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Abstract—The disturbance observer (DOB) can be employed in
electric drives to improve disturbance rejection. The Q-filter of
classical frequency-domain DOBs to attenuate multiple harmonic
disturbances is high order and faces issues, including discretization,
numerical precision, and frequency adaption; thus, its realization
in variable-speed drives would be challengeable. This article pro-
poses a discrete-time multifrequency DOB (MFDOB) to address
these issues. The Q-filter of the proposed design is constructed
with an integrator and several parallel resonators in a closed-loop
structure. It uses a single parameter per harmonic to control the
disturbance rejection bandwidth and the performance is guaran-
teed under various fundamental frequencies. The impact of the
computation delay on the MFDOB-based current control is stud-
ied, and the system with less computation delay exhibits a higher
stability margin and a wider range of low sensitivity. To eliminate
the computation delay, a real-time pulsewidth-modulation update
scheme is also developed for the DOB-based two-degree-of-freedom
controller. The proposed method is evaluated on a laboratory
permanent magnet synchronous machine platform.

Index Terms—Discrete-time, disturbance observer (DOB),
harmonic current, multifrequency, variable-speed.

I. INTRODUCTION

HARMONIC contents in ac drives increase system loss,
generate torque ripples, and deteriorate power quality.

Due to the finite control bandwidth, a single proportional–
integral (PI) [1] or proportional–resonant (PR) [2] controller for
the regulation of fundamental components offers limited atten-
uation for harmonic disturbance. To further reduce unexpected
harmonic contents in electric drives, various control techniques
have been proposed, including resonant control [3], [4], [5],
[6], repetitive control [7], [8], disturbance observer (DOB) [9],
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[10], [11], [12], [13], [14], and iterative learning control. These
methods explicitly or implicitly utilize the internal model of
harmonic disturbance and realize nearly zero steady-state error
at desired harmonic frequencies.

Since the regulation of fundamental components is a primary
task, adding the functionality of harmonic suppression should
disturb the original control performance as little as possible.
The DOB-based schemes provide such an opportunity that the
disturbance rejection can be configured separately from the
reference tracking in a two-degrees-of-freedom (2-DOF) fash-
ion. In classical frequency-domain DOBs, a Q-filter is designed
to shape the frequency response of disturbance rejection and
the guidelines are well-established for constant or slow-varying
disturbances [15]. For periodic disturbance, DOB with repetitive
nature is developed [8], while its digital realization is challenge-
able in variable-speed drives due to the varying and fractional
delay. The DOBs dedicated to suppressing a single harmonic
disturbance are investigated in [9] and [16] for dual three-phase
motors, where the sixth-order current harmonic is compensated
and a faster convergence speed compared with PR controller is
obtained.

The frequency-domain multifrequency DOB (MFDOB) for
multiple harmonics is studied recently [11], [12]. The Q-filter
employed in MFDOB is high order to embed the internal model
of all interested frequencies. A systematic design procedure of
MFDOB is proposed in [11] to ensure robust stability for a class
of plants with bounded parameter error. The design guidelines
for MFDOB considering transients decay rate, steady-state error,
and phase margin are proposed in [12]. However, these methods
are developed in the continuous-time domain, and practical
issues, such as discretization and numerical precision, will arise.
The loop delay of the plant is also neglected in [11] and [12],
which leads to errors in disturbance estimation. In addition,
offline computation is required for these methods; therefore, the
parameter tuning and the frequency adaption could be difficult
in variable-speed drives.

In digital-control electric drives, the digital delay, including
computation delay and modulation delay, generally exists and
limits control bandwidth, dynamic performance, and stability
margin. The delay constrains the design of the conventional
DOBs that the observer bandwidth should be limited to obtain
good robustness [17]. Similar limitations also occur in [12] when
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designing MFDOB. Regarding the discrete-time system, the
relative order of the plant has a similar effect as the time delay.
For the motion control system, Sariyildiz et al. [18] show that the
design constraints on discrete-time DOB can be lessened if the
acceleration measurement is used instead of velocity or position
measurement, as the former reduces the phase lag in feedback
and enables a lower relative order of the controlled plant.

To reduce the digital delay in ac drives, multisampling tech-
niques [19] or real-time updating schemes by shifting the sam-
pling instant toward the pulsewidth-modulation (PWM) com-
mand update instant [20] can be employed, while they are
susceptible to aliasing due to asynchronous sampling process.
Alternatively, the PWM command can be updated immediately
after it is computed, which keeps the synchronous sampling
and avoids the aliasing [21], [22]. However, the computation
time should be very short to alleviate the degradation in dc bus
voltage utilization. A method for linear 1-DOF controllers to
minimize update latency is developed in [21], but it is not suitable
for 2-DOF controllers, including the DOB-based controller.
Considering the computation load increases with the controlled
harmonics, the implementation of MFDOB with real-time up-
dating would be challenging.

This article proposes a discrete-time MFDOB for harmonic
current reduction in permanent magnet synchronous machine
(PMSM) drives. It allows variable-frequency operation and
avoids the discretization and frequency adaption issues of MF-
DOB designed in the continuous-time domain [11], [12]. The
proposed MFDOB uses a single parameter per harmonic to
determine the suppression bandwidth and there is a guaranteed
stability margin for various fundamental frequencies. To im-
plement the proposed MFDOB with zero computation delay,
a real-time calculation scheme is developed with minimized
update latency and can be extended to other 2-DOB controllers.
The rest of this article is organized as follows. Section II intro-
duces the preliminaries. The proposed MFDOB is presented in
Section III and the controller synthesis is given in Section IV.
The real-time implementation of MFDOB with reduced digital
delay is developed in Section V. The experimental results are
presented in Section VI to validate the proposed method. Finally,
Section VII concludes this article.

II. PRELIMINARIES

A. Model of PMSM Drives

In the synchronous dq axes frame, the voltage equation of a
nonsalient PMSM in complex-vector form is

udq = Rsidq + Ls
d

dt
idq + jωeLsidq + jωeψmdq (1)

where j =
√−1 is the imaginary unit, idq = id + j · iq, udq =

ud + j · uq, and ψmdq = ψmd + j · ψmq are the complex vec-
tors of dq axes current, voltage, and permanent magnet (PM)
flux, respectively, ωe is the fundamental frequency, and Rs

and Ls are the resistance and inductance of stator winding,
respectively.

Based on (1), the complex transfer function from udq to idq
is obtained as (2) with s being the Laplace operator

PRL (s) =
1

Rs + sLs + jωeLs
. (2)

If any nonlinear effects of the PWM are disregarded, the
output voltage is considered to be piecewise constant in the
stationary reference frame and modeled by a zero-order hold
(ZOH) element. The ZOH together with the sampler gives
GPWM(s) = 1−e−sTs

sTs
, whereTs is the sampling period. Often the

PWM is simplified to GPWM(s) ≈ e−0.5sTs . In addition, to pro-
vide sufficient time for analog-to-digital conversion and digital
computation, the PWM reference is delayed by the computation
time Tc to update, which can be modeled by a pure delay of the
form Gd(s) = e−sTc . Typical value of Tc is 1Ts. Therefore, a
total time delay of Td = 0.5Ts + Tc exists in the current control.

By transforming GPWM(s) and Gd(s) to the dq axes frame
with the frequency-shift property, the plant of the current control
is obtained as follows:

P (s) = PRL (s)GPWM (s+ jωe)Gd (s+ jωe)

≈ e−jωeTde−sTd

Rs + sLs + jωeLs
. (3)

B. Harmonic Disturbance of Current Control

The harmonic disturbance in the current control of PMSM
can come from various aspects as follows [6], [23].

1) Flux Harmonics: The magnetic field of the PM is usually
assumed to have an ideal sinusoidal distribution in space. How-
ever, due to stator slotting, magnetic saturation, and manufactur-
ing issues, the PM flux is possible to contain space harmonics,
giving {

ψmd = ψmd,0 +
∑∞

k=1 ψmd,k cos (6kθ)

ψmq =
∑∞

k=1 ψmq,k cos (6kθ)
(4)

where θ = ∫ ωet is the rotor electrical angle, ψmd,0 is the dc
component of the d-axis flux, and ψmd,k and ψmq,k are the
amplitudes of the six kth flux harmonic of the d- and q-axis,
respectively. According to (1), time harmonics of voltage dis-
turbance are induced by the term jωeψmdq.

2) Stator Winding Asymmetry: The asymmetry of stator
winding causes negative sequence in phase current, which is
the second-order harmonic when seen from the dq axes frame.

3) Deadtime Effect: The voltage distortion induced from the
deadtime effect of the inverter can be expressed by (5), which is
also the combination of six kth harmonics in dq axes

Δudq=ΔU

[
−1j+

∞∑
k=1

12k sin (6kωet) + j2 cos (6kωet)

36k2 − 1

]
(5)

where ΔU is a constant depending on the hardware.
The above-mentioned periodic disturbance, together with

aperiodic disturbance, including uncompensated back electro-
motive force and parameter uncertainty, can be represented by
a lumped disturbance d in the input channel, and the current
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Fig. 1. Closed-loop system with the DOB structure (shaded block).

control system is given by

idq (s) = P (s) (udq (s) + d (s)) . (6)

C. Structure of DOB-Based Control System

Fig. 1 shows the control system with a DOB, where P̂ (s) is a
minimum-phase nominal model with a relative order p, C(s) is
the outer-loop controller,u0 is the output ofC(s),Q(s) is known
as the “Q-filter” to reject the disturbance d. In the frequency
range of Q(jω) ≈ 1, the system has the response [15]

idq = Ψ−1 (s) P̂ (s) (u0 + (1−Q (s)) d+Q (s)n)

≈ P̂ (s)u0 + P̂ (s) (1−Q (s)) d+ P̂ (s)Q (s)n (7)

where Ψ(s) = P−1(s)P̂ (s)(1−Q(s)) +Q(s).
Based on the analysis in the Section II-B, the disturbance d

with the following form is considered:

d (t) = A0 +

n∑
k=1

Ak cos (hkωet+ ϕk) (8)

where n ≥ 1, hk is a known harmonic order, Ak and ϕk are the
unknown constants, and ωe is the fundamental frequency, which
is available from a position sensor or phase-locked loop.

In [11] and [12], the Q-filter for multiple harmonic disturbance
elimination is formulated in a high-order rational fraction, such
as

Q (s) =

∑N
k=0 βks

k∑M
k=0 αksk

. (9)

Laplace transform of the disturbance d(t) has the
form of d(s) = A0/s+

∑n
k=1(σ̄ks+ σ̃k)/(s

2 + h2kω
2
e), where

σ̄k andσ̃k are some constants. If the numerator of SQ(s)
Δ
= 1−

Q(s) contains s
∏n

k=1(s
2 + h2kω

2
e), then the response y(t) will

completely reject the disturbance d(t) at steady state. Similarly,

for a discrete-time Q-filter,Q(z), the numerator ofSQ(z)
Δ
= 1−

Q(z) should contain (z − 1)
∏n

k=1(z
2 − 2z coshkωeTs + 1) to

realize robust disturbance rejection performance (where Ts is
the sampling period). In this manner, the coefficients of such a
Q-filter are functions of the fundamental frequency ωe.

The implementation of (9) could be problematic for variable-
speed drives considering the following issues.

1) The discretization of Q(s) should preserve the frequency
characteristics around the desired harmonic frequencies.
The conventional Tustin method with prewarping cannot
realize this goal for more than one harmonic. Methods,
such as zero–pole matching and impulse invariant, are

qualified but there is no trivial solution for the discretized
filter.

2) Even Q(s) has been properly discretized and yields a
Q(z), it is a high-order filter with a relative order larger
than p+ 2n. Implementing such a high-order discrete-
time transfer function will face poor numerical precision
[24].

3) Because the coefficients of Q(z) are dependent on the
harmonic frequencies and varying with the fundamental
frequency in variable-speed drives, the implementation of
Q(z) should maintain a simple frequency adaption.

In addition, since P̂−1(s)Q(s) needs to be realized, the delay
of the actual plant P (s) is approximated or neglected [12] in the
nominal plant P̂ (s), which leads to modeling error and degrades
the stability. The above issue will be addressed in Section III with
a direct discrete-time design.

D. Constraint of Time Delay

The time delay constrains the design of the conventional
DOB-based control systems [17] and it will be shown that such
constraints are similar in multifrequency control systems. The
open-loop transfer function in the form of L(s) = L0(s)e

−Tds

is considered, where L0(s) is the minimum phase and strictly
proper. According to the Bode integral theorem, the sensitivity
function satisfies ∫ ∞

0

ln |S (jω)| dω = 0. (10)

Equation (10) reflects the waterbed effect that pushing sen-
sitivity down at one point will result in an increased level
somewhere. Considering a design specification in the form of
(11) when multiple harmonic disturbances are to be rejected

|S (jω)| ≤ α < 1 ∀ω ∈ Θk, k = 0, 1, . . . , n (11)

where Θk
Δ
= (hkωe − 0.5βk, hkωe + 0.5βk) for k = 1, . . . , n

and Θ0
Δ
= [0, β0) are predefined ranges that require small sen-

sitivities. According to (10), increasing βk for higher control
bandwidth must come at the expense of a larger peak in |S(jω)|.
The limitation may not be so strict as the increase in area
can come over an infinite frequency range. However, the time
delay imposes another constraint on the sensitivity function as
described by [25]∣∣∣∣∫ ∞

Rδ

ln |S (jω)| dω
∣∣∣∣ ≤ 3πδ

2Td
(12)

where δ < 0.5 and Rδ, l are some constants so that |L0(s)| ≤
δ(Rδ/|s|)l ∀s ∈ Ω(Rδ)

Δ
= {s : Re[s] ≥ 0 and |s| ≥ Rδ} [25].

The selection of Rδ can refer to the articles presented in [17]
and [25] for more details and generally a larger open-loop gain
results in a large δ. Equation (12) shows that the integration of
the tail of the sensitivity function is limited when time delay
exists.

For the sake of simplicity, we assume that Θ0, Θ1, …, Θn

and [Rδ,∞) are mutually exclusive. Then, based on (10)–(12),
the lower bound of the sensitivity function can be deduced as
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follows:

Ms
Δ
= sup

ω
|S (jω)| ≥ exp

(∑n
k=0 βk ln

1
α − 3πδ

2Td

Rδ −
∑n

k=0 βk

)
. (13)

Since the sensitivity function represents the inverse of the
distance of the open-loop transfer function to the critical point
(−1, 0j) at each frequency ω in the Nyquist diagram, the sensi-
tivity peak Ms is a compact indicator of stability. Equation (13)
reveals that a large delay Td and high control bandwidth (lower
βk or α) will amplify the sensitivity peak and consequently
degrade the stability margin. It suggests that the cumulated
bandwidth should be limited when the fundamental component
and multiple harmonic components are regulated. Reducing the
time delay could relieve such constraints.

III. DISCRETE-TIME FREQUENCY-DOMAIN MFDOB

A. Structure

To avoid the defects of discretizing an s-domain Q-filter,
this section proposes a direct design in the z-domain. For the
computation delay Tc being multiple of Ts, the plant dynamics
seen from the digital controller is

P (z) =
b

zp−1 (z − a)
(14)

where a = e−(Rs/Ls+jωe)·Ts , b = (1− a)e−jpωeTs/Rs, and
p = Tc/Ts + 1 is the relative order. We also denote P̂ (z) as
the nominal model for P (z). The fractional-order computation
delay is not considered in this article as it will lead to a plant
zero with negative real part [26].

To realize the robust rejection of disturbance at the specific
frequencies, the Q-filter is constructed as follows:

Q (z) =
LQ (z)

1 + LQ (z)
(15)

LQ (z) = Gf (z)

(
l0

z − 1
+

n∑
k=1

zl2k−1 + l2k
z2 − 2ckz + 1

)
(16)

whereGf (z) is a filter to shape the loop gain LQ(z), l0, . . . , l2n
are the undetermined parameters, and ck = coshkωeTs. The
high-order filter Q(z) is decomposed with an integrator and
several resonators in a closed-loop architecture to ease digital re-
alization. The infinite gains ofLQ(z) at the resonant frequencies
ensure the complete disturbance rejection for target harmonics
with Q(z), i.e., Q(ejhkωeTs) = 1.

The estimated disturbance with a frequency-domain DOB is
d̂ = Q(z)P̂−1(z)idq −Q(z)udq . To avoid realizingQ(z) twice,
d̂ is reformulated using (15) and yields

d̂ = LQ (z)
[
P̂−1 (z) idq − udq − d̂

]
= zpLQ (z)

[
z−pP̂−1 (z) idq − z1−p

(
z−1udq + z−1d̂

)]
.

(17)

Based on (16) and (17), the proposed MFDOB is constructed,
as shown in Fig. 2. In Fig. 2(a), an explicit delay in the blue area is

Fig. 2. (a) Structure of the proposed MFDOB. (b) Implementation of
zpLQ(z).

arranged to avoid algebraic-ring issues in realization. The satu-
rated voltage ūdq is fed to MFDOB to maintain the consistency
with the actual plant. In linear analysis, the saturation block
“Sat.” is regarded as a unity gain and ūdq = udq is assumed. If
P̂ (z) is accurate, the inner-loop sensitivity and complementary

sensitivity are Si(z) = SQ(z)
Δ
= 1−Q(z) and Ti(z) = Q(z),

respectively.
To reduce the underdetermined design parameters, the mini-

mal realization of Gf (z) is considered, giving

Gf (z) = 1/
(
zp−1 + αp−2z

p−2 + . . .+ α0

)
(18)

where α0, . . . , αp−2 are the coefficients (α0 = 1 if p = 1).
The frequency response of the Q(z) dominates the perfor-

mance of the inner-loop disturbance rejection. The value of
Q(ejωTs) close to 1 indicates the accurate estimation and ef-
fective attenuation of the disturbance at frequency ω, which has
two requirements: the magnitude |Q(ejωTs)| is near 1 and its
phase is near zero. The magnitude of the sensitivity function
SQ(z) = 1−Q(z) is a more compact indicator since the Q(z)
close to 1 always lead to a low |SQ(z)|. Therefore, in this
article, we design the sensitivity function to have the following
form:

SQ (z) =
1

1 + LQ (z)
=

(z − 1)Df (z)

(z − 1 + λ)p

n∏
k=1

Φol
k (z)

Φcl
k (z)

(19)

where Φcl
k (z)=Φ

ol
k (z) + 2ρk(ckz − 1), Φol

k (z)=z
2 − 2ckz +

1, λ and ρk are the design parameters to adjust the bandwidth
for aperiodic disturbance and the kth harmonic component (k =
1, …,n), respectively, and λ, ρk ∈ [0, 1].

Fig. 3(a) shows the frequency response of Φol
k (z)/Φ

cl
k (z),

which is a notch filter around the harmonic frequency. Its gain
in passband is (1− ρk)

−1 and the notch width is approximately
defined by ρk/Ts. The termΦol

k (z)/Φ
cl
k (z) determines the shape

of SQ(z) around the harmonic frequency hkωe. The root loci of
Φcl
k (z) and Φcl

k (z) with the harmonic frequency increasing are
shown in Fig. 3(b).

The relative order implies the time delay of the control loop.
Hence, the discrete-time system will face similar restrictions as
the case in the continuous-time domain [see (13)].
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Fig. 3. (a) Frequency response of Φol
k (z)/Φcl

k (z). (b) Diagrammatic loci of
roots of Φol

k and Φcl
k (z) with hkωe being 0 → π/Ts.

Fig. 4. Magnitude of the Q-filter and sensitivity function. The frequencies of
the three harmonics are 100 Hz, 300 Hz, and 600 Hz. Conditions: ρ1 = ρ2 =
ρ3 = 0.01 and Ts = 100 μs.

B. Conventional Case: Tc = Ts

In this case, the minimal realization of Gf (z) is Gf (z) =
1/(z + α0) and the sensitivity function is expressed by

SQ1 (z) =
(z + α0) (z − 1)

(z − 1 + λ)2

n∏
k=1

Φol
k (z)

Φcl
k (z)

. (20)

The magnitudes of the Q-filter and sensitivity function are
shown in Fig. 4. Substituting (16) into (15) and comparing the
coefficients of z2n+1 of the denominator with SQ(z) in (20)
yields α0 = 2λ − 1 + 2

∑n
k=1 ρkck. To avoid import unstable

open-loop poles,−1 ≤ α0 ≤ 1 should be satisfied, yielding λ +∑n
k=1 ρkck ≤ 1. The dependence of α0 on λ and

∑n
k=1 ρkck

implies that the frequency response of SQ1(z) may not be freely
configured. According to Fig. 3(a), it is easy to identify that
increasing ρk will widen the notch width, while the sensitivity
elsewhere will be amplified by (1− ρk)

−1. Increasingλ will also
improve the bandwidth of disturbance rejection at low frequen-
cies. However, considering the sensitivity function atω = π/Ts,

given by γ
Δ
= SQ1(−1) =

4(1−λ−∑n
k=1 ρkck)

(2−λ)2
∏n

k=1(1−ρk)
, we have γ ≥ 0

and ∂γ
∂λ

=
−4(λ+2

∑n
k=1 ρkck)

(2−λ)3
∏n

k=1(1−ρk)
< 0. It shows increasing λ will

lower the tail of sensitivity function, and under the constraint
of Bode integral theorem, the sensitivity peak will be amplified,
which is witnessed in the left column of Fig. 4 by comparing
SQ1(z) with λ = 0.3 and λ = 0.6.

Fig. 5. Plot of |SQ(ejωTs)| as a function ofω/2π and fundamental frequency
ωe/2π. Three harmonics with frequencies being 2ωe, 6ωe, and 12ωe are con-
trolled. Equations (22) and (23) are employed with λ = 0.6 and ρ1=ρ2 =ρ3 =
0.02.

C. Reduced Digital Delay With Tc = 0

If the computation delay is reduced to 0, the plant P (z) has
a relative order of 1. Hence, the minimal realization of Gf (z)
isGf (z) = 1, and the desired sensitivity function is obtained as
follows:

SQ0 (z) =
z − 1

z − 1 + λ

n∏
k=1

Φol
k (z)

Φcl
k (z)

. (21)

Similarly, the sensitivity peak of SQ0(z) is increased with
higher λ and ρk. However, due to the reduced relative order,
SQ0(z) does not have a parameter α0 analogous to SQ1(z) and,
thus, the constraints are lessened. The magnitudes of the Q-filter
and sensitivity function are also plotted in Fig. 4 as green lines.
The sensitivity peak ofSQ0(z) is lower thanSQ1(z). In addition,
SQ0(z) requires a half λ ofSQ1(z) to realize similar disturbance
rejection at low frequency. Here, λ/Ts can be considered as
an approximate bandwidth of z−1

z−1+λ
, i.e., the first term of

SQ0(z). This comparison illustrates the superiority of SQ0(z)
over SQ1(z), which has been previewed in Section II-C.

The solution of l0, . . . , l2n for both (20) and (21) are getting
rather complex as the number of controlled harmonics grows.
Approximations of the solutions for (20) and (21) are given in
(22) and (23), respectively, which are the extensions of the case
n = 1 and shows sufficient accuracy when

∑n
k=1 ρkck � λ⎧⎪⎨⎪⎩

l0 ≈ λ2 (1−∑n
k=0 ρk)

l2k−1 ≈ ρk

(
(2ck + λ)2 − 2 (ck + 1)

)
l2k ≈ ρk

(
λ2 + 2− 4λ − 2ck

)
, k = 1, 2, . . . , n

(22)

⎧⎨⎩
l0 ≈ λ (1−∑n

k=0 ρk)
l2k−1 ≈ ρk (2ck + λ)
l2k ≈ −ρk (2− λ) , k = 1, 2, . . . , n.

(23)

Fig. 5 illustrates the sensitivity functions SQ0(e
jωTs) and

SQ1(e
jωTs) with the harmonic frequencies synchronized to a

sweep of the fundamental frequency. Three blue traces in the
two graphs are relevant to the low sensitivity for the three
target harmonics. The blue range with small ω indicates the
rejection capability to aperiodic disturbance. Fig. 5 shows that
the two cases have flat frequency responses for variousωe, while
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Fig. 6. Block diagram of the proposed MFDOB-based current control.

Fig. 7. Equivalent block diagram of the outer-loop feedback control.

SQ0(z) shows an overall lower sensitivity with the reduced
delay.

IV. ANALYSIS AND SYNTHESIS OF THE MFDOB

Fig. 6 presents the block diagram of the proposed MFDOB-
based current control, where C(z) is the outer-loop controller
andR(z) is the reference model. Fig. 7 illustrates the equivalent
block diagram of the outer-loop feedback control. The distur-
bance d is attenuated by Si(z) before it enters the outer loop.
The sensitivity and complementary sensitivity functions of the
outer loop can be obtained as follows:

So (z) =
1

1 + Lo (z)
, To (z) =

Lo (z)

1 + Lo (z)
(24)

where Lo (z) = C(z)Ci(z)P (z) and Ci (z) =
P̂ (z)

Q(z)P (z)+SQ(z)P̂ (z)
. Since Ci(z)P (z) ≈ P̂ (z) at the fre-

quencies ω with small inner-loop sensitivity (SQ(e
jωTs) ≈ 0),

the controlled object seen from u0 can be regarded as the
nominal plant P̂ (z).

The closed-loop complementary sensitivity functionT (z) and
the sensitivity function S(z) are deduced as follows:

S (z) = Si (z)So (z) (25)

T (z) = So (z)Ti (z) + To (z) . (26)

Equation (25) shows both the DOB and the outer-loop con-
troller that contribute to the disturbance rejection of the closed-
loop system. The functionality of harmonic elimination can be
added to either the DOB or the outer-loop controller; however,
the advantage of utilizing the proposed MFDOB is that the
resonant mode will not be excited by the reference signal in
the nominal case.

Fig. 8. Frequency responses of the sensitivity functions and the disturbance
rejection. The parameters are λ = 0.5, ρ1 = ρ2 = ρ3 = 0.02, Kp = 1, Rs=
0.29 Ω, Ls= 0.5 mH, and fe= 50 Hz. (Left column: Tc = 0 and Right column
Tc = 1Ts.)

Considering the saturation block as a unit gain, the equivalent
control law can be derived as follows:

udq (z) = R (z)
(
P̂ (z)−1 + C (z)

)
(1 + LQ (z))︸ ︷︷ ︸

Kff (z)

idq∗ (z)

−
(
C (z)+C (z)LQ (z)+P̂ (z)−1LQ (z)

)
︸ ︷︷ ︸

Kfb(z)

idq (z)

(27)

where Kff (z) and Kfb(z) represent the transfer function from
the current reference and feedback to the output voltage, respec-
tively. The two are different due to the 2-DOF structure.

As LQ(z) includes an integrator and several resonators,
Kfb(z) can be regarded as a special proportional–integral–
resonant controller. Similar equivalence between the DOB-
based controller and PI controller has also been revealed in [27].

Various outer-loop controllers can be synthesized with the
proposed MFDOB. Noting that if C(z) is a PI-like controller,
S(z) will have two zeros at z = 1 and the closed-loop system
can reject a ramp-type disturbance with zero steady-state error,
which is analogous to other control schemes with cascaded
DOB to attenuate high-order disturbance [28]. In this article,
the aperiodic disturbance of interest is of constant type; thus,
the simple proportional control, i.e., C (z) = Kp, is sufficient
and will be employed in the following analysis.

Fig. 8 shows the sensitivity functions when zero-sample and
one-sample computation delay are employed. The closed-loop
responses to the exogenous disturbance are also illustrated as
the traces ofGyd(z). Noting that disturbance rejection response
can be expressed by Gyd (z) = S(z)P (z), i.e., the sensitivity
S(z) also represents how the closed-loop system responds to
disturbance compared with the open-loop system. The overall
disturbance suppression is determined by S (z) = Si (z)So(z).
The robustness against the disturbance is significantly improved
as the inner-loop MFDOB rejects the disturbance at desired
frequencies, and the outer-loop controller offers additional at-
tenuation at low-frequency ranges.

In Fig. 8, the sensitivity peaks of Si(z), So(z), and S(z) with
Tc = Ts are higher than those with Tc = 0 due to the limitation
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Fig. 9. PWM command D(k) is updated immediately after sampling the current
with a latency Tupdate, and it remains active until the next update event, i.e.,
from kTs+Tupdate to (k+1)Ts+Tupdate.

caused by time delay, which again illustrates the superiority of
employing a reduced digital delay.

The sensitivity peak of S(z) can be evaluated by

Ms = max
ω

S
(
ejωTs

) ≤M i
s ·Mo

s (28)

whereM i
s = max

ω
Si(e

jωTs) andMo
s = max

ω
So(e

jωTs) are the

sensitivity peaks of the inner loop and the outer loop, respec-
tively. BothM i

s andMo
s are bounded with given control param-

eters for Tc = Ts and Tc = 0, and the derivation can be found
in the Appendix. Therefore, Ms will also be bounded and there
is a guaranteed stability margin for the closed-loop system with
MFDOB irrespective of the fundamental frequency.

V. IMPLEMENTATION OF MFDOB FOR Tc= 0

In practical electric drives, the computation delay generally
exists due to the nonzero calculation time of microcontrollers.
To eliminate the computation delay, the PWM command can
be updated immediately after sampling the currents. The time
sequence is shown in Fig. 9. To avoid switching actions during
the control loop calculation, the maximum modulation index is
limited depending on the update latency. Hu et al. [21] propose
a method for 1-DOF linear controllers to minimize the update
latency. It shows that the output voltage is the sum of a historical
state and the proportion of the instantaneous current error, which
can be expressed by

uk = g∞
(
rk − ik

)
+ uk−1

ss . (29)

In (29), r and i are the current reference and current feedback,
respectively, the superscript indicates the discrete-time index,
uss is a historical state, and the time index k − 1 means uk−1

ss

is available before sampling ik. g∞ is the direct feed-through
gain1 of the feedback controller. Equation (29) applies to either
the stationary or synchronous reference frame. Since rk and
uk−1
ss can be prepared before sampling ik, the simple calculation

of (29) enables to minimize the latency from current sampling
to the update of PWM command.

1The direct feed-through gain g∞ of a transfer function C(z) is defined such
that the remaining part C̄(z) = C(z)− g∞ is strictly proper.

Fig. 10. Schedule for the proposed current control scheme.

The method in [21] was intended for 1-DOF controllers
by reconstructing the controller architecture to acquire uk−1

ss ,
and the extension for 2-DOF control schemes may be difficult
without augmenting redundant states. However, the concept of
(29) that uk is a linear function of ik can still be utilized. In
this manner, the dq-frame output voltage can be expressed as
follows:

ukdq = −g∞ikdq + ukf0. (30)

In (30), g∞ still refers to the direct gain from ikdq to ukdq, and
ukf0 is the bias when the feedback current is zero. Noting that g∞
equals the direct feed-through gain of the equivalent feedback
controller Kfb(z), given by

g∞ = Kp + b̂−1

(
l0 +

n∑
k=1

l2k−1

)
. (31)

With the parameters given in (23), (31) is deduced as follows:

g∞ = Kp + ejωeTs
R̂s

1− e−R̂s/L̂s·Ts

(
λ +

n∑
k=1

ρkck

)
. (32)

The value of ukf0 is not readily available. Based on its def-
inition in (30), it will be obtained as follows. Suppose that
the algorithm of the current controller, represented by the gray
shadow area in Fig. 6, is realized programmatically with a
multi-input–multioutput function controller_run in (33), where
xdq represents the controller states to be stored.[

ukdq, x
k
dq

]
= controller_run

(
ikdq∗, i

k
dq, ū

k−1
dq , xk−1

dq

)
. (33)

As (33) represents the instantiation of the current controller,
it will coincide with (30). In this manner, we can acquire ukf0 by
invoking this function and virtually setting ikdq = 0[

ukf0,∼
]
= controller_run

(
ikdq∗, 0, ū

k−1
dq , xk−1

dq

)
. (34)

In (34), the second output is omitted. Equation (34) permits
to calculate ukf0 before sampling ikdq .

The time sequences to implement the MFDOB with reduced
digital delay are shown in Fig. 10, and the block diagram is
presented in Fig. 11. In Fig. 10, the rotor angle is sampled
before current sampling with time Tθ/i and the sampled value
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Fig. 11. Implementation of the MFDOB with reduced digital delay. The colors of the signals and blocks are corresponding to the calculation stages in Fig. 10.

is θ′. Then, the rotor angle synchronized to current sampling is
predicted by

θ̂ = θ′ + ωeTθ/i. (35)

To reduce the calculation time for coordinate transformation,
(30) is converted to the αβ-frame, yielding

ukαβ = −g∞,αβi
k
αβ + ukf0,αβ (36)

where g∞,αβ = ejθ̂ g∞e−jθ̂.
The well-known zero-sequence injection method is utilized

for space-vector PWM [29]. The duty cycle of the three-phase
PWM command is limited by (37) or (38) depending on the
sampling moment [see Fig. 9]

Tupdate/Ts ≤ D̄a, D̄b, D̄c ≤ 1, valley sampling (37)

0 ≤ D̄a, D̄b, D̄c ≤ 1− Tupdate/Ts, peak sampling. (38)

After the PWM command is updated, the function
controller_run(·) in (33) is invoked again with the measured
current to update the controller state xkdq .

To summarize, the proposed real-time update scheme is di-
vided into three stages.

1) Precalculation: Prepare the controller coefficients and
trigonometric functions, calculateukf0 with (34) and trans-
form it to the αβ-frame.

2) Primary calculation: After the phase currents are sampled,
perform (36), space-vector PWM, and saturation, then
update the PWM command.

3) Postcalculation: Refresh the controller states with the
actual currents using (33) and calculate the saturated dq
axes voltage for the next current control period.

This scheme actually transfers the computation load out of
the primary calculation to reduce the update latency of PWM
command. It could also be extended to other 2-DOF controllers.

VI. EXPERIMENTAL RESULTS

The experiments are conducted on a three-phase PMSM con-
nected to a voltage-source inverter with the parameters being
pole pairs Pr= 2, phase resistance Rs= 0.29 Ω, inductance
Ls= 0.5 mH, PM flux 0.0135 Wb, and dc bus voltage 24 V.

Fig. 12. Schematic diagram of the experimental setup.

The rated current is 5 A and the rated speed is 3000 r/min. The
switching and sampling frequency is 10 kHz. Another PMSM is
mechanically coupled with the tested motor as a load. A control
board with a 200 MHz microcontroller TMS320F28379D is
used. The tested motor is operated in the current control mode
in the experiments. Fig. 12 presents the experimental setup.

To verify the performance with the proposed MFDOB in
mitigating harmonic currents, a large deadtime 3 μs is set to
generate harmonic voltage disturbance with the order 6m (m =
1, 2, 3, …) in the dq-frame. In addition, an external resistor
Rex= 0.4 Ω is added to phase A to emulate an asymmetrical
load. Considering id = 0 and a constant iq = Im , the voltage
drop on the resistor is vRa = Rex Im cosωet. In the synchronous
reference frame, it yields a voltage disturbance

vRdq =
1

3
RexIm +

1

3
RexIme

−j2ωet (39)

i.e., the combination of a dc component and a harmonic with
frequency 2ωe.

The proposed MFDOB with 1Ts computation delay and zero
computation delay is denoted as MFDOB-1 and MFDOB-0, re-
spectively. Four harmonics with frequencies2ωe,6ωe,12ωe, and
18ωe are to be eliminated. The control parameters are λ = 0.3,
ρ1=ρ2 =ρ3 =ρ4 = 0.01, and Kp= 1 for both controllers. The
desired current response is chosen asR (z) = z−2 for MFDOB-
1 andR (z) = z−1 for MFDOB-0, i.e., deadbeat control. The PI
controller [1] and PIR controller [5] are selected for comparative
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Fig. 13. Steady-state phase A current and dq axes’ currents at 1500 r/min. (a) PI. (b) PI-DOB (λQ=0.5). (c) PI-DOB (λQ=1). (d) PIR. (e) MFDOB-1.
(f) MFDOB-0.

Fig. 14. Harmonic analysis of the dq axes’ currents in Fig. 13. (a) PI. (b) PI-DOB (λQ=0.5). (c) PI-DOB (λQ=1). (d) PIR. (e) MFDOB-1. (f) MFDOB-0.

experiments. The gain of the PI controller is K = 0.3Ls/Ts.
The PI controller [1] incorporating a traditional DOB, denoted
as PI-DOB, will also be evaluated, and the Q-filter is selected
as Q (z) = λ2

Q/(z − 1 + λQ)
2. For the PIR controller [5],

the resonant frequencies are set as 2ωe, 6ωe, 12ωe, and 18ωe,
which are the same as those of the MFDOB. Its control parame-
ters include a gainKp = 0.3Ls/Ts and a relative gaink2 = 0.01
for all the harmonics.

The steady-state phase current and dq axes’ currents are
shown in Fig. 13 and the harmonic analysis is presented in
Fig. 14. In Fig. 13(a), significant current distortion with the
PI controller can be observed. In the corresponding harmonic
analysis, as shown in Fig. 14(a), the second- and sixth-order
harmonic components are dominant in the dq axes’ currents;
other harmonic components except for the 12th order may result
from the side effect of the asymmetrical three-phase windings.
Fig. 13(b) shows the currents with PI-DOB and λQ= 0.5, where
the dq axes current ripples are smaller than Fig. 13(a). The
DOB offers additional attenuation for current harmonics at low
frequencies, and the second harmonic component at Fig. 14(b)
is reduced significantly. The experimental results of PI-DOB
with a higher λQ= 1 are presented in Fig. 13(c) and Fig. 14(c).
The low-frequency components in Fig. 14(c) are further reduced
but not completely eliminated. Since the Q-filter now has been
Q (z) = z−2 , it shows the limited performance of the traditional
DOB in rejection harmonic disturbance. In Fig. 13(d), the phase
current is more sinusoidal with the PIR controller and the dq
axes’ currents are flatter. The selected harmonic components
in Fig. 14(d) are suppressed. The currents with MFDOB-1 in
Fig. 13(e) and with MFDOB-0 in Fig. 13(f) are similar to the
PIR controller, and the desired harmonics are suppressed in

Fig. 15. Estimated disturbance components. (a) MFDOB-1. (b) MFDOB-0.

Fig. 14(e) and (f). The latter three controllers exhibit satisfactory
steady-state performance.

The disturbance estimation with MFDOB-1 and MFDOB-0
at the same condition as Fig. 13 is shown in Fig. 15(a) and
(b), respectively. The two columns are similar as they esti-
mate identical disturbance. The total estimated disturbance is
d̂ = ŵ0 + ŵ1 + ŵ2 + ŵ3 + ŵ4, where ŵ0 is the estimation for
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Fig. 16. Current step response at 1500 r/min. (a) PI. (b) PI-DOB (λQ=0.5). (c) PI-DOB (λQ=1). (d) PIR. (e) MFDOB-1. (f) MFDOB-0.

Fig. 17. Current step response with the proposed MFDOB-0 at 1500 r/min
under (a) L̂s = Ls , (b) L̂s = 1.3Ls, and (c) L̂s = 0.7Ls.

slow-varying component and ŵ1, ŵ2, ŵ3, and ŵ4 are the esti-
mated harmonics with frequencies 2ωe, 6ωe, 12ωe, and 18ωe,
respectively [see Fig. 2(b)]. Noting that the magnitude of ŵ1 is
0.4 V, which matches (39) when Im = 3 A.

The dynamic performance of these controllers is compared
through the step response of iq and shown in Fig. 16. In
Fig. 16(a)–(c), the theoretical step responses with the PI and
PI-DOB controller are low-pass filter like; however, the un-
compensated harmonic components exist under various current
magnitudes. Noting that due to the external resistor connected
in phase A, the nominal plant differs from the actual one, and
the resultant current fluctuations are nearly proportional to the
current magnitude. In Fig. 16(d), the resonant modes of the PIR
controller are excited in transient states; thus, current oscillations
are observed. In Fig. 16(e) with MFDOB-1, the current oscilla-
tions also arise but are much smaller compared with Fig. 16(d).
The step response with MFDOB-0 in Fig. 16(f) shows the best
dynamic performance. That is because the closed-loop system
with MFDOB-0 has a wide range of low sensitivities so that the
nominal control performance can be preserved.

The current step responses with the MFDOB-0 under different
nominal parameter L̂s are illustrated in Fig. 17. In the zoomed
view of Fig. 17(a), the q-axis current lags the reference by one
sample, which matches the desired response R (z) = z−1. An
overestimated L̂s results in overshoot and an underestimated
L̂s leads to a more damped response, as shown in Fig. 17(b)
and (c), respectively. The same tests are also carried out with
MFDOB-1 and the results are presented in Fig. 18. It shows that
the dynamic performances with both MFDOB-0 and MFDOB-1
are satisfactory under 30% parameter error, while MFDOB-0 is
superior in settling time due to the reduced delay.

Fig. 18. Current step response with the proposed MFDOB-1 at 1500 r/min
under (a) L̂s = Ls , (b) L̂s = 1.3Ls, and (c) L̂s = 0.7Ls.

Fig. 19. Current responses with varying fe from 40 to 60 Hz. (a) Profile of
ωe. (b) Phase A current and (c) dq axes’ currents with PI controller. (d) Phase
A and (e) dq axes’ currents with MFDOB-0.

Fig. 19 shows the current responses at varying fundamental
frequencies, where the motor speed ramps up from 1200 to
1800 r/min with the fundamental frequency, as depicted in
Fig. 19(a). The phase current and dq axes’ currents with a sole PI
controller are shown in Fig. 19(b) and (c), respectively, and sig-
nificant dq axes current ripples can be observed. Fig. 19(d) and
(e) show the phase current and dq axes’ currents with MFDOB-0,
respectively. The dq axes current ripples are eliminated and the
phase current is more sinusoidal. Fig. 20 shows the spectral
analysis of the d-axis current during the frequency transient state.
Due to the varying frequency of the harmonic disturbance, the
spectrum with PI controller has two plateaus at2fe and6fe range
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Fig. 20. Spectral analysis of id in Fig. 19(c) and (e).

TABLE I
TIME CONSUMPTION OF EACH STAGE OF THE CURRENT LOOP

while they are suppressed with MFDOB-0. The magnitudes
around 12fe are not prominent in this test. It not only verifies the
ability of MFDOB-0 in rejecting harmonic disturbance but also
demonstrates the performance under varying speed/frequency.

The C code of MFDOB-0 is compiled with the C2000
code generation tools v21.6.0.LTS and the optimization level is
“-o2.” The time consumption of each stage of the current loop
is measured with the debug tool in Code Composer Studio and
listed in Table I. The update latency Tupdate is 0.74μs; therefore,
the maximum duty cycle under 10 kHz switching frequency will
be 98.5%, which is acceptable in real applications.

VII. CONCLUSION

This article proposes the discrete-time frequency-domain
MFDOB for multiple harmonic disturbance rejection in
variable-speed drives. It features a simple control parameter
tuning and a promising stability margin over a wide range of
operating frequencies. To lessen the constraints of digital delay
on designing DOB, a real-time update scheme with minimized
update latency is developed and realizes nearly zero-time com-
putation delay. Superior dynamic performance is achieved due to
the reduced delay. Future work will investigate nonlinear DOBs
for harmonic disturbance rejection.

APPENDIX

Considering the inner-loop sensitivity Si (z) = SQ (z), since
the term |Φol

k (z)/Φ
cl
k (z)| is below (1− ρk)

−1 for all frequencies,
the envelope curve of |Si(z)| can be estimated by

S̄Q (z) =
(z − 1)Df (z)

(z − 1 + λ)p

n∏
k=1

(1− ρk)
−1. (40)

By solvingd|S̄Q(e
jωTs)|/dω = 0, inner-loop sensitivity peak

M i
s can be estimated by

M i
s0 ≤ max

ω

∣∣S̄Q0

(
ejωTs

)∣∣ = 2

2− λ

n∏
k=1

(1− ρk)
−1 (41)

M i
s1≤max

ω

∣∣S̄Q1

(
ejωTs

)∣∣= 2(1 + η)2
∏n

k=1 (1−ρk)−1√
(1 + 2η) (3−2λ+2 (1−λ) η)

≤ 2(λ +
∑n

k=1 ρk)
2∏n

k=1 (1− ρk)
−1

λ
√

(λ + 2
∑n

k=1 ρk) (3λ − 2λ2+2 (1−λ)
∑n

k=1 ρk)
(42)

where η = λ−1
∑n

k=1 ρkck.
The outer-loop sensitivity peaks can be directly evaluated

through 1/(1 +KpPdq(e
jωTs)), giving

Mo
s0 =

a0 + 1

a0 + 1− b0Kp
(43)

Mo
s1=

a0√(
a20+2b0Kp

√
a20b0Kp−a20+1−a20b0Kp−2b0Kp

)
(44)

where a0 = e−Rs/Ls·Ts and b0 = (1− e−Rs/Ls·Ts)/Rs.
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