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Optimal Terminals of a Multitransmitter
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Abstract—This article develops a general and comprehensive ac
analysis to study the optimal condition of a multitransmitter (TX)
and multireceiver (RX) coupler. Based on the practical demands,
a standard optimization problem is defined and solved by the La-
grange multiplier method. This article would analytically discuss
the optimal coupler condition, discuss its physical meaning, and
build a uniform perspective to understand representative systems.
The meaning of the optimal analysis is justified by the evaluation
and comparison of a circular pad-based coupler and a tripolar
pad-based one. The influence of coupling and power distribution
are effectively discussed based on the proposed ac analysis. The
experiment builds a complete system to test the dc performance
and justify the effectiveness of ac analysis. When the tripolar pad is
used as the TX, a two-RX system would achieve 93.6% maximum dc
efficiency with only 8.6% variation under all coupling conditions.

Index Terms—Inductive power transfer (IPT), Lagrange
multiplier method, multiple coils, optimal condition, power
constraints.

I. INTRODUCTION

INDUCTIVE power transfer (IPT) has found extensive ap-
plication in the wireless charging of electronic devices. By

utilizing a two-coil coupler, power can be transmitted from a
transmitter (TX) to a receiver (RX) without physical cords.
The coupler efficiency primarily depends on the coil quality
factor and the coupling coefficient, and this feature guides the
estimation of coupler ac efficiency [1], [2], [3], [4]. Besides,
practical couplers must consider terminal constraints, such as
driving current and load power, and then could be optimized
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TABLE I
CURRENT WORKS ABOUT AC ANALYSIS

to achieve system-level objectives [3], [5], [6]. The coupler
characteristics provide a foundation for designing compensa-
tions to meet multiple demands [7], [8], [9], [10], [11], [12].
Through ac analysis, it is possible to achieve output regulation
and maximum efficiency tracking, by controlling the inverters,
rectifiers, and dc/dc converters [13], [14], [15], [16], [17], [18],
[19]. Table I illustrates the importance of the basic coupler ac
analysis in estimating efficiency, optimizing coupler, designing
compensations, and controlling the system.

Multiple coils have been employed to enhance coupling in the
presence of misalignment or multiload scenarios. The complex-
ity of ac analysis increases when incorporating multiple TXs or
RXs [25], [27]. Without considering the terminal constraints,
several IPT systems have been developed to justify the benefits
of multiple coils, as depicted in Table I. In single-TX systems,
the optimal load concept has been developed from a single-RX
case [20] to a general multi-RX scenario [24]. In systems with
multiple TXs and a single RX, the optimal excitation currents
and load have been derived to maximize ac efficiency [22], [23].
A comprehensive study has been conducted for a general system
with multiple TXs and RXs [26]. However, these analyses often
overlook the practical power demands imposed by various RXs.

By considering the terminal constraints, such as varied power
demands, the complexity of ac analysis would further increase
[refer to Table I]. For example, similar to one-TX one-RX sys-
tems, the output regulation and optimal efficiency tracking can
be achieved in a multi-TX one-RX system based on the ac analy-
sis [23]. These systems typically involve two objectives (power
and efficiency) and multiple control variables (TX excitation
currents and equivalent ac load), making the required ac analysis
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Fig. 1. General multi-TX multi-RX IPT system.

relatively straightforward for guiding system control. However,
when additional RXs are introduced, the ac analysis needs
to account for power distribution and its impact on coupling
performance. For instance, in a one-TX multi-RX system, the
difference between optimal driving and optimal loading schemes
has been discussed in [21]. It is of significance to conduct a
comprehensive study on the effects of driving and loading in a
general multi-TX multi-RX system.

This article focuses on analyzing the ac behavior of the cou-
pler, deriving the optimal condition, and discussing the effects
of coupling and loading in a general multi-TX multi-RX system
(see Table I). The practical power requirements are represented
as equality constraints, while the ac terminal currents or loads
are considered as control variables. This ac analysis can be
defined as a standard optimization problem and solved using
the Lagrange multiplier method [28]. A coupler without any
power constraints is used as a reference for analyzing the global
optimal condition in a similar manner. The conclusions drawn
from this analysis have clear physical significance and greatly
simplify the comparison of different representative couplers.
To validate the effectiveness of the ac analysis, two types of
couplers are evaluated and compared. In an experiment, the same
example coupler is utilized to construct a fully functional dc
system, incorporating compensation, an inverter, and a rectifier.
The proposed ac analysis enables a qualitative prediction of the
dc efficiency and assists in evaluating the coupler’s performance
prior to fabrication.

II. COUPLER ANALYSIS WITH POWER CONSTRAINTS

A. General System Configuration

Fig. 1 shows a general multi-TX multi-RX IPT system, which
has Nt TXs and Nr RXs. For each TX, it at least includes a dc
power source, an inverter, a TX compensation, and a TX coil.
Meanwhile, an RX coil, an RX compensation, and a rectifier are
necessary for a single RX. At the dc input and output terminals,
additional dc/dc stages may be inserted for regulation purposes,
such as input voltage modulation, TX-coil current modulation,
output voltage modulation, and maximum efficiency tracking.
In various controllable systems, although the direct control vari-
ables and the activation circuits are different, the final equivalent
control effect is to modify the ac terminal conditions of the
coupler, such as the ac driving current of the TX coil and the
ac equivalent load resistance after the RX coil. Therefore, the ac
characteristics of the multi-TX multi-RX resonant tank serve as
the fundamentals of system-level analysis and control.

For example, it is well known that a maximum ac efficiency
exists for a simple two-coil system, and this value is the natural

Fig. 2. Coupler model. (a) AC model of a multi-TX multi-RX coupler.
(b) Example 3TX-2RX coupler.

feature of coupler. This maximum efficiency is used to estimate
the coupling efficiency before any real dc tests. Meanwhile,
based on the ac analysis, with fixed coil, operating frequency
and coupling condition, the maximum coupler efficiency is
achieved by an optimal load resistance, which is tracked by
the active converters. If output voltage or current regulation is
required, more controllable circuits are introduced in many prior
papers [14], [15]. This article is devoted to a general ac analysis
for multi-TX multi-RX coupler, based on which the existing IPT
techniques (mostly demonstrated in a simplest system) could be
extended for a multi-TX multi-RX scenario.

The maximum coupler efficiency should be a natural feature.
In a series compensated IPT system, the coupler’s maximum
efficiency is determined by the coil quality factor and coupling
coefficient, and does not depend on the compensation (assuming
the additional components are ideal). Actually, the compensation
just helps to reflect a pure resistor to the TX side. Using series
compensation, the passive part of Fig. 1 is extracted as shown in
Fig. 2(a). For TXi, itx,i, Ltx,i, and rtx,i are the driving current,
self-inductance, and equivalent series resistance (ESR) of the
coil. For RXj , Lrx,j is the coil inductance, rrx,j is the coil
ESR, Crx,j is the compensation capacitor and designed by
ωLrx,j − 1/(ωCrx,j) = 0, Rrx,j is the ac load, irx,j is the coil
current, and vrx,j is the ac output voltage. The mutual inductance
between TXi and RXj is Mij , and the coupling coefficient is
kij = Mij/

√
Ltx,iLrx,j .

In a system with multiple TXs and RXs, the TX-RX coupling
is utilized for power delivery. However, the TX-TX or RX-RX
cross coupling (between the same-side coils) can result in an
undesired energy circulation. To address this issue, practical
systems employ coil decoupling techniques. For instance, TX
coils can be strategically placed in an overlapping or orthogonal
manner to cancel out cross coupling [29], [30], [31], [32]. RX
coils can maintain sufficient clearance or incorporate shielding
structures to minimize cross coupling effects [33], [34], [35].
Fig. 2(b) illustrates an example of a 3TX-2RX coupler, where the
tripolar pad (TPP)-based TX is used to charge two RXs. In such
multi-TX multi-RX systems, a reference is required to define the
coupling, and bipolar mutual inductance, either positive or nega-
tive. Assuming all coils are wound in the same manner, when an
anticlockwise current is injected into each coil, the direction of
the TX-induced flux in the RX-coil plane determines the polarity
of the mutual inductance. If the TX-induced flux has the same
direction as the RX-induced flux, a positive mutual inductance
with a positive coupling coefficient is defined. Conversely, if the
flux directions are opposite, a negative coupling is considered.
For example, when the yellow RX1 is positioned directly above
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TX2 in Fig. 2(b), the right-hand rule suggests a positive coupling
between TX2 and RX1, while a negative coupling is indicated
between TX1 and RX1.

At the fundamental frequency, the ac model would use the
basic phasor analysis to derive the ac characteristics. All the
time-variant state variables could be represented by the phasor
form. For example, the input excitation itx,i is denoted as Itx,i,
and its magnitude is Itx,i. When the current of Itx,1 is assigned
to be positive, the currents of the other TXs could be either
positive or negative. The phase difference is not included in this
article. The state equations for the RX-side circuit are

Nt∑
i=1

jωMijItx,i − (Rrx,j + rrx,j) Irx,j = 0, j ∈ [1, Nr] (1)

where ω = 2πf is the angular frequency. The RXj’s output
power and the overall output power are

Pj = I2rx,jRrx,j (2)

P =

Nr∑
j=1

Pj . (3)

The loss of each TX and each RX are

Ploss,tx,i = I2tx,irtx,i (4)

Ploss,rx,j = I2rx,jrrx,j . (5)

Thus, the ac efficiency of the coupler is

ηac = P/

⎛
⎝ Nt∑

i=1

Ploss,tx,i +

Nr∑
j=1

Ploss,rx,j + P

⎞
⎠ . (6)

This article tries to derive the optimal ac condition under prac-
tical constraints for a controllable system.

B. Efficiency Optimization

A practical RX would have a specific power requirement and
its mutual inductance to all TXs. The RX-side active circuit may
extract the required power based on its loading condition. For
example, in a two-coil LCC-S IPT system, the output voltage is
clamped by the input excitation current, and the equivalent ac
resistance may be tuned by the dc–dc converter of RX side to
absorb the target power. For a multi-RX scenario, each RX would
have a power demand, and be defined asPj . Each power demand
defines an equality constraint for the tank, and combining (1) and
(2) gives

Pj =

∣∣∣∣∣
(

Nt∑
i=1

jωMijItx,i

)
/ (Rrx,j+ rrx,j)

∣∣∣∣∣
2

Rrx,j , j∈ [1, Nr] .

(7)
There are total Nr power constraints. The maximization of ηac

becomes a standard optimization problem: its cost function is
the overall loss [refer to (4) and (5)], its equality constraints are
given in (7), and the variables are the TX excitation currents
and RX current, i.e., Itx,i and Irx,i. The standard form of above

optimization problem is

minimize
Itx,i,Irx,j

Nt∑
i=1

I2tx,irtx,i +

Nr∑
j=1

I2rx,jrj

subject to

(
Nt∑
i=1

ωMijItx,i

)
Irx,j − Pj = 0, j ∈ [1, Nr].

(8)
This optimization problem would be solved by the Lagrange
multiplier method, which is attractive for optimization under
equality constraints [28]. Assuming Rrx,j � rrx,j , the corre-
sponding Lagrange function is given in the following:

LP =

Nt∑
i=1

I2tx,irtx,i +

Nr∑
j=1

I2rx,jrrx,j

+

Nr∑
j=1

λP,j

((
Nt∑
i=1

ωMijItx,i

)
Irx,j − Pj

)
(9)

where λP,j is the Lagrange multiplier. The Lagrange func-
tion and the Lagrange multiplier do not have strong psychical
meaning, and they are defined to solve a general optimization
problem under equality constraint. In order to derive the optimal
condition, it has to solve the following derivative equations
simultaneously:

∂LP /∂Itx,i = ∂LP /∂Irx,j = ∂LP /∂λP,j = 0. (10)

When the above optimization problem is defined in a standard
math form, abundant numerical optimization methods would
help solve the optimal condition once the tank parameters are
given. Therefore, the key contribution of this article is not to
justify the existence of a solution or obtain the optimal solu-
tion when sufficient parameters are given. Instead, it tries to
analytically explore an explicit circuit status with clear physical
meaning, which would benefit the understanding of the mecha-
nism of the optimal condition. Such kind of ac analysis is able
to evaluate the coupling performance before a real test and then
help guide the design of overall system.

Under the optimal condition, i.e., solving (10), the optimal
TX current, RX current, and Lagrange multiplier would meet
the following constraints:

Itx,i,P,opt =
1

rtx,i

Nr∑
j=1

ωMij

(
−λP,j

2

) 3
2

√
Pj

rrx,j
(11)

Irx,j,P,opt = (−λP,j/2)
√

Pj/rrx,j (12)

(
−λP,j

2

) 1
2

⎧⎨
⎩

Nt∑
i=1

ωMij

rtx,i

Nr∑
j=1

ωMijP
1
2
j r

− 1
2

rx,j

(
−λP,j

2

) 3
2

⎫⎬
⎭

= P
1
2
j r

1
2
rx,j . (13)

In (11) and (12), it is clear that all the optimal currents are
dependent on λP,j , which needs to solve (13).

Although λP,j cannot be directly solved for a general case
(numerical solutions are easily obtained from pure math point
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TABLE II
OPTIMAL CONDITION FOR THREE SPECIAL SYSTEMS WITH POWER CONSTRAINTS

of view), there are some interesting findings based on the above
derivations. Taking (11) and (12) into the overall losses of TX
and RX [refer to (4) and (5)], it shows that the optimal condition
would indicate a loss balance situation, i.e.

Nt∑
i=1

Ploss,tx,i =

Nr∑
j=1

Ploss,tx,j = −
Nr∑
j=1

λP,jPj/2. (14)

This finding has been proved in a one-TX one-RX system. This
conclusion can be used to evaluate the deviation of a practical
condition from its theoretical status.

Since the analytical solution of optimal condition is mainly
determined by the λP,j , this article would further explore the
theoretical boundary when an analytical solution of λP,j exists.
The number of TX or RX can be defined to generate several
special cases. For example, Case A means Nt = 1, Nr = 1 (i.e.,
one-TX one-RX), Case B meansNt > 1, Nr = 1 (i.e., multi-TX
one-RX), Case C means Nt = 1, Nr > 1 (i.e., one-TX multi-
RX), and Case D means Nt > 1, Nr > 1 (i.e., multi-TX multi-
RX). For the first three cases (A–C), the Lagrange multipliers
can be derived directly, which are given in the second column
of Table II. All the other state variables are solved based on λP,j

and given in the table. For Case D, (13) becomes a polynomial
equation, which could not be solved by simple rooting finding
formula. Another two subcases need to be defined for further
discussion: Case D1(Nr = 2) and Case D2 (Nr > 2). In the
appendix, it is proved that Case D1 would be the boundary that an
analytical solution exists. WhenNr > 2, the numerical methods
have to be used to calculate the maximum efficiency based on
the same optimization problem.

Having explicit solutions for Cases A–C would be beneficial
in understanding the physical implications of the optimal condi-
tion. In Table II, many state variables are dependent on coupling
under optimal conditions. However, there are instances where
certain cases demonstrate power independence. For instance,
whenNr = 1, the Lagrange multiplier becomes power indepen-
dent, resulting in power-independent values for Rrx,j,P,opt and
ηac,P,opt. From a control perspective, this implies that the optimal
load can be achieved through the RX-side circuits, allowing
the TX-side currents to meet the power demand. This enables
separate regulation of power and efficiency. This reason has been
validated in both single-TX and multi-TX systems [23]. Due to
space limitations, this article will not explore all the possibilities

for system design and control, focusing instead on the accuracy
and effectiveness of the derived ac characteristics.

III. COUPLER ANALYSIS WITHOUT POWER CONSTRAINTS

A. Efficiency Optimization

When a multi-TX multi-RX coupler is used without any
constraints, an optimal efficiency also exists and is defined as the
global maximum efficiency (ηac,opt). It means all the ac terminal
state variables are used to maximize this efficiency. For example,
in the well-known two-coil system, ηac,opt is proportional to the
coupling coefficient and coil quality factor, but independent of
the power. This section would devote to the coupler maximum
efficiency without power demands. Such an optimal condition
has been reported in [26]. However, the derived results are
not straightforward and lack of sufficient practical meaning.
This article is devoted to building a general understanding of
a multi-TX multi-RX coupler and then discussing the influence
of power constraints.

When it comes to a multi-TX multi-RX scenario, the de-
fined optimization in previous section cannot be simplified by
removing the equality power constraints. It needs to use the
original state equation as the equality constraint. The standard
optimization problem is defined as

minimize
Itx,i,Irx,j

∑Nr

j=1 I
2
rx,jRrx,j∑Nt

i=1 I
2
tx,irtx,i +

∑Nr

j=1 I
2
rx,j (Rrx,j + rrx,j)

subject to

Nt∑
i=1

ωMijItx,i = Irx,j (Rrx,j + rrx,j) , j ∈ [1, Nr].

(15)

Assuming λj is a Lagrange multiplier, the new Lagrange func-
tion could be written as

L =

∑Nr

j=1 I
2
rx,jRrx,j∑Nt

i=1 I
2
tx,irtx,i +

∑Nr

j=1 I
2
rx,jrrx,j +

∑Nr

j=1 I
2
rx,jRrax,j

+

Nr∑
j=1

λj

(
Nt∑
i=1

ωMijItx,i − (Rrx,j + rrx,j) Irx,j

)
(16)

where the first fractional term means the cost function [i.e., the ac
efficiency of (6)], and the second term is the equality constraint
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TABLE III
OPTIMAL CONDITION FOR THREE SPECIAL SYSTEM WITHOUT POWER CONSTRAINTS

defined by (1). This way, the Lagrange multiplier method is still
effective.

The optimal condition still needs to solve the following deriva-
tive equations:

∂L/∂Itx,i = ∂L/∂Irx,j = ∂L/∂Rrx,j = ∂L/∂λj = 0. (17)

The final solutions are solved as

Rrx,j,opt/rrx,j = β (18)

1

Itx,i,optrtx,i

Nr∑
j=1

ωMij

rrx,j

Nt∑
i=1

ωMijItx,i,opt = β2 − 1 (19)

where the physical meaning of β is the resistance ratio under
optimal value. From math point of view, the function of β is
similar to that of λP,j in (13), i.e., whether an explicit β exists
determines the existence of explicit form of all the other state
variables. Given β, the global maximum efficiency is

ηac,opt = (β − 1)/(β + 1). (20)

Although the maximum ac efficiency is derived based on the
resistance ratio β, it should be noted that the optimal terminal
resistance are determined by the coupler states, i.e., the pa-
rameters and the coupling. Similar to the coupler with power
constraints, the optimal conditions for Cases A–C can be ana-
lytically solved by (18)–(20) directly. All of results are listed
in Table III, where optimal current I(P ) is decided by output
power. When the coupler maximize its efficiency, there is one
freedom I(P ) left, which can be an arbitrary value. Therefore,
I(P ) is a function of the overall power level. For Case D, the
explicit form does not exist.

B. Influence of Power Constraints

The optimal characteristics of a coupler, in the absence of
power constraints, accurately reflect its inherent properties. For
instance, it is widely recognized that the efficiency (ηac,opt) of
a one-TX one-RX coupler is influenced by factors, such as coil
ESR and mutual coupling. However, the introduction of power
constraints implies that the optimal coupler characteristics be-
come dependent on power level. Consequently, the efficiency
drop caused by power constraints serves as a valuable tool
for designers to assess the practical utilization of a coupler.
The ideal performance of a coupler, represented by ηac,opt, aids
in determining whether the existing coupling conditions can
guarantee sufficient efficiency. On the other hand, ηac,P,opt is
employed to evaluate the practical performance of the coupler

when power demands are satisfied. Therefore, the efficiency
drop (Δηac = ηac,opt − ηac,P,opt) plays a critical role in assessing
the tradeoffs made by the coupler in real-world scenarios.

The impact of power constraints can be analyzed by compar-
ing the information presented in Tables II and III. In Case A, both
tables demonstrate that the optimal load and efficiency remain
independent of power. In addition, the values of Rrx,j,P,opt and
Rrx,j,opt are equivalent, as well as ηac,P,opt and ηac,opt, resulting
in Δηac = 0. Consequently, in Table III, Itx,i,opt can be assumed
to any value, which corresponds to the specific power demand in
Table II. Moving to Case B, it shows thatRrx,j,P,opt andRrx,j,opt

remain unchanged, as well as ηac,P,opt and ηac,opt, resulting in
Δηac = 0. However, when multiple TX coils are involved, the
TX currents need to be modulated to concentrate toward a single
RX. This is expressed as Itx,i,opt = I(P )Mi1

rtx,i
in Table III, which

implies

(Itx,1rtx,1)/M11 = (Itx,2rtx,2)/M21

= · · · = (Itx,Nt
rtx,Nt

)/MNt1. (21)

Despite the existence of Nt TX currents for efficiency optimiza-
tion, (Nt − 1) control variables are utilized to satisfy the con-
straints mentioned in (21). Only one current magnitude, denoted
as I(P ), remains for power regulation. In the case of a single RX,
this solitary control variable proves to be satisfactory for meeting
the load demand without compromising the efficiency of the
coupler, denoted as Δηac = 0. However, in scenarios involving
multiple RXs, such as Case C, both Rrx,j,P,opt ( �= Rrx,j,opt) and
ηac,P,opt ( �= ηac,opt) become dependent on power as indicated
in Table II. To achieve the maximum global efficiency while
maximizing the coupler efficiency, relying solely on the single
TX current is inadequate given the power restrictions, resulting
in Δηac > 0.

IV. COUPLER ESTIMATION

A. Example Setup

The basic ac characteristics of a coupler serve as the funda-
mental of coupler evaluation, coupler optimization, and system
design and control. Prior works have broadly reported such kinds
of achievements, especially for the simplest one-TX one-RX
case. This article would use a coupler evaluation problem to
justify the accuracy of the derivation and meaning of the ac
analysis. In practice, the target RX and charging area would
be defined, and then a customized TX should be proposed
to meet the requirements. Therefore, a two-RX application is
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Fig. 3. Different 2-RX couplers. (a) Coupler 1: Using circular pad (CP) as
TX. (b) Coupler 2: Using TPP as TX.

Fig. 4. Simulation setup. (a) Top view. (b) RX1 at (0 mm, 0 mm). (c) RX1
at (0 mm, 50 mm). (d) RX1 at (0 mm, 100 mm). (e) RX1 at (0 mm, 150 mm).
(f) RX1 at (0 mm, 200 mm).

defined, and the problem is to evaluate the TX solution when
the moving freedom is given. As shown in Fig. 3, two RXs are
allowed to move within a circular area above the TX. There
are two candidate solutions: Coupler 1 would use a CP as TX
and Coupler 2 would use a TPP. The proposed ac analysis
could quickly compare the coupler performance under practical
demand without a real-system test. Several interesting and gen-
eral conclusions can be drawn through this case study.

The proposed ac analysis needs the coupler parameters, cou-
pling conditions, and power demands for efficiency calculation.
Within a wide range of moving areas, all the coupler parameters
are extracted from the finite-element-analysis simulations to
ensure high accuracy for the postestimation. Since the RXs are
allowed to freely move within a given area, this article needs to
build a uniform coordinate to indicate the coupling variation. As
shown in Fig. 4(a) (a top view), the TX coil is defined by the
gray solid circle. When the center of RXs does not move outside
the TX-coil area, the maximum charging area is defined by
the dotted circle. Different coupling conditions are discussed in
Fig. 4(b)–(e). In Fig. 4(b), RX1 is fixed at the center. The vertical
distance between TX and RX is divided into two conditions (i.e.,
5 and 80 mm). When there is no overlapping between two RXs,
the center of RX2 will move within the dotted area. When the
RX1 is located at (0 mm, 50 mm), it would give a dotted area for
RX2’s center, as shown in Fig. 4(c). As RX1 gradually touches
the charging area boundary, the dotted area would gradually
change in Fig. 4(c)–(f), which is similar to the sun shape during
an eclipse process. In Fig. 4(b)–(f), the sample points are evenly

TABLE IV
COUPLER PARAMETERS

Fig. 5. ηac,P,opt of CP-based coupler under coupling variation. (a) Overall.
(b) RX1 at (0 mm, 0 mm). (c) RX1 at (0 mm, 50 mm). (d) RX1 at (0 mm,
100 mm). (e) RX1 at (0 mm, 150 mm). (f) RX1 at (0 mm, 200 mm).

placed within the dotted area, and each point represents a specific
RX placement and defines a coupling condition. There are a total
of 1079 points or coupling conditions to be evaluated.

B. Efficiency Estimation

The influence of vertical distance and power distribution is
discussed with the help of ac analysis. The coupler is evaluated
at 200 kHz, and all the coil parameters are given in Table IV.
Initially, the vertical distance is set at 5 mm, and two different
power distributions are studied, i.e., an even power distribution
(P1 = P2 = 20 W) and an uneven power distribution (P1 =
3P2 = 30 W). Note that both systems would have the same
overall power.

Under even power distribution, ηac,P,opt of Coupler 1 (using
CP) is calculated based on the previous ac analysis and shown
in Fig. 5. Each RX position of Fig. 4(b) (i.e., an observation
point) would have an efficiency data in Fig. 5(b). Therefore, the
coupling variation defined by dotted area of Fig. 4(b)–(f) would
lead to a same-shape colored efficiency map in Fig. 5(b)–(f). All
these maps are shown in Fig. 5(a) for different RX1 positions.
When the TPP-based TX is adopted, the efficiency for different
coupling is shown in Fig. 6. The efficiency of most points are
above 90%. When RX1 moves to the edge position of CP-based
TX, the efficiency drop is clear as shown in Fig. 5(f). From
the math point of view, by using more TX coils, the excitation
currents of TPP-based TX are able to be tuned to overcome
this issue as shown in Fig. 6(f). From the control point of
view, selective activation of multiple coils and control over the
excitation current magnitude provide increased flexibility in flux
control. It is important to note, however, that having more TX
coils does not necessarily guarantee higher efficiency for any
coupling condition.
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Fig. 6. ηac,P,opt of TPP-based coupler under coupling variation. (a) Overall.
(b) RX1 at (0 mm, 0 mm). (c) RX1 at (0 mm, 50 mm). (d) RX1 at (0 mm,
100 mm). (e) RX1 at (0 mm, 150 mm). (f) RX1 at (0 mm, 200 mm).

Fig. 7. AC efficiency estimation when d = 5mm. (a) Even power distribution.
(b) Uneven power distribution.

A direct observation of Figs. 5 and 6 is not straightforward to
compare the efficiency under coupling variation. Refer to Fig. 4,
there are a total of 1079 observation points (within five represen-
tative dot areas) to describe the varied RX placement. Therefore,
all the efficiency data of the sample points are summarized in
Fig. 7. The horizontal axis, denoted as N , represents the number
of data points where the efficiency surpasses the corresponding
value on the vertical axis. To illustrate, consider the red-circle
line representing the CP-based system. The leftmost data point
indicates N = 1 and ηac = 98%, implying that there exists a
single observation point where the efficiency exceeds 98%.
Similarly, the rightmost data point represents N = 1079 and
ηac = 87.5%. This indicates that all 1079 data points exhibit
an efficiency greater than 87.5%, with this particular efficiency
value determined by the worst case scenario. It is evident that
efficiency decreases asN increases. When the RXs are randomly
positioned, and there is an uncertainty in the coupling, a higher
curve for the coupler signifies a greater potential for higher
efficiency.

When there is no power constraints, the red-dash curve would
represent ηac,opt for a CP-based system. The gap between the
dash line and circle line (ηac,opt and ηac,P,opt) reflects the sacrifice
of coupler efficiency when meeting the power demands. When
N is large, a large gap would occur. These sample points have
a common feature, i.e., a large coupling coefficient difference
between k11 and k12. Under this scenario, a system with no
power constraint would deliver more power to the RX with larger
coupling for efficiency optimization. Once the power constraints
are included, the coupler has to sacrifice its efficiency.

Fig. 8. AC efficiency estimation when d = 80 mm. (a) Even power distribu-
tion. (b) Uneven power distribution.

Fig. 9. Magnetic field intensity of TX when RX1 at (0 mm, 0 mm, 5 mm)
and RX2 at (160 mm, 0 mm, 5 mm). (a) Setup. (b) Without power constraints.
(c) P1 = P2 = 20 W. (d) P1 = 10 W and P2 = 30 W.

Besides the convenient evaluation of ηac,opt and ηac,P,opt, the
proposed ac analysis is very effective to compare ηac,P,opt for
various couplers. Fig. 7(a) compares ηac,P,opt of TPP-based
system and CP-based one at the selected sampling points. The
TPP-based system has a higher global peak value (N = 1) and
a smaller efficiency variation (N ∈ [1, 1079]). When uneven
power distribution occurs, the conclusion does not change as
shown in Fig. 7(b).

When the charging distance equals 80 mm, an another effi-
ciency estimation is carried out. Detailed efficiency data could
still be calculated and compared in Fig. 8. In terms of efficiency
variation, the TPP-based system is still better. The selective
excitation is helpful to maintain the efficiency when RXs are
located at the edge position. WhenN < 500 in Fig. 8(a), ηac,P,opt

of CP-based system becomes better. This is because a larger
single coil is more powerful to ensure sufficient flux when the
distance is large. Similar conclusion is also valid for uneven
power distribution in Fig. 8(b).

C. Magnetic Field Analysis

Coupling and power conditions determine optimal input ex-
citation, and further affect the magnetic field. Two RXs are
placed in an example position of Fig. 9(a), which also shows
the coupling coefficients. Without the power constraints, the
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Fig. 10. Experiment setup. (a) System overview. (b) CP. (c) TPP. (d) Two RXs.

optimal currents are solved to generate the field of Fig. 9(b). Most
of the power would be offered by TX1 because it has stronger
coupling to both RXs compared with the other TXs. When the
RXs have specific power demands, such as P1 = P2 = 20 W,
the required optimal currents could still be derived and used for
field excitation in Fig. 9(c). It means all the TXs are excited,
and the current of TX1 is a little larger. For uneven power
distribution, i.e., increasing P2 to 30 W and decreasing P1

to 10 W. Fig. 9(d) shows that the currents of TX2 and TX3
are decreased to meet the new power demands since both of
them have negative coupling. There are two basic qualitative
conclusions to ensure high efficiency. The TX coil with stronger
coupling to RX should have higher excitation, and the TX coil
far from the higher power RX should decrease its current. The
proposed optimization helps give a quantitative estimation.

V. EXPERIMENT VERIFICATION

The final experimental setup is shown in Fig. 10(a). Every TX
coil is compensated by LCC compensation and driven by a full
bridge inverter. The TX coil current is only tuned by the input
dc voltage. The RX coil would adopt the series compensation
and is connected to a bridge rectifier. An electronic load would
work at a constant power mode to mimic the real power demand.
The overall output power is 40 W for two RXs. The layout of
the coupler is shown in Fig. 10(b),–(d). Two RXs of Fig. 10(d)
will be placed right above the TX as shown in Fig. 10(a). All
these coils are fabricated by litz wire (AWG38, 0.1 mm × 150).
The self-inductance and ESRs of these coils are measured by
impedance analyzer. The above theoretical analysis is inde-
pendent to operating frequency, which is chosen at 200 kHz
in this experiment to benefit the coil quality factor. The other
components are designed based on a LCC-S compensation. All
values are given in Table V.

In the ac analysis, only the efficiency is evaluated for a multi-
TX multi-RX coupler. The final test would include the inverter

TABLE V
PARAMETERS OF RESONANT TANKS

Fig. 11. Inverter output waveform and receiving coil waveform. vin: The
output voltage of the inverter. iin: The output current of the inverter.
(a) Even power distribution: P1 = P2 = 20W (b) Uneven power distribution:
P1 = 3P2 = 30W.

and the rectifier to have a dc/dc efficiency. Similar to the two-
coil coupler, its ac characteristic is a determinant factor from
the overall perspective. Its ac-level conclusion would be seen at
the dc test. During the test, the input voltage of the inverter is
manually tuned to adjust the TX coil current according to the
calculated currents of the ac analysis. A typical waveform for the
inverter output is given in Fig. 11. All the terminal information
is provided, including the three input terminals and two output
ones. When the input current iin1 is set as the reference, iin2 and
iin3 are out of phase. Such a feature reflects the existence of
bipolar mutual inductance.

The coupling variation condition of Fig. 4(e) would be used
as an example to compare the difference between ac calculation
and dc test. When vertical distance is 5 mm, the comparison
for CP-based system is shown in Fig. 12. Fig. 12(a) shows the
efficiency map when both RXs have the same output power,
and Fig. 12(b) compares the efficiency under uneven power
distribution. Both figures show that the proposed ac analysis
is sufficient to evaluate the final dc results under coupling and
loading variation. The active circuits will cause an efficiency
drop due to the additional losses but will not affect the basic
characteristics of the efficiency map. Similar comparison is
given for a TPP-based two-RX system in Fig. 13. The conclusion
is still valid. Comparing the dc efficiency of Figs. 12 and 13, it
is also clear that more TX coils would be helpful for improving
the efficiency and lowering the variation of efficiency under RX
position change.
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Fig. 12. AC and DC efficiency comparison of CP-based systems. (a) Even
power distribution. (b) Uneven power distribution.

Fig. 13. AC and DC efficiency comparison of TPP-based systems. (a) Even
power distribution. (b) Uneven power distribution.

When the RXs move, as shown in Fig. 4(b)–(f), all dc ef-
ficiencies are recorded and compared in Fig. 14. Here the ac
efficiency is calculated like Fig. 7, but it is based on the real
coupler parameters. For both CP-based system and TPP-based
one, the original conclusion (drawn based on the ac analysis) is
still valid, i.e., the TPP-based system is helpful to stabilize the
efficiency. For example, under even power distribution, the peak
ηdc,P,opt of TPP-based system is 93.6% when N = 1. For most
coupling conditions, it is better than the efficiency of CP-based
system. For either CP-based system or TPP-based one, the gap
between ηac,P,opt and ηdc,P,opt is caused by the active circuits.
For both systems, Fig. 14 clearly shows the dc characteristics
are determined by the ac ones. Therefore, the proposed ac
analysis and coupler efficiency estimation could quickly tell the
performance of a candidate coupler.

Fig. 14. AC and DC efficiency comparison for all sampling points. (a) Even
power distribution. (b) Uneven power distribution.

Fig. 15. AC and DC efficiency comparison for different output power ratios.

In the previous tests, only two loading conditions are mea-
sured for various systems, i.e., even and uneven power distribu-
tion. Since the ac calculation is valid for any power condition,
the TPP-based system is further tested for a fixed position
[RX1(150 mm, 0 mm), RX2(−80 mm, 0 mm)]. By fixing
the overall output power at 40 W, different power ratios are
measured and compared with the calculation results in Fig. 15.
The proposed ac estimation could still predict the basic trends
and the influence of the power distribution.

VI. CONCLUSION

A comprehensive ac analysis is proposed for the study and
estimation of a coupler. By defining the practical power demands
as equality constraints, a standard optimization problem is built
and solved by the Lagrange multiplier method. The boundary
of explicit solutions is discussed, and the practical meaning of
the optimal conditions are explained referring to the well-known
characteristics of a two-coil coupler. The coupler performance
without any power constraints is also analyzed in a uniform
manner, which helps discuss the influence of power demands.
Based on the proposed ac analysis, a coupler estimation ap-
proach is proposed for a two-RX example application. It could
quickly judge the efficiency variation under different loading
and coupling conditions and guide the selections of TX. In
the experiment, various couplers are fabricated and tested in
complete dc systems. The consistency between the ac and dc ef-
ficiencies justifies the accuracy and effectiveness of the optimal
ac analysis.
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APPENDIX A

For Case D1: Assuming x = − λP,1

2 and y = − λP,2

2 , it can be
viewed as a quartic function in two variables. Replacing λP,1

and λP,2 with x and y in (13), it gives

a1x
4 + b1xy

3 − c1 = 0

d1x
3y + e1y

4 − f1 = 0 (22)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 =
√

P1

rrx,1

∑Nt

i=1
ω2M2

i1

rtx,i

b1 =
√

P2

rrx,2

∑Nt

i=1
ω2Mi1Mi2

rtx,i

c1 =
√

P1rrx,1

d1 =
√

P1

rrx,1

∑Nt

i=1
ω2Mi1Mi2

rtx,i

e1 =
√

P2

rrx,2

∑Nt

i=1
ω2M2

i2

rtx,i

f1 =
√

P2rrx,2.

(23)

Sylvester matrix is used to get the solution of (22). Solving (24)
directly and it will become an equation of degree 16 in one
variable (25)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 0 0 b1y
3 −c1 0 0

0 a1 0 0 b1y
3 −c1 0

0 0 a1 0 0 b1y
3 −c1

d1y 0 0 e1y
4 − f1 0 0 0

0 d1y 0 0 e1y
4 − f1 0 0

0 0 d1y 0 0 e1y
4 − f1 0

0 0 0 d1y 0 0 e1y
4 − f1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

(24)

ay16 + by12 + cy8 + dy4 + e = 0 (25)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a = e1(a1e1 − b1d1)
3

b = f1(b1d1 − 4a1e1)(b1d1 − a1e1)
2

c = 3a1f1
2(2a1e1 − b1d1)(a1e1 − b1d1)

d = 3a1f1
2(2a1e1 − b1d1)(a1e1 − b1d1)

e = 3a1
2b1d1f1

3 − 4a1
3e1f1

3 − c1
3d1

4

f = a1
3f1

4.

(26)

Actually, (25) can be viewed as a quartic equation, and rooting
finding formula exists in this case. Assuming

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δ1 = c2 − 3bd+ 12ae

Δ2 = 2c3 − 9bcd+ 27ad2 + 27b2e− 72ace

Δ =
3
√
2Δ1

3a 3
√

Δ2+
√

−4Δ3
1+Δ2

2

+
3
√

Δ2+
√

−4Δ3
1+Δ2

2

3 3
√
2a

Δ3 = b2

4a2 − 2c
3a

Δ4 = − b3

a3 + 4bc
a2 − 8 d

a

. (27)

The solutions are

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

y1 =
(

−b
4a − 1

2
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Δ3 +Δ− 1

2

√
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2
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Δ3 +Δ+ 1

2

√
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) 1
4

.

(28)
Although the derivation above is complicated, and the physical
meaning is not clear. It means for a general two-RX system, the
analytical solution still exists and can be solved without using
numerical methods. However, for Case D2 (Nt > 1, Nr > 2),
the analytical solution does not exist. It is the first time that the
general ac analysis is explored to find the theoretical boundary
of the optimal solution.
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