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First-Order Model Based Inductance Identification
With Least Square Method for High-Speed
Sensorless Control of Permanent Magnet

Synchronous Machines
Yinfeng Hu , Kai Liu , Wei Hua , Senior Member, IEEE, and Mingjin Hu , Student Member, IEEE

Abstract—In sensorless control of high-speed permanent magnet
synchronous machines (PMSMs), online inductance identification
techniques can be employed to improve the position estimation
precision. The high-order inductance identification model which
is affected by the flux error, the dead-time effect equivalent voltage
and initial rotor position error adopted in conventional methods
often face challenges including robustness and accuracy. To address
this issue, this article uses a first-order discrete-time model in
the estimated γδ-frame to identify the winding inductance with
disturbance injection. The first-order model allows the identifica-
tion to be independent of flux error, initial rotor position error,
and inverter nonlinearity, thus the robustness is improved. The
proposed method takes the computational delay and discrete-time
nature of pulsewidth modulation into account to avoid the model
error brought by low ratio of carrier-to-fundamental-frequency.
Additionally, the results are estimated by least square method to
solve fluctuation problem caused by measurement noise and the
possible surge phenomenon. Experiments are carried out on a
high-speed surface-mounted PMSM for vacuum cleaner to verify
the proposed method.

Index Terms—First-order model, high-speed permanent magnet
synchronous machines (PMSMs), inductance identification, least
square method (LSM).

I. INTRODUCTION

H IGH-SPEED permanent magnet synchronous machine
(PMSM) has been widely utilized in air compressors and

pumps for its high-power density and high efficiency [1], [2],
[3]. In such applications, sensorless control is often employed
because of space and weight requirements. However, for sen-
sorless control of PMSM, the estimated rotor position error
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are dramatically influenced by the parameters of machine itself
[4], [5], [6], [7], where the winding inductance has the most
significant impact.

For mid- and high-speed operations, the back electromotive
force (back EMF) observers are widely used to acquire rotor po-
sition information [8], [9], [10]. To deal with the time delay due
to arithmetic calculation and pulsewidth modulation (PWM),
one and a half sampling-period delay is compensated, thus the
stability and dynamic performance can be improved [11]. How-
ever, these methods are derived in continuous-time domain. As
the rotation speed increases, the ratio of carrier-to-fundamental-
frequency is insufficient where the voltage under PWM cannot
be approximated as a continuous signal. By modeling PWM as
a zero-order holder (ZOH) voltage latch in stationary reference
frame, the discrete-time model of high-speed PMSM is estab-
lished for back-EMF observation and sensorless control with
high performance is realized [12], [13].

Based on the above issue, various back EMF estimators are
proposed based on the discrete-time PMSM model. Slide mode
observer is used widely for simplicity [14]. For disturbance
suppression, active disturbance rejection control, such as ex-
tended state observer (ESO), is applied [15]. Also, extended
Kalman filter is introduced to address the nonlinear saturation
problem [16]. Unfortunately, the aforementioned methods be-
long to model-based type and highly rely on accurate machine
parameters including PM flux-linkage, winding inductance and
resistance. Thus, the imprecise nominal values of machine pa-
rameters would degrade the performance of sensorless con-
trolled high-speed PMSMs.

Previous research reveals that the rotor position estimation
is influenced most significantly by the winding inductance
[7], [17]. Thus, online identification of winding inductance
is crucial for sensorless control of PMSMs where high-order
models are usually employed [18], [19], [20]. Specifically, to
avoid the mutual influence of parameter uncertainties, winding
inductance is usually identified together with other parame-
ters, such as rotor position error, resistance, flux-linkage and/or
equivalent dead-time effect (DTE) voltage. In [18], the phase
resistance and dq-axes inductances are identified, and then the
rotor position error is obtained by recursive least square method
(LSM). Further, to improve the identification accuracy, Zhu et
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al. [21] suggest to compensate the voltage source invertor non-
linearity including DTE and equivalent on-resistance of power
switches.

In high-speed machines, the ratio of carrier-to-fundamental-
frequency is usually low, and the inductance is usually very
small. Thus, DTE is hard to compensate because of the difficulty
in zero-crossing detection brought by the relatively huge current
ripple [10], [12], [13], [14], [15]. Wang et al. [20] propose
a new multiparameter identification method to simultaneously
estimate the phase resistance, flux linkage, inductance and the
equivalent DTE voltage by using Gauss-Newton iteration. In
[19], rotor position error and phase resistance are identified with
minimum current vector online tracking based on a second-order
model. Li and Kennel [22] utilize a dual Kalman filter to identify
the phase resistance, flux linkage and equivalent DTE voltage.
Experiments show that the application of parameter estimation
method helps to improve the identification accuracy. In those
literatures, multiple parameters are identified simultaneously be-
cause of the coupling of parameter uncertainty. Otherwise errors
could be passed from one parameter to others during calculation.
Nevertheless, the rank-deficient problem or ill-condition prob-
lem of such high-order model could bring problems in robustness
and convergence [21].

What is more important, the above identification methods are
all based on the continuous model, which are not suitable for
high-speed PMSMs. In terms of rotor position compensation for
sensorless control, separate identification of inductance could
avoid rank-deficient problem theoretically. Recently, a discrete-
time model based inductance calculation method is proposed
[17]. With high signal to noise ratio (SNR), the amplitude
of injected γ-axis current is less than 3% of δ-axis current.
However, the error of inductance nominal value is obtained
instead of directly identifying the real inductance value. As
a result, the estimation method such as LSM is uneasy to
be applied. Parameter estimation is important to maintain the
accuracy of identification in the case of surge for air compressor.
Previous experiments show that only hundreds of rpm of speed
fluctuation can increase the identification error to more than
10%. In summary, an identification method independent of other
uncertainties and robust to speed fluctuation is crucial.

To solve the above issue, a first-order model based on distur-
bance injection is proposed in this article to identify winding
inductance and improve the precision of rotor position estima-
tion. First, a high-speed PMSM model considering the computa-
tional delay and PWM effect is analyzed. Second, disturbance is
injected to establish a first-order identification model (FOIM),
which can be independent of PM flux linkage, rotor position
error as well as the equivalent DTE voltage. Also, since no
estimated variables, e.g., back-EMF, are used, the FOIM is
irrelevant to sensorless algorithm. Consequently, the above char-
acteristics guarantee the robust performance. Further, parameter
estimation method known as the recursive auto-regressive LSM
(ALSM) with forgetting factor is applied to solve the results
fluctuation caused by measurement noise and possible surge of
air compressors.

The rest of this article is organized as follows: The discrete-
time model and the ESO-based sensorless control of a surface-
mounted PMSM (SPMSM) is introduced in Section II. In

Section III, an FOIM is deduced and proposed by disturbance
injection. Then, the FOIM is mathematically and numerically
proved to be unaffected from other parameter uncertainties,
namely, the DTE, PM flux linkage and back-EMF. Finally, for
improved performance in convergence, a recursive ALSM with
forgetting factor is employed to solve the results fluctuation.
In Section IV, experiments are carried out on a 60 000 r/min
SPMSM. Finally, conclusion is drawn in Section V.

II. DISCRETE-TIME SENSORLESS CONTROL OF SPMSM

A. Discrete-Time Model of SPMSM

In the synchronous reference frame, the continuous-time volt-
age equation of a SPMSM yields{

u∗d + udead_d = Rsid + Ls
did
dt − iqωLs

u∗q + udead_q = Rsiq + Ls
diq
dt + idωLs + eq

(1)

where eq = ωψm, Rs is phase stator resistance, Ls is phase stator
inductance,ψm is d-axis PM flux-linkage,ω is electrical angular
velocity, and udead_d/udead_q are the voltage distortions caused
by DTE in d- and q-axes, respectively.

For PWM-based voltage-source inverter (VSI) fed to the
SPMSM, the PWM effect is often modeled as a ZOH voltage
latch [12], [15], [23]. Hence, (1) is discretized as

idq (k + 1) = Hd

[
u∗
dq (k − 1) + ejωTsudeaddq

(k)
]

+Gidq (k) +Heedq (k) (2)

where the symbol (k-1), (k), (k+1) stand for the time t= (k-1)Ts,
t = kTs, t = (k+1)Ts and Ts is the sampling period, and the three
coefficients yield

G = e−(
Rs
Ls

+jω)Ts

Hd =
1

Ls

Ts∫
0
e−(

Rs
Ls

+jω)τe−jω(Ts−τ)dτ =
1− e−

Rs
Ls

Ts

Rs
e−2jωTs

He = − 1

Ls

Ts∫
0
e−(

Rs
Ls

+jω)τdτ = −1− e−(
Rs
Ls

+jω)Ts

Rs + jωLs
. (3)

The output voltage of inverter can be calculated using the last
reference of udq

∗ as

udq (k) = u∗
dq (k − 1) e−jωTs + udeaddq

(k) . (4)

For simplicity, complex vectors are used and xdq = xd +
jxq . The dq-axes frame is normally transformed to the γδ-axes
frame in the sensorless control, which aligns with the estimated
rotor position, and the transformation is

fγδ = Tdq→γδfdq, Tdq→γδ = ejθ̃ (5)

where f represents the variables, such as currents, voltages and
back-EMFs, θ̃ = θ − θ̂ is the rotor position error, θ is the real
rotor position, and θ̂ is the estimated rotor position.

The relationship between the dq-axes and γδ-axes reference
frames is shown in Fig. 1. Therefore, the discrete-time model of
the SPMSM in the γδ-frame is

iγδ (k + 1) = Hd

[
u∗
γδ (k − 1) + ejωTsudeadγδ

(k)
]

+Giγδ (k) +Heeγδ (k). (6)
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Fig. 1. Relationship between the dq-axes and γδ-axes reference frames.

Fig. 2. ESO-based sensorless control structure of a SPMSM drive.

By comparing (1) and (6), the digital delay and PWM effect
in the discrete-time model are accounted, which is neglected
in the continuous-time model, resulting in an ideal sinusodual
output voltage. The error caused by the above approximation is
acceptable at low-speed, but can be problematic at high-speed
by degrading the sability and dynamic of drives [12], [24], [25].

B. Structure of ESO

Fig. 2 shows the sensorless scheme utilized in this article. A
discrete-time ESO is used for back EMF observation [15][

îγδ (k + 1)

Ĥeêγδ (k + 1)

]
= A

[
îγδ (k)

Ĥeêγδ (k)

]
+B

[
u∗
γδ (k − 1) + ejωTsudeadγδ

(k)
]

+ L

(
iγδ (k)− C

[
îγδ (k)

Ĥeêγδ (k)

])
(7)

where îγδ are the estimated γδ-axes currents and êγδ are the
estimated γδ-axes back-EMFs

A =

[
Ĝ 1
0 1

]
, B =

[
Ĥd

0

]
, C =

[
10
]
, L =

[
l1 l2

]
. (8)

Subtracting (6) from the first row of (7), the estimated current
error is

ĩγδ (k + 1) = Ĝĩγδ (k) + Ĥeêγδ (k)

−Heeγδ (k)−
(
Ĝ−G

)
iγδ (k)

−
(
Ĥd−Hd

) [
u∗
γδ (k−1)+ejωTsudeadγδ

(k)
]

(9)

Fig. 3. PMSM sensorless control system with parameter identification.

where ĩγδis the estimated current error in γδ-axes, and Ĥe, Ĝ
and Ĥd are the coefficients with the nominal values.

The current controller is designed by the machine transfer
functions G and H, and the current error gain K is designed
with the bandwidth needed. An ESO-based PLL is employed for
fast response and zero-steady state error of the estimated rotor
position. However, the estimated back EMF and rotor position
will deviate from real values with parameter errors.

Obviously, as the current estimation error converges to zero,
the estimated back EMF can be expressed as

êγδ (k) = −Ĥ−1
e

{
Heeγδ (k)−

(
Ĝ−G

)
iγδ (k)

−
(
Ĥd −Hd

) [
u∗
γδ (k − 1) + ejωTsudeadγδ

(k)
]}

(10)

where êγ = 0 when the back EMF observer is at steady state.

III. FIRST-ORDER IDENTIFICATION MODEL

In this section, sensorless control is realized with a parameter
identification subsystem where an FOIM is deduced and applied.
In Fig. 3, the current and speed controllers work at sampling
frequency while the parameter identification subsystem is started
manually. When identification begins, the γ-axis disturbance
current reference is sent to the current controller and the response
current and voltage information is recorded to calculate the real
value of inductance. Then, the calculation result is transferred
and updated in speed and current controllers.

A. Disturbance Injection Based on Discrete-Time Model

Comparing (6), (3), and (1), the term of back EMF only
exists in the q-axis voltage equation in the continuous-time
model, while in the discrete time model it is multiplied by a
complex number He. Hence, in the continuous-time model (1),
the identification of inductance can be achieved by only using
the d-axis voltage equation, avoiding the back EMF term.

However, in the discrete-time model, as shown in (6), the
back EMF term appears both in γ- and δ-axes voltage equations,
which means the PM flux linkage and winding inductance must
be identified simultaneously if the voltage equations are directly
used. Thus, the identification becomes at least a second-order
one. Further, if DTE is considered, there are four parameters
needed to be identified, namely, equivalent DTE voltage Vdead,
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inductance Ls and PM flux linkage ψm and winding resistance
Rs. So the (6) becomes a rank-deficient one even with the
disturbance current injected [26]. Such a problem of high-order
model brings difficulty in convergence.

To obtain a first-order model, disturbance is injected into the
discrete-time model (6). The FOIM is obtained as followed.

1) Adding a small disturbance into (6). The magnitudes of
disturbance injected should be much smaller than the mag-
nitudes of iδ . The frequency of injected disturbance signal
should be much lower than the switching frequency to
ensure the response can be easily separated and obtained.
In this article, the injected current is smaller than 10% of
the δ-axis current and the injected disturbance is a dc signal
in γδ-frame. After the injection, the current equation at
steady state is

iγδ2 = Giγδ2 +Hd

(
u∗
γδ2 + ejωTsudeadγδ2

)
+Heeγδ2

(11)
where, Δiγδ, Δu∗

γδ, and Δeγδ are the small disturbances
and responses of currents, voltage and back EMF. In high speed
operation, the speed fluctuation is very small, so the rotation
speed is seen as a constant. The subscript “1” stands for the
variable in the γδ-axis before injection and the subscript “2”
stands for the variable in the γδ-axis after injection

eγδ2 = Δeγδ + eγδ1 = eγδ1e
jΔθ̃

iγδ2 = iγδ1 +Δiγδ

u∗
γδ2 = u∗

γδ1 +Δu∗
γδ

udeadγδ2
= udeadγδ1

+Δudeadγδ
(12)

where

Δθ̃ = θ̂2 − θ̂1 =
(
θ̂2 − θ

)
−
(
θ̂1 − θ

)
= θ̃1 − θ̃2 (13)

and θ̃1, θ̃2 stand for position errors before and after disturbance.
Thus, (11) becomes

iγδ1 +Δiγδ = G [iγδ1 +Δiγδ] +Hd

[
u∗
γδ1 + udeadγδ1

]
+Hd

[
Δu∗

γδ +Δudeadγδ

]
+He

[
eγδ1e

jΔθ̃
]
.

(14)

1) By subtracting (6) from (14)

Δiγδ = GΔiγδ +Hd

[
Δu∗

γδ +Δudeadγδ

]
+He

(
eγδe

jΔθ̃ − eγδ

)
. (15)

Equation (15) still contains the back-EMF term, which means
the model may be affected by flux-linkage error.

B. Analysis on Back-EMF Disturbance Term

Since the back EMF term is associated with the estimated
position error θ̃, the analytical expression of θ̃ is deduced.
Assuming the system is at steady state, then the equation is

iγδ = Ĝiγδ + Ĥduγδ + Ĥeêγδ. (16)

So, the estimated back-EMF can be calculated as

êγδ = −Ĥ−1
e

(
Ĝ− 1

)
e−jθ̃idq − Ĥ−1

e Ĥde
−jθ̃udq. (17)

Substituting (2) into (17), it yields

êγδ = − Ĥ−1
e

(
Ĝ− 1

)
e−jθ̃idq

− Ĥ−1
e Ĥde

−jθ̃H−1
d [(G− 1) idq +Heedq]

= e−jθ̃
[
−Ĥ−1

e

(
Ĝ− 1

)(
1− ĤdH

−1
d

)
idq + Ĥ−1

e HeĤdH
−1
d edq

]
. (18)

Denote (18) as

êγδ = e−jθ̃
[
−Ĥ−1

e

(
Ĝ− 1

)(
1− ĤdH

−1
d

)
idq

+ Ĥ−1
e HeĤdH

−1
d edq

]
= e−jθ̃E. (19)

Because êγ = 0 [14], [15], the argument of the E must be
π
2 + θ̃. Thus

π

2
+ θ̃ = arg (E) = arg

(
R̂s + jωL̂s

)
+ arg

[(
1− 1− x̂

R̂s

Rs

1− x

)
idq

− 1− x̂

R̂s

Rs

1− x

1

Rs + jωLs

1− e−jωTsx

1− e−jωTs x̂
edq

]
(20)

where x is for e−RsTs/Ls and with Taylor expansion

π

2
+ θ̃ = arg(R̂s + jωL̂s) + arg

[
L̂s − Ls

L̂s

idq

− Ls

L̂s

1

Rs + jωLs

1− e−jωTsx

1− e−jωTs x̂
edq

]

= arg
(
R̂s + jωL̂s

)
+ arg [E2] . (21)

Then, the change of estimated rotor position error due to
disturbance signal can be calculated by (13) and (21)

Δθ̃ = arg (E2)− arg (E ′
2) = atan

Im (E2)

Re (E2)
− atan

Im (E′
2)

Re (E′
2)
(22)

where E′
2 is the note for E2 after injection. By linearization

Δθ̃ = atan
Im (E2)

Re (E2)
− atan

Im (E′
2)

Re (E′
2)

=
Im (E2)

Re (E2)
− Im (E′

2)

Re (E′
2)
.

(23)
Denote the two terms of the E2 as

E2 = E21 + E22. (24)

Since Δθ̃ is very small, and θ̃1and θ̃2 are so close, Δθ̃ can be
calculated by derivatives as

Δθ̃ =
∂ Im(E21)+Im(E22)

Re(E21)+Re(E22)

∂id
l̃Δid +

∂ Im(E21)+Im(E22)
Re(E21)+Re(E22)

∂iq
l̃Δiq
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Fig. 4. Estimated rotor position error responses of disturbance current injected.
(a) iγ = 10% iδ , 60000 r/min. (b) iγ = 50% iδ , 60000 r/min. (c) iγ = 10% iδ ,
30000 r/min. (d) iγ = 50% iδ , 30000 r/min.

≈
∂ Im(E21)+Im(E22)

Re(E22)

∂id
l̃Δid +

∂ Im(E21)+Im(E22)
Re(E22)

∂iq
l̃Δiq

=
1

Re (E22)

∂Im (E21)

∂id
l̃Δid+

1

Re (E22)

∂Im (E21)

∂iq
l̃Δiq

=
1

Re (E22)
l̃2Δid +

1

Re (E22)
l̃2Δiq (25)

where l̃ = L̂s−Ls

L̂s
.

Theoretically, Δθ̃ is a infinitesimals with the same order of

disturbance. Practically, Re(E22)>>1 and
(

L̂s−Ls

L̂s

)
<30%, thus(

L̂s−Ls

L̂s

)2

<0.09. The coefficients beforeΔid andΔiq <<0.09.

So, it is acceptable to considerΔθ̃ as a higher order infinitesimals
with respect to the disturbance Δid and neglect the last term in
(15). Fig. 4 shows the numerical calculation results of θ̃ based
on the above analytical deducing. Fig. 4(a) and (c) show the
responses on the rotor position error when a disturbance iγ with
an amplitude of 10% of iδ is injected. Fig. 4(b) and (d) show the
responses on the rotor position error when a disturbance iγ with
an amplitude of 50% of iδ is injected. These results indicate that
|Δθ̃| increases as the nominal inductance value deviates from
the real value. With a larger L̂s, the estimated rotor position lags
in further when - iγ is injected. However, the deviation of the
nominal resistance has little influence onΔθ̃which allows errors
on resistance exist and provides robustness while identifying the
inductance.

In above situations, Δθ̃ does not exceed 0.2° when the ampli-
tude of injected iγ is 10% of the amplitude of iδ, and hence in
this article the amplitude of iδ injected is smaller than 10%. So,
in summary, Δθ̃ is kept small and is negligible.

Fig. 5. Waveforms of the DTE equivalent coefficients.

Thus (15) becomes

Δiγδ = GΔiγδ +Hd

(
Δuγδ +Δudeadγδ

)
. (26)

Equation (26) is independent of back EMF, so that the error in
PM flux-linkage will not affect the identification of inductance.

C. Analysis of Dead-Time Effect

Existing research based on conventional models concluded
that the DTE has an important influence on the identification.
Thus, the influence of DTE on the FOIM is analytically deduced
to prove that the FOIM is DTE compensation-free.

The DTE is usually modeled as a DC component with a AC
signal of 6 times of fundamental frequency as shown in in Fig. 5.
The difference between Dγ , Dδ , D′

γ , D′
δ is shown as follows:

Δudeadγδ
= Vdead

(
Dγ −D′

γ

)
+ jVdead (Dδ −D′

δ) (27)

where Vdead is called the equivalent dead time voltage and Dγ ,
Dδ are the equivalent dead time coefficients, andD′

γ ,D′
δ are the

equivalent dead time coefficient after disturbance injected. The
values of Dγ and Dδ can be calculated as follows:[

Dγ

Dδ

]
= 2

⎡⎣ cos
(
θ̂
)

cos
(
θ̂ − 2π

3

)
cos

(
θ̂ + 2π

3

)
− sin

(
θ̂
)

− sin
(
θ̂ − 2π

3

)
− sin

(
θ̂ + 2π

3

)
⎤⎦

· sign (iabc) . (28)

According to the previous study [27], their average can be
calculated as follows:{

Dγav
= 4 sin (ϑ)

Dδav
= 4 cos (ϑ)

(29)

where ϑ = arctan(iγ/iδ),then

Δudeadγδ
= − 4Vdead [sin (arctan (Δiγ/iδ))]

+ jVdead

[
4− 4 cos

(
arctan

(
Δiγ
iδ

))]
. (30)

With Taylor Expansion

Δudeadγδ
= − 4Vdead{arctan

(
Δiγ
iδ

)
)

+ j [σ (arctan (Δiγ/iδ))]}
≈ 0 (31)
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where σ stands for variables which are infinitesimals of the
higher order. Since |Δiγ |<<|iδ |, arctan(Δiγ/iδ) ≈ 0, then
Δudeadγδ

≈ 0. Thus, (26) becomes

Δiγδ = GΔiγδ +HdΔuγδ (32)

where (32) is DTE compensation-free and independent of PM
flux linkage error and rotor position error.

D. Parameter Estimation Method

For the fans and air compressors, surge phenomenon may
occur in practice due to the inappropriate load of air pressure.
Thus, there could be a low-frequency speed fluctuation with
relatively huge amplitude when surge occurs. The speed fluc-
tuation under normal operation is no more than 10 r/min for
high-speed sensorless drive. However, when surge occurs the
speed fluctuation could be hundreds of rpm which is 30 times of
the normal situation. Obviously, it is against the constant-speed
assumption in most researches and the identification precision
could be reduced. To figure this out, ALSM with forgetting factor
is introduced. First, the (32) is a second-order equation set in
complex number. Rearrange it in real number form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Δiγ = iγ2 − iγ1,Δiδ = iδ2 − iδ1
Δuγ = uγ2 − uγ1,Δuδ = uδ2 − uδ1
Δiγr = Δiγ cos (ωTs) + Δiδ sin (ωTs)
Δiδr = Δiδ cos (ωTs)−Δiγ sin (ωTs)
Δuγr = Δuγ cos (2ωTs) + Δuδ sin (2ωTs)
Δuδr = Δuδ cos (2ωTs)−Δuγ sin (2ωTs)

x =
ΔiγΔuδr −ΔiδΔuγr
ΔiγrΔuδr −ΔiδrΔuγr

Ls = − Ts
ln (x)

R̂s (33)

where x is used to form a linear and simple identification model
and Ls is calculated from x. The calculation of Ls in (33) is
called the FOIM. The nominal value of the resistance is used
here instead of the real value for the purpose of order-reduction.
By experiments behind, errors of the resistance as large as 30%
of the real value has a negligible influence on the inductance
estimated. Although at low speed, the mismatch of the resistance
parameter will result in a resistive voltage error, it can be com-
pensated easily by calculating the resistance after identifying x
by

Rs =
(1− x)Δuγr
Δiγ − xΔiγr

. (34)

Since at low speed the SNR of resistive voltage is relatively
large, this problem is sufficiently addressed and Rs can be easily
obtained [18], [26]. Based on (33), a recursive ALSM with
forgetting factor is employed to fit the identification results [18],
[28]. The LSM is usually applied in a form of d = ω̂u, where d,
u and ω̂ are the output, input and parameters to be estimated⎧⎨⎩d (n) = Δiγ (n)Δuδr (n)−Δiδ (n)Δuγr (n)

u (n) = Δiγr (n)Δuδr (n)−Δiδr (n)Δuγr (n)
ω̂ (n) = x (n)

. (35)

Fig. 6. Diagram of the identification algorithm.

Fig. 7. Experiment platform for high-speed motor drive.

The calculation process is as

k (n) =
λ−1P (n− 1)u (n)

1 + λ−1uT (n)P (n− 1)u (n)

ξ (n) = d (n)− ω̂T (n− 1)u (n)

ω̂ (n) = ω̂ (n− 1) + k (n) ξT (n)

P (n) = λ−1P (n− 1)− λ−1k (n)uT (n)P (n− 1) (36)

where the (n) and (n-1) stand for the variables at (n-1)th and
nth calculation, k and ξ are, respectively, called the gain and
priori estimate error and λ ∈ [01] is the forgetting factor. When
λ = 1, it is the ordinary LSM. However, to deal with the
“data saturation” problem, λ usually takes a value between
0.95∼1 by trial-and-error method. Larger λ usually suppresses
the fluctuation of the identification results to a lower level while
a smaller λ usually tracks the change of the parameter to be
identified faster. In this article, λ = 0.98 to reach a balance
between noise rejection and dynamic performance.

The diagram of the identification algorithm is given in
Fig. 6(a), and three stages are explained in Fig. 6(b).
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TABLE I
KEY PARAMETERS OF THE SPMSM

Stage 1, iδ = 0, wait for steady state. Then record the data
before injection.

Stage 2, iδ = −Δiδ , wait for new steady state. Then record
the data after injection.

Stage 3, iδ = 0, estimate and change Ls. wait for the update
process of the Ls.

The equation of the injected signal is as follows:

iinj (t) =

⎧⎨⎩0 t ∈ Stage I
−Δiγ t ∈ Stage II
0 t ∈ Stage III

. (37)

IV. EXPERIMENTAL VALIDATIONS

Based on the above discussion, experiments are carried out
on a prototyped SPMSM with the rated speed of 60 000 r/min.
The machine parameters and the platform is shown in Table I as
well as in Fig. 7.

A. Test Condition and Initial Parameter Settings

1) Injection Current Selection: The Injection current ampli-
tude is decided both by identification models and current
measurement noise. In a recent study [20], the multistep
injected current steps from 12.5% to 37.5% of q-axis
current. Also, in another study [19], the injected current
is about 18% of q-axis current. If the model SNR is high
enough, the injected current can be as low as 1.33% of
q-axis current [17]. The current noise of this experiment
platform is about 0.08 A. To let the injected current to be
about 15 times of the current measurement noise error, the
injected current is set as -1.5A (7.14% of q-axis current), to
get an objective presentation of the identification precision
of the proposed algorithm. Also, the injected current is set
as -0.5 A at light load to evaluate the identification effect
under a light load.

2) Switching frequency selection. As the rotation speed is
60 000 r/min, the switching frequency is fixed as 15 kHz.
The minimum ratio of carrier-to-fundamental-frequency
is selected to be 15.

3) Initial parameters settings. To show the FOIM which
derived from disturbance injection is independent of the
initial operation point, the initial nominal values largely
deviate from the real value. L̂s0 is selected as 169.6% and
71.4% of the real value, and R̂s is 60% and 140% of the
real value respectively. So, there are four matches of the
initial parameters: R̂s = 140%Rs, L̂s = 170%Ls; R̂s =
60%Rs, L̂s = 170%Ls; R̂s = 60%Rs, L̂s = 70%Ls;
and R̂s = 140%Rs, L̂s = 70%Ls

Fig. 8. Identification waveforms. (R̂s = 140%Rs, L̂s = 170%Ls, injected
Δiγ= -1.5A, Udc = 18V, rotation speed = 60000 r/min, and ALSM, λ= 0.98).

Fig. 9. Identification waveforms (R̂s = 60%Rs, L̂s = 170%Ls, injected
Δiγ= −1.5 A, Udc = 18 V, rotation speed = 60000 r/min, and ALSM,
λ = 0.98).

4) The selections of the added speed fluctuation frequency
and amplitude. In industrial practice, the surge could cause
hundreds of rpm fluctuation of speed with frequency as
low as tens of Hertz. So, in this article, the extra added
speed reference is a sine-wave with±200 r/min and 15 Hz.

5) Filter design. As there always exist small fluctuations of
variables, a second-order filter is used to get average values
of the variables at the steady states before and after injec-
tion. The cut-off frequency of the second-order low-pass
filter is designed as 100 Hz to allow a fast response.

6) The identification frequency. The whole identification
time is 0.1s which is ten times of the time constant of the
prefilter in 5). This short-time feature allows the proposed
identification method used in most applications.

7) The decision of the real value of the inductance. The real
value of the inductance is influential from the real-time
temperature of the magnet materials as well as the magnet
saturation which is hard to be measured directly online.
So, an indirect method is used. First, the average identified
inductance under 60 000 r/min is calculated based on the
result shown in Figs. 8 –11 which is 11.5 μH. Then, three
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Fig. 10. Identification waveforms (R̂s = 60%Rs, L̂s = 70%Ls, injected
Δiγ= −1.5 A, Udc = 18 V, rotation speed = 60000 r/min, and ALSM,
λ = 0.98).

Fig. 11. Identification waveforms (R̂s = 140%Rs, L̂s = 70%Ls, injected
Δiγ= −1.5 A, Udc = 18 V, rotation speed = 60000 r/min, and ALSM,
λ = 0.98).

extra 40A-rated 22 μH inductors are added in series with
the A, B and C windings and the results by Fig. 19 is
33.4 μH. Thus, the identification result for the 22 μH
inductors is 33.4–11.5 μH = 21.9 μH and the error for the
extra added inductors is (21.9–22 μH)/22 μH =−0.45%.
It is worth to notice that the nominal value 22 μH is
taken as the real value for the inductors because the
40 A rate current is much larger than the phase current
thus the magnet saturation is not considered. Finally, the
-0.45% is also approximately considered as the identifi-
cation error for the Ls and the real value for the Ls is
11.5·(1+0.45%) = 11.55 μH.

B. Experimental Results

In Figs. 8–11, a γ-axis current of −1.5 A is injected. The
initial nominal values are shown, respectively. After injection,
the disturbance of γ-axis current is removed and the identified
inductance value is updated for control. So, there is a current
peak of iδ as a dynamic process.

Fig. 12. Identification waveforms (L̂s0 = 170% Ls, R̂s = 60%Rs, injected
Δiγ = −0.5 A, Udc = 18 V, rotation speed = 25000 r/min, and ALSM,
λ = 0.98).

Fig. 13. Identification waveforms (L̂s0 = 170% Ls, R̂s = 60%Rs, injected
Δiγ = −1.5A, Udc = 18 V, rotation speed = 60000 r/min, without ALSM).

After the first identification, the identified value is not the
real value yet. As the identification continues, the identified
inductance reaches the real value eventually. The waveform
of the rotation speed in detailed subplot also shows the dy-
namic process. The errors of the four above is all within
1.3%.

Fig. 12 shows the identification when the speed is set
as 25 000 r/min to validates the feasibility of the proposed
FOIM under light load. The load is a shaft with fans, so
the q-axis current amplitude is proportional to the square
of rotation speed. Lower rotation speed is not tested be-
cause the current will be too small then. The identified in-
ductance converges to 12.8 μH which is larger than the
11.1 μH at 60 kr/min. This is because of the magnet saturation
change.

To compare the effect of ALSM, Fig. 13 shows the waveforms
without ALSM. There exists violent fluctuation in the identifi-
cation results (between 11 to 14 μH). In contrast, with ALSM
the fluctuation of the identified inductance stays under 1%.

Fig. 14 is the results when conventional continuous-time
identification model is used with DTE compensation.
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Fig. 14. Identification waveforms of conventional method based on
continuous-time model (L̂s0 = 170%Ls, R̂s = Rs, Udc = 18 V, rotation
speed = 60000 r/min, with ALSM).

Fig. 15. Identification waveforms (L̂s0 = 170%Ls, R̂s = 70%Rs, Udc = 18
V, rotation speed = 60 kr/min, extra 10° lag added, with ALSM).

In continuous model, the inductance can be simply calculated
as

Lq =
[ud]av

[−iqω]av
. (38)

To avoid the adverse impact of the other uncertainties, the
DTE equivalent voltage is test and obtained offline and the actual
inductance parameter used in controller is 11.55 μH, which
is the real value. Thus, the initial position error is diminished
and the identification is simplified as a first-order one. The
identification error is huge (17.7%), and it is mainly because of
the computational delay and PWM effect which are not modeled
in continuous-time model.

Fig. 15 shows the identification results when an extra 10° rotor
position error is added. It is designed to show that the proposed
identification method is independent of the position error and is
thus robust. With a large initial inductance value, the estimated
rotor position is about 10° lagged already. After the extra angle
added, the whole position error nearly reaches 20°. With the
proposed FOIM, the identified inductance value still converges
to real value. The results show that large as a 10° angle offset is,

Fig. 16. Identification waveforms (L̂s0 = 170%Ls, R̂s = 60%Rs, Udc = 18
V, rotation speed=60 kr/min,±200 r/min speed fluctuation added, with ALSM).

Fig. 17. Identification waveforms. (L̂s0 = 170%Ls, R̂s = 60%Rs, Udc = 18
V, rotation speed = 60 kr/min, ±40 r/min speed fluctuation added, without
ALSM).

the precision of the identification method based on disturbance
injection still kept unaffected.

As mentioned in Section III, the surge could result in a
relatively large fluctuation in rotation speed which is against
the constant-speed assumption in most researches. And the
low-frequency disturbance by surge is hard to be filtered. For
example, a 15 Hz surge can be considered filtered completely
by a low-pass filter with cut-off frequency of several Hertz.
However, with that low cut-off frequency, the dynamic will be
very slow and the whole identification time could be several
seconds to tens of seconds which is too long. Fig. 16 shows
the identification results with speed fluctuation. A ±200 r/min
15 Hz speed fluctuation is added and the fluctuation of current
reaches 20% then. The ALSM helps the inductance nominal
value converges to real value with a 4.9% error.

Fig. 17 is the waveforms of the identification when ALSM is
not used. The identified inductance value fluctuates dramatically
even when the extra added speed fluctuation is only±20 rpm. By
compare with Fig. 16, the small speed fluctuation could cause a
huge identification result deviation from real value.
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Fig. 18. Identification waveforms (L̂s0 = 170%Ls, R̂s = 60%Rs, Udc = 18
V, rotation speed = 25 kr/min step to 60 kr/min, with ALSM).

Fig. 19. Identification waveforms (L̂s0 = 130%Ls, R̂s = 80%Rs, Udc = 18
V, rotation speed = 60 kr/min, extra 22 μH inductor added, with ALSM).

To show the dynamic performance of the proposed method.
The speed is set to step from 25 to 60 kr/min as Fig. 18 shows.

As above, the rotation speed steps form 25 to 60 kr/min in 0.5s.
The inductance before stepping is estimated as 12.8μH, and after
stepping the inductance is estimated as 11.1 μH which is due
to the magnet saturation. After the load stepping, the estimated
inductance tracks the new value in 0.5s which is acceptable in
most industrial applications. The real value for the 25 000 r/min
case which is 12.86 μH is also obtained in the way same as
Section IV-A-7) describes.

As a matter of fact, the real value of the inductance is affected
by the real-time temperature of the magnet materials as well as
the magnet saturation which is hard to be measured directly on-
line but is essential for identification accuracy analysis. Based on
that, Fig. 19 is designed to evaluate the accuracy of the proposed
method. It shows the identification results when an extra 22 μH
inductor with a 40 A-rated current, which is about 2.8 times of the
phase current is added in series with A, B, and C phase windings.
The result converges to 33.4μH after adding those inductors and
in contrast, the identified phase stator inductance in Figs. 8–11
is (11.4+11.5+11.6+11.5)/4 = 11.5 μH. The difference is
(33.4μH-11.5μH)= 21.9μH, and thus the error is calculated as

(21.9μH-22μH)/22μH=−0.45%. Approximately considering
the error for the phase stator inductance is the same with the
error for the extra added inductors, the real value for the phase
inductance is (1+0.45%)·11.5 μH = 11.55 μH.

V. CONCLUSION

This article develops a first-order model with ALSM for
inductance identification to improve the accuracy of estimated
position in sensorless control of PMSMs. To avoid the robust-
ness problem brought by conventional high-order models, the
proposed FOIM is independent of other parameter uncertain-
ties, namely, PM flux linkage error, initial position error and
equivalent DTE voltage. Also, it guarantees the applicability
without using any information from back-EMF observer, so the
FOIM is compatible with position-sensed situations although it
is proposed for sensorless control. To be precise for high-speed
motor, the FOIM is deduced on the discrete-time model and com-
putational delay and PWM effect is compensated. To maintain
the identification precision under speed fluctuation, the LSM
is employed to estimate the inductance. Finally, the proposed
FOIM is tested on a SPMSM with a speed of 60 000 r/min.
The estimated L̂s can converge to real value even when initial
position error exceeds 20° or a ±200 r/min speed fluctuation is
added.
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