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Abstract—This article presents a closed-form analytical solution
to the harmonic spectrum of output voltage of a single-phase
H-bridge inverter, and gives the precise harmonic spectrum con-
sidering the effects of dead time and dc bus voltage ripple in a
digitally controlled system. Since the H-bridge is the basic block in
converters, this solution and spectrum can be extended and applied
to a variety of pulsewidth-modulation-based topologies. The inter-
action between modulation waveform and triangular during the
modulation process is fully analyzed from a mathematical perspec-
tive so that the combined effects of digital sampling, dead time, and
dc bus voltage ripple on the output voltage are summarized in time
and frequency domains. Furthermore, the presented harmonic
spectra do not need to judge the current polarity in calculation,
which means that the exact amplitude and phase of each output
harmonic can be obtained accurately, providing the important
theoretical basis for system parameter design and specific harmonic
compensation or elimination. The presented analysis results are
verified by simulations and experiments.

Index Terms—DC bus ripple, dead time, digital sinusoidal
pulsewidth modulation (DSPWM), double fourier series, harmonic
analysis, voltage source inverter (VSI).

I. INTRODUCTION

DUE to appealing advantages such as a high-input power
factor, sinusoidal output, and bidirectional power flow

capability [1], [2], [3], voltage-source inverters (VSIs) with
controllers have been widely used in industrial applications
in recent years, especially in high-voltage direct current trans-
mission systems, motor drives, and grid integration of renew-
able energies [4], [5], [6]. Carrier-based pulsewidth modulation
(PWM) schemes are commonly applied in VSIs to synthesize
the required power supplies through power semiconductor de-
vices [7], [8], but the output voltage is square wave containing
undesired high-frequency harmonic components related to car-
rier frequency, while the nonlinear factors in the modulation
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process introduce undesired low-frequency harmonic compo-
nents, causing grid distortion and reducing the power quality.
To protect the power grid and improve the performance of
VSI, the output harmonic components of the converter need
to be eliminated or compensated, and the accurate detection of
harmonic components is a premise, therefore, the analysis of the
undesirable harmonic components as well as the output voltage
harmonic spectrum is necessary.

The controllers in VSI systems can be divided into two types:
analog and digital; and the digital controller is preferred in mod-
ern power systems due to its benefits of flexible operation, easy
calculation and control, strong reliability and antiinterference,
low cost, and so on [9], [10], [11], [12]. In the low-frequency
modulation process, the digital controller, especially that of high
speed, can be equivalent to the analog controller; however, due
to the limitation of switching frequency, the high-frequency
modulation process of the digital controller is quite different
from that of the analog controller.

A portion of present analysis of PWM harmonic spectrum
assumes that the semiconductor switch is ideal, i.e., the switch
operates instantaneously, which cannot be achieved in prac-
tice [13], [14], [15]. The actual semiconductor device has a
nonzero switching duration, which means that it takes time to
turn ON or OFF. To avoid both transistors of the same branch
conduct simultaneously, and thus, shoot-circuit, the dead time
is introduced to delay the low-to-high transitions in the gating
signals of each transistor by Δt.

Another common assumption in analyzing the harmonic spec-
trum is to consider the dc bus voltage in the converter as ideal,
which means that the dc bus voltage contains only a pure dc
component [16], [17]. However, in the practical applications,
especially when the dc bus is a floating capacitor, the dc bus
tends to generate a large amount of low-frequency harmonic
components, meaning that the dc bus voltage oscillations are
inevitable.

The high-frequency harmonic components in the dc bus ripple
can be easily suppressed, but the elimination of low-frequency
harmonic components requires a large capacitance, leading to
an increase in the cost and size of the system. In general, a
small ripple (less than 10%) in the dc bus voltage is acceptable.
Therefore, if the dc bus is simply analyzed and modeled as
ideally constant, the unanticipated harmonic components will
be introduced to the output voltage as well as PWM wave-
form by the ripple in the dc bus voltage, thus resulting in
distortions.
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The three aforementioned nonlinear factors, digitization, dead
time, and dc bus voltage ripple, are superimposed on each other
and affect the harmonic distribution and total harmonic distor-
tion (THD) of output voltage in the actual system. Harmonic
components bring problems such as reduced power quality and
poor system stability, preventing the power converters from
following strict power quality constraints.

The modulation theory has been a major research area in
power electronics for decades, and different approaches have
been proposed to analyze the harmonic content of carrier-based
modulation schemes. The double Fourier series approach has
been introduced for the analytic determination of inverter har-
monic content in [18]. Then, [19] and [20] transformed the
classic 2-D Fourier series as well as harmonic spectrum into
a 1-D form by superposition. Another approach to obtain the
harmonic content is to combine a time-domain simulation of
PWM waveform with the fast Fourier transform (FFT) tech-
nique, thus replacing the complex mathematical analysis. The
major drawback of this approach is that it requires a sufficiently
small simulation time step to lower the noise floor for any
meaningful conclusions [21], [22], [23].

The analytical solutions derived from the double Fourier
series are not only intuitive but also provide accurate harmonic
spectra, enabling the precise comparison of different modulation
strategies down to each harmonic, while providing the theo-
retical basis for harmonic cancellation. Therefore, the analysis
approach based on the double Fourier series is essential and
has become the basis for most further modulation research [24],
[25], [26].

The double Fourier series approach has gained numerous
extensions. Holmes and Lipo in [27] analyzed different vari-
ations of the PWM process in power converters and gave the
expression of output harmonic components. The authors in [28]
and [29] turned to the digital control system and studied the
nonlinear effect of digitization and sampling on output voltage.
The authors in [30], [31], and [32] introduced another nonlinear
factor dead time to make the analysis more practical, giving the
harmonic spectrum under the assumption that the output current
polarity is known. However, the aforementioned harmonic anal-
yses optimistically assume that the dc bus voltage contains only
a fixed dc component and is free of oscillations.

Recent studies have focused on the impact of nonideal dc
bus voltage on power converters. The authors in [33] and [34]
concern the influence of the dc bus voltage ripple and propose
different compensation methods, but do not describe the mech-
anism of this influence in detail. The authors in [35] consider
only the second-order harmonic in floating capacitor voltage
and give the mathematical expressions for output harmonic
spectrum in the cascaded H-bridge converter. The expressions
for the output voltage spectrum of a half-bridge VSI with and
without dc bus compensation are given in [36] and [37], re-
spectively, but these expressions are based on natural sampling
and contain a switching function, which differ from practical
applications. While concentrating on the dc bus ripple, these
studies ignored the effects of other nonlinear factors such as dead
time.

TABLE I
COMPARISON OF RESEARCH CONTENTS

The superposition of all typical nonlinear factors for com-
bined studies is challenging—the superposition of multiple non-
linear factors, especially the superposition of dead time and
dc bus voltage ripple, will make the harmonic analysis and
calculation process extremely complex; it will also make the
pattern of output harmonic distribution not obvious.

Therefore, the current harmonic analyses only highlight the
impacts of certain types of nonlinear factors on the system, with-
out fully considering all nonlinear factors that have significant
effects on the system, and idealizing some of the conditions will
make their conclusions differ from practical applications.

In this article, the generation mechanism of output voltage har-
monic components in modulation process is analyzed with fully
considering the impacts of all typical nonlinear factors in modern
digitally controlled VSIs, and a general and well-established
harmonic analytical solution that can accurately determine the
actual harmonic spectrum is proposed.

By applying this analysis method step by step, this article
first analyzes the effects of each nonlinear factor when acting
individually, then analyzes the superimposed impacts by com-
bining two different factors, and finally, models the actual system
by combining all the typical nonlinear factors and analyzes
their superimposed effects. Thus, the qualitative conclusions are
given about the effects of introducing different nonlinear factors
to the system, either individually or in combination.

The comparison between the research contents of this arti-
cle and the published articles using double Fourier series for
harmonic analysis is shown in Table I.

With the proposed analytical solution, the detailed analytical
harmonic spectrum of the single-phase H-bridge inverter output
voltage that considers the superimposed effects of digitization,
dead time, and dc bus voltage ripple is derived for the first
time, and the computable expression with high precision for
the phase and amplitude of each harmonic is obtained from this
spectrum.

Ultimately, this article gives clear quantitative conclusions
about the effects of these nonlinear factors on the output
harmonic components, both individually and in combination,
through this accurate and analytical harmonic spectrum.

The proposed analytical solution is suitable for harmonic
analysis in different cases, and the derived harmonic spectra
and computable expressions are of guidance for harmonic com-
pensation and system parameter design, such as calculation
of optimal dead time; design of more efficient control and
filter parameters or precise elimination of specific harmonic
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Fig. 1. Diagram of the carrier-based PWM single-phase VSI structure in the
digital control system.

components using inverse compensation with the accurate am-
plitude and phase of each harmonic is known.

Noteworthy, the proposed harmonic analysis method and
derived results are quite scalable and can be easily extended
in a similar manner to the vast variety of structures, modulation
strategies, phase numbers, and other situations.

The results in this article, especially the general har-
monic analysis method, analytical harmonic spectra, and high-
precision computable expressions that consider all the typical
nonlinear factors, are not covered in previous literature and are
verified by both simulations and experiments.

The rest of this article is organized as follows. Section II
builds a model of digitally controlled single-phase H-bridge
VSI, and qualitatively analyzes the effects of nonlinear factors
during bipolar modulation in time domain. Section III develops
a general harmonic analysis method and presents the well-
established expressions and harmonic spectra of output voltage
under different conditions while the dc bus voltage is considered
as a constant. The analyses in Section IV are extended to the dc
bus with considerable voltage ripple. Section V gives quantita-
tive conclusions on the effects of nonlinear factors. Section VI
provides the verifications in experiments. Finally, Section VII
concludes this article.

II. MODELING OF THE INVERTER AND ANALYSIS OF

NONLINEAR FACTORS

Fig. 1 shows the diagram of the H-bridge voltage source
inverter in a digital control system. The single-phase H-bridge
consists of two arms (Arms A and B) with four transistors (S1,

Fig. 2. Effect of digital PWM on output voltage in time domain.

S2,S3,S4) and their antiparallel diodes (D1,D2,D3,D4), which
provide the current loop. The switching signals of transistors are
obtained by logically comparing the modulation waveform um

with the triangular carrier uc in the controller. In addition, the
proposed analysis method is applicable to all switching tubes,
and the IGBT in Fig. 1 is only used as an example.

Among the modulation strategies, bipolar modulation is cho-
sen in this article, whose output is only two levels, the modu-
lation process is easy to analyze, and the output harmonic dis-
tribution pattern is typical. Most importantly, since the analysis
method under bipolar modulation can be easily extended to other
arbitrary modulation strategies, it can be applied as the basis for
harmonic analysis.

During the bipolar modulation process, when the amplitude
of modulation waveform is higher than the carrier, the controller
gives the switching signals to turn S1 and S4 ON and S2 and S3

OFF, providing an output voltage with a positive dc bus voltage
(vo = vdc); in the other case, the switching state of the transistors
and the polarity of the output voltage are reversed (vo = −vdc).
Consequently, the output voltage represents a pulse train whose
pulsewidth depends on the value of the modulation waveform,
i.e., the PWM.

In digital control systems, data need to be sampled and
computed, so the modulation waveform cannot be generated
in real time and there is a delay compared to analog systems,
whose effect is more obvious for low-speed controllers, as it can
be compensated easier in some applications with high-speed
controllers such as FPGA or suitable predictive models.

In brief, the digitized modulation waveformum is obtained by
sampling and holding from an ideal modulation waveform uim,
as shown in Fig. 1. As can be seen in Fig. 2, the intersections of
um and the triangular carrier uc have changed relative to uim,
which shifts the output voltage in the time domain and brings a
nonlinear effect to the digital system.

Besides, the semiconductor switches in the practical inverter
system cannot be considered ideal; they need turn ON time ton

and turn OFF time toff to turn ON and turn OFF, respectively.
Therefore, the dead time Δt is required to be introduced into the
switching signals to avoid the simultaneous conduction of the
two switch devices of the same arm.
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Fig. 3. Modulation process with dead time. (a) Current path and output voltage
during dead time. (b) Output voltages before and after applying dead time.
(c) Effect of dead time. (d) Detailed waveforms in one carrier period Tc.

The dead time is added just as the transistor is about to turn
ON, causing a delay by Δt in the operation of this transistor,
and after the turn OFF time toff, the both switch devices on the
same arm are in the OFF state. The polarity of the output voltage
at this point will be determined by the current path through the
antiparallel diodes, that is, the direction of the output current
io.

Fig. 3(a) shows the current path and output voltage during
the simultaneous OFF state, when the output current io > 0,
the current passes through diodes D2 and D3, so the output
voltage vo is -vdc; otherwise, when io < 0, the current passes
through diodes D1 and D4 and the output voltage vo is vdc. This
gives the variation pattern of the output voltage, and the detailed
waveforms in one carrier period is shown in Fig. 3(d), where the
gray dashed lines indicate the ideal switching signals G1 and
G2 issued by the controller, and S1 and S2 indicate the actual
states of the switching tubes. By analyzing Fig. 3(a) and (d),
the influence of dead time and switching duration in the time
domain can be obtained. When io > 0, the dead-time process
will delay the rising and falling edges of the output voltage along
ton +Δt (defined as td) and toff, respectively, and the two times
are opposite when io < 0.

Fig. 4. Distortion caused by DC bus voltage ripple. (a) Converter system with
ideal DC bus. (b) Converter system with DC bus oscillations.

The output voltages before and after applying the dead time
are shown in Fig. 3(b), and the effect of introducing dead time
on the output voltage in time domain is shown in Fig. 3(c), it
can be seen that the dead time also brings a significant nonlinear
effect to the system.

It is worth mentioning that if the switching tubes are defined
as nonideal without considering the dead time, the simultaneous
conduction will occur, therefore, in this article, the switching
tubes are considered as ideal devices in the analysis without
discussing the dead time. In addition, the turn ON and turn OFF

signal of the actual device is a ramp, and this article uses area
fitting to equate it to a straight up and down step signal for
analysis, which does not affect the final results.

There is another factor that introduces a nonlinear effect
to the system, the dc bus oscillations. When analyzing the
harmonic spectrum of the inverter connected with the dc bus,
it is usually assumed that the dc bus voltage contains only a
pure dc component. For the dc bus with high-frequency voltage
ripples, the harmonic components can be easily suppressed and
this assumption is justified. However, for the dc bus voltage that
experiences low-frequency oscillations, this assumption will not
be valid. As shown in the comparison of Fig. 4(a) and (b), the
low-frequency ripple in the dc bus voltage vdc will introduce
additional and nonnegligible harmonic components in the output
voltage and current, especially in the low frequency. The effects
of dc bus voltage oscillations will be described in detail later in
Section IV.

III. ANALYTICAL SOLUTION TO THE HARMONIC SPECTRUM OF

VSI OUTPUT VOLTAGE UNDER IDEAL DC BUS

This section presents the well-established analytical solution
for the output voltage harmonic spectrum of a single-phase VSI,
and will use this solution to analyze the harmonic spectrum of the
output voltage from the ideal model to the commonly used digital
control model with disturbance in this and the next sections. The
dc bus voltage in this section is assumed as ideally constant.

Fig. 5 shows the detailed digital PWM modulation process
with dead time and dc bus oscillations effects. During each
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Fig. 5. Detailed modulation process with nonlinear factors during two carrier
periods under different current polarity.

carrier period, the modulation waveform intersects the falling
and rising edge of the triangle carrier with points Xf and Xr,
respectively.

In the modulation process, the output voltage vo changes
with the comparative relationship of amplitude between the
modulation waveform and the carrier, that is, the polarity of
the output voltage changes at the intersection points if it is not
affected by dead time.

Therefore, the expression of vo is a time-varying function con-
trolled by two variables related to the modulation waveform and
carrier, respectively, thus a double Fourier series is introduced
to express the output voltage as a weighted sum of harmonic
components as follows:

vo =

∞∑
m=1

±∞∑
n=±1

{
Amn cos(mx+ ny)
+Bmn sin(mx+ ny)

}
(1)

where m and n represent multiples of the frequency of car-
rier and modulation waveform, respectively. Cmn are the co-
efficients of the double Fourier series expansion, which also
represent the amplitude and phase of each harmonic, and can
be obtained by solving (2). The variables x and y are defined
by (3), where ωc and ωm are the carrier and fundamental an-
gular frequency, respectively, and the frequencies of harmonic
components can be expressed as mωc + nωm.

Cmn = Amn + jBmn

=
1

2π2

∫ π

−π

∫ π

−π

vo · ej(mx+ny)dxdy (2)

x = ωct, y = ωmt (3)

A. Ideal Harmonic Spectrum Under Natural Sampling

By making the equations of the ideal modulation waveform
and carrier equal in time domain given in (A1) in Appendix,
the coordinates of the intersection points Xf , Xr under natural
sampling can be derived as{

Xr = π
2 (1 +M sin y) + 2pπ

Xf = −π
2 (1 +M sin y) + 2pπ

(4)

where M = Um/Uc is defined as the modulation ratio, and p is
an arbitrary natural number.

Fig. 6. Comparison of theoretical calculation and simulation results under
natural sampling.

Through the comparative relationship in PWM and the inter-
section (4), the time-domain expression of the output voltage
without dead time can be obtained in (A2) in Appendix, which
can be substituted into (2) to derive the coefficients Amn and
Bmn of the double Fourier series, and the specific solution pro-
cedure is provided in (A3) in Appendix, thereby the analytical
harmonic spectrum of the ideal output voltage can be obtained
by substituting into (1).

v0o(t) = MVdc sin(ωmt)

+

∞∑
m=1,3,5,···

4Vdc

mπ
J0

(
mMπ

2

)
sin

mπ

2
cos(mωct)

+

∞∑
m=1

±∞∑
n=±1,±2,···

{
4Vdc

mπ Jn
(
mMπ

2

)
sin (m+n)π

2· cos (mωct+ nωmt− nπ
2

) }
(5)

whereJn(mMπ
2 ) is annth-order Bessel function of the first kind,

and the ideal dc bus voltage vdc = Vdc.
A comparison of theoretical calculation of (5) and simu-

lation results is shown in Fig. 6. The simulation results are
obtained from FFT analysis of a VSI model built in MAT-
LAB/Simulink, where the modulation ratioM = 0.8 and carrier
ratioN = ωc/ωm = 20. Under natural sampling, the theoretical
analysis results in (5) are in good agreement with the simulation
results.

In addition, due to the large difference in amplitude between
the output harmonic components, the vertical axis of the ampli-
tude is changed to a logarithmic form in this article in order to
better demonstrate the pattern of harmonic distribution.

It can be analyzed from the harmonic spectrum (5) and Fig. 6
that the ideal sinusoidal PWM (SPWM) output voltage contains
a fundamental component that is proportional toM , the odd mul-
tiples of carrier harmonic components, the sideband harmonic
components of the even -order n = ±(2, 4, 6 · · · ) for the odd
times of carrier frequencies and odd-order n = ±(1, 3, 5 · · · )
for the even time of carrier frequencies, and no dc component.

The time-domain expression of the ideal output voltage and
the harmonic spectrum of the output voltage in general form are
provided in (A2)–(A4) in Appendix.
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B. Ideal Harmonic Spectrum Under Digital Sampling

In the digital control system, the sampling points of the
modulation waveform is fixed at the peaks xp = 2qπ − π + ϕc

and troughs xt = 2qπ + ϕc of the carrier under the asymmetric
regular sampling, where q is an arbitrary natural number and ϕc

is the phase-shift angle of the carrier.
After sampling and passing through the zero-order holder

(ZOH), the modulation waveform becomes a step wave, thus
the phase angles of the staircase modulation waveform in each
2π carrier period can be expressed as continuous variables by
the carrier ratio N and the carrier phase angles xp, xt at the
sampling points as{

yr = y − x
N + 2qπ+ϕc

N

yf = y − x
N + 2qπ−π+ϕc

N

(6)

where yr and yf denote the phase angles of the modulation
waveform when it intersects with the rising and falling edges of
the carrier, respectively.

In this case, the intersection expression (4) derived in natural
sampling will change as{

Xr = π
2 (1 +M sin yr) + ϕc + 2pπ

Xf = −π
2 (1 +M sin yf ) + ϕc + 2pπ.

(7)

Same as the natural sampling, between two adjacent inter-
sections, the output voltage is fixed as a positive or negative
dc power supply, so the time-domain expression for the output
voltage in Appendix (A2) still applies. However, the solution
process for Cmn is altered due to the nonlinear effect introduced
by sampling, and the coefficients Cmn can be calculated by (8),
where the integral variables yr and yf have been replaced with
y mathematically

C0
mn = A0

mn + jB0
mn=

Vdc

2π2
·(

−
∫ π

−π

∫ −π
2 (1+M siny)+ϕc

−π

ej(mx+n(y+ x+π
N −ϕc

N ))dxdy

+

∫ π

−π

∫ 0

−π
2 (1+M siny)+ϕc

ej(mx+n(y+ x+π
N −ϕc

N ))dxdy

+

∫ π

−π

∫ π
2 (1+M siny)+ϕc

0

ej(mx+n(y+ x
N −ϕc

N ))dxdy

−
∫ π

−π

∫ π

π
2 (1+M siny)+ϕc

ej(mx+n(y+ x
N −ϕc

N ))dxdy

)

(8)

Therefore, by solving (8), and then, applying it to (1), the
output voltage harmonic spectrum of ideal digital SPWM that
can be accurately analyzed and calculated is obtained as given
in (9).

The comparison of theoretical calculation of (9) and simula-
tion results is shown in Fig. 7, where the harmonic components
with too small amplitude (less than 0.1 V) have been filtered,
same as follows. Therefore, only the highlighted third harmonic

Fig. 7. Comparison of theoretical calculation and simulation results under
digital sampling.

in Fig. 7 is visible among the harmonic components introduced
by digitization compared to Fig. 6.

By comparing (5) and (9) as well as Figs. 6 and 7, it can
be concluded that compared to the natural sampling situation,
the nonlinear effect brought by fixed sampling points in the
digital controller will introduce odd-order baseband harmonic
components, change the phase of fundamental wave slightly,
and have an impact on the amplitudes of the sideband harmonic
components.

The impact of digitization on the system is related to the
carrier ratio N . A larger carrier ratio means that the sampling
frequency is higher and the digital sampling is closer to analog
sampling, at which point, the impact of digitization on the system
is reduced.

C. Harmonic Spectrum With Dead Time Under Digital
Sampling

To avoid the short circuiting in the converter caused by the
simultaneous conduction of the upper and lower transistors of
the same arm, dead time Δt is introduced into the switching
signals.

The dead time will delay the turn ON of the switch by Δt and
will have a different effect on the output voltage depending on
the output current directions, that is, the dead time will delay
the rising and falling edges of the output voltage by td and toff

when the output current io > 0; and delay the rising and falling
edges by toff and td when io < 0. The specific analysis is given
in Section II and Fig. 3.

After fully considering the error voltage caused by the dead
time, a new time-domain expression of the output voltage with
dead time can be obtained, which is provided in (A5) in Ap-
pendix. Since this expression is related to the current polarity,
the calculation of double Fourier series coefficients in (2) needs
to be changed into the form of half-periodic integral, and then,
combined with (A5), as shown in Appendix (A6), it can be
further derived as (10).

C0
mn = A0

mn + jB0
mn

=j
vdcN

π2(mN + n)
ejmϕc ·
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(ej[(m+ n
N )ωctoff−(m− n

N )π
2 ]
∫ ϕi

−π+ϕi

ejnye−j πM
2 (m+ n

N ) sinydy

− ej(m+ n
N )[ωctd+

π
2 ]
∫ ϕi

−π+ϕi

ejnyej
πM
2 (m+ n

N ) sinydy

+ ej[(m+ n
N )ωctd−(m− n

N )π
2 ]
∫ π+ϕi

ϕi

ejnye−j πM
2 (m+ n

N ) sinydy

− ej(m+ n
N )[ωctoff+

π
2 ]
∫ π+ϕi

ϕi

ejnyej
πM
2 (m+ n

N ) sinydy) (10)

where td = ton +Δt, represents the sum of the turn ON time and
dead time, the coefficient of dc component C00 is zero, and ϕi

is defined as the phase angle at which the output current lags the
voltage, i.e., the phase angle at the current zero-crossing point.

Equation (10) is solved by the deformed form of the Jacobi–
Anger expansion, and the calculable and analytical formula of
the output voltage harmonic spectrum with dead time under
digital sampling is given in (11), where the terms in the summa-
tions are added with variable k introduced by the Jacobi–Anger
expansion.

The terms in (11) represent the baseband harmonic compo-
nents, the carrier harmonic components, and sideband harmonic
components in turn. Under the combined effects of dead time
and digitization, the output voltage harmonic components only
contain fundamental component, odd-order baseband, carrier
harmonic components, as well as the sideband harmonic com-
ponents in the vicinity of the parity-opposite carrier harmonic
components, but do not contain dc component.

The comparison of simulation and calculation results with
the combined effects of these two nonlinear factors is shown in

v0o =
+∞∑

n=1,3,5...

4NVdc

πn Jn(
nMπ
2N )

{− sin( nπ
2N ) cos(nωmt) + cos( nπ

2N ) sin(nωmt)
}

+
+∞∑

m=1,3,5...

±∞∑
n=0,±2,±4...

4Vdc

πα sin mπ
2 Jn (ξ)

{
cos( nπ

2N +mϕc) cos [(mN + n)ωmt] + sin( nπ
2N +mϕc) sin [(mN + n)ωmt]

}
+

+∞∑
m=2,4,6...

±∞∑
n=±1,±3...

4Vdc

πα cos mπ
2 Jn (ξ)

{− sin( nπ
2N +mϕc) cos [(mN + n)ωmt] + cos( nπ

2N +mϕc) sin [(mN + n)ωmt]
}

where α = m+ n
N , ξ = πM

2

(
m+ n

N

)
(9)

v0o = Re
+∞∑

n=1,3,5...

4vdcN

π2n
ej(

nπ
2N +nωc

2N (td+toff ))e−jny ·

⎧⎨
⎩ 2 sin

(
nωc

2N (td − toff )
)
J0
(
nπM
2N

) (
sinnϕ

n − j cosnϕ
n

)
+ 2 sin

(
n

2N ωc (td − toff )
) +∞∑
k=2,4,6...

Jk
(
nπM
2N

)
f2 (k, n)

+jπ cos
(
nωc

2N (td − toff )
)
Jn
(
nπM
2N

)
⎫⎬
⎭

+Re

+∞∑
m=1,3,5...

±∞∑
n=0,±2,±4...

4Vdc

π2α
sin
(mπ

2

)
ej(mϕk+

nπ
2N +αωc

2 (td+toff ))e−j(mx+ny)·
⎧⎨
⎩2 sin

(αωc

2
(td − toff )

) +∞∑
k=1,3,5...

Jk (ξ) f1 (k, n) + π cos
(αωc

2
(td − toff )

)
Jn (ξ)

⎫⎬
⎭

+Re

+∞∑
m=2,4,6...

±∞∑
n=±1,±3...

4Vdc

π2α
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(mπ

2

)
ej(mϕk+

nπ
2N +αωc
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⎩ 2 sin

(
αωc
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J0 (ξ)

(
sinnϕ

n − j cosnϕ
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(
αωc
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) +∞∑
k=2,4,6...

Jk (ξ) f2 (k, n)

+jπ cos
(
αωc

2 (td − toff )
)
Jn (ξ)

⎫⎬
⎭

where td = ton +Δt,

f1(k, n) =

(
cos(k + n)ϕ

k + n
+

cos(k − n)ϕ

k − n

)
+ j

(
sin(k + n)ϕ

k + n
− sin(k − n)ϕ

k − n

)
,

f2(k, n) =

(
sin(k + n)ϕ

k + n
+

sin(k − n)ϕ

k − n

)
− j

(
cos(k + n)ϕ

k + n
− cos(k − n)ϕ

k − n

)
(11)
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Fig. 8. Comparison of theoretical calculation and simulation results with
effects of dead time and digitization.

Fig. 8, where it can be seen that the inclusion of dead time slightly
affects the accuracy of several sideband harmonic components
in the proposed analytical spectrum.

Compared with the ideal digital SPWM harmonic spectrum
(9), the form of (11) becomes more complicated due to the
dead time, but the composition of the output voltage harmonic
components remains unchanged.

From (11), some conclusions can be drawn about the two
nonlinear factors introduced so far: the amplitude of each har-
monic component is linearly related to the dc bus voltage vdc,
and is affected by the dead time Δt and carrier ratio N . And the
baseband, sideband, and carrier harmonic components will be
superimposed on each other, especially when the carrier ratio
N is relatively small; however, it can be obtained from the
computable (11) that the larger N will exacerbate the nonlinear
effect of dead time, contrary to the effect of digitization.

The introduction of dead time does not change the harmonic
distribution brought by digitization, but increases its amplitude,
especially the baseband harmonic components in low frequency,
such as the highlighted third harmonic component compared in
Figs. 7 and 8.

IV. ANALYTICAL SOLUTION TO THE HARMONIC SPECTRUM OF

VSI OUTPUT VOLTAGE UNDER NONIDEAL DC BUS

Since the low-frequency voltage ripple in the dc bus cannot
be suppressed as easily as the high-frequency ripple, the effect
of the nonideal dc bus voltage with considerable low-frequency
harmonic components on the output is nonnegligible.

The frequencies of dc bus voltage harmonic components are
defined in this article as multiples of the modulation waveform
frequency for the sake of simplicity. The form of the dc bus
voltage with ripples can be expressed as a pure dc component
with the accumulation of harmonic components, as follows:

vdc = v0dc + vh1
dc + vh2

dc + · · · = v0dc+
∑
h∈H

vhdc

= Vdc

[
1 +

∑
h∈H

λh sin(hωmt+ θh)

] (12)

where v0dc is the pure dc component with value Vdc, the product
λh × Vdc is the amplitude and θh is the phase-shift angle relative
to the modulation waveform of the hth-order dc bus voltage

harmonic. H is the set of harmonic orders, h ∈ H and H
= {h1, h2, h3, · · · }, where h1, h2, h3, . . . are nonzero natural
numbers.

The output voltage in this case can be seen as a superposi-
tion of the outputs from the different dc bus voltage harmonic
components acting on the VSI system individually. Thus, the
coefficients of the double Fourier series and the output voltage
can be obtained as

Cmn = C0
mn + Ch1

mn + Ch2
mn + · · · = C0

mn +
∑
h∈H

Ch
mn (13)

vo = v0o + vh1
o + vh2

o + · · · = v0o +
∑
h∈H

vho (14)

where the coefficientsC0
mn and output voltage v0o under the ideal

pure dc bus voltage are analyzed and shown in Sections III-A–C.
The case where the dc bus voltage is harmonic will be dis-

cussed next in this section to obtain the analytical harmonic
spectrum of the total output voltage vo in the VSI system.

In addition, the output voltage spectra considering dc bus
oscillation under natural sampling has been analyzed previously
in [36] and [37], it is less meaningful to repeat, so only the har-
monic spectra under digital sampling is discussed in this article.
However, the combined analysis of dc bus voltage oscillation
with digital sampling and dead time is a challenge due to the
high complexity of the derivation process and computation of
the Fourier series, which is not mentioned in present article.

A. Harmonic Spectrum Without Dead Time Under Digital
Sampling

It can be found from (12) that the dc bus harmonic components
will introduce an additional function about y to the calculation
of the double Fourier series coefficients Ch

mn, thus changing the
integral form and bringing more harmonic components of the
output voltage. When the dead time is not considered temporar-
ily, the solution process for Ch

mn of the hth-order harmonic in
the dc bus voltage referring (2) and (12) is shown as follows:

Ch
mn =

Vdcλh

2π2

·
(
−
∫ π

−π

∫ Xf

−π

sin(hy + θh)e
j(mx+n(y+ x+π

N −ϕc
N ))dxdy

+

∫ π

−π

∫ 0

Xf

sin(hy + θh)e
j(mx+n(y+ x+π

N −ϕc
N ))dxdy

+

∫ π

−π

∫ Xr

0

sin(hy + θh)e
j(mx+n(y+ x

N −ϕc
N ))dxdy

−
∫ π

−π

∫ π

Xr

sin(hy + θh)e
j
(
mx+ n

(
y +

x

N
− ϕc

N

))
dxdy

(15)

As can be seen in the previous analysis in this section, the
dc component of the output voltage keeps zero when digi-
tization and dead time are introduced, however, the dc bus
voltage harmonic components will change this situation. When
m = n = 0, the coefficient of the dc component of the output
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Fig. 9. Comparison of theoretical calculation and simulation results with DC
bus oscillations in the digital system. (a) With first-order harmonic in DC bus
voltage. (b) With second-order harmonic in the DC bus voltage.

voltage obtained by (15) can be expressed as (16). That is, the dc
component will be introduced to the output voltage only when
the dc bus voltage contains the first harmonic.

Ch
00 = VdcλhM

2π

∫ π

−π sin y sin(hy + θh)dy
= 1

2VdcλhM cos θh |h=1
(16)

Therefore, by solving (15) with a classification similar to (16)
for each dc bus voltage harmonic, and then, applying to (13), the
analytical harmonic spectrum of the total output voltage defined
in (14) can be obtained in (17), where v0o is the output voltage
under the pure dc component of dc bus defined in (14), the
detailed formula of v0o is shown in (9) of Section III-B.

The comparison of theoretical calculation and simulation
results with introducing a single odd- and even-order dc bus
voltage harmonic, respectively, is shown in Fig. 9(a) and (b),
and the simulation results are in agreement with (17).

The harmonic spectrum of vho in (17) is kind of similar to the
form of v0o , and the judgment condition of harmonic components
is replaced by the parity of m and n to that of m+ h and n+ h.
However, with the addition of variable h, the distribution of
output voltage harmonic components becomes complicated.

The theoretical analysis in (17) shows that the oddhwill bring
the even-order baseband and carrier harmonic components, as
well as the sideband harmonic components in the vicinity of the
parity-equal carrier groups to the output, which are exactly the
opposite of parity of harmonic components brought by even-
order harmonic components and pure dc component in the dc
bus.

This conclusion can be verified from Fig. 9, where, for ex-
ample, in Fig. 9(a), the first harmonic component in the dc bus
introduces baseband and carrier harmonic components of fre-
quencies 2ωm and 2ωc (orders 2 and 40), and sideband harmonic
components of frequencies ωc ± ωm and 2ωc ± 2ωm(orders
19, 21 and 38, 42) and dc component (order 0); while these
harmonic components are absent in Fig. 9(b), whose harmonic
distribution is the same as that of Fig. 7 in Section III with
the ideal dc bus voltage. However, the harmonic amplitudes in
Fig. 9(b) are increased (compared with the highlighted third
harmonic in Figs. 7 and 9), indicating that the second harmonic
component in the dc bus repeatedly introduces the same output
harmonic components as the pure dc bus voltage.

In particular, the dc component in the harmonic spectrum
exists only when the dc bus contains the first-order harmonic
component, and the fundamental component in it is only affected
by the even-order harmonic components in the dc bus, as shown
in Fig. 9 and (17), while m = 0, n = 0, and n = 1.

B. Harmonic Spectrum With Dead Time Under Digital
Sampling

With the aforementioned analysis, the three nonlinear factors
discussed in this article will be combined in this subsection to
obtain the harmonic spectrum of the total output voltage in the
actual VSI system.

It can be concluded from the aforementioned analysis that
the dead time changes the intersection of modulation wave-
form and triangular carrier in the digital SPWM process, and

vo = v0o +
1

2
VdcλhM cos(θh)

∣∣∣∣
h=1

+Re

+∞∑
n=1

(
+∞∑
h∈H

{
2VdcλhN

πn

[
J(n+h)

(
nπM

2N

)
ej(

nπ
2N +θh) − J(n−h)

(
nπM

2N

)
ej(

nπ
2N −θh)

]∣∣∣∣
n+h=1,3,5...

}
e−jny

)

+Re
+∞∑

m=1,3,5...

±∞∑
n=±1

(∑
h∈H

{
j
2Vdcλh

πα
sin
( nπ

2N

)
ej(

nπ
2N −nϕc

N )
(
e−jθh

∣∣
n=h

− ejθh
∣∣
n=−h

)}
e−j(mx+ny)

)

+Re

+∞∑
m=1

±∞∑
n=0,±1,±2...

⎛
⎝∑

h∈H

⎧⎨
⎩j

2Vdcλh

πα

(
+sin(m+n−h

2 π)J(n−h)(ξ)e
j(mϕc+

nπ
2N −θh+

n−h
2 π)

− sin(m+n+h
2 π)J(n+h)(ξ)e

j(mϕc+
nπ
2N +θh+

n+h
2 π)

)∣∣∣∣∣
m+n+h=1,3,5...

⎫⎬
⎭ e−j(mx+ny)

⎞
⎠

(17)
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therefore, changes the limits of integration in the calculation of
the double Fourier series coefficients, as can be seen in (10)
and (A3), while dc bus harmonic components are related to the
fundamental frequency and introduce a new integral function in
that calculation, as shown in (15). Thus, when combining these
two nonlinear factors and considering the effect of digitization,
both the limits of integration and the integral function of the
coefficient calculation (8) in Section III-B will be changed.

With the combination of dead time and dc bus harmonic
components in the digital system, the coefficients of the double
Fourier series for output voltage harmonic spectrum can be
calculated by

Ch
mn = j Vdcλh

2π2α e−j n
N ϕc(ejπm − 1)

·(e−jπm + ej
n
N π)

∫ π+ϕi

−π+ϕi
sin(hy + θh)e

jnydy

+j Vdcλh

π2α ej(mϕc+
nπ
2N )⎧⎨

⎩· ∫ ϕi

−π+ϕi

sin(hy + θh)e
jny

·
(

e−j πm
2 e−jξ sinyejαωctoff

−ej
πm
2 ejξ sinyejαωctd

)
dy

+
∫ π+ϕi

ϕi

sin(hy + θh)e
jny

·
(

e−j πm
2 e−jξ sinyejαωctd

−ej
πm
2 ejξ sinyejαωctoff

)
dy

⎫⎬
⎭ .

(18)

Due to space issues, this equation has been simplified when
m and n are not all zero at the same time.

In particular, when applying m = n = 0, the coefficients of
the dc component in the output voltage harmonic spectrum can
be obtained by the following equation:

Ch
00 =

Vdcλh

π2
·

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

πM
∫ π+ϕi

−π+ϕi
sin y sin(hy + θh)dy

+ωc(td − toff )

·
( ∫ ϕi

−π+ϕi
sin(hy + θh)dy

− ∫ π+ϕi

ϕi
sin(hy + θh)dy

)
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

(19)
Then, by solving (18) and (19) and applying to (13), the

analytical harmonic spectrum of the total output voltage in
the actual VSI system with multiple nonlinear factors can be
obtained as (20), where v0o is the output voltage under the pure
dc component of the dc bus voltage.

The different output voltage harmonic spectra when the dc bus
voltage contains odd- and even-order harmonic components, i.e.,
H = {1} andH = {2}obtained from the theoretical calculation
in (20) and simulation results are presented in Fig. 10(a) and (b),
respectively. Besides, the harmonic spectrum of the VSI output
voltage under the ideal pure dc bus voltage has been presented
in Fig. 8.

By comparing Figs. 8 with 10, the effect of dc bus harmonic
components can be clearly identified. The spectrum in Fig. 10(a)
contains the even-order baseband (second) and carrier harmonic

vo = v0o +
1

2
VdcλhM cos(θh)

∣∣∣∣
h=1

−
∑

h=1,3,5...
h∈H
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+∞∑
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2N )f3(n, h, 0)
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+∞∑

k=2,4,6...

Jk(
nπM
2N )f3(n, h, k)

⎫⎬
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±∞∑
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+
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+
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Fig. 10. Comparison of theoretical calculation and simulation results with
dead time and DC bus oscillations in digital system. (a) With first-order harmonic
in the DC bus voltage. (b) With second-order harmonic in DC bus voltage.

TABLE II
EXACT AMPLITUDES OF TYPICAL HARMONIC COMPONENTS

components (40th), and both the odd- and even-order sidebands
appear in the even carrier group (m=2). Especially, the dc com-
ponent is introduced and the amplitude of each original harmonic
component in Fig. 8 is not affected by the odd-order dc bus
harmonic components. Meanwhile, the spectrum in Fig. 10(b)
does not introduce new harmonic components compared to
Fig. 8, but the amplitude of the original harmonic components
is affect.

In order to have a better analysis of the effects of different dc
bus harmonic components, the exact amplitudes of some typical
harmonic components are listed in Table II, where the data for

H = ∅ are derived from Fig. 8, and also the data in the last two
rows of the table are used for comparison.

Up to this point, the effect of dc bus voltage harmonic compo-
nents on output harmonic components can be summarized from
the analysis of the aforementioned two subsections.

The harmonic distribution of the actual output voltage can
be obtained from the spectrum (20). The harmonic components
of the total output voltage can be divided into two parts, one
of which is the output voltage v0o under the effect of pure dc
component in dc bus voltage, and this part has been already
analyzed in detail in Section III-C and (11).

The other part is the output harmonic components under the
effect of the dc bus voltage harmonic components, and the con-
ditions for judging the position of output harmonic components
are changed to be related to the order h of dc bus harmonic
components, which are the same as the system without dead
time shown in (17). The conditions for determining the existence
of the baseband, carrier, and sideband harmonic components in
output voltage have changed from n, m, and m+ n being an
odd to n+ h, m+ h, and m+ n+ h being odd, respectively .

That is, the harmonic distribution of the output voltage vho
brought by an even-order dc bus harmonic is identical with the
initial output voltage v0o , this means that the even hth-order
dc bus voltage harmonic components will not introduce the
dc component and harmonic components at new positions in
the output voltage, but will change the amplitude and phase of
the original harmonic components [see an example of the first
and third harmonic components and the comparison of Figs. 8
and 10(b)]. In contrast, an odd-order dc bus harmonic does not
affect the original harmonic components, but introduces new
output harmonic components with a different distribution [see
an example of the 2nd and 19th harmonic components and the
comparison of Figs. 8 and 10(a)], and in particular, the odd-order
dc bus harmonic components introduce a dc component in output
voltage.

V. CONCLUSION ABOUT THE EFFECTS OF NONLINEAR

FACTORS

Based on the aforementioned theoretical analysis, when the
digital control system is affected by the nonlinear factors of dead
time and dc bus voltage harmonic components, the harmonic
spectrum of output voltage will not only contain the odd-order
baseband and carrier harmonic components and the sideband
harmonic components in the vicinity of the parity-opposite
carrier groups, but also contain the additional output harmonic
components of different positions and dc components when the
dc bus voltage contains odd-order harmonic components; where
the parities of the variablesm andn of these additional harmonic
components are exactly opposite to the corresponding output
harmonic components introduced by the pure dc component of
the dc bus. Furthermore, different kinds of harmonic components
will be superimposed on each other.

With the proposed harmonic spectra and the aforementioned
analysis, the effect of three different nonlinear factors on the
output voltage can be concluded as follows.
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1) The effects of digitization: Compared to the analog sys-
tem, digital sampling causes a delay to the modulation
waveform. Therefore, digitization introduces odd-order
baseband harmonic components, and changes the ampli-
tude and phase of sideband harmonic components, but
it does not change those of fundamental and carrier har-
monic components. This conclusion can be verified by
comparing the harmonic spectra (5) with (9).
Moreover, since the carrier ratio represents the sampling
rate, the smaller the carrier ratio N , the more pronounced
the effect of digitization on the system.

2) The effects of dead time: Under the same conditions, the
introduction of dead time in the digital system will not
change the harmonic distribution of output voltage, but
will affect the original harmonic components. This means
that the dead time does not introduce additional harmonic
components, but changes the amplitude and phase of each
harmonic, especially the baseband and sideband harmonic
components. The extent of effect of the dead time on the
system is related to the size of Δt.
Under the same dc bus conditions change from Fig. 8 [see
(11)] to Fig. 10 [see (20)] is consistent with the change
from Fig. 7 [see (9)] to Fig. 9 [see (17)], and the harmonic
distribution in Fig. 10 does not change with respect to
Fig. 9, but the harmonic amplitudes change (such as 3rd
and 25th), as well as the comparison between Figs. 7 and
8. These comparisons prove the conclusion again that the
introduction of dead time does not change the harmonic
distribution regardless of the presence of dc bus harmonic
components but increases the harmonic amplitudes.

3) The effects of DC bus oscillations: From the form of (20),
the effects caused by the nonlinear factor of dc bus voltage
harmonic components in the digital system can be divided
into two types by the parity of the harmonic components
in the dc bus voltage: the even-order dc bus voltage har-
monic components will bring the same output harmonic
components as the original harmonic distribution, thus
the amplitude and phase of each original harmonic are
changed; and the dc component and additional harmonic
components of the output voltage that do not overlap with
the original harmonic distribution are introduced when the
dc bus voltage contains odd-order harmonic components.
In other words, the even-order dc bus harmonic compo-
nents will repeatedly introduce the output harmonic com-
ponents with frequencies ofωm, 3ωm,ωc, 3ωc,ωc ± 2ωm,
2ωc ± ωm, and so on, while the odd dc-order dc bus
harmonic components will introduce different output har-
monic components with frequencies of 0, 2ωm, 4ωm, 2ωc,
4ωc, ωc ± ωm, 2ωc ± 2ωm, and so on.
It can be obtained from (20) that the effects of dc bus
oscillations are associated with the size of dead time,
the total amount of harmonic components in the dc bus
voltage, and the coefficient of amplitude λh, and are
proportional to λh . The nonideal dc bus voltage with
multiple harmonic components can introduce extra out-
put harmonic components while also altering the original

harmonic components, causing a significant impact on the
output harmonic spectrum of the converter system.

4) The combined effects caused by nonlinear factors: The
effects of nonlinear factors of digitization, dead time, and
nonideal dc bus voltage will superimpose on each other,
strengthening or weakening the impact of one factor or the
other.
With the computable spectrum (20) proposed in this arti-
cle, the effects of the combined introduction of these non-
linear factors are quantified and the accurate conclusions
are given for the first time.
a) The dc component in output voltage: The combined

effect of nonlinear factors on the dc component of the
output voltage can be obtained from (19). The upper
term is nonzero only when h=1, meaning that the first-
order dc bus harmonic will have an additional effect
on the dc component of the output voltage. This term
is free of dead time effect and corresponds to (16).
The lower part represents the superimposed effect of
dead time and dc bus harmonic components, where ev-
ery odd-order dc bus harmonic component (no longer
only the 1st) will affect the dc component of the
output under the combined influence of dead time. The
aforementioned analysis can be corresponded to the
first term in (20), and is rewritten as follows.

vo0 =
1

2
VdcλhM cos(θh)

∣∣∣∣
h=1

−
∑

h=1,3,5...
h∈H

2Vdcλhωc

hπ2
(td − toff) cos(θh + ϕi).

(21)

It can be concluded that with the increasing of dead
time Δt or the amplitudes of the odd-order dc bus
harmonic components, the dc component in output
voltage will be affected more drastically. And in addi-
tion, digitization does not affect the dc component in
output voltage.

b) The harmonic components in output voltage: The har-
monic components of the output voltage can be seen
as a synthesis of the harmonic components introduced
by these three nonlinear factors. The change of these
factors will affect the harmonic amplitude, it is ap-
parent form (20) that the larger dead time and higher
content of dc bus harmonic components will increase
the output harmonic components and THD.

However, since in the modern digital control system, the
amplitude of output harmonic components introduced by those
factors are all related to the carrier ratio N , the effect of the
carrier ratio, i.e., the sampling rate, on the system needs to be
studied further.

Take the third harmonic component as an example, the ex-
pressions vi3, vd3, and vr3 for the third harmonic component
introduced by the digitization, dead time, and dc bus harmonic
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Fig. 11. Effect of the sampling rate on amplitudes of output harmonic intro-
duced by nonlinear factors. (a) Dead time. (b) Digitization. (c) DC bus ripple.

components, respectively, are shown as follows:

vi3 = Re
4NVdc

3π
J3

(
3Mπ

2N

)
ej(

3π
2N +π

2 )e−j3y (22)

vd3 + vi3 = Re 4VdcN
3π2 ej(

3π
2N +nωc

2N (td+toff))e−j3y

·

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2 sin
(
3ωc

2N (td − toff)
)

·

⎛
⎜⎝ J0

(
3πM
2N

) (
sin 3ϕ

3 − j cos 3ϕ
3

)
+

+∞∑
k=2,4,6...

Jk
(
3πM
2N

)
f2 (k, 3)

⎞
⎟⎠

+jπ cos
(
3ωc

2N (td − toff)
)
Jn
(
3πM
2N

)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(23)

vr3 = Re
∑

h=2,4,6...
h∈H

2VdcλhN
3π2 ej(

3π
2N + 3ωc

2N (td+toff ))e−j3y

·

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

π cos
(
3ωc

2N (td − toff)
)( J3+h

(
3πM
2N

)
ejθh

−J3−h

(
3πM
2N

)
e−jθh

)
−j sin

(
3ωc

2N (td − toff)
)

·
⎛
⎝ J0

(
3πM
2N

)
f3 (3, h, 0)

+2
+∞∑

k=2,4,6...

Jk
(
3πM
2N

)
f3 (3, h, k)

⎞
⎠

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

.

(24)

Keeping other conditions fixed, and with carrier ratio N as
the variable, a plot of the function between the amplitude of
third harmonic and N can be obtained to study the effect of the
sampling rate on the output harmonic components, as shown in
Fig. 11.

As the sampling rate, i.e., the carrier ratio N , increases,
the amplitude of output harmonic introduced by the dead time
will increase significantly, while the harmonic introduced by
digitization will tend to zero. Meanwhile, the sampling rate
does not affect the harmonic components introduced by the dc
bus voltage oscillation. These results are consistent with the
expected analysis.

The superposition of the three nonlinear factors will make the
output harmonic components increase and be irregularly dis-
tributed, making it difficult to accurately calculate and eliminate
the harmonic components of the output voltage.

However, the analytical and computable harmonic spectrum
proposed in this article can accurately calculate the harmonic
distribution as well as the amplitude and phase of each harmonic

Fig. 12. Experimental prototype of a single-phase H-bridge VSI. (a) Experi-
mental platform. (b) Circuit diagram.

component. Based on this, the proposed work can provide a
theoretical basis for system parameter design and high-precision
harmonic compensation or elimination, such as calculating the
optimal dead time and sampling rate, designing an efficient filter
and controller based on the harmonic distribution, or using in-
verse compensation for precise elimination of specific harmonic
components. An example of the application for calculation of
optimal dead time is shown in Appendix G.

Importantly, the proposed work based on the bipolar modu-
lation strategy is highly scalable and can be easily extended to
harmonic analysis for various situations such as cascade, parallel
structures, unipolar frequency doubling modulation strategy, and
three-phase systems in the similar manner. And for example, the
results extended to the unipolar modulation strategy are shown
in Appendix H.

VI. EXPERIMENTAL RESULTS

To verify the correctness of the aforementioned theoretical
analysis, a single-phase H-bridge VSI prototype, presented in
Fig. 12(a), was developed. The transistors in HB are from the SIC
module (CCS050M12CM2) produced by Wolfspeed (CREE),
and the controller is based on DSP (TMS320F28377D). The dc
bus voltage is generated by a programmable dc power supply
(Chroma 62150H-600S). Fig. 12(b) shows the experimental
circuit diagram, and the main parameters are listed in Table III.

Due to the limitations of the experimental conditions, the
SiC module was chosen for the switching tubes, however, our
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TABLE III
MAIN EXPERIMENTAL PARAMETERS

Fig. 13. Experimental waveforms without dead time and DC bus oscillations.
(a) Carrier ratio N = 20. (b) Carrier ratio N = 200.

proposed results are device independent, and therefore, do not
affect the accuracy of the experimental results. And the dc bus
voltage cannot be controlled to follow an arbitrary reference, so
this article amplifies the existing dc bus ripple by connecting a
resistor in series on the dc side, and then, uses the FFT technique
to obtain the harmonic components of the dc bus voltage. These
harmonic components are substituted into the formulas of output
harmonic spectra proposed previously, so as to compare with the
experiment data of the output voltage.

For further analysis, the collected output voltage experimental
data are imported into MATLAB, and the FFT technique is
applied so that the amplitude of each harmonic can be accurately
compared with the theoretical calculation.

A. Experimental Results With Effects of Digitization

Figs. 13 and 14 show the results obtained from the open-circuit
experiments under different carrier ratios, i.e., they are free from
dead time and dc bus voltage oscillations. The dc bus voltage
vdc and output voltage vo at carrier ratios N=20 and 200 are
presented in Fig. 13(a) and (b), and the comparisons of amplitude
and phase of each harmonic component in experiment and theory
calculation by (9) can be seen in Fig. 14(a) and (b).

From Fig. 14, it can be seen that the proposed analytical
harmonic spectrum (9) is consistent with the open-circuit ex-
periments under different carrier ratios, and the harmonic distri-
butions are in agreement with previous analysis.

Fig. 14. Comparison of experimental and calculation results of output har-
monic components without dead time and DC bus oscillations. (a) Carrier ratio
N = 20. (b) Carrier ratio N = 200.

Furthermore, in the previous analysis, since the carrier ratio
represents the sampling rate, a smaller N will increase the
harmonic amplitude, which means that a small N will increase
the impact of digitalization. This phenomenon can be verified
by comparing the harmonic amplitudes or THD in Fig. 14(a)
and (b), such as the highlighted third harmonic.

B. Experimental Results With Effects of Digitization and Dead
Time

In this experimental platform, the dc bus voltage can be
considered ideal when the dc-side resistanceR1 is not introduced
and the output power is not large. This group of experiments set
up different carrier ratios N and dead time Δt to verify the
superimposed effect of digitization and dead time.

The experimental waveforms and comparison results with N
= 40 and 200 andΔt= 2μs and 5μs are shown in Fig. 15(a)–(c),
and due to space limitation, the phase comparisons of some
experiments are omitted.
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Fig. 15. Experimental waveforms and comparison of experimental and calculation results of output harmonic components without DC bus voltage oscillations.
(a1) and (a2) Carrier ratio N = 40, Δt = 2µs. (b1) and (b2) Carrier ratio N = 40, Δt = 5µs. (c1) and (c2) Carrier ratio N = 200, Δt = 2µs.

By comparing Fig. 15(a2) and (b2) and (a2) and (c2), such as
the third to ninth highlighted harmonic components and THD, it
can be seen that the increase in dead time Δt and carrier ratio N
both enlarge the harmonic amplitudes. From the previous group
of experiments a), it is clear that a large carrier ratio reduces the
impact of digitization, so the increase in harmonic amplitudes
in Fig. 15(c) proves that a large carrier ratio will significantly
exacerbate the effects of dead time.

These conclusions are consistent with the analysis presented
previously, while the amplitude and phase of experimental and
theoretical calculations through (11) in the harmonic spectra
Fig. 15(a2)–(c2) are agreeable, so the analysis of the dead time
in this article can be verified.

C. Experimental Results With Effects of Digitization and DC
Bus Voltage Oscillations

Since the switching duration exists in practice, the minimum
dead time (0.2μs) is set, and the effect of dead time of this scale
can be ignored.

The experimental results and comparison after introducing dc
bus voltage oscillations are shown in Fig. 16. The driving signals
ofS1 andS2 and the amplified modulation process are illustrated

in Fig. 16(b1), the harmonic distributions of dc bus voltage can
be found in Table IV, and some representative output harmonic
amplitudes are listed in Table V to further verify the accuracy
of the proposed harmonic spectra.

Since the amplitudes of dc bus harmonic components in
experiment are relatively small except for the second harmonic,
the effects of the odd-order harmonic components in the dc bus
is not obvious and can be seen only in a few output harmonic
components such as dc component and 2nd, 5th, 19th, and 21st
harmonic components in Fig. 16(a2), which are consistent with
the previous analysis. The experimental results are in good
agreement with the calculated results while the obtained dc
bus harmonic components are substituted into the proposed
spectrum (17) for calculation.

It can be noted that the smaller carrier ratio (N = 20) still
makes the output harmonic components more significant in this
group of experiments.

D. Experimental Results With Effects of Digitization, Dead
Time and DC Bus Voltage Oscillations

This group of experiments considers the superimposed effects
of three nonlinear factors commonly found in practical converter
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Fig. 16. Experimental waveforms and comparison of experimental and calculation results of output harmonic components with DC bus oscillations. (a1) and
(a2) carrier ratio N = 20. (b1) and (b2) Carrier ratio N = 40. (c1) and (c2) Carrier ratio N = 200.

TABLE IV
DC BUS HARMONIC COMPONENTS DISTRIBUTIONS

TABLE V
EXACT AMPLITUDES OF REPRESENTATIVE OUTPUT HARMONIC COMPONENTS IN EXPERIMENTS AND CALCULATIONS
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Fig. 17. Experimental waveforms and comparison of experimental and calculation results of output harmonic components with dead time and DC bus oscillations.
(a1) and (a2) N = 20, Δt = 2µs. (b1) and (b2) N = 20, Δt = 5µs. (c1) and (c2) N = 200, Δt = 2µs.

systems. The experimental waveforms and results with different
dead time Δt are shown in Fig. 17, where the dc bus harmonic
distributions are listed in Table IV.

The effects of dead time on the output voltage can be obtained
in Fig. 17(a1) and (b1) for opposite polarity of output current
io, which is consistent with the analysis in Section II.

In the output harmonic distribution in Fig. 17(a2) to (c2),
the dc component and second, third, and fifth baseband har-
monic components introduced by first, second, and fourth dc
bus harmonic components can be found in m=0 group; and the
sideband harmonic components introduced by odd-order dc bus
harmonic components (1st, 19th, and 21st) near carrier harmonic
components with the same parity (e.g., ωc − ωm near group of
m = 1 and 3ωc + ωm near group of m = 3), which are more
visible when the dead time is increased in Fig. 17(b2).

More importantly, the results of the theoretical calculation by
substituting the dc bus harmonic components into the proposed
spectrum (20) are almost identical to the experimental results.

It is worth noting that in Figs. 16(a1) and (b1) and 17(a1) and
(b1), the current waveform shows significant ripple and distor-
tion. This is because the addition of the dc-side resistor increases
the dc bus voltage harmonic components (listed in Table IV),
while these experiments are at low switching frequencies (1 and
2 kHz). From the combined effects analyzed in Section V, it is

clear that the effects of both dc bus voltage ripple and digitization
will be enhanced at this time, resulting in significant harmonic
components of output. When the switching frequency increases,
as shown in Figs. 16(c1) and 17(c1), the effect of digitization
is significantly reduced with N = 200, and the current ripple
almost disappears; however, the distortion caused by the dc bus
voltage ripple still exists.

The previous analysis on the combined effect of nonlinear
factors can be verified from the variation of current with carrier
ratio in Figs. 16 and 17.

Through the aforementioned four groups of experiments, the
correctness of the analytical solution of output harmonic and
the accuracy of harmonic spectra proposed in this article can
be verified. And the proposed combined effect of the nonlinear
factors is also verified.

VII. CONCLUSION

This article establishes a digitally controlled H-bridge VSI
model that is closer to practical application, and then, analyzes
the mechanism of output voltage harmonic components gen-
eration based on the modulation process of PWM. Thus, an
analytical solution of the output voltage harmonic spectrum
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that can be easily extended to a wide range of applications is
proposed.

The individual and combined effects of the three major non-
linear factors—digitization, dead time, and dc bus voltage ripple
presented in the actual system are analyzed and summarized by
this solution, and these output spectra are given in a precise
manner. The correctness and feasibility of the presented results
are demonstrated by simulations and experiments .

APPENDIX

A. Time-Domain Expression of the Ideal Modulation and
Carrier Waveforms in Each 2π Carrier Period

uim = Um sin y

uc =

⎧⎨
⎩
− 2

πUc(x+ π
2 ) − π ≤ x ≤ 0

2
πUc(x− π

2 ) 0 < x ≤ π.
(A1)

B. Time-Domain Expression of the Ideal Output Voltage in
Each 2π Carrier Period

vo =

⎧⎨
⎩
−vdc − π ≤ x < Xf

vdc Xf ≤ x ≤ Xr

−vdc Xr < x ≤ π.
(A2)

C. Specific Solution Procedure for the Coefficients of the
Analytical Ideal Output Voltage Harmonic Spectrum

C0
mn = A0

mn + jB0
mn=

Vdc

2π2
·

=

(
−
∫ π

−π

∫ −π
2 (1+M siny)

−π

ej(mx+ny)dxdy

+

∫ π

−π

∫ π
2 (1+M siny)

−π
2 (1+M siny)

ej(mx+ny)dxdy

−
∫ π

−π

∫ π

π
2 (1+M siny)

ej(mx+ny)dxdy

)
(A3)

D. General Form of the Output Voltage Harmonic Spectrum in
SPWM

It can be divided into the dc component, fundamental and
baseband harmonic components, carrier harmonic components,
and sideband harmonic components.

vo =
C00

2
+ Re

∞∑
n=1

C0ne
−jny +Re

∞∑
m=1

Cm0e
−jmx

+Re

∞∑
m=1

±∞∑
n=±1

Cmne
−j(mx+ny) (A4)

where Re represents the real part of a complex number.

E. Time-Domain Expression of the Output Voltage With Dead
Time

vo =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎨
⎩
−vdc − π ≤ x < Xf+ωctoff
vdc Xf+ωctoff ≤ x ≤ Xr + ωctd
−vdc Xr + ωctd < x ≤ π

−π+ϕi ≤ y ≤ ϕi;⎧⎨
⎩
−vdc − π ≤ x < Xf+ωctd
vdc Xf+ωctd ≤ x ≤ Xr+ωctoff
−vdc Xr+ωctoff < x ≤ π

ϕi ≤ y < ϕi + π;

(A5)

F. Half-Periodic Integral Calculation of Double Fourier Series
Coefficients for Output Voltage With Dead Time

C0
mn = A0

mn + jB0
mn=

Vdc

2π2 ·(
−∫ ϕi

−π+ϕi

∫ −π
2 (1+M siny)+ϕc+ωctoff

−π

ej(mx+n(y+ x+π−ϕc
N ))dxdy

+
∫ ϕi

−π+ϕi

∫ 0

−π
2 (1+M siny)+ϕc+ωctoff

ej(mx+n(y+ x+π−ϕc
N ))dxdy

+
∫ ϕi

−π+ϕi

∫ π
2 (1+M siny)+ϕc+ωctd

0 ej(mx+n(y+ x−ϕc
N ))dxdy

− ∫ ϕi

−π+ϕi

∫ π
π
2 (1+M siny)+ϕc+ωctd

ej(mx+n(y+ x−ϕc
N ))dxdy

− ∫ π+ϕi

ϕi

∫ −π
2 (1+M siny)+ϕc+ωctd

−π ej(mx+n(y+x+π−ϕc
N ))dxdy

+
∫ π+ϕi

ϕi

∫ 0

−π
2 (1+M siny)+ϕc+ωctd

ej(mx+n(y+ x+π−ϕc
N ))dxdy

+
∫ π+ϕi

ϕi

∫ π
2 (1+M siny)+ϕc+ωctoff

0 ej(mx+n(y+ x−ϕc
N ))dxdy

− ∫ π+ϕi

ϕi

∫ π
π
2 (1+M siny)+ϕc+ωctoff

ej(mx+n(y+ x−ϕc
N ))dxdy

)
(A6)

G. Example of the Application of the Proposed Spectrum: The
Calculation of Optimal Dead Time

As mentioned before, the accurate harmonic spectrum pro-
posed in this article can be used as a theoretical basis for
parameter design or harmonic compensation, and the calculation
of optimal dead time will be taken as an example to illustrate.

The calculation flow of the optimal dead time is as follows.
1) Determine the system parameters: carrier ratio, modula-

tion ratio, fundamental frequency, etc.
2) Select the undesired harmonic components to be reduced

(e.g., third and fifth harmonic components or THD, taking
third harmonic component as an example).

3) Calculate the expression of this undesired harmonic com-
ponent in the proposed harmonic spectrum (20). And the
expression of the third harmonic component can be seen
as the sum of (23) and (24) in Section V.
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Fig. 18. Amplitude of the third harmonic component under different dead
time.

4) Calculate the amplitude of the selected harmonic compo-
nent in different cases with dead time as a variable. The
example of the third harmonic component is shown in
Fig. 18.

5) The dead time (6× 10−6s) with the minimal harmonic
amplitude is selected as optimal within the tolerable range
of the actual device.

H. Extension to the Unipolar Modulation Strategy With
Digitization

The output voltage in unipolar modulation can be equated
to the difference of two bipolar modulation output voltages
(vP –vN ) with opposite modulation waveforms and half the dc
bus voltage. For the output voltage vP under positive modulation
waveform, we can directly substitute 0.5vdc into the expression
presented in this article. When the modulation waveform is
reversed, its intersection point with the carrier wave will be
changed as{

XrN = π
2 (1−M sin y) + ϕc + 2pπ

XfN = −π
2 (1−M sin y) + ϕc + 2pπ

(A7)

Except for the intersection points and dc bus voltage, the anal-
ysis process in vN is consistent with this article, including the
digitization process. Therefore, we can obtain the coefficients
of the double Fourier series expansion and the final harmonic
spectrum of the output voltage vN in a similar manner, thus
obtaining the complete output voltage spectrum.

v0o_u = Re
4jVdc

π

( +∞∑
n=1,3,5...

N

n
Jn

(
nMπ

2N

)
ej

nπ
2N e−jny

+

+∞∑
m=2,4,6...

±∞∑
n=±1,±3...

1

α
cos

mπ

2
Jn (ξ) e

j( nπ
2N+mϕc)e−j(mx+ny)

)
(A8)
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