mφ

pk

ensures power sharing among inverters in proportion to their
nameplate capacities. Denote the specifications on voltage and
frequency deviations by ΔVmax and Δωmax, respectively. We
make the following assumption on design of the droop slopes.

Assumption 2: Inverters across the system are tuned for iden-
tical deviations in voltage and frequency. In particular ∀k ∈
{1, . . . , nφ}, φ ∈ Φ, we have

mφ
qk Sφ

k = ΔVmax (5a)

mφ
pk Sφ

k = Δωmax. (5b)

Notice that (5) can be implemented in a decentralized fashion.
The primary objective of GFM control, (such as droop control

discussed above) is to yield frequency synchronization. A wide
body of work has investigated precise necessary and sufficient
conditions based on network and device control parameters for
frequency synchronization. We point to the results in, e.g., [20]

Fig. 4. Illustration of the transformer equivalent-circuit models. The perphase
equivalent circuit capturing the wye-connected primary and delta-connected
secondary is shown in (a), the equivalent circuit with all impedances reflected
to the secondary is shown in (b).

and [21] that can be leveraged to prove frequency synchroniza-
tion in each phase. In what follows, we make the following
assumption.

Assumption 3: Inverters in each phase are frequency synchro-
nized, i.e.,

ωφ
i = ωφ

j = ωφ ∀i, j ∈ {1, . . . , nφ} (6)

where ωφ is the common frequency on phase φ ∈ Φ.
The phenomenon of collocated inverters oscillating with the

same (fundamental) frequency resonates with the notion of
coherency, that has found extensive mention in the model-
ing, analysis, and control of collective dynamics of energy-
conversion interfaces including synchronous generators [22],
GFM inverters [15], and grid-following inverters [14]. Without
Assumption 3, we are faced with the prospect of analyzing
a higher-order dynamical system (with order approaching the
number of inverters). This induces several analytical bottlenecks
and limits the possibility of inferring general trends and results,
such as the ones we converge upon via theoretical analysis.

We do not dwell on details on system-level controllers and the
manner in which setpoints Pφ�

k , Qφ�
k are synthesized. However,

to ensure fairness of participation in system-level control, we
suppose these setpoints are issued to be equal in a per-unit sense.
In particular ∀i ∈ {1, . . . , nφ}, j ∈ {1, . . . , nφ′ } andφ, φ′ ∈ Φ,
we have

Pφ�
i

Sφ
i

=
Pφ′�
j

Sφ′
j

,
Qφ�

i

Sφ
i

=
Qφ′�

j

Sφ′
j

. (7)

C. Transformers and Equivalent-Circuit Representation

The wye-connected primary and delta-connected secondary
windings of the transformer are modeled with the prototypi-
cal per-phase equivalent circuit in Fig. 4. The model includes
leakage and magnetizing impedances as well as an ideal trans-
former with turns ratio N . Primary- and secondary-side leakage
impedances are denoted by Z

′
p = R′

p + jX ′
p and Zs = Rs +

jXs, respectively. The magnetizing current, I0, flows through the
magnetizing impedance, Z

′
0 = R′

0 ‖ jX ′
0. Impedances reflected

to the high-voltage secondary side are denotedZp = N2Z
′
p and

Z0 = N2Z
′
0.
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Fig. 5. Interconnected single-phase GFM inverters with a three-phase wye-delta transformer: (a) Per-phase equivalent representation of parallel inverters.
(b) Equivalent-circuit network model with aggregated GFM inverter models. (c) Equivalent-circuit model with all elements reflected to high-voltage side of the
transformer. Note that (c) is equivalent to the circuit in Fig. 2(b); see discussion surrounding (42) in Appendix B.

III. PER-PHASE AGGREGATION AND EQUIVALENT-CIRCUIT

NETWORK MODEL

In this section, we present: 1) an equivalent-circuit aggregate
model for the inverters dispersed across an individual phase [see
Fig. 5(a) and (b)], and 2) an equivalent-circuit model for the
entire network with all resources (inverters and loads) reflected
to the high-voltage-terminals of the transformers [see Fig. 5(c),
or equivalently, Fig. 2(b)]. Our motivation in pursuing these is
to leverage the equivalent-circuit network model to obtain the
dynamics for phase differences of aggregates of inverters.

A. Equivalent-Circuit Per-Phase Aggregate Model

Denoting the bus voltage phasor asV
φ
= V φ∠θφ (see Fig. 5),

we can obtain the power-flow equations of the kth inverter in
phase φ ∈ Φ as[

Pφ
k

Qφ
k

]
=

V φ

Zφ
k

[
cosϕφ

k sinϕφ
k

sinϕφ
k − cosϕφ

k

][
V φ
k cos(θφk − θφ)−V φ

V φ
k sin(θφk − θφ)

]

(8)

where ϕφ
k = arctan(Xφ

k /R
φ
k) is the impedance angle corre-

sponding to the output impedance of thekth inverter. To facilitate
analysis, we suppose that the phase difference between the
filter–capacitor voltage of each inverter and the bus voltage is
small, i.e., θφk − θφ ≈ 0; this invites the following linearization
for trigonometric terms appearing in the power-flow expressions
above

sin (θφk − θφ) ≈ θφk − θφ, cos (θφk − θφ) ≈ 1.

Consequently, with some algebraic manipulations, (8) yields

V φ
k = V φ +

Rφ
kP

φ
k +Xφ

kQ
φ
k

V φ
(9a)

θφk = θφ +
Xφ

kP
φ
k −Rφ

kQ
φ
k

V φV φ
k

. (9b)

With the aid of (3) and (5), we can express (9a)–(9b) as

V φ
k = V φ + V 2

nom

Rpu

(
Pφ

k

Sφ
k

)
+Xpu

(
Qφ

k

Sφ
k

)
V φ

(10a)

θφk = θφ + V 2
nom

Xpu

(
Pφ

k

Sφ
k

)
−Rpu

(
Qφ

k

Sφ
k

)
V φV φ

k

. (10b)

With the aid of these expressions, we can establish power
sharing. In particular

Pφ
1

Sφ
1

=
Pφ
2

Sφ
2

= · · · = Pφ
nφ

Sφ
nφ

=
Pφ

S
(11a)

Qφ
1

Sφ
1

=
Qφ

2

Sφ
2

= · · · = Qφ
nφ

Sφ
nφ

=
Qφ

S
(11b)

whereS is defined in (1), and we introduce the aggregate reactive
and active powers generated per phase as

Qφ =

nφ∑
k=1

Qφ
k , Pφ =

nφ∑
k=1

Pφ
k . (12)

See Appendix A for a proof to (11). With the aid of (11), we
see from (10) that voltages and phase angles are identical for all
inverters on the branch. In particular

V φ
k = V φ

agg, θφk = θφj (13)

withV φ
agg denoting the common voltage amplitude. This observa-

tion allows us to aggregate the parallel inverters; see Fig. 5(a) and
(b). Inspection of this circuit allows us to compute the equivalent
per-phase output impedance as

Zagg = Z
φ
1 || Zφ

2 || . . . || Zφ
nφ

=
V 2

nom

S
(Rpu + jXpu ).

(14)
With the aid of (4a), (13), and the reactive power-sharing equa-
tion in (11b), we can get the following aggregated voltage-droop
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equation:

V φ
agg = Vnom −ΔVmax

(
Qφ

S
− Qφ�

S

)

= Vnom −mq

(
Qφ −Qφ�

)
(15)

where mq = ΔVmax
S , Qφ =

∑nφ

k=1 Q
φ
k , and Qφ� =

∑nφ

k=1 Q
φ�
k .

Similarly, combining (38) and the active power-sharing equation
in (11a), we obtain the following aggregated frequency-droop
equation:

ωφ = ωnom −Δωmax

(
Pφ

S
− Pφ�

S

)

= ωnom −mp

(
Pφ − Pφ�

)
(16)

where mp = Δωmax
S , Pφ =

∑nφ

k=1 P
φ
k , and Pφ� =

∑nφ

k=1 P
φ�
k .

We note that aggregation of inverter dynamics is an active area
of research. While we begin with the simplified equivalent model
of a controlled voltage source behind a reactance for individual
inverters, other efforts that dwell singularly on aggregation have
focused on retaining the impact of inner-loop dynamics, see,
e.g., [23].

B. Equivalent-Circuit Network Model

The aggregated inverter equivalent in tandem with a wye-delta

transformer gives the system in Fig. 5(b) where phasors V
φ
agg

and Zagg represent the phase φ aggregated inverter. Application
of the transformer model in Fig. 4 and reflecting all circuit
elements to the secondary side gives the equivalent circuit in
Fig. 5(c). Since our goal is to model inverter phase dynamics,
and particularly, their interaction across phases, it is necessary
to compute the active power flowing through the three branches,
which contain aggregated inverter equivalents.

Utilizing a suite of circuit-theoretic constructs and power-flow
analysis, we can extract the active and reactive powers (real and

imaginary parts of S
φ

) generated by the phase φ aggregated
inverter model as

Pφ =
∑
k∈Φ

N2 V k
aggV

φ
agg cos

(
θkφ − ϕ1

)
Zeq1

+ Pφ
load (17a)

Qφ = −
∑
k∈Φ

N2 V k
aggV

φ
agg sin

(
θkφ − ϕ1

)
Zeq1

+Qφ
load (17b)

where θkφ = θk − θφ is the angle difference of aggregated
inverters on phase k and φ, Pφ

load and Qφ
load are the total active

and reactive power in the loads (including losses)

Pφ
load =

(NV φ
agg)2

Zeq2
cosϕ2, Qφ

load = − (NV φ
agg)2

Zeq2
sinϕ2 (18)

and Zeq1 = Zeq1∠ϕ1, Zeq2 = Zeq2∠ϕ2 are equivalent
impedances. Appendix C provides a sketch of the derivation
to (17), and closed-form expressions for Zeq1 and Zeq2. In fact,
the same derivation, particularly the representation of phase
currents in (42), invites the equivalent-circuit representation in

Fig. 2(b), as well as establishes the equivalence of Figs. 2(b)
and 5(c).

The assumption on small angle differences utilized when
deriving the equivalent aggregate model of the single-phase
inverters is applied for each individual phase. Note that we do not
assume the angle differences between phases is small and retain
the large-signal nonlinear impacts in the overall three-phase
system. This explains why the model in (17) includes nonlinear
trigonometric terms. To summarize, we assume intraphase angle
differences are small, but we do not suppose anything similar
for the interphase angle differences.

Next, we integrate the active and reactive power expressions
above with the droop laws that govern the dynamics of the
aggregated inverter equivalents. Since Pφ and Qφ in (17) are
steady-state values, they are numerically equal to the average
power measurements in (15) and (16). Therefore, substitution
of (17) into (15) and (16) with the further assumption that
Pφ� = Pφ

load and Qφ� = Qφ
load yields

V φ
agg = Vnom +mq

∑
k∈Φ

N2 V k
aggV

φ
agg

Zeq1
sin
(
θkφ − ϕ1

)
(19a)

θ̇φ = ωnom −mp

∑
k∈Φ

N2 V k
aggV

φ
agg

Zeq1
cos
(
θkφ − ϕ1

)
. (19b)

The leading assumption implies that inverters are dispatched by
a secondary controller that restores voltage and frequency to
nominal values (by driving Pφ� → Pφ

load and Qφ� → Qφ
load).

In general, the transformer magnetizing impedance, Z0, and
load impedances, Z load and Z load,s, are much larger than trans-
former leakage impedances, Zp and Zs, and inverter output
impedance, Zagg, i.e., Z0 
 Zp, Zs, Zagg and Z load, Z load,s 

Zp, Zs, Zagg. Applying these to the expressions for Zeq1 and
Zeq2 in (43) (see Appendix B), we can get the following approx-
imations:

Zeq1 ≈ 3(N2Zagg + Zp + Zs) (20a)

Zeq2 ≈ 3Z load,s(N
2Z load)

3Z load,s +N2Z load
. (20b)

We observe that Zeq1 is dominantly related to the inverter and
transformer impedances, but not the secondary loads; similarly,
Zeq2 is dominantly related to the primary and secondary loads.
Under common practice, the inverter output impedance and the
transformer windings are expected to be dominantly inductive.
As a result, ϕ1 ≈ π

2 . Consequently, (19) simplifies to

V φ
agg = Vnom −mq

∑
k∈Φ

N2 V k
aggV

φ
agg

Zeq1
cos θkφ (21a)

θ̇φ = ωnom −mp

∑
k∈Φ

N2 V k
aggV

φ
agg

Zeq1
sin θkφ. (21b)

Notably, (21b) is a Kuramoto-type model. Several instances have
been documented of such Kuramoto-type dynamical models
appearing in the analysis of GFM inverters, see, e.g., [21], [24].
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IV. PHASE-BALANCED OPERATION

In this section, we first leverage the model in (21) to derive the
dynamics that govern the phase differences. Next, we character-
ize (in)stability of the identified equilibria. As the main result,
we show that phase-balanced equilibria are asymptotically stable
and identify an ROA for them. For this, we leverage Lyapunov
stability theory [25].

A. Phase-Difference Dynamics and Equilibria

Pick phase-a angle, θa, as a reference. Define θba = θb − θa

and θca = θc − θa. From (21b), we get the following:

θ̇ba =
mpN

2

Zeq1

(
V b

aggV
a

agg sin θ
ba + V c

aggV
a

agg sin θ
ca

−V c
aggV

b
agg sin θ

cb − V b
aggV

a
agg sin θ

ab
)

(22a)

θ̇ca =
mpN

2

Zeq1

(
V c

aggV
a

agg sin θ
ca + V b

aggV
a

agg sin θ
ba

−V c
aggV

b
agg sin θ

bc − V a
aggV

c
agg sin θ

ac
)
. (22b)

Substituting instances of V φ
agg from (19a) into the expressions

above and ignoring product terms mpm
2
q and mpmq, we get

θ̇ba = K
(
2 sin θba + sin θca + sin

(
θba − θca

))
(23a)

θ̇ca = K
(
2 sin θca + sin θba + sin

(
θca − θba

))
(23b)

whereK =
mp N2 V 2

nom
Zeq1

. Denote the equilibria of (23) by θba
eq and

θca
eq. The following equilibria are obtained by setting θ̇ba = 0 and

θ̇ca = 0 and solving the ensuing algebraic equations:(
θba

eq, θ
ca
eq

) ∈ {( 2π3 , 4π
3

)
,
(
4π
3 , 2π

3

)
, (0, 0)

(0, π), (π, 0), (π, π)}. (24)

In addition to the phase-balanced equilibria ( 2π3 , 4π
3 ), ( 4π3 , 2π

3 ),
we note other equilibria (0, 0), (0, π), (π, 0), (π, π). Next, we
characterize the stability of all the equilibria listed above. Before
doing so, we present some mathematical preliminaries.

B. Mathematical Preliminaries

Consider the autonomous dynamical system ẋ = f(x) where
f : D → Rn is a locally Lipschitz map from domain D ⊂ Rn

into Rn. Denote the equilibrium point(s) of the system—defined
as solutions of algebraic equations f(x) = 0—by xeq. Denote
the trajectory generated by the system at time t emanating from
initial condition x◦ (corresponding to time t◦) by x(t, x◦).

First, we introduce the notion of a positively invariant set.
We will find this useful in characterizing the ROA of stable
equilibria.

Definition 1 (Positively Invariant Set): A set Ω is said to be
positively invariant if

x◦ ∈ Ω =⇒ x(t, x◦) ∈ Ω ∀t ≥ t◦.

A sufficient condition to guarantee positive invariance of Ω is

ẋ · η < 0 ∀x ∈ ∂Ω (25)

where η is the outward normal on the boundary ∂Ω of Ω.
Satisfying (25) ensures every trajectory flow that arrives at the
boundary would flow into the interior of the set.

Definition 2 (Region of Attraction): The ROA of the dynam-
ical system for a stable equilibrium point, xeq, is denoted by
R(xeq) and defined as

R(xeq) =
{
x◦ ∈ Rn | lim

t→∞x(t, x◦) = xeq

}
. (26)

By definition, the ROA is a connected set.
Theorem 1 (Lyapunov Theorem for Local Stability): Let V :

D → R be a continuously differentiable Lyapunov function that
satisfies

V (xeq) = 0 and V (x) > 0, V̇ (x) < 0 ∀x ∈ D \ xeq. (27)

Then, xeq is asymptotically stable.
For a Lyapunov function, V , that satisfies the conditions of

asymptotic stability over domain D, any compact positively
invariant setΩ ⊂ D is a subset of the ROA,R(xeq). In particular,
all trajectories emanating from points inside Ω will converge to
the asymptotically stable equilibrium point, xeq.

The definitions thus far (implicitly) focus on stable equilibria.
Indeed, we also contend with unstable equilibria and saddle
points in the investigated dynamics. To characterize these, we
consider the linearized model Δẋ = J (xeq)Δx. Consider the
2-D case. If both eigenvalues of J (xeq) have positive real parts,
then xeq is an unstable equilibrium. If, on the other hand, the two
eigenvalues are real and of opposite signs, then xeq is a saddle.

C. Stability Assessment of Phase-Balanced Equilibria

Recall that the phase-balanced equilibria are given by:
( 2π3 , 4π

3 ) and ( 4π3 , 2π
3 ). In what follows, we demonstrate that

these are asymptotically stable and characterize their ROA.
1) Asymptotic Stability: Consider the candidate Lyapunov

function

V (θba, θca) =
3

2
− cos

(
θba − 2π

3

)
− cos

(
θca − 4π

3

)

− cos

(
θba − 4π

3

)
− cos

(
θca − 2π

3

)

− cos

(
θba − θca +

2π

3

)
− cos

(
θba−θca − 2π

3

)
(28)

and the sets

D1 = {(θba, θca) | 0 < θba < θca < 2π}

D2 = {(θba, θca) | 0 < θca < θba < 2π}

D3 = {(θba, θca) | θca = 0 ∪ θba = 0 ∪ θba = θca}. (29)

Over domain D1 (D2, respectively), we see that V (θba, θca) = 0
if and only if (θba, θca) = ( 2π3 , 4π

3 ) [( 4π3 , 2π
3 ), respectively].

Furthermore, V (θba, θca) > 0 for all points in D1,D2 except
the phase-balanced equilibria. [See Fig. 6(a).] Finally, we can
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Fig. 6. (a) Lyapunov function V , which is clearly positive definite. Two local minima of the function are the stable equilibrium points. (b) Vector fields and all
equilibria.

derive

V̇ (θba, θca) = − (sin θba + sin
(
θba − θca

))2
− (sin θca + sin

(
θca − θba

))2
− (sin θba + sin θca

)2
. (30)

We see that V̇ (θba, θca) < 0 for all points in D1,D2 except
the phase-balanced equilibria. The function V (·, ·) satisfies all
conditions laid out in Theorem 1; we can therefore establish the
asymptotic stability of the phase-balanced equilibria.

2) Region of Attraction: Consider R( 2π3 , 4π
3 ), the ROA cor-

responding to the equilibrium: ( 2π3 , 4π
3 ). The first step to char-

acterizing the ROA is to find a set contained in D1, which is
positively invariant. Consider the candidate

Ω1(ε) = {(θba, θca) | 2ε ≤ θba + ε ≤ θca ≤ 2π − ε} (31)

where ε ∈ (0, 2π
3 ). [See Fig. 6(b).] It can be proved that Ω1(ε)

is a positively invariant set. To show this, we need to prove

(θ̇ba, θ̇ca) · η < 0 ∀(θba, θca) ∈ ∂Ω1(ε) (32)

where η is the outward normal on the boundary ∂Ω1(ε) of the
region Ω1(ε). From Fig. 6(b) we tease out three outward-normal
vectors: η1 = (−1, 0)T, η2 = (0, 1)T, and η3 = (1,−1)T cor-
responding to the boundaries θba = ε, θca = 2π − ε, and θca =
θba + ε, respectively. We can boil down (32) for η1, η2, and η3
to satisfying the following condition ∀ε ∈ (0, 2π

3 ), θ ∈ [0, 2π):

2 sin ε+ sin θ + sin (ε− θ) > 0. (33)

With the aid of elementary trigonometric identities, the left-hand
side above can be factored as

2 sin
( ε
2

)(
2 cos

( ε
2

)
+ cos

(
θ − ε

2

))
.

For ε ∈ (0, 2π
3 ), sin ( ε2 ) > 0, and cos ( ε2 ) >

1
2 ; from this, we see

that (33) follows readily.
This above line of reasoning establishesΩ1(ε) ⊂ R( 2π3 , 4π

3 ).
In fact, the determination also aids in establishing

D1 = R
(
2π

3
,
4π

3

)
. (34)

We demonstrate this by proving R( 2π3 , 4π
3 ) ⊂ D1 and D1 ⊂

R( 2π3 , 4π
3 ); both by contradiction.

To show D1 ⊂ R( 2π3 , 4π
3 ), we assume that there exists some

(θ1, θ2) such that (θ1, θ2) ∈ D1 but (θ1, θ2) /∈ R( 2π3 , 4π
3 ).

However, by construction, there always exists some ε such that
(θ1, θ2) ∈ Ω1(ε) ⊂ R( 2π3 , 4π

3 ), thereby contradicting the fact
that Ω1(ε) ⊂ D1.

To show R( 2π3 , 4π
3 ) ⊂ D1, consider that there exists some

(θ1, θ2) such that (θ1, θ2) /∈ D1 but (θ1, θ2) ∈ R( 2π3 , 4π
3 ).

Since ( 2π3 , 4π
3 ) ∈ D1 and the ROA is a connected set, then any

trajectory emanating from (θ1, θ2) to the equilibrium ( 2π3 , 4π
3 )

intersects with ∂D1. Note, however, that ∂D1 ⊂ D3. Such an
intersection contradicts the fact that no points in D3 are in
R( 2π3 , 4π

3 ), which can be derived from the facts that ( 2π3 , 4π
3 ) /∈

D3 and D3 is positively invariant. We close out the discussion
by establishing the positive invariance for completeness. Since
D3 = ∂D3, it suffices to satisfy the condition

(θ̇ba, θ̇ca) · ζ = 0 ∀(θba, θca) ∈ D3 (35)

where ζ is the normal vector to the boundary of D3, to
demonstrate the positive invariance of D3. From Fig. 6 we
can identify three normal vectors, namely, ζ1 = (1, 0)T, ζ2 =
(0, 1)T, and ζ3 = (1,−1)T for boundaries θba = 0, θca = 0, and
θca = θba, respectively. Evaluating the derivatives (θ̇ba, θ̇ca) at
these boundaries, we obtain (0, 3K sin θca), (3K sin θba, 0), and
(3K sin θba, 3K sin θba), respectively. It can be verified that (35)



LU et al.: LARGE-SIGNAL STABILITY OF PHASE-BALANCED EQUILIBRIA IN SINGLE-PHASE GRID-FORMING INVERTER SYSTEMS 3631

holds for all three cases. Thus, we conclude that D3 is positively
invariant.

In a similar vein, we can establish

D2 = R
(
4π

3
,
2π

3

)
. (36)

The discussion is not repeated in the interest of brevity.

D. Stability Assessment of Other Equilibria

Consider the other equilibria that we identify:
(0, 0), (0, π), (π, 0), (π, π). The small-signal model of
the phase-difference dynamics (23) can be expressed as[

Δθ̇ba

Δθ̇ca

]
= J (θba

eq, θ
ca
eq)

[
Δθba

Δθca

]
(37)

where Δθba, Δθca denote small perturbations around the equi-
libria (θba

eq, θ
ca
eq), and J (θba

eq, θ
ca
eq) is the Jacobian matrix given by

K

[
2 cos θba

eq + cos(θba
eq − θca

eq) cos θca
eq − cos(θba

eq − θca
eq)

cos θba
eq − cos(θca

eq − θba
eq) 2 cos θca

eq + cos(θca
eq − θba

eq)

]
.

Denote the eigenvalues of J (θba
eq, θ

ca
eq) by

λ1(θ
ba
eq, θ

ca
eq), λ2(θ

ba
eq, θ

ca
eq). For the equilibria considered,

λ1(0, 0) = λ2(0, 0) = 3K > 0

λ1(0, π) = λ1(π, 0) = λ1(π, π) = K > 0

λ2(0, π) = λ2(π, 0) = λ2(π, π) = −3 K < 0

establishing (0,0) to be unstable, and (0, π), (π, 0), (π, π) to be
saddle points.

With the analytical developments discussed so far, we note
that the ROA for the phase-balanced equilibria cover almost
the entire phase plane. Therefore, it can be concluded that
phase-balanced equilibria emergent in a system of intercon-
nected single-phase GFM inverters are large-signal stable under
balanced three-phase conditions.

V. VALIDATION

In this section, we present numerical simulations and results
from an experimental prototype to validate the analytical find-
ings on stability of the phase-balanced equilibria. The numerical
simulations focus on establishing robustness of the approach by
considering asymmetric setups with disparity in values adopted
for: droop slopes, load values, output impedances, and power
setpoints. Nonlinear loads are also considered. On the other
hand, the experimental setup focuses on overall evaluation in
the face of large-signal disturbances including load changes and
start-up from nonbalanced initial conditions.

A. System Description

The system considered for validation (simulations and ex-
periments) consists of six single-phase GFM inverters with
droop control connected across the three phases. A three-phase
transformer with wye-delta connections is utilized and loads
are included on both sides of the transformer. A schematic of

Fig. 7. Schematic of system utilized in the numerical simulations and experi-
ments: six single-phase droop-controlled inverters, a transformer, and loads.

TABLE I
PARAMETERS UTILIZED IN NUMERICAL SIMULATIONS AND EXPERIMENTAL

PROTOTYPE

the setup is shown in Fig. 7. Pertinent parameters are given in
Table I. Note that these are applicable for both simulations and
experiments.

B. Numerical Simulations

We perform a suite of simulations with results (inverter output
currents and terminal voltages) all shown in Fig. 8. Individual
simulation setups, results, and inferences are discussed next.

1) Nominal Operation: The first simulation verifies steady-
state phase balancing and power sharing among inverters
with identical parameters. Pertinent waveforms are shown in
Fig. 8(a); simulation results show phase-balanced operation and
power sharing across the six inverters.
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Fig. 8. Simulation results to demonstrate robustness of phase-balanced operation when symmetry and homogeneity assumptions leveraged in the analysis are
challenged. (a) Nominal Operation. (b) Load Imbalance. (c) Nonlinear Loads. (d) Different power setpoints. (e) Different droop slopes. (f) Different Output-
impedance R/X Ratios.

2) Load Imbalance: This simulation is conducted to show
system maintaining phase-balancing and power sharing with im-
balances in the three-phase loads. In particular, the three-phase
local loads on the primary side of the transformer are set as:
5Z load,a = Z load,b = 0.2Z load,c. The loads on the high-voltage
side are maintained to be balanced. Results shown in Fig. 8(b)
establish phase-balanced operation with power sharing between
both sets of inverters.

3) Nonlinear Loads: This simulation verifies phase balanc-
ing and power sharing with nonlinear loads. In particular, de-
viating away from the linear loads assumed in the analysis and
utilized in the remainder of the validation effort, we assume
(nonlinear and appropriately rated) three-phase diode rectifier
loads are connected at the low-voltage side of the transformer.
As shown in Fig. 8(c), the terminal voltages of the inverters

continue to be sinusoidal and phase balanced; the output cur-
rents are—as anticipated—non sinusoidal due to the rectifier
loads.

4) Different Power Setpoints: The analytical developments
were built on the supposition that the power setpoints are equal
in a per-unit sense (by construction) and that they sum up
to account for the load in the system (via some supervisory
control effort). In real applications, these assumptions may
not hold. In this simulation, we consider the setting where
P �
1 = 100 W, Q�

1 = 200 VA, P �
2 = 100 W, Q�

2 = 100 VA,
P �
3 = 150 W, Q�

3 = 50 VA, P �
4 = 150 W, Q�

4 = 50 VA,
P �
5 = 200 W, Q�

5 = 100 VA, and P �
6 = 0 W, Q�

6 = 200 VA.
Waveforms in Fig. 8(d) show that even with all six inverters
having power setpoints that deviate away from the assumptions
described above, phase-balanced operation can still be achieved.
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Fig. 9. Experimental system with six single-phase droop-controlled inverters,
a transformer, and loads.

5) Different Droop Slopes: In this simulation, the
single-phase inverters are programmed with droop slopes
deviating away from the design specification in (5). For
the frequency droop, the permissible frequency deviations are
selected between 0.3 rad/s and 0.5 rad/s, randomly; specifically,
Δω1 = 0.5× 2π rad/s, Δω2 = 0.4× 2π rad/s, Δω3 = 0.3×
2π rad/s, Δω4 = 0.4× 2π rad/s, Δω5 = 0.5× 2π rad/s, and
Δω6 = 0.3× 2π rad/s. For the voltage droop, the permissible
voltage deviations are also selected randomly, this time between
4% and 6%; specifically, ΔV1 = 5%, ΔV2 = 4%, ΔV3 =
6%, ΔV4 = 5%, ΔV5 = 4%, and ΔV6 = 5%. Waveforms in
Fig. 8(e) show that phase balancing can still be achieved.

6) Different Output-Impedance R/X Ratios: In this simu-
lation, we depart from the homogeneity assumption on output-
impedance R/X ratios in (3). Particularly, we choose resistance
R ∈ [0.1, 0.3] Ω and inductanceL ∈ [1, 3]mH. TheR/X ratios
range from 0.088 to 0.796. Simulation results in Fig. 8(f) indicate
that this does not impact phase-balanced operation.

C. Experimental Results

The laboratory-scale prototype is shown in Fig. 9. A Texas In-
struments TMS320F28379D microprocessor implements droop
control with 5% and 0.5 Hz voltage and frequency droop, respec-
tively. In addition to oscilloscope measurements, voltage, and
current waveforms are also measured with a Yokogawa WT5000
power analyzer.

The full suite of experiments performed include the following.
1) Validation of phase-balanced behavior across phases and

synchronized operation in each phase in steady state.
2) Maintenance of phase-balanced operation across phases

during (large-signal) load step-up and load step-down
transients.

3) System dynamics that clearly show convergence from
an initially imbalanced condition towards phase-balanced
operation once transformer-Δ coupling is introduced be-
tween phases.

Fig. 10. Steady-state performance: (a) Voltages of six single-phase GFM
inverters. (b) Current sharing within each phase. and (c) Voltages and currents
at the transformer secondary terminals.

Overall, these experiments illustrate the robustness of the
proposed approach in the face of large-signal disturbances and
the validity of the analytical developments in establishing the
feasibility of phase-balanced operation.

The first set of experimental results in Fig. 10 show the
system in steady state during normal operation. Waveforms in
Fig. 10(a) illustrate phase-balanced operation as well as syn-
chronized voltages on each individual phase. The currents in
Fig. 10(b) confirm that the inverters share power automatically.
Line-to-line voltages and currents on the delta-connected side
of the transformer are shown in Fig. 10(c). Power analyzer
computations confirm that the relative angles are θba ≈ 120◦

and θca ≈ 240◦.
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Fig. 11. Dynamic performance during load-step changes: (a) Loads step up,
and (b) Loads step down. The system retains phase-balanced operation through
these changes.

Next, we evaluate dynamic performance during transients
with loads on the transformer secondary side undergoing step
changes. Fig. 11(a) shows inverter voltages and currents as well
as the voltage and current on the transformer secondary when
Pload increases from 300 to 600 W. Performance during a load
step down from 600 to 300 W is shown in Fig. 11(b). Evidently,
the voltages across phases a, b, and c are able to maintain phase
balancing during these transients.

Finally, we consider a start-up procedure with a relay interfac-
ing the transformer to the inverter system. A series-connected
resistor is used to limit inrush currents when the inverters are
initially connected to the transformer. Measurements are shown
in Fig. 12. Just before the relay is closed at t1, it can be seen that
inverters on each phase are synchronized to each other while
waveforms between phases are imbalanced. After the relay is
closed, the system converges to a phase-balanced steady state.
Once the system is balanced at t2, the start-up resistance is
shorted out and the system maintains nominal operation from
there forward.

The currents in Figs. 10 and 11 appear nonsinusoidal. Such
phenomenon is attributed to the nonlinear magnetic properties
of the three-phase transformer. This is typical in a distribution
power transformer as was used in our experiment. In particu-
lar, the magnetizing inductance of a typical transformer has a
nonlinear B-H curve, which gives rise to low order harmonics,
especially third-order harmonics, within the current waveforms.
In all cases, the voltages generated by the GFM inverters are
sinusoidal.

Fig. 12. Dynamic performance during startup: (a) Prior to the relay closing,
the phase voltages are not balanced. (b) With the closure of the relay, the system
achieves phase-balanced operation.

VI. CONCLUSION AND FUTURE WORK

In this article, we propose a method of using large numbers
of single-phase GFM inverters to provide uninterrupted three-
phase power. We prove that scores of droop-controlled inverters
are able to simultaneously achieve power sharing while also
giving phase balancing across distinct phases. This multitude
of objectives is achieved without explicit communication chan-
nels and arises purely out of the inherent system dynamics.
Taken together, this article establishes a vision for ultraresilient
distribution systems as well as an accompanying analytical
framework and experimental validation. As part of future work,
it is pertinent to pursue analytical formulations and theoretical
results that accommodate imbalances, nonuniformities, and are
generally more reflective of practical setups. Additional threads
of future research include investigating the behavior of other
GFM primary-control methods, factoring in the source-side
dynamics into pertinent models (and analysis), and evaluating
performance in more complex networks.

APPENDIX

A. Establishing Power Sharing (11)

Let us begin with the active power sharing claim in (11a).
The combination of (4b) and (5b) give the common steady-state
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frequency for each phase as

ωφ = ωnom −Δωmax

(
Pφ
k

Sφ
k

− Pφ�
k

Sφ
k

)
. (38)

Rearranging terms, we can isolate

Pφ
k

Sφ
k

=
Pφ�
k

Sφ
k

+
ωnom − ωφ

Δωmax
. (39)

Note that the right-hand side of (39) is a constant since it only de-
pends on network-wide quantities/constants (ωnom, ω

φ,Δωmax)

and from (7) we recognize that the ratio Pφ�
k

Sφ
k

is identical across

all inverters in each phase. This establishes (11a).
Next, we consider the reactive power sharing claim in (11b).

With the aid of (10a) and the voltage-droop law in (4a), we can
obtain

Qφ
k

Sφ
k

=
V φ(Vnom − V φ) + V φΔVmax

Qφ�
k

Sφ
k

− V 2
nomRpu

Pφ
k

Sφ
k

V 2
nomXpu + V φΔVmax

.

(40)
Note that the right-hand side of (40) depends only on network-
wide quantities and constants (V φ, Vnom, ΔVmax, Rpu, Xpu) as

well as on the ratios Qφ�
k

Sφ
k

and Pφ
k

Sφ
k

, which are identical for all

inverters in each phase (as we can recognize from (7) and the
prior discussion on active-power sharing). Therefore, we can
conclude that the right-hand side of (40) is a constant, which
establishes (11b).

B. Derivation of (17)

Consider the equivalent circuit shown in Fig. 5(b). Notice that
the clockwise mesh currents in each phase branch are denoted
by {Ia1, Ia2, Ia3}, {Ib1, Ib2, Ib3}, and {Ic1, Ic2, Ic3}. For each
phase, φ, we have the following set of equations that arise from
application of Kirchhoff’s laws and mesh analysis:

N2Z loadIφ1 +N2Zagg(Iφ1 − Iφ2) +NV
φ
agg = 0 (41a)

ZpIφ2 + Z0(Iφ2 − Iφ3)

+N2Zagg(Iφ2 − Iφ1)−NV
φ
agg = 0 (41b)

Z0(Iφ3 − Iφ2) + ZsIφ3

+ Z load,s

∑
k∈Φ\φ

(Iφ3 − Ik3) = 0. (41c)

The values of the nine current phasors, {Iφ1, Iφ2, Iφ3}, φ ∈ Φ
are obtained from the solution of the three sets of algebraic
equations. Solving the expressions by hand is possible but an
arduous process. To bypass this issue, we applied Mathematica’s
symbolic solver to compute the mesh currents in closed form.
The current flowing through the aggregated inverter model Iφ,
which is the difference of Iφ = Iφ2 − Iφ1, can be expressed as

Iφ =
N

Zeq1

∑
k∈Φ

V
k
agg +

N

Zeq2
V

φ
agg (42)

where Zeq1 and Zeq2 are equivalent impedances contain-
ing system impedance information, including the transformer
impedances and inverter output impedances. The closed-form
expressions of Zeq1 and Zeq2 are

Zeq1 =
α1α2

Z
2
0Z

2
loadZ load,s

, Zeq2 =
N2α2

α3
(43)

where

α1 = N2ZaggZ load(Z0 + Zs)

+ (Zagg + Z load)(ZpZs + Z0(Zp + Zs))

α2 = (N2ZaggZ load + (Zagg + Z load)Zp)(3Z load,s + Zs)

+ Z0(Z load(3Z load,s + Zp + Zs)

+ Zagg(3Z load,s +N2Z load + Zp + Zs))

α3 = (N2Z load + Zp)(3Z load,s + Zs)

+ Z0(3Z load,s +N2Z load + Zp + Zs).

The apparent power delivered by each aggregated inverter in
phase φ ∈ Φ is given by

S
φ
= N V

φ
agg I

∗
φ. (44)

The real and imaginary parts of (44) yield the active- and
reactive-power expressions given in (17).
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