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Abstract—As considering both copper loss and iron loss, the loss
minimization control (LMC) method could help permanent mag-
net synchronous motors (PMSMs) get higher efficiency compared
with the traditional maximum torque per ampere control method.
Unfortunately, it suffers from approximate models and the electro-
magnetic torque, which is hard to get precisely. To overcome these
shortcomings and further improve efficiency, this article proposes
an improved LMC method based on bivariate extreme value theory
for PMSMs. First of all, based on the equivalent model of PMSM
considering both copper loss and iron loss, the electrical loss of the
PMSM is transformed into a function of the d-q-axis currents. Then,
according to the bivariate extreme value theory, the optimal d-q-
axis currents without the torque constraint are obtained. On this
basis, the optimal d-axis active current model is derived, while the
q-axis active current is obtained by the speed controller. After that
a current regulator with the feedforward decoupling control of iron
loss currents is designed to realize the LMC strategy with implicit
torque constraint. At last, implementing comparative experiments
with id = 0 control and traditional LMC method, the improved
LMC strategy can increase the efficiency of PMSMs significantly,
which verifies its effectiveness.

Index Terms—Bivariate extreme value theory, copper loss,
feedforward decoupling control, iron loss, loss minimization
control (LMC), permanent magnet synchronous motor (PMSM).

I. INTRODUCTION

IN THE last decades, permanent magnet synchronous motor
(PMSM) systems have been widely used in the field of

electric vehicles [1], [2], [3] because of their simple structure,
high torque-current ratio, high power density, and low power
loss [4], [5], [6]. It is crucial to improve the efficiency of PMSM
systems for longer battery life and driving distance. Optimizing
the structure and material design of PMSM [7], [8], [9], [10] is
not the only way to improve the efficiency of the drives. Different
kinds of high efficiency control methods can also be used to
increase their performance. Typically, the field-oriented control
(FOC) [11], which simplifies controller design, like the id = 0
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strategy, is used for PMSM systems. But in this way, the air-gap
flux is uncontrollable so that the efficiency of the PMSM cannot
be optimized. To solve this problem, researchers have proposed
a variety of loss minimization control (LMC) methods, such
as maximum torque per ampere (MTPA) control, online search
control (SC), and LMC [12], [13], [14], [15], [16].

The MTPA control method minimizes motor current while
maintaining constant motor torque [17], [18], [19]. Despite this,
the d-q-axis currents are derived from the torque equation, which
ignores iron loss. Therefore, the MTPA control can achieve the
minimum copper loss merely, which is a local optimal solution.
The SC method is also referred to as minimum input power
control. The stator current is regulated continuously to maximize
the operation efficiency [20], [21], [22]. This method optimizes
the entire drive system including the motor and inverter, so that
it can achieve a global optimization. Since the SC method has a
low response speed, it can only decrease motor losses in steady
state, which greatly limits its applicability. Comprehensively
considering the iron loss and copper loss, the LMC method can
realize a global optimization of motor losses [23], [24], [25]. It
has a great potential for application because of its high response
speed and high reliability.

In traditional LMC method, the iron loss and copper loss of
PMSMs are modeled by d-q-axis active currents. Depending on
the unary extremum theory, a mathematical model of optimal
current can be obtained. The loss model, which is complicated, is
a quartic function of the d-axis active current, so the ideal d-axis
active current must be calculated at first. Then, through complex
transformations, the model of the ideal d-axis current can be
obtained. Unfortunately, to eliminate the q-axis active current,
the electromagnetic torque is introduced into the loss model
based on the electromagnetic torque function of the PMSM in
the above-mentioned process [23], [24], [25].

By the equivalent transformation of the controlled variable,
Hang [23] carries out a novel LMC method that improves the
optimal current models. But the electromagnetic torque which
the optimal current models included is introduced by the speed
PI controller so that its accuracy is limited by the measurement
noise of the sensor and the phase delay of the controller. Uddin
[24] proposed a direct torque and flux control based LMC
method for PMSMs. It reduces the electrical loss of PMSMs
by optimizing the air-gap flux. Nevertheless, the observers for
electromagnetic torque and flux are essential in this method.
Moreover, a loss model based nonlinear controller (LMNC) is
designed by him to achieve an efficiency improvement and a
great dynamic performance of PMSMs in [25]. To cope with the
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Fig. 1. Equivalent model of the PMSM with iron loss resistance.

parameter uncertainties, an online estimation of the motor me-
chanical parameters such as the friction coefficient and the load
torque is introduced. However, the LMNC, which is composed
of nonlinear controller, loss minimization, and online parameter
estimation algorithm, is a little complicated.

In most applications, the electromagnetic torque cannot be
obtained accurately, which is essential to be measured by torque
sensors or estimated by state observers. As a result, the tradi-
tional LMC strategy is complex and the accuracy is limited.

The rest of this article is organized as follows. To solve the
traditional LMC problems, this article proposes an improved
LMC method based on the bivariate extreme value theory. In
Section II, the equivalent model of PMSMs considering copper
loss and iron loss is presented. In Section III, the derivation
of optimal currents model and the control block diagram of
the improved LMC strategy are introduced. In Section IV,
compared with id = 0 control and traditional LMC strategies,
the experiment results indicate that the proposed LMC method
can comprehensively reduce the electrical loss of the PMSM.
Finally, Section V concludes this article.

II. EQUIVALENT MODEL OF PMSMS CONSIDERING COPPER

LOSS AND IRON LOSS

In steady state, the loss of PMSMs mainly includes copper
loss, iron loss, friction loss, and stray loss. The stray loss is
ignored in this article because it is much lower than other kinds
of power loss. Meanwhile, related to speed, the friction loss
cannot be reduced by control strategies. Hence, it is rational to
decrease the electrical loss which includes copper loss and iron
loss.

Considering the copper loss and iron loss, Fig. 1 shows
the equivalent model [23], [24], [25] of PMSMs. In Fig. 1,
ud and uq are d-q-axis voltages, respectively, id and iq are
d-q-axis currents, respectively, icd and icq are d-q-axis iron loss
currents, respectively, iod and ioq are d-q-axis active currents,
respectively, Rs and Rc are stator phase resistance and iron loss
resistance, respectively. The iron loss resistance Rc of PMSM
can be estimated by approximate calculation [26], [27], [28] or
finite-element method [29], [30]. In this article, it is obtained by
approximate calculation scheme proposed in [26]. Ld and Lq are

d-q-axis inductances, respectively, ψf is the permanent magnet
flux linkage, and ωe is the electric angular velocity of the motor.

According to the equivalent circuit, in the synchronous refer-
ence frame, the voltage equation of the PMSM is expressed as
follows: {

ud = Rsid + Ld
diod
dt − ωeLqioq

uq = Rsiq + Lq
dioq

dt + ωe (Ldiod+ψf) .
(1)

In synchronous reference frame, the current equation of the
PMSM is expressed as follows:{

id = iod+
Ld

Rc

diod
dt − ωeLqioq

Rc

iq = ioq+
Lq

Rc

dioq

dt +
ωe(Ldiod+ψf )

Rc
.

(2)

When the constant amplitude is used as the constraint condi-
tion for coordinate transformation, where Te is the electromag-
netic torque of the PMSM, the torque equation is expressed as
follows:

Te =
3

2
p [ψf ioq + (Ld − Lq) iodioq]. (3)

Respectively, the copper loss Pcu, iron loss Pfe, and electrical
loss Pe of PMSMs are calculated as follows:

Pcu =
3

2
Rs

(
i2d+i

2
q

)
(4)

Pfe =
3

2
Rc

(
i2cd+i

2
cq

)
(5)

Pe = Pfe+Pcu. (6)

III. OPTIMAL MODEL AND CONTROL BLOCK DIAGRAM OF

IMPROVED LMC STRATEGY

A. Conventional LMC Method

Based on the equivalent circuit shown in Fig. 1, the current
equation of PMSMs under steady condition is expressed as
follows: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
id = iod+icd

iq = ioq+icq

icd = −ωeLqioq

Rc

icq = ωe(Ldiod+ψf )
Rc

.

(7)

The conventional LMC method is based on the FOC with
the superior reference of d-axis current. The control of q-axis
current is consistent with the FOC method, while the d-axis
current is controlled to maintain the optimal d-axis reference
current. In steady state, the copper loss Pcu, iron loss Pfe, and
electrical loss Pe of conventional LMC method is a function of
the d-q-axis active currents iod, ioq. Hence, based on (7), (4)–(6)
can be transformed into

Pcu =
3

2
Rs

{(
−ωeLqioq

Rc
+ iod

)2

+

[
ωe (Ldiod+ψf)

Rc
+ioq

]2}
(8)

Pfe =
3ω2

e

2Rc

[
(Lqioq)

2+(Ldiod+ψf)
2
]

(9)



2006 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 39, NO. 2, FEBRUARY 2024

Pe =
3

2
Rs

[(
−ωeLqioq

Rc
+ iod

)2

+

(
ωeLdiod+ωeψf

Rc
+ioq

)2
]

+
3ω2

e

2Rc

[
(Lqioq)

2+(Ldiod+ψf)
2
]
. (10)

By substituting (3) into (10), the electrical loss is transformed
into a function of d-axis active current iod, electric angular
velocity ωe, and electromagnetic torque Te. In steady state, both
theωe and Te are regarded as constant values so that the electrical
loss Pe is only related to iod. The optimal d-axis active current
of minimum loss can be obtained by the unary extreme value
theory as follows:

iod = − ω2
eψfLd (Rs+Rc)

RsR2
c+(Rs+Rc)ω2

eL
2
d

. (11)

Combining (2) and (3), the corresponding optimal d-axis
current is expressed as follows:

idref = − (Rs+Rc)ψfLdω
2
e

RsR2
c+(Rs+Rc)L2

dω
2
e

− 2ωeLqTe
[
RsR

2
c+L

2
d (Rs+Rc)ω

2
e

]
3pRcψf [RsR2

c+LdLq (Rs+Rc)ω2
e ]
. (12)

However, it can be seen from (3) and (10) that Pe is a quartic
function of iod, which brings about a complicated modeling
process of traditional LMC method.

B. Optimal Model of Improved LMC Method

Eliminating the iod and ioq of (7), the d-q-axis iron loss
currents are derived as follows:⎧⎨

⎩icd =
−ωeRcLqiq+ω

2
eLdLqid+ω

2
eLqψf

R2
c+LdLqω2

e

icq =
ωe(RcLdid+Rcψf+ωeLdLqiq)

R2
c+LdLqω2

e
.

(13)

The copper loss model of the PMSM is shown in (4). Substi-
tuted (13) into (5) and (6), the iron loss and electrical loss of the
PMSM are calculated as follows:

Pfe =
3

2
Rcω

2
e

(−RcLqiq + ωeLdLqid + ωeLqψf

R2
c + LdLqω2

e

)2

+
3

2
Rcω

2
e

(
RcLdid +Rcψf + ωeLdLqiq

R2
c + LdLqω2

e

)2

(14)

Pe =
3

2
Rs

(
i2d+i

2
q

)

+
3Rcω

2
e (−RcLqiq + ωeLdLqid + ωeLqψf)

2

2(R2
c + LdLqω2

e )
2

+
3Rcω

2
e (RcLdid +Rcψf + ωeLdLqiq)

2

2(R2
c + LdLqω2

e )
2 . (15)

In (15), Pe is a function of id and iq. According to the theory of
bivariate extreme value theory, the possible extreme point (idref,

iqref) without the torque constraint is the solution of{
∂Pe

∂id
= 0

∂Pe

∂iq
= 0.

(16)

The possible optimal d-q-axis currents idref and iqref are
calculated as follows:⎧⎨

⎩idref =
−LdRcψfω

2
e [(Rc+Rs)L

2
qω

4
e+R

2
cRs]

aω4
e+bω

2
e+c

iqref =
Lq(Lq−Ld)R

2
cRsψfω

3
e

aω4
e+bω

2
e+c

.
(17)

Where a, b, and c represent the coefficient of the possible
optimal d-q-axis currents, respectively. These coefficients are
constant in steady state, which are expressed as follows:⎧⎨

⎩
a = [LdLq (Rc +Rs)]

2

b = R2
cRs

[(
L2
d + L2

q

)
Rc + 2LdLqRs

]
c = R4

cR
2
s .

(18)

According to (15), the variables A, B, and C are defined as
follows:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

A = ∂2Pe

∂i2d
= 3

[
Rs +

RcL
2
dω

2
e(R2

c+L
2
qω

2
e)

(R2
c+LdLqω2

e )
2

]
B = ∂2Pe

∂id∂iq
=

3LdLq(Ld−Lq)R
2
cω

3
e

(R2
c+LdLqω2

e )
2

C = ∂2Pe

∂i2q
= 3

[
Rs +

RcL
2
qω

2
e(R2

c+L
2
dω

2
e)

(R2
c+LdLqω2

e )
2

]
.

(19)

The AC −B2 is derived as follows:

AC −B2 =
9
(
aω4

e + bω2
e + c

)
(R2

c + LdLqω2
e )

2 . (20)

Since the molecules and denominators of (20) are positive,
AC −B2 > 0 can be confirmed. Hence, according to the theory
of bivariate extreme value theory, the extreme value of Pe exists
when the optimal d-q-axis currents are expressed as (17). And
it can be confirmed that the extreme value is the minimum in
terms of the function properties of Pe.

According to (7), the model of d-axis active current can be
expressed by d-q-axis currents as follows:

iod =
R2

cid + ωeRcLqiq − ω2
eLqψf

R2
c + LdLqω2

e

. (21)

Therefore, the optimal model of d-axis active current is cal-
culated as follows:

i∗od =
−ψfω

2
e

[
R2

cRs (LdRc+LqRs)+LdL
2
q(Rc +Rs)

2ω2
e

]
aω4

e + bω2
e + c

.

(22)

C. Control Block Diagram of Improved LMC Method

Based on the equivalent model of PMSM considering both
copper loss and iron loss, it can be found that d-q-axis active
currents control PMSMs actually. Because of Ld = Lq, the elec-
tromagnetic torque model of surface-mounted PMSMs include
no reluctance torque. Hence, their electromagnetic torque Te

is merely related to q-axis active current. For interior PMSMs,
according to (3) based on the parameters of different rated torque
motors, it can be confirmed that the d-axis active current has
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Fig. 2. Control block diagram of improved LMC strategy.

little effect on electromagnetic torque. Obviously, the influence
of electromagnetic torque on the optimal d-axis active current
model of PMSMs is negligible. Therefore, the optimal d-axis
active current model based on the bivariate extreme value theory
is used to design the control law. Meanwhile, in order to con-
sider the torque constraint without introducing electromagnetic
torque, the optimal q-axis active current is generated by the speed
PI controller.

The control block diagram of the improved LMC strategy is
shown in Fig. 2. The reference of optimal q-axis active current
ioq∗ which implies the torque constraint is obtained through the
speed PI controller with the reference speed n∗ and the actual
speed n. The actual electric angular velocity ωe of the PMSM
is fed back to the calculating module of optimal model, so that
the reference of the d-axis active current iod∗ is obtained. The
d-q-axis voltages ud and uq are obtained through the current PI
controller and the feedforward decoupling controller. Then the
pulsewidth modulation signal can be obtained by transforming
ud and uq to drive the PMSM. Meanwhile, based on (7) and
(13), the d-q-axis currents are transformed into d-q-axis active
currents and d-q-axis iron loss currents. Finally, the transformed
currents and position signals of the PMSM are fed back to the
controller to form a closed loop.

As shown in Fig. 3, according to the equivalent model of
PMSM considering copper loss and iron loss, the ud and uq
are composed of the voltage components ud1 and uq1 generated
by corresponding active currents and the voltage components
ud2 and uq2 generated by corresponding iron loss currents on
Rs, respectively. The voltage equation of those components is
expressed as follows:{

ud = ud1 + ud2
uq = uq1 + uq2.

(23)

The specific structure of the current PI controller and the
feedforward decoupling controller is shown in Fig. 4. The cur-
rent controller consists of two PI regulators. According to (13),
combined with the actual d-q-axis current, the d-q-axis iron loss
current icd and icq can be obtained. A feedforward decoupling
control based on icd and icq is designed to compensate the voltage
drop caused by iron loss current on Rs.

In summary, according to the optimal model based on the
bivariate extreme value theory and the novel design of the control

Fig. 3. Decomposition of PMSM Equivalent Model. (a) Decomposition of
d-axis circuit. (b) Decomposition of q-axis circuit.

Fig. 4. Control block diagram of current controller.

block diagram with feedforward compensation, the improved
LMC strategy with implicit torque constraint can be realized.

IV. EXPERIMENT VERIFICATION

To verify the effectiveness of the proposed algorithm, the
comparative experiment is implemented among the id = 0
control method (Method I), traditional LMC method (Method
II), and proposed control method (Method III). The experiment
platform is shown in Fig. 5. The parameters of the 380 W PMSM
are shown in Table I, and the iron loss resistance therein is
estimated by approximate calculation scheme proposed in [26].
The PMSM is connected to one end of the torque sensor through
a coupling, and the other end is connected to the hysteresis brake
by the same way. All the control strategies in the comparative
experiment are implemented based on the TMS320F28069 DSP
platform. The load torque provided by hysteresis brake is regu-
lated through the controlled current source. The input power is
measured by the power meter HIOKI PW3337, and the output
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Fig. 5. Experiment platform.

TABLE I
PARAMETER OF THE INVESTIGATED PMSM

Fig. 6. Phase currents of the PMSM with the three methods.

power is measured by the torque sensor. Meanwhile, the current
waveform is monitored by the oscilloscope Rohde&Schwarz
RTM3004. Based on the experimental data, the different power
loss can be separated. The copper loss of the PMSM is obtained
from the phase resistance and the three-phase RMS current
measured by PW3337. The iron loss and the friction loss of
the PMSM are obtained by subtracting the output power and the
copper loss from the input power.

A. Steady-State Performance

At the reference speed 3000 r/min with the load torque
0.3 N·m, the phase current waveforms, the phase current spec-
trums, the reference and actual waveforms of d-q-axis active
currents, the torque curves and the output power curves of the
PMSM are shown in Figs. 6 –11 in order. Fig. 6 shows the phase
current of the PMSM with the improved LMC strategy in steady-
state is similar to that of the others. While the current amplitude
is 11.97 A with Method III which is lower than 12.54 A with
Method II, and 13.14 A with Method I in Fig. 7. Meanwhile, the
d-axis active reference current iod∗ and the actual current iod of

Fig. 7. Phase current spectrum of the PMSM with the three methods.

Fig. 8. d-axis active currents of the PMSM with the three methods.

Fig. 9. q-axis active currents of the PMSM with the three methods.

Fig. 10. Output torque curves of the PMSM with the three methods.

Fig. 11. Output power curves of the PMSM with the three methods.

the three methods are shown in Fig. 8. The q-axis active reference
current ioq∗ and the actual current ioq of the three methods are
shown in Fig. 9. It can be found that the d-q-axis actual active
currents of the three methods can track the reference well. In
addition, the motor speed and the output torque of the PMSM
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Fig. 12. Dynamic speed curves of the PMSM with the three methods.

with the three strategies can follow the reference speed and load
torque well. The output power of the PMSM with the three
strategies which fluctuates around 94.2 W follows the speed and
torque variation. Therefore, the steady-state performance of the
proposed improved LMC strategy is similar to that of Methods
I and II.

B. Dynamic Performance

With the reference speed of the PMSM increased from
3000–6000 r/min at the load torque 0.3 N·m, Fig. 12 shows
the speed curves of the PMSM with the three strategies have
similar trace and adjusting-time. During the transient process,
the peak speed of the PMSM with the proposed LMC method is
6051 r/min, which is slightly lower than 6079 r/min of Method
I and 6070 r/min of Method II. It can be concluded that the
dynamic performance of the proposed LMC strategy is similar
to that of id = 0 control strategy and traditional LMC strategy.

C. Electrical Loss and Efficiency at Varied Operating Point

The PMSM RMS phase currents are recorded at different
operating points which the speed varies from 1000 to 6000 r/min
and the load torque varies from 0.1 to 0.5 N·m. Then based
on the phase resistance Rs, the copper losses of the PMSM
at varied operating points are obtained. The three-dimensional
(3-D) figures of the copper losses based on the speed and
torque with the three control methods are shown in Fig. 13. The
mapping of the vertical color bars to the copper loss of the three
methods is consistent. It can be seen that the copper loss with
Method II is lower than that of Method I, and the copper loss
with Method III is lower than that of Method II. For example,
at the reference speed 6000 r/min with the load torque 0.5 N·m,
the copper loss of the PMSM with Method III is 25.12 W, which
is lower than 29.02 W of Method I and 26.65 W of Method II.
In other words, with the comparison of Method I and Method
II, the copper loss with Method III is reduced by 13.44% and
5.74%, respectively. Therefore, compared with the traditional
LMC strategy, the improved LMC strategy can further reduce
the copper loss of PMSMs. Moreover, the copper loss of the

Fig. 13. Copper losses of the PMSM with the three methods at varied operating
point.

PMSM increases with the increased load torque and speed, while
the effect of the load torque is more significant.

Similarly, the input power and the output power of the PMSM
are recorded at these operating points. By subtracting the output
power and copper loss from the input power, the sum of iron
loss and friction loss of the PMSM with the three methods
is obtained. For example, at the reference speed 6000 r/min
with the load torque 0.5 N·m, Fig. 14 shows the sum loss of
the proposed method is 31.85 W, which is lower than 35.77 W
of Method I and 33.52 W of Method II. Namely, with the
comparison of Method I and Method II, the sum of iron loss
and friction loss with Method III is reduced by 10.96% and
4.98%, respectively. It can be inferred that the friction loss
of this experiment platform with different control strategies is
equivalent at the same speed. And the color bars are identical
in these 3-D figures. Thus, the improved LMC strategy can
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Fig. 14. Iron losses and friction loss of the PMSM with the three methods at
varied operating point.

reduce the iron loss of the PMSM, and its effectiveness is
better than traditional LMC strategy. In addition, it is possible
to conclude that the iron loss is greatly affected by the speed of
PMSMs.

The efficiency cloud maps of the PMSM with the three
methods at varied operating point are shown in Fig. 15. The
color bars in the three efficiency cloud maps are identical.
For example, at the reference speed 6000 r/min with the load
torque 0.5 N·m, the efficiency of the PMSM with Method III
is about 84.65% which is higher than 82.90% of Method I
and 83.93% of Method II. Similarly, at the other same oper-
ating points, the efficiency of Method II is higher than that of
Method I, while the efficiency of Method III is higher than that of
Method II. Therefore, the improved LMC strategy can increase
the efficiency of PMSMs significantly which further verifies its
effectiveness.

Fig. 15. Efficiency cloud maps of the PMSM with the three methods.

V. CONCLUSION

This article proposed an improved LMC strategy based on
bivariate extreme value theory for PMSMs. First of all, based
on the equivalent model of PMSMs considering both copper
loss and iron loss, the electrical loss is derived as a function of
d-q-axis current. Then, the optimal d-q-axis current is obtained
by bivariate extreme value theory. Combined with the current
equation in steady state, the optimal d-axis active current model
is modeled. Meanwhile, the q-axis active current is obtained
by the speed controller, so that the improved LMC strategy
with implicit torque constraint is realized. In addition, a novel
feedforward decoupling control module is added to the current
controller to compensate the voltage drop on the Rs caused by
the iron loss currents. Finally, compared with id = 0 control
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method and traditional LMC strategy, the copper loss with the
improved LMC strategy is reduced by 13.44% and 5.74%, and
the sum of iron loss and friction loss is reduced by 10.96% and
4.98%, respectively. Therefore, the proposed LMC method can
significantly reduce the electrical loss of PMSMs.

In addition, the improved LMC method is sensitive to the
parameters of PMSMs, such as the stator resistance, stator
inductance, iron loss resistance, and flux linkage, which are
affected by temperature. Hence, to minimize the electrical loss
of PMSMs at different temperature, the parameter identification
is essential.
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