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Abstract—In this article, the effect of the pulsewidth-modulation
(PWM) delay on the stability of PWM dc-dc converters is analyzed.
First, a unified frequency-domain model considering the PWM
delay is proposed. Based on the proposed model, the physical
mechanism of the PWM delay is the sampling characteristic of
the modulation process rather than the digital controller. As the
analog PWM (APWM) and digital PWM (DPWM) converters
both have the modulation process, they both have the PWM delay.
Then, the different stabilities of APWM and DPWM converters are
compared, which are caused by the state feedback introduced by
the output ripple in the APWM converter. As these differences are
not caused by the additional time delay in the DPWM converter,
when other parameters are the same, the DPWM converter is not
always more unstable than the APWM converter. These influences
are rarely reported in existing analyses of the modulation and can
only be reflected by the proposed model. Finally, the stability of
basic converters is analyzed by the proposed model. Compared with
existing models, only the proposed model can reflect the different
stabilities between the APWM and DPWM converters accurately,
which is ensured by experiment results.

Index Terms—Analog pulsewidth modulation (APWM), digital
pulsewidth modulation (DPWM), frequency-domain model,
pulsewidth-modulation (PWM) delay, stability.

I. INTRODUCTION

HE pulsewidth-modulation (PWM) dc—dc converter plays
T an important role in the dc microgrid and distribution
generation [1], [2], [3]. Generally, the PWM dc—dc converter
has two main control methods: analog control and digital con-
trol. Compared with analog control, digital control has plenty
of advantages such as good expansibility, complex computing
ability, and low susceptibility to the environmental factor [4].
Thus, it was often predicted since the 1990s that digital control
would soon become the new standard for all dc—dc switching
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converters [5]. However, although the cost of the digital con-
troller has reduced dramatically in the last few decades, the
basic analog controller of the dc—dc converter is still cheaper
than the digital controller. Besides, the analog controller nat-
urally has infinite bandwidth. However, the bandwidth of the
digital controller is limited by the sampling process. Due to
the above advantages, the analog controller still has a huge
market share, which is continuously growing in recent years
[6]. For the moment, the analog- and digital-controlled dc—dc
converters are both important and indispensable components of
the existing application, and it is important to research both of
them.

To analyze the performance of these converters, the converter
model is indispensable, which can be divided into the discrete-
time model and frequency-domain model. The two models
both have their advantages. The discrete-time model has good
accuracy, which is the same as the simulation. Compared with
the discrete-time model, the accuracy of the frequency-domain
model is relatively low. However, the frequency-domain model
has a compact structure and can provide the bode diagram
of the converter, which is important for stability analysis and
controller design. Therefore, in recent years, a large number of
studies on stability analysis and controller design of the analog
PWM (APWM) converter [7], [8], [9] and the digital PWM
(DPWM) converter [10], [11], [12], [13], [14], [15] are based on
frequency-domain models. Except for the discrete-time model,
it is necessary to analyze the frequency-domain model of the
converter as well.

The state-space average (SSA) model is a classical frequency-
domain model [16], [17], [18]. In the SSA model, the state matrix
and input matrix are the weighted averages of those in each
mode. Based on the SSA model, plenty of nonlinear behaviors of
the PWM dc—dc converter have been analyzed, such as the non-
minimum phase phenomenon of the boost converter and the new
method to avoid this issue [19], [20], [21]. However, the SSA
model is not enough to represent all the nonlinear behaviors of
the PWM dc—dc converter. In the SSA model, all terms related to
the switching period and all effects of the ripple and modulation
on the converter stability are ignored. Therefore, the SSA model
is less accurate than the discrete-time model and it can only
reflect the low-frequency dynamics of PWM converters [22],
[23]. To increase the accuracy of the frequency-domain model
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TABLE I
DIFFERENCES BETWEEN THE PROPOSED MODEL AND EXISTING MODELS

Model Consideration of the PWM Delay

Cause of the PWM Delay

Stabilities of DPWM and APWM Converters

SSA Not considered

DA Not considered

MFA Not considered

ZOH Only in the DPWM converter

DF Only in the DPWM converter
Proposed In both APWM and DPWM converters

Not considered
Not considered
Not considered
Digital controller
Digital controller
Modulation process

Their stabilities are the same
Their stabilities are the same
Their stabilities are the same
DPWM converters are always more unstable
DPWM converters are always more unstable
DPWM converters are not always more unstable

without destroying its compact structure, continuous efforts have
been made.

For the APWM converter, the frequency-domain model is
mainly corrected by considering the ripple more finely. In
the discrete average (DA) model [24], [25], the effect of the
equivalent series resistance (ESR) of the output capacitor is
analyzed. Due to the ESR, the inductor current ripples in the
output voltage, which equivalently introduces additional induc-
tor current feedback and affects the stability of the converter.
Following the DA model, the output ripple is analyzed more
finely in the multifrequency average (MFA) model [26], [27],
[28], [29]. In the MFA model, the output ripple is caused by
both the ESR and discontinuous output current, and the output
of the controller contains a significant switching ripple when the
controller bandwidth is large. Based on the basic MFA model,
the model of converters with different switching frequencies is
further built in [30] and [31], and the beat frequency oscillator
is analyzed.

For the DPWM converter, except for the time delay caused by
the zero-order holder (ZOH) of the analog-to-digital converter
(ADC) and the computational delay, another kind of time delay
named the PWM delay is analyzed. In the ZOH model [32],
[33], [34], [35], [36], the PWM delay is considered to be caused
by the ZOH of controller output, which leads to a time delay
of the half-sampling period. In the describing function (DF)
model [37], [38], [39], the PWM delay is caused by the time
delay between the update moment of the modulation signal and
the moment when the modulation signal intersects the carrier.
The value of this time delay varies for carriers. Based on these
explanations, the PWM delay is caused by the digital controller,
and the APWM converter has no PWM delay.

However, in the existing models, the PWM delay is not con-
sidered properly. For the SSA, DA, and MFA models, the PWM
delays in the APWM and DPWM converters are both ignored.
For the ZOH and DF models, the PWM delay in the APWM
converter is ignored. The existing analyses are not enough to
reflect the influence of PWM delay on the stability of APWM and
DPWM converters accurately. Therefore, this article provides a
detailed analysis of the PWM delay. To show the novelty of the
proposed model, the differences between the proposed model
and existing models are compared and listed in Table I, and the
main contributions are summarized as follows.

1) A unified frequency-domain model considering the PWM
delay is proposed. In existing models, the PWM delay is
considered to be caused by the digital controller, which
only occurs in the DPWM converter. However, in the
proposed model, the PWM delay is caused by modulation.
As the APWM and DPWM converters both have the

modulation process, they both have the PWM delay as
well.

2) Based on the proposed model, the different stabilities
of APWM and DPWM converters are compared, which
are caused by the state feedback introduced by the
output ripple in the APWM converter. As these differ-
ences are not caused by the additional time delay in the
DPWM converter, when other parameters are the same,
the DPWM converter is not always more unstable than
the APWM converter. These influences are rarely reported
in existing analyses of the modulation and can only be
reflected by the proposed model.

3) The effects of the above PWM delay and state feedback on
the stability of basic converters are analyzed. Compared
with existing models, only the proposed model can reflect
the different effects of the PWM delay and state feed-
back in the APWM and DPWM converters. The proposed
model is more accurate than the existing models.

The rest of this article is organized as follows. The proposed
frequency-domain model is deduced in Section II. The stabilities
of APWM and DPWM converters are compared in Section III.
The experiments are shown in Section IV, whose results ensure
the validity of theoretical analyses. Finally, Section V concludes
this article.

II. PROPOSED MODEL

In this section, the principle of the proposed model is de-
rived. First, an augmented time-variant model is obtained. Then,
the time-variant model is transferred into the time-invariant
model. Finally, a frequency-domain model is obtained from the
time-invariant model, and the open-loop transfer functions are
obtained.

A. Augmented Time-Variant Model

In the mode k, the PWM dc—dc converter can be represented
by time-variant state-space equations

vo(t) = Crx(t)

where x(t), Vin(t), vo(t), Ak, By, and Cy, are the state vector,
input voltage, output voltage, state matrix, input matrix, and
output matrix of the converter, respectively.

If the transfer function of the controller is H(s), the con-
troller can be expressed as following time-invariant state-space
equations:

{)’(C(t) = Acxc(t) + Be(Vier — vo(t)) )

Um (t) = CCXC(t) + DC(‘/;ef - Uo(t))
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where x¢(t), Vier, Um(t), Ac, Be, Cc, and D¢ are the state
vector, reference output voltage, controller output, state matrix,
input matrix, output matrix, and direct transfer matrix of the
controller, respectively, and

H(s) = Cc(sE — Ac) 'Be + De. (3)

For the analog controller, the controller can be realized by the
analog system described by (2) directly. For the digital controller,
the controller is realized by iteration. To eliminate the time delay
caused by the ADC, the parameter of this iteration is generally
designed with the bilinear transformation. And (2) is just an
equivalent representation of its dynamic properties.

To simplify the analysis process, a uniform equation is ob-
tained by combining (1) with (2). With this transformation,
the whole system is transferred into the form of unit positive
feedback [40], which is expressed as

{)'(* (t) = Apx*(t) + Bju*(1)
um(t) = Cj,

X*(t) + Dc Vit
where x*(t), u*(t), A}, B}, and Cj, are the augmented state vec-
tor, augmented input vector, augmented state matrix, augmented
input matrix, and augmented output matrix, respectively, and

“

(1) = x0T xc®T,  w(t) = [Vialt) Vier(t)]"
. A 0 y B 0
Ar = {—Bckck AC]’ B = {ok BJ
Cj, = [-DcCi Cc. 5)

B. Proposed Time-Invariant Model

Generally, the frequency-domain model is obtained by the
small-signal analysis of a time-invariant model. To transfer (4)
into a time-invariant equation, the equivalent state variable X.q

is used and
{ ’.(eq(t) =
Xeq<t0) =

where A, is the equivalent state matrix, Beq is the equivalent
input matrix, and ¢ is the initial time point.

If the relationship between x*(to + T") and x* () is the same
as the relationship between Xeq(to + 7') and Xeq (o), Xeq(t) has
the same stability as x*(¢). For APWM converters with the
trailing-edge carrier, the relationship between x*(to + 7') and

x*(tp) is

AgXeq(t) + Bequ (t)
x (1) ©

x* (to + T) = ox* (to) + T'u* (to)
& — Ar(1-d)T ALd, T
I'= fo(lfd")T e A2 dr B3 @)

* _ d,T _ A*
+ eA2(1=dn)T Jo" e MTarB;

where ® and I are iteration matrices, and d,, is the duty cycle
of the nth period.

For DPWM converters with the trailing-edge carrier, due to
the ADC, the input of the digital controller is constant in a
switching period. Therefore, the relationship between x*(to +
T) and x*(t¢) is different from that in APWM converters, which
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is
x* (to + T) = $ox* (tg) + I'u* (to)
6A2(17dn)T€AldnT 0
® = T _A AcT
— [y € ATdTBcCy  efe (8)
L= [T —Asr 4By
+ AT [T o~ AiT By

And the relationship between Xeq(to + 1') and xeq(to) is

Xeq (t(] + T) = GAEQTXeq (t(]) + fOT eiA"quTBequ* (t()). (9)

Comparing (7)—(8) with (9), the relationship among A.q, Beg,
®, and I is

P = eAeqT7 €7A"quTBeq~ (10)

T
= fo
Making the Taylor expansion and ignoring the high-order terms
of switching period T"in (10), A4 and Bq are

A = Ald, + A5(1 —dp) + Acordn (1
+0(T?)

B, = Bid, + B3(1 — d,,) + Beordy (1
+0(T?)

—d,)T
Cayr D

where Ao, and B, are one-order correction matrices.
For APWM converters, A, and B, are
A = 05(A§A9i - ATAZ)
Beor = 05(A§BT - ATBS)
And for DPWM converters, they are
A A1 —AA; O

0 0
—AiB;)

12)

A = 0.5
Beor = 0.5(A3B?

13)

The derivation of (11)—(13) is shown in the Appendix.

For converters with other carriers, A.q and Beq are obtained
by similar methods, and the results can be expressed as the
following unified form:

Ay = Ajd, + A5(1 —dy,) + aAcordn (1 — d,)T
+0(T?) (14)

Beq = Bid, + B5(1 — dy,) + aBeody, (1 — d,,)T
+0(T?)

where « is a coefficient, whose value is 1, 0, and —1 for
converters with the trailing-edge, triangular, and leading-edge
carriers, respectively.

C. Proposed Frequency-Domain Model

The proposed frequency-domain model is obtained in two
steps. In the first step, the model of the converter and controller
is obtained by the small signal analysis of (6) and (14)

Req(s) = ()d()

Gmd(s) = ( E A_ ) [1 )Xeq (B* - BE_)I_I*]
+ a(sE — Ay) (Acorxeq + Beor*) (1 — 2d,)T
(15)

where Xq(s) and d,, () are small disturbance values of corre-
sponding variables, X4, U, * d, Aeq, and Beq are steady values
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Fig. 1. Modulation process of the DPWM converter with different carriers. (a) Trailing-edge carrier. (b) Leading-edge carrier. (c) Triangular carrier.
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Fig. 2. Modulation process of the APWM converter with different carriers. (a) Trailing-edge carrier. (b) Leading-edge carrier. (c) Triangular carrier.
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Fig. 3. Control block diagrams of the proposed model.

of corresponding variables, G.4(s) is the transfer function
between the state vector and duty cycle, and E is the unit matrix.

In the second step, the sampling process of the modulation
is analyzed. The modulation processes of APWM and DPWM
converters are shown in Figs. 1 and 2, where vcg is the carrier,
and vgg is the switch signal. As shown in Figs. 1 and 2, due to
the modulation, the value of the duty cycle d,, is only decided
by the value of controller output vy, (¢) at the intersection time
point. This process is the same as the sampling process of the
ADC, where the output of the ADC is only decided by the
input at the sampling time point. Therefore, as shown in Fig. 3,
the modulation in the APWM and DPWM converter naturally
constitutes a sampling process.

The sampling process of modulation leads to two influences
on the control block diagrams. On the one hand, as shown in
Fig. 3, the same as the ADC, the modulation contains a ZOH
element, which is expressed as

Gron(s) = dn(s)/tm(s) = (1 —e™T)/sT ~ 1 — 0.5sT.
(16)

On the other hand, as shown in Figs. 1 and 2, for converters
with different carriers and modulation methods, vy, (¢) is sampled
at different time points. Due to the influence of the ripple, the
transfer function between 0, (s) and Xeq () is varying, which is
defined as

Guz(8) = Um(s)/Keq(5). 17

The exact value of G, (s) is listed in Table II. The detailed
derivation of G (s) is shown in the Appendix.

As shown in Fig. 3, the open-loop transfer function G (s) of
APWM and DPWM converters are both

Gop(s) = —Guz(5)Gra(s)Gzou(s). (18)

Evenifthe ZOH of the ADC in the digital controller is eliminated
by the bilinear transformation, the open-loop transfer function
of the DPWM converter still contains a ZOH element, which
is named the PWM delay. In the ZOH and DF models, it is
considered to be caused by the digital controller. However,
based on the proposed model, this PWM delay is caused by
the modulation rather than the digital controller. As the APWM
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TABLE II
TRANSFER FUNCTION BETWEEN STATE VECTOR AND CONTROLLER OUTPUT

. Value
Carrier

APWM DPWM
Trailing-edge Gyz(s) = CI&I}IJ"T Guz(s) = C¥
v 1-Gyo(5)Ct A1 T (At g +BTa )T v !
Leadi d G (s) C;gA;(l—Ju)T Goa(s) = C3

eading-edge 2(8) = e = (s) =
g-edg vx 1+GZOH(S)C§eA2(1_d")T(A§>‘<Cq+BSﬁ*)T v 2

* 0.5ATdnT « —0.5ATdnT sT

Triangular Goyz(s) = 0.5(Cje "~ " +Cse o) Gz (s) = CF

1-0.5G70(s) (Cte?5ATInT _Cre0-5ATdn T (Axg 4t BT G*)T

and DPWM converters both have the modulation element, they
both contain this ZOH element as well. The main difference
between APWM and DPWM converters is the exact value of
G,z (), which is introduced by the ripple.

III. DIFFERENT STABILITY OF APWM AND
DPWM CONVERTERS

In the proposed model, the difference between APWM and
DPWM converters mainly occurs on the exact value of G ().
In this section, the influence of this difference on the stability of
the converter is analyzed.

A. Triangular Carrier

In the APWM converter with the triangular carrier, due to the
influence of the ripple, G, (s) can counteract the ZOH element
in (18) approximately. Generally, the difference between Cj
and C3 is caused by the ESR of the output capacitor, which is
relatively small and

19)

Substituting (19) into G, (s) of the APWM converter with
the triangular carrier and ignoring the high-order terms of
switching period T', G, (s) can be simplified as

Gu(s) = Ci(1+eT) /2 4+ 0(T?)
= CJ{/GZOH(S) + O(T2)

Substituting (20) into (18), for the converter with the triangu-
lar carrier, when other parameters are the same, the relationship
between the APWM converter’s open-loop transfer function
Glop_a(s) and the DPWM converter’s open-loop transfer func-
tion Gop p(s) is

Gop a(8) = Gop n(8)/Gzon(s) + O(T?). (1)

Asshownin (21), due to the influence of the ripple, the APWM
converter with the triangular carrier always has a less ZOH
element than the DPWM converter with the triangular carrier.
When other parameters are the same, the APWM converter with
the triangular carrier is always more stable than the DPWM
converter with the triangular carrier.

In the existing analyses of the ZOH and DF models, the con-
verter with the triangular carrier is mainly analyzed. According
to their conclusion, the PWM delay is caused by the digital
controller, which only occurs in the DPWM converter [32], [33],

* *
C: ~ Ci.

(20)

[34], [35], [36], [37], [38], [39]. This elimination phenomenon
only occurs in the APWM converter with the triangular carrier,
which is a probable reason for this misunderstanding.

B. Trailing-Edge and Leading-Edge Carriers

In converters with trailing-edge and leading-edge carriers, the
ZOH is no more eliminated. Ignoring the high-order terms of
switching period T, G, (s) of the APWM converter with the
trailing-edge carrier can be expressed as

va(S) = C; + Gadd(S)T + O(T2)
Aid, + Ci(Aj%e + BiT)E
1-— CT(A”{)_(eq + B’{ﬁ*)T

And G,,(s) of the APWM converter with the leading-edge
carrier can be expressed as

Goo(5) = Ch + Gaua(s)T + O(T?)

A5(1—d,) + C5(Asxe + B0 )E
1 — C5(A5Req + Bsu)T
Substituting (22) and (24) into (18), for the converter with
trailing-edge and leading-edge carriers, when other parameters
are the same, the relationship between the open-loop transfer

function of the APWM and DPWM converters is
GopﬁA(S) = Gopr(S) - Gadd(S)Gwd(S)GZOH(S)T

+O(T?).

(22)

Gaaa(s) = C} (23)

(24)

Guaa(s) = C; (25)

(26)

Compared with Gop p(s), Gop_a(s) contains additional state
feedback. As shown in (23) and (25), the value of G,uq(s) is
decided by the state matrix, input matrix, and output matrix
of the converter and controller. Therefore, the influence of this
state feedback on the stability varies for converters and carriers.
When other parameters are the same, the stability of the APWM
converter can be worse than the DPWM converter, which will
be shown in the next section.

IV. VERIFICATION

A. Application Guideline of the Proposed Model

To make sure that the proposed model is not only suitable for
special PWM dc—dc converters, the proposed model is derived by
the matrix form and no specific parameter of the converter exists
in the derivation. In this section, it is shown how to substitute the
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Fig. 4.
converter. (f) Cuk converter.

Topologies of basic PWM dc—dc converters. (a) Boost converter. (b) Buck converter. (c) Buck—boost converter. (d) Double-boost converter. (e) SEPCI

TABLE III
MATRIXES OF CONVERTERS
Item Boost Buck Buck-boost Double-boost SEPIC Cuk
; T ] T ; T ; ] T : ) T ] :
x(t)  [in vl [iLi vel] liLi  vel liLi 2 vei) liLi i ver  wel it i ver  wel
[=rs1 —Tsi 0 0 b [—rs1 —Tsi 0 0 7
r—r 11 L L L T
—rs1 0 —rs1 —kr —rs1 0 L?l 0 0 —7'151 *T§4 1 0 *Tlsl 7&7 1 —kr
A Ly Ly Ly Ly 0 —rsl 0 Lo Lo Lo Lo Lo Lo Lo
1 0 ke || kr kg 0 —kr Ly 0 =1 9 0 0 = o0 0
C1RL C1 C1Ry C1RL 0 0 C*]jl; Cy k %2 e
- 1AL L 0 0 0 o) RRL L 0 C—‘i 0 oz} 1§L ]
[=rss  —rse =1 —kr 7 [zZrss i) -1 o
r—rss —kgr 1 I J J I L L1 L1
0
—rx3 —kr —rs2 —kr —rs3 —kr L1 2L, —Tr5g —rs3 0 —kg —7p —ry3 0 —kp
A Ly L,y Ly L,y Ly L, 0 —rs3 —kr Lo Lo Lo Lo Lo Lo
2 kg —kR kg —kr kg — kR Lo 2Lo 1 0 0 0 1 0 0 0
C1 C1RL C1 C1R C1 C1RL ke kR —kr Co Ca
Sl S N e o & 0 &
L 1 1 1L d L 1 14 d
1 T 1 T 1 T 1 1 T 1 T 1 T
B [& [z 9] k] (& % 9 [z © 0 9 [z © 0 9
1 T T T 1 1 T 1 T 1 T
Bs [L—l 0} [0 0] [0 0 [m = o] [L—l 00 o] [71 0 0 0]
Cl [0 kR] [k?RT‘Cl kR} [0 kR] [0 0 kR} [O 0 0 ]CR} [0 kRT'C] kR}
Cy  [krrcr  kg] [krrcr  kr] [krrct kr] [% % kR} [krrci krrer 0 kg] [0 krrci 0 kg]

parameters of PWM dc—dc converters and controllers into the
proposed model to analyze the stability. Several examples are
provided, which include boost, buck, buck—boost, double-boost
[41], SEPIC, and cuk converters.

The application of the proposed model can be divided into the
following five steps.

In the first step, the state-space equations of the converterin (1)
are obtained by the mode analysis of the PWM dc—dc converter.
The detailed procedure for deriving state-space equations of the
PWM dc—dc converter is available in [42, Sec. III], which is
not repeated here. In this verification, the topologies of the six
examples are shown in Fig. 4, and the matrixes in the state-space
equations of converters are listed in Table III, where

kr = RL/(RyL +rc1), ms1=7TL12 + 7512
Ts2 =TL12 + D, re3 = T2 + krrcl
Ts4 =Tx1 +Te2, Tss = T2 + e
rse = rp + kr7cr, rs7 = o4 + krrer. 27

And the parameters of the main circuit are listed in Table IV,
whose design process is shown in the Appendix.

In the second step, the state-space equations of the controller
in (2) are obtained by the transfer function of the controller. This
is a general model transform in the modern control theory, whose
detailed process can be found in [43, Sec. II] and is not repeated
here as well. In this verification, the controller is constituted by
the proportional—integral (PI) and lead-compensation controller,
whose transfer function is

K1\ 1+4+s/ws
H(s)=|Kp+ — | ———5—. 28
o= (0 ) iy @
And matrixes in the state-space equations of the controller are
_ |~Bws O _ |Buws(l—p)
AC - |: KI 0 I BC - /BKI
Cc= [Kp 1], D¢ = BKp. (29)

The parameters of the controller are listed in Table V, whose
design process is shown in the Appendix. For converters with
the leading-edge carrier, two experiments are made for each
converter, which are signed by case 1 and case 2.

In the third step, the state-space equations of the augmented
time-variant model in (4) are obtained. In this verification,
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TABLE IV
PARAMETERS OF CONVERTERS
Parameter Sign Value
Boost Buck Buck-boost Double-boost SEPIC Cuk
Input voltage Vin 25V 50V 40V 25V 25V 20V
Switching frequency f 10kHz 10kHz 10kHz 10kHz 10kHz 10kHz
Reference voltage Vief 50V 35V 30V 75V 30V 40V
Inductance Lo 500uH 500H 5001H 500uH 500uH 500uH
Capacitance Cla 100uF 100uF 100uF 100uF 100uF 100uF
Load resistance Ry, 5092 2092 2002 5092 2092 3092
ESR of inductor TLI2 200m$2 200m$2 200m$2 200mS?2 200m$2 200m$2
ESR of capacitor rci 10m$2 10m$2 10m$2 10m$2 10m$2 10m$2
ESR of mosreT rS12 40mS? 40mS? 40m¢? 40m$2 40mS? 40mS?
ESR of diode ™D 45m§2 45m$2 45m$) 45mQ) 45m§2 45m$2
MOSFET S1,2 IRFP260N IRFP260N IRFP260N IRFP260N IRFP260N IRFP260N
Diode D MBR20200 MBR20200 MBR20200 MBR20200 MBR20200 MBR20200
TABLE V PO ki 0 kN
PARAMETERS OF CONTROLLERS o ZI“;&:&;@’SL ‘j%{w, gl ;%2&?”,:3’1 oo
Converter Carrier Case Kp Ki wB B z, § u\—-/\
Trailing-Edge ___  0.05 5 10000 3 2 2 -
Boost LeadingEdge 1 005 5 10000 6 o uf S AL
Leading-Edge 2 0.05 5 10000 1 H .
Triangular  ____ 0.05 5 10000 1.5 £ i
Trailing-Edge __  0.04 12 10000 2 a0l . . 225 . o
Buck Leading-Edge 1 0.04 12 10000 1 * roqency () * Foncy ()
Leading-Edge 2 0.04 12 10000 1.5 (@) (b)
Triangular 004 12 10000 1.2 . ot D . ot D
Trailing-Edge _ 0.06 3 10000 3 g o] R e
BuckBoost  LeadingEdge 1004 2 10000 6 90 7 O i e i
i Leading-Edge 2 0.06 3 10000 1 & h )
Triangular _ 0.04 2 10000 1.5 =0 \\ = -
Trailing-Edge ____ 0.03 3 10000 3 '“ 3
Leading-Edge 1 0.03 3 10000 6 B w0 )
Double-Boost | ging-Edge 2 0.025 25 10000 1 [ o
Triangular — 0.025 2.5 10000 1.5 : :
TrailingEdge ___  0.04 8 10000 3 w R "o T
Leading-Edge 1 0.04 8 10000 6
SEPIC LeadingEdge 2 004 8 10000 1 Lo Lo
Triangular f— 0.04 8 10000 1.5 O [ i ssgrtamin - - Traing oo O e ssseiamait  ~ Traing cigsoman
Trailing-Edge 0.04 4 10000 2 GO T ranpmiara— Tramgaoiney ] R o P ok
Cuk Leading-Edge 1 0.04 4 10000 1 ‘i Mm— .‘é » \-——-—"\
Leading-Edge 2 0.04 4 10000 1.5 £, G P /\
Triangular ——  0.04 4 10000 1.2 2 2 SR

they can be obtained by substituting matrixes of converters and
controllers in Table IIT and (29) into (5).

In the fourth step, the open-loop transfer function of the PWM
dc—dc converter is obtained by (18). As shown in Section II, the
open-loop transfer function is represented by the matrixes in the
augmented time-variant model explicitly. Therefore, the open-
loop transfer function can be obtained by substituting matrixes
of the augmented time-variant model into the proposed model
directly.

In the final step, the stability of the PWM dc—dc converter
is analyzed by the open-loop transfer function obtained by the
proposed model. In this verification, the stability of the converter
is analyzed with the bode diagram, which will be shown in the
next section.

The application and derivation of the proposed mode are
both based on the state-space equations of the converter and
controller. For different converters and controllers, the values
of matrixes are different. However, the mathematical forms of
the state-space equations are the same. Therefore, as far as the
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Fig.5. Bodediagrams of converters with different carriers. (a) Boost converter.
(b) Buck converter. (c) Buck—boost converter. (d) Double-boost converter.
(e) SEPIC converter. (f) Cuk converter.

state-space equations of converters and controllers are obtained,
stability analysis can be conducted by the proposed model
with the aforementioned five steps uniformly. Furthermore, as
demonstrated in textbooks [42] and [43], state-space equations
are extensively utilized for analyzing PWM dc—dc converters
and controllers, which can be obtained through definitive formu-
lation. Therefore, the proposed model exhibits good adaptability
in analyzing different PWM dc—dc converters.

B. Results of the Verification

On the one hand, the bode diagrams of converters with differ-
ent carriers are compared, which are shown in Fig. 5. As this
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Experiment waveforms of the SEPIC converter. (a) Trailing-edge carrier. (b) Leading-edge carrier (case 1). (c) Leading-edge carrier (case 2).
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comparison only makes sense when the controller parameters
of converters with different carriers are the same, the controller
parameter of converters with the leading-edge and triangular
carriers are changed the same as converters with the trailing-edge
carrier momentarily. The temporary changes mentioned here are
limited to this particular comparison only and do not affect the
controller parameters of converters used in other verifications.

Asshown in Fig. 5, for the APWM boost, buck—boost, double-
boost, and SEPIC converters, the Gop(s) of converters with the
trailing-edge carrier have a phase lag than those of convert-
ers with the triangular carrier. Gop(s) of converters with the
leading-edge carrier have a phase lead than those of converters
with the triangular carrier. For the DPWM boost, buck—boost,
double-boost, and SEPIC converters, the contrary is the case. For
the APWM buck and cuk converters, G, (s) of converters with
different carriers are almost the same. For the DPWM buck and
cuk converters, the G, (s) of converters with different carriers
have different phase-frequency characteristics. Therefore, for
the APWM and DPWM converters with different carriers, the
influences of PWM delay are different.

On the other hand, the bode diagrams of converters with
different modulation methods are analyzed and compared with
the experiment result. The results of the verification are summed
and listed in Table VI. When the phase-frequency characteristic
curve has no intersection with the —180° line, the magnitude
margin is signed as +oc. If the margins are positive, it means
that based on this model, the converter is stable in this case. If
the margins are negative, it means that based on this model, the
converter is unstable in this case. Besides, for the six converters,
the bode diagrams obtained by the proposed model and the exact
time-variant model in the simulation are shown in Figs. 6-11.
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Experiment waveforms of the cuk converter. (a) Trailing-edge carrier. (b) Leading-edge carrier (case 1). (¢) Leading-edge carrier (case 2). (d) Triangular

The experiment results of these converters with APWM and
DPWM are shown in Figs. 12-17.

The experiment results verify the analyses of the proposed
model. First, the APWM converter contains the PWM de-
lay as well. As shown in Figs. 6-11, after considering the
PWM delay, the transfer function of the proposed model fits
well with the transfer function of the exact model. However,
without considering the PWM delay, the transfer function
has a phase advance than the transfer function of the exact
model at the high-frequency band. Ignoring the PWM delay
leads to error at the high-frequency band, and the modeling
of the APWM converter should consider the PWM delay as
well.

Then, the stabilities of APWM and DPWM converters vary
for different converters and carriers. As listed in Table VI, for
the boost, buck—boost, double-boost, and SEPIC converters with
triangular and leading-edge carriers, the DPWM converter is
more unstable than the APWM converter. The same phe-
nomenon also arises in buck and cuk converters with all three
types of carriers. However, for the boost, buck—boost, double-
boost, and SEPIC converters with the trailing-edge carrier, the
APWM converter is more unstable than the DPWM converter.
The stability of the DPWM converter is not always worse than
the APWM converter, which is the same as the analysis in
Section III.

Finally, only the proposed model can reflect all cases accu-
rately. As listed in Table VI, for the six basic converters with three
kinds of carriers, among all 24 cases, the stabilities of APWM
and DPWM converters are different in 22 cases. For the SSA
model, as the PWM delay in the APWM and DPWM converters
are both ignored, the margins of APWM and DPWM converters
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TABLE VI
RESULTS OF VERIFICATION

Converter Carrier PWM Magnitude margin Phase margin Experiment
Type Type Type SSA ZOH DF Proposed SSA ZOH DF Proposed Result
Trailing-Edge APWM 13.7dB 13.7dB 13.7dB —5.69dB 12.7° 12.7° 12.7° —7.45° Unstable
DPWM 13.7dB  —2.94dB —3.17dB 3.71dB 12.7° —=3.97° —4.32° 3.82° Stable
Leading-Edge =~ APWM 17.4dB 17.4dB 17.4dB +oc0dB 18.1° 18.1° 18.1° 39.8° Stable
Boost (Case 1) DPWM 17.4dB 1.84dB 2.10dB  —3.39dB 18.1° 2.09° 2.38° —4.70° Unstable
Leading-Edge = APWM  —4.13dB —4.13dB —4.13dB 3.96dB —4.93° —4.93° —4.93° 2.84° Stable
(Case 2) DPWM  —4.13dB —10.7dB  —10.6dB —12.7dB  —4.93° —20.3° —20.0° —28.3° Unstable
Triangular APWM 3.33dB 3.33dB 3.33dB 2.81dB 3.10° 3.10° 3.10° 2.67° Stable
DPWM 3.33dB  —7.93dB —7.93dB —7.60dB 3.10° —13.4° —13.4° —12.5° Untable
Trailing-Edge APWM +o0odB +o0odB +o00dB +o0odB 25.3° 25.3° 25.3° 27.0° Stable
DPWM +ocodB 1.57dB —4.21dB  —4.55dB 25.3° 2.13° —6.92° —8.10° Unstable
Leading-Edge =~ APWM +oodB +o0dB +o0dB +oodB 9.35° 9.35° 9.35° 9.72° Stable
Buck (Case 1) DPWM 4+o00dB  —7.13dB  —2.70dB = —2.74dB 9.35° —12.7° —3.58° —3.48° Unstable
Leading-Edge =~ APWM +o0odB +o0o0dB +o00dB +oodB 19.2° 19.2° 19.2° 19.4° Stable
(Case 2) DPWM +oodB  —2.47dB 5.23dB 5.89dB 19.2° —3.67° 5.75° 5.96° Stable
Triangular APWM +o0dB +oodB +o0dB +oodB 13.9° 13.9° 13.9° 13.9° Stable
DPWM 4+o00dB  —5.24dB  —5.24dB  —5.24dB 13.9° —8.56° —8.56° —8.56° Unstable
Trailing-Edge APWM 10.8dB 10.8dB 10.8dB —5.34dB 15.7° 15.7° 15.7° —7.58° Unstable
DPWM 10.8dB  —4.12dB  —2.72dB 3.68dB 15.7° —7.85° —4.95° 5.53° Stable
Leading-Edge =~ APWM 17.7dB 17.7dB 17.7dB +ocodB 24.6° 24.6° 24.6° 42.0° Stable
Buck- (Case 1) DPWM 17.7dB 3.71dB 2.15dB  —2.20dB 24.6° 5.71° 3.41° —4.08° Unstable
Boost Leading-Edge =~ APWM  —4.02dB —4.02dB —4.02dB 5.98dB —5.08° —5.08° —5.08° 4.02° Stable
(Case 2) DPWM  —4.02dB —12.0dB —12.6dB —14.5dB  —5.08° —26.5° —29.1° —39.3° Unstable
Triangular APWM 6.28dB 6.28dB 6.28dB 6.20dB 7.21° 7.21° 7.21° 7.10° Stable
DPWM 6.28dB  —5.66dB —5.66dB  —5.36dB 7.21°  —11.3° —11.3° —10.5° Unstable
Trailing-Edge APWM 10.8dB 10.8dB 10.8dB —4.41dB 9.08° 9.08° 9.08° —6.76° Unstable
DPWM 10.8dB  —2.32dB  —2.51dB 1.98dB 9.08°  —3.44°  —3.75° 2.34° Stable
Leading-Edge =~ APWM 13.0dB 13.0dB 13.0dB +oodB 18.1° 18.1° 18.1° 32.6° Stable
Double- (Case 1) DPWM 13.0dB 0.83dB 1.09dB  —2.52dB 18.1° 1.04° 1.35° —3.82° Unstable
Boost Leading-Edge =~ APWM  —1.83dB —1.83dB  —1.83dB 2.31dB  —2.70° —2.70° —2.70° 2.63° Stable
(Case 2) DPWM —-1.83dB —6.60dB —6.50dB —8.26dB  —2.70° —13.5° —13.2° —19.1° Unstable
Triangular APWM 2.98dB 2.98dB 2.98dB 2.67dB 3.49° 3.49° 3.49° 3.17° Stable
DPWM 2.98dB  —4.37dB  —4.37dB  —4.12dB 3.49°  —7.92° —7.92° —7.33° Unstable
Trailing-Edge APWM 12.2dB 12.2dB 12.2dB —5.28dB 16.7° 16.7° 16.7° —8.71° Unstable
DPWM 12.2dB —2.59dB  —3.70dB 3.03dB 16.7° —4.83° —7.20° 4.620 Stable
Leading-Edge =~ APWM 15.8dB 15.8dB 15.8dB +o00dB 24.4° 24.4° 24.4° 49.4° Stable
SEPIC (Case 1) DPWM 15.8dB 1.72dB 3.18dB —2.57dB 24.4° 2.95° 5.30° —5.06° Unstable
Leading-Edge =~ APWM  —2.18dB —2.18dB —2.18dB 14.4dB —2.92° —2.92° —2.92° 7.40° Stable
(Case 2) DPWM  —2.18dB —9.81dB —9.24dB —11.7dB  —2.92° —-22.9° —20.7° —32.3° Unstable
Triangular APWM 4.12dB 4.12dB 4.12dB 4.03dB 5.04° 5.04° 5.04° 4.93° Stable
DPWM 4.12dB —7.33dB —7.33dB —6.95dB 5.04° —15.9° —15.9° —14.7° Unstable
Trailing-Edge APWM 14.1dB 14.1dB 14.1dB 11.2dB 19.4° 19.4° 19.4° 18.6° Stable
DPWM 14.1dB 1.87dB —3.12dB —3.59dB 19.4° 3.00° —5.53° —6.89° Unstable
Leading-Edge =~ APWM 11.0dB 11.0dB 11.0dB 8.12dB 13.7° 13.7° 13.7° 11.9° Stable
Cuk (Case 1) DPWM 11.0dB  —6.84dB —2.48dB —2.42dB 13.7°  —12.0° —3.50° —3.29° Unstable
Leading-Edge =~ APWM 13.2dB 13.2dB 13.2dB 9.47dB 17.5° 17.5° 17.5° 15.3° Stable
(Case 2) DPWM 13.2dB —1.86dB 4.35dB 4.85dB 17.5° —3.00° 5.86° 6.17° Stable
Triangular APWM 12.1dB 12.1dB 12.1dB 12.1dB 17.1° 17.1° 17.1° 17.1° Stable
DPWM 12.1dB —4.75dB  —4.75dB = —4.75dB 17.1° —=7.94° —7.94° —7.94° Unstable

are the same, and the SSA model cannot reflect the stability of
converters accurately. After considering the PWM delay in the
DPWM converter, the ZOH and DF models are more accurate
than the SSA model.

For converters with the triangular carrier, the ZOH and DF
models have good accuracy. However, due to inaccurate physical
interpretation and description of PWM delay in the ZOH and
DF models, they still cannot achieve an accurate prediction
of stability. For the APWM and DPWM boost, buck—boost,
double-boost, and SEPIC converters with the trailing-edge car-
rier, the stability predicted by the ZOH and DF model is just
opposite to the experiment results. For the APWM and DPWM
boost, buck—boost, double-boost, and SEPIC converters with
leading-edge carriers, the stabilities are different in the two cases
of each converter. But their stabilities predicted by the ZOH and
DF models are the same, which is different from the experiment

results as well. Besides, the ZOH model cannot predict the
stability of the buck and cuk converters with trailing-edge and
leading-edge carriers.

Compared with the above three models, only the results of the
proposed model fit well with the experiment results in all cases.
After considering the PWM delay and state feedback caused by
the ripple, the proposed model can reflect the stability of different
converters, controllers, and carriers with a unified model, which
is more accurate than other models.

V. CONCLUSION

In this article, the effect of PWM delay on the stability of
PWM dc—dc converters is analyzed. A unified frequency-domain
model considering the PWM delay is proposed. Based on the
proposed model, the physical mechanism of the PWM delay is
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the sampling characteristic of the modulation process rather than
the digital controller. As the APWM and DPWM converters both
have the modulation process, they both have the PWM delay. Be-
sides, the different stabilities of APWM and DPWM converters
are compared, which are caused by the state feedback introduced
by the output ripple in the APWM converter. For converters with
the triangular carrier, this state feedback eliminates the PWM
delay, and the stability of the APWM converter is always better
than the DPWM converter. However, for converters with other
carriers, the PWM delay is no more eliminated and the effect of
this state feedback varies for different converters and carriers.
These influences are rarely reported in existing analyses of the
modulation and can only be reflected by the proposed model.

To ensure the above analyses, the stability of basic converters
is analyzed by the proposed model, whose results are compared
with existing models and experiments. Compared with existing
models, only the proposed model can reflect the different effects
of PWM delay and state feedback in APWM and DPWM con-
verters. The proposed model is more accurate than the existing
models. Generally, the stability analysis and stabilization control
of PWM dc—dc converters are based on these models. The
proposed method is a potential alternative to these models when
high precision is required.

APPENDIX
A. Derivations in the Proposed Model
First, the derivation of (11)—(13) is shown. The Taylor expan-

sions of ® and I' in (7) are

® =E+Aid, T+ A3(1—d,)T + $APd2T?
+ A3A d, (1 — d,)T? + A5 (1 — d,)?T?
+0O(T?)

I =Bjd, T +Bj3(1—d,)T + $A;Bjd2T?
+ A3Bid, (1 —d,)T? + 3A3B5(1 — d,)°T?
+0(T?)

(AD)

The Taylor expansions of ® and I in (8) are

A'ave 0 1
&—F+ T4l
-BcC; Ac 2

AsAL —AA;, O

ave

2 0
T2
—AcBcC, A%]

+ dn(1 — d,)T? + O(T?)

N

0
I'=Bid,T +Bj(1 - d,)T + LA;B5(1 — d,,)* 1
+ A3Bid, (1 —d,)T? + $ABid2T? + O(T?)

(A2)
where
Age = Ardy, + As(1 —dp). (A3)
And the Taylor expansions of ® and I in (10) are
{@ =E+ AT+ 1AZT? + 0(:(3) A
[ = BeT + $AeqBegT? + O(T3)
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Comparing (A1)—-(A2) with (A4) and ignoring the difference
between C; and Cs, (11)—(13) can be obtained.

Then, the exact value of G,(s) in Table II is derived. As
shown in Fig. 1, for the DPWM converter, vy, (t) is constant in
a switching period. Therefore, as shown in Table II, G, (s) is
equal to the output matrix directly.

As shown in Fig. 2, for the APWM converter, vy, (¢) is varying
in a switching period. According to (4) and (6), vy (t) can be ob-
tained by x.q(t) and u* (). As shown in Fig. 2(a), for converters
with the trailing-edge carrier, d,, is equal to vy, (nT + d,,T)

om(nT + d,,T) = C”{eA*id”TXeq(t) + D¢ Vit

+Cp [T e AT ErBiu (1), (AS)

As shown in Fig. 2(b), for converters with the leading-edge
carrier, d,, is equal to vy, (nT + T — d,,T')

om(nT +T —d,T) = CZeAE(l*d”)TXeq(t) + DcVier

+Cj i e ATdrByur (t). (A6)

As shown in Fig. 2(c), for converters with the triangular carrier,
d,, is equal to the average value of vy, (nT + 0.5d,T) and
um(nT +T — 0.5d,T)

vm(nT + 0.5d,T) = C;eP1%5Tx () + DcViet

+C; [T e AT B ur (1)

(A7)

Um(nT + T — 0.5d,T) = Cje 21954 T, (t + T) + D Vit

+Cp [T AT Bt (4 T).

(A8)

Considering the modulation process expressed by (16), the

relationship between 0, (s) and X¢q(s) can be obtained by the
small-signal analysis of (A5)-(AS8)

Om(s) = Grig(5)eq(s) + Gua(s)dn(s)
G0
1 — Gvd(S)GZOH(S
For converters with the trailing-edge carrier, transfer functions
in (A9) are

] Req($)- (A9)

* _ (AL, T
va(s) - CleA*IJ - _ _ . (Alo)
Gua(s) = Ciet1o ! (AfReq + B )T
For converters with the leading-edge carrier, they are
* — oA (1-d)T
Grols) = Cae™ o o (AID
Goa(s) = —CheP2(-d)T (Asx, + Bsa*)T

For converters with the triangular carrier, they are

G:_(s) = 0.5 (C1e0-5AIdnT 4 036—0.5Ajd_nTesT)
Gvd(s) = O.5C*1<60‘5A%1Jn;T (Aiieq + B’{l_l*) T
—0.5C5e 00T (AjReq + Bi@") T
(A12)

Substituting (A10)—-(A12) into (A9), G,.(s) of the APWM
converter in Table II can be obtained.
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B. Parameter Design of the Verification

First, the parameter design process of the converter is shown.
For the input voltage, output voltage, and load resistance, the
voltage level and power level are similar to the previous model-
ing research of PWM dc—dc converter, which is common in the
application [28], [29], [30], [31].

For the inductor, the inductance is chosen to make sure that the
converter is in continuous conduction mode (CCM). Based on
the mode analysis of basic converters [41], [44], the inductance
L should satisfy the following equations:

%&n(l — J,L)QRLT, Boost
1(1—dn)RLT, Buck
L>QL(1—d,)’RT, Buck—boost
1d,(1 - d,)’(1+d,) "RiT, Double-boost

14, (1 - dn)*ReT, Other.

(A13)

As calculated by (A13), for the boost, buck, buck—boost,
double-boost, SEPIC, and cuk converters, the inductance should
be larger than 312.5 p/H, 300 1H, 326.5 H, 208.3 1H, 378.8 1uH,
and 250 pH, respectively. Therefore, the inductance is chosen
as 500 pH.

For the capacitor, the capacitance is chosen to make sure that
the peak-to-peak value of output voltage ripple AV} is lower than
1 V. Based on the mode analysis of basic converters [41], [44],
the capacitance C' should satisfy the following equations:

(1 —dn)VoT?/(BAV,L),
T | du L, TAVS L,

Buck and cuk

Other (A14)
where I, is the output current.

As calculated by (Al4), for the boost, buck, buck—boost,
double-boost, SEPIC, and cuk converters, the capacitance
should be larger than 50 pF, 26.3 uF, 64.2 uF, 75 uF, 81.8 uF,
and 33.3 uF, respectively. Therefore, the capacitance is chosen
as 100 pF

For the MOSFET and diode, the maximum voltage stresses
of the boost, buck, buck—boost, double-boost, SEPIC, and cuk
converters are S0V, 50V, 70 V, 75V, 55V, and 60 V, respectively.
Generally, the breakdown voltage of switch devices should be
two to four times the voltage stress. Therefore, the IRFP260N
and MBR20200 are used, whose breakdown voltage is 200 V.

Then, the parameter design process of the controller is shown.
The main purpose of the verification is to show the different
effects of APWM and DPWM on the converter. Therefore, to
make a fair comparison, the same controller parameters should
be used for the analog and digital controllers. Otherwise, the
difference is caused by the different controller parameters rather
than the different PWM delays. Besides, the controller parame-
ters are designed to make the converter close to the critical point
between stable and unstable operation. In this way, the different
effects of APWM and DPWM can be observed by the stable and
unstable operation of the converter directly, which can enhance
the persuasion of the verification.
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Fig. 18. Bode diagram of H(s)/H (z). (a) Trailing-edge carrier. (b) Leading-

edge carrier (case 1). (c) Leading-edge carrier (case 2). (d) Triangular carrier.

Besides, for the DPWM converter, the discrete controller
H(z) is obtained by the bilinear transformation of (28)

Tz—|—1> T(z+1)+2(z—1)/ws
T(z+1)+2(z—1)/(Bws)’
(A15)

To make sure that the difference is not caused by the error of
the bilinear transformation, the bode diagram of H (s)/H(z) is
shown in Fig. 18. As shown in Fig. 18, in the frequency band of
the research, for the used controller, the maximum magnitude
error is 1.42 dB, and the maximum phase error is 2.42°. These
errors are much smaller than the difference between APWM and
DPWM converters in the research, which can be ignored. The
transfer function of the controller in the APWM and DPWM
converters can be seen as the same.
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