
IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 38, NO. 7, JULY 2023 8367

Envelope-Detection-Based Accurate Small-Signal
Modeling of Series Resonant Converters

Soumitro Vyapari, Viju Nair R , Member, IEEE, and Goutam Ghosh

Abstract—Resonant converters have many desirable character-
istics, such as high efficiency, low component count, and low elec-
tromagnetic interference production. The resonance phenomenon
that enables this also makes their design and control a challenging
process. Attempts have been made to determine the small-signal
control-to-output dynamics for resonant converters; however, they
either involve complex mathematics or numerical solutions, which
do not provide much insights and make it difficult to design con-
trollers. This article uses fundamental harmonic approximation to
model the different stages of a series resonant converter. Herein,
the small-signal perturbations in control variable, i.e., switching
frequency, result in perturbations in inductor current envelope that
is analyzed in the Laplace domain. This current envelope is then
used to analytically derive the control-to-output transfer function
for the series resonant converter. The modeling process is verified
and validated by comparing the analytical frequency response
with that obtained from Simulink simulation and experimental
results. For wide output voltage application designs, the system
performance and stability vary with the changing operating point.
An example demonstrating the utility of the developed model in
analyzing such systems is also presented.

Index Terms—Fundamental harmonic approximation, resonant
converters, series resonant converter (SRC), small signal.

I. INTRODUCTION

DC–DC converters find wide application in portable elec-
tronics [1], solid-state transformers (SSTs) [2], medium-

voltage motor drives [3], electric vehicle battery charging sys-
tems [4], and telecommunication industry [5].

Most dc–dc converters can be categorized as either pulsewidth
modulation (PWM) converters or resonant converters. Reso-
nant converters have become a popular choice for many power
electronics applications because they offer several advantages
over traditional hard-switching PWM converters, such as zero-
voltage-switching operation [6], low switching losses, high-
frequency operation, reduced size of isolating transformers,
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and low electromagnetic interference production. Bidirectional
resonant converters form an attractive topology for various smart
grid applications such as vehicle-to-grid power flow [7].

Most applications require a regulated output voltage; hence,
small-signal modeling of any converter becomes indispensable
for controller design. The modeling and control of PWM con-
verters have been widely studied in the literature. Techniques
such as circuit averaging [8] and average switch model [9]
have been developed for both the continuous and discontinuous
modes of operation of PWM converters. Models for special con-
trol schemes, such as unified model [10] for current programmed
control and describing function method [11] forV 2 control, have
also been proposed in the literature. Hence, due to extensive
research in this area, the design and control of PWM converters
have become a simplified process. This, however, is not the
case with resonant converters. Resonant converters have large
sinusoidal variations in inductor currents and capacitor voltages,
which is in contrast with PWM converters that have a dominant
dc component in their state variables with a small ac ripple.
Hence, it becomes difficult to use the inductor volt–second
balance and capacitor charge balance for deriving the relevant
transfer functions in resonant converters.

The series resonant converter (SRC) and the parallel resonant
converter (PRC) are among the simplest resonant converter
topologies, and several methods have been proposed in the
literature to model them. The exact time-domain analysis of
resonant converters has been presented in the literature [12].
The developed control-to-output and input-to-output transfer
functions are shown to match closely with experimental re-
sults. However, the method requires a numerical solution and
does not provide a simple approach for the controller design
process. Sampled-data-based methods have also been proposed
for the resonant converter [13], [14] and are able to predict
the dynamics; however, it is difficult to get physical insights
in the behavior of SRC from sampled-data methods. Extended
describing functions (EDFs) are also used to model resonant
converters [15] and are among the most successful and insightful
methods available. In this method, the nonlinear terms appearing
in the state-space representation are approximated with their
fundamental component to arrive at a linear model. The model
leads to a fifth-order equivalent circuit for the SRC that can be
used to simulate the Bode plot of required transfer functions.
However, the method involves fair amount of mathematics to
arrive at the solution. Also, it is difficult to gain insight into
how the circuit parameters affect the dynamic response by
directly examining the equivalent circuit. This is partly due
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to the fifth order of the circuit and partly due to encoding of
circuit parameters into coefficients of controlled voltage and
current sources. Attempts have been made to simplify the so-
lution by representing the resonant capacitor as an equivalent
inductor with respect to modulating frequency [16]. However,
it is still based on the equivalent circuit model of the EDF
developed in [15] and requires a thorough understanding of
the complex mathematics involved. An analytical closed-form
sampled-data-based model of the SRC has also been presented
in [17]. The nonlinear state-space representation of SRC for
different switch configurations is combined to form a discrete
model, which is then perturbed to obtain the small-signal model.
However, only the input-to-output transfer function is derived in
the z-domain having complicated functions as its coefficients.
Recently, a general multifrequency small-signal model of reso-
nant converters has been proposed [18]. The model derives gains
between important quantities, such as input frequency, inverter
voltage, and rectifier current. The gains are then combined in
a block diagram, and Mason’s gain formula is used to derive
the required transfer functions. The model is able to accurately
predict the small-signal dynamics for a variety of converter
topologies; however, it requires the derivation of several gains,
and significant simplification is required to arrive at a form that
can be easily interpreted for controller design.

One method to perform system identification is subjecting the
system input to sinusoidal perturbations of angular frequency
wp and observing the system output response. For a linear-time-
invariant system, the output also varies with the same frequency
wp but with a different amplitude and phase, which can be
captured using the system transfer function. For the SRC, if the
small-signal relation between the system input, i.e., switching
frequency, and the system output, i.e., output voltage, is assumed
to be linear, then the same method can be applied to determine
the small-signal control-to-output transfer function for the SRC.
In this article, the above approach has been followed. First,
the switching frequency is perturbed about its quiescent value,
which results in perturbations in the inductor current and the
capacitor voltage. Those resulting perturbations are analytically
calculated to obtain the relevant small-signal transfer functions.
The main contributions of this article are as follows.

1) The proposed method bypasses the fifth-order equivalent
circuit generation and simplification process required by
the EDF and directly models the system in the Laplace
domain using the approximation that the frequencies of
interest in the transfer function are much smaller than the
switching frequency to arrive at a simplified third-order
transfer function. Thus, this method significantly reduces
the mathematical complexity found in the EDF, while still
providing insights into the converter dynamics.

2) The proposed method is applicable to other frequency-
modulated (FM) converters, such as PRC, LLC, etc. Thus,
although the EDF can be used for accurate modeling of
resonant converters, the proposed method can provide
benefits in terms of mathematical effort required to arrive
at the model and the insights gained from the simple
transfer function for controller design of various other
topologies.

Fig. 1. Schematic of the SRC.

3) The model is able to capture the beat frequency dynam-
ics. The origin and location of beat frequency have been
explained both at an intuitive level and also analytically
from the resulting transfer function.

4) The developed model is analyzed to observe the dynamic
performance and stability over large operating range,
demonstrating its easiness and utility for wide output
voltage application designs.

The rest of this article is organized as follows. Section II
describes the small-signal modeling of various stages of SRC.
Section III presents the derivation of small-signal control-to-
output transfer function of SRC. Section IV includes simulation
and experimental results, which validate the modeling process.
Section V presents the performance analysis of SRC with the
derived model. Finally, Section VI concludes this article. The
derivation of input-to-output transfer function and input and
output impedances have been presented in the Appendixes for
reference.

II. SMALL-SIGNAL MODELING OF THE SRC

As shown in Fig. 1, the SRC can be qualitatively divided into
three stages [19]. The first stage consists of the dc input source
Vg and the switching network that outputs a square wave of
amplitude Vg . The output current and voltage of the switching
network are represented as is(t) and vs(t), respectively. The
second stage consists of the resonant tank circuit formed by L
and C in series. The third stage consists of the rectifier network
and load impedance. The input current and voltage of the rectifier
network are represented as ir(t) and vr(t), respectively. For
the SRC, both is(t) and ir(t) represent the same quantity, i.e.,
inductor current. Each of the stages is modeled separately with
emphasis on small-signal dynamics. This allows for reuse of
the switching network or rectifier stage model for other res-
onant converter topologies since these stages usually remain
common.

A. Switching Network

The square wave voltage source can be replaced with its
fundamental harmonic. This is motivated by the fact that if
the frequency of switching network fs is close to the resonant
frequency of LC tank circuit, then the tank circuit will respond
strongly to the fundamental harmonic only while attenuating
all higher order harmonics present in input square wave. The
square wave with an angular frequency Ωs and amplitude Vg
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Fig. 2. Top: Instantaneous angular frequency. Middle: FM voltage source.
Bottom: Fourier transform of vs(t) valid only for A

wp
<< 2π.

can be represented using Fourier series as follows:

vs(t) =
4Vg

π

∑
n=1,3,5,...

1

n
cos(nΩst). (1)

Hence, using fundamental harmonic approximation, the
switching network can be modeled as a sinusoidal voltage source
of frequency fs and amplitude 4Vg

π .
To study the effect of control input, i.e., instantaneous switch-

ing frequency, a perturbation in switching frequency can be
provided, and the resulting switching network output vs(t) can
be modeled by a suitable controlled voltage source. The same
has been done below by describing the switching frequency
variation as an equivalent phase variation. If the phase of the
cosine vs(t) =

4Vg

π cos(Ωst) is perturbed with some control

signal θ(t) =
∫ t

0 m(t) dt, then the switching network appears
as an FM voltage source vs(t) [20]

vs(t) =
4Vg

π
cos(Ωst+ θ(t)). (2)

The instantaneous angular frequency of this FM voltage
source is given by

ws(t) =
d

dt
(Ωst+ θ(t)) (3)

ws(t) = Ωs +
dθ(t)

dt
= Ωs +m(t). (4)

For a sinusoidal perturbation m(t) = A cos(wpt), the in-
stantaneous angular frequency is given by ws(t) = Ωs +
A cos(wpt). Here, A is the absolute frequency variation about
the quiescent angular frequencyΩs andwp is the rate of variation
of the instantaneous angular frequency. Such an FM voltage
source output waveform is presented in Fig. 2.

The voltage source vs(t) described in (2) is difficult to analyze
with linear theory. To make the analysis tractable, small-signal
approximation for the perturbations is assumed. If θ(t) << 2π

or
∫ t

0 m(t) dt << 2π, then

vs(t) =
4Vg

π
(cos(Ωst)cos(θ(t))− sin(Ωst)sin(θ(t))) (5)

vs(t) =
4Vg

π
(cos(Ωst)− θ(t)sin(Ωst)). (6)

Now, if m(t) is replaced with a specific sinusoidal perturba-
tion as before and θ is substituted in terms of m(t), then

vs(t) =
4Vg

π
(cos(Ωst)− A

wp
sin(wpt)sin(Ωst)) (7)

vs(t) =
4Vg

π
(cos(Ωst)− A

2wp
cos((Ωs − wp)t)

+
A

2wp
cos((Ωs + wp)t)). (8)

As can be observed from (8), the FM voltage source can be
equivalently split into three voltage sources, each with a different
frequency. If this source is applied to a passive RLC network,
the current and voltage waveforms can be expected to be having
the three frequencies. This key observation allows for a solution
to be assumed for the differential equations of the SRC, as shown
in the next sections. The particular frequencies (Ωs − wp) and
(Ωs + wp) lead to the interesting phenomenon of beat dynam-
ics observed in resonant converters [21]. If the FM voltage
source is applied to a passive circuit formed by series L,C,
and R, the circuit responds strongly whenever Ωs − ωp = Ω0

or Ωs + wp = Ω0, where Ω0 is the angular resonant frequency.
This happens because at that wp, one of the driving sources
starts driving the LC tank at its resonant frequency. Thus,
the small-signal control-to-output transfer function for series
L–C–Rwill have a peak atwp = |Ωs − Ω0|. Note that, here, the
output is assumed to be across the resistorR. In the case of SRC,
as will be shown, the rectifier network cannot be represented as
a simple resistor; however, the LC tank still responds strongly
whenever excited with a perturbationm(t) = Acos(wpt), where
wp = |Ωs − Ω0|. This frequency is known as the beat frequency.

B. Tank Network and Equivalent Circuit

The tank circuit consists of the resonant inductor in series with
the resonant capacitor. Since both are linear circuit elements,
they appear as it is for both large- and small-signal dynamics.

C. Rectifier Input

If the SRC is operated at a quiescent frequencyΩs, the rectifier
network and load stage can be represented with an equivalent
resistance Req = 8

π2R, as shown in [1]. It, however, cannot be
used for the dynamic model, because it neglects the interaction
between the filter capacitorCf and the tank network. This can be
better observed from the simulation results presented in Fig. 3.
Herein, the control input, i.e., switching frequency, is perturbed
by a sinusoidal variation about its quiescent value Ωs. This
results in sinusoidal perturbations in inductor current envelope,
as shown in Fig. 3(b). These perturbations are present in the
rectified current as well, which flows through the parallel com-
bination ofR andCf and results in output voltage perturbations,
as shown in Fig. 3(c). These output voltage perturbations, which
may not be in phase with current envelope perturbations, are
reflected back on the input side of the rectifier in the form of rec-
tifier voltage perturbations, as shown in Fig. 3(d). Thus, although
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Fig. 3. (a) Instantaneous angular switching frequency. (b) Inductor current.
(c) Output voltage. (d) Rectifier input voltage.

ir(t) and vr(t) are in phase, the sinusoidal perturbations in their
envelopes may not be in phase, and hence, the rectifier cannot
be replaced with an equivalent resistance in the small-signal
model. This out-of-phase characteristics between the current and
voltage perturbations is precisely due to the interaction between
the tank current and the filter capacitor Cf .

The previous paragraph suggests that an explicit representa-
tion of the rectifier input voltage may result in a more accurate
model than the equivalent resistance model. The rectifier voltage
vr(t) can be represented as follows:

vr(t) = v(t)sign(ir(t)) (9)

where v(t) is the output voltage and ir(t) is the inductor current.
The rectifier input voltage is the same as the output voltage,
except for the sign that is the same as that of inductor cur-
rent. Furthermore, the inductor current can be approximated by
a general sinusoid ir(t) = Ic(t)cos(Ωst) + Is(t)sin(Ωst) with
time-varying amplitude representing the small-signal variations.
The rectifier input voltage can be approximated as

vr(t) =
4

π
v(t)

Ic(t)cos(Ωst) + Is(t)sin(Ωst)√
Ic(t)2 + Is(t)2

. (10)

The term 4
π in (10) signifies that the square wave vr(t)

is approximated by its fundamental. Since each of the terms
v(t), Ic(t), and Is(t) is made up of dc and small-signal values,
i.e., v(t) = vdc + vss(t), Ic(t) = Ic_dc + Ic_ss(t) and Is(t) =
Is_dc + Is_ss(t), the cos(Ωst) coefficient becomes

Ic(t)√
Ic(t)2 + Is(t)2

=
Ic_dc + Ic_ss√

(Ic_dc + Ic_ss)2 + (Is_dc + Is_ss)2

=
Ic_dc + Ic_ss√

I2c_dc + I2s_dc

√
1 + 2(Ic_dcIc_ss+Is_dcIs_ss)

I2
c_dc+I2

s_dc

(11)

where the denominator has been first expanded, higher order

terms neglected, and
√
I2c_dc + I2s_dc taken common. Equation

(11) can be further simplified by using the approximation

1√
1+x

≈ 1− x
2 for x << 1 to give

Ic_dc + Ic_ss√
I2c_dc + I2s_dc

(
1− Ic_dcIc_ss + Is_dcIs_ss

I2c_dc + I2s_dc

)

=
Ic_dc + Ic_ss − α2Ic_ss − αβIs_ss√

I2c_dc + I2s_dc

(12)

where α = Ic_dc√
I2
c_dc+I2

s_dc

and β = Is_dc√
I2
c_dc+I2

s_dc

.

Similar simplification can be performed for the sin(Ωst)
coefficient as well. Hence, (10) can be perturbed as

vr(t) =

4

π
(vdc + vss)

(Ic_dc + Ic_ss − α2Ic_ss − αβIs_ss)√
I2c_dc + I2s_dc

cos(Ωst)

+
4

π
(vdc + vss)

(Is_dc + Is_ss − β2Is_ss − αβIc_ss)√
I2c_dc + I2s_dc

sin(Ωst).

(13)

The following results from the steady-state solution of SRC
can be used [1] for the simplification of (13). The dc value of
output load current i(t) is equal to the dc value of rectified
current |ir(t)|; this is because the filter capacitor Cf acts as
open for dc. The dc value of rectified current can be found
as follows. First, the perturbations in switching frequency are
turned OFF; this causes the small-signal perturbations in current
envelope, i.e., Ic_ss(t) and Is_ss(t), to become zero. Now, |ir(t)|
reduces to |Ic_dccos(Ωst) + Is_dcsin(Ωst)|, which has a dc value

of 2
π

√
I2c_dc + I2s_dc, as can be found by averaging |ir(t)| over

one switching cycle

i(t) = idc + iss(t) (14)

idc =
2

π

√
I2c_dc + I2s_dc. (15)

Also, the dc load current is related to the dc load voltage
by R

vdc

idc
= R. (16)

Using (15), (16), and Req = 8
π2R, we obtain

4

π

vdc√
I2c_dc + I2s_dc

= Req. (17)

Now, vr(t) in (13) can be linearized in terms of small-signal
perturbations by neglecting higher order terms and using (17)
and α2 + β2 = 1 to simplify the results as

vr(t) =

(
ReqIc_dc +

4

π
αvss − αβReqIs_ss

+ β2ReqIc_ss

)
cos(Ωst) +

(
ReqIs_dc +

4

π
βvss

+ α2ReqIs_ss − αβReqIc_ss

)
sin(Ωst). (18)
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D. Rectifier Output

The output of rectifier can be modeled by observing that the
rectifier rectifies the inductor current ir(t). This rectified current
|ir(t)| also has the same envelope perturbations as that of ir(t).
The second harmonic component of |ir(t)| at the angular fre-
quency of 2Ωs can be neglected since it flows mainly through the
filter capacitorCf that is designed to produce low output voltage
ripple at 2Ωs frequency. Hence, only the dc and small-signal
components of |ir(t)| are left, which flow through the parallel
combination of Cf and R producing the output voltage v(t).
Using the circuit of SRC in Fig. 1, we have

Cf
dv(t)

dt
+

v(t)

R
= |ir(t)| (19)

|ir(t)| = |Ic(t)cos(Ωst) + Is(t)sin(Ωst)| ≈ 2

π

√
Ic(t)2 + Is(t)2

(20)

where |ir(t)| is first represented with its Fourier series and
truncated to its dc component for analytical tractability. Note
that, here, the small-signal perturbations in Ic(t) and Is(t) are
assumed to be slow compared to switching frequency Ωs and,
hence, appear as dc while averaging |ir(t)| over one switching
period

Cf
dv(t)

dt
+

v(t)

R
=

2

π
(αIc_ss(t) + βIs_ss(t) +

√
I2c_dc + I2s_dc)

(21)
which has been simplified assuming Ic_ss(t) << Ic_dc and
Is_ss(t) << Is_dc and using the identity

√
1 + x ≈ 1 + x

2 for
x ≈ 0. Using (21), the output voltage in the Laplace domain can
be found as

v(s)=
2

π

R

(1+RCfs)

⎛
⎝αIc_ss(s)+βIs_ss(s)+

√
I2c_dc+I2s_dc

s

⎞
⎠ .

(22)
The dc value of v(t) can be found in the following manner.

First, the perturbations in switching frequency are turned OFF.
This causes the small-signal perturbations in current envelope,
i.e., Ic_ss(t) and Is_ss(t), to go to zero in (22). Now, the dc value

of v(t) can be found to be vdc =
2
πR

√
I2c_dc + I2s_dc by applying

the final value theorem, while vss(s) is given as

vss(s) =
2

π

R

(1 +RCfs)
(αIc_ss(s) + βIs_ss(s)). (23)

III. PROPOSED SMALL-SIGNAL TRANSFER FUNCTIONS OF SRC

In this section, the small-signal control-to-output transfer
function of SRC is developed by substituting the previously
developed network models into the differential equations of
SRC.

A. Large-Signal State Equations

From the circuit of SRC in Fig. 1, we have

vs(t) = L
dir(t)

dt
+

1

C

∫ t

0

ir(t) dt+ vr(t) (24)

dvs(t)

dt
= L

d2ir(t)

dt2
+

ir(t)

C
+

dvr(t)

dt
. (25)

Substituting vs(t) from (6), and ir(t) = (Ic_dc +
Ic_ss)cos(Ωst) + (Is_dc + Is_ss)sin(Ωst) and vr(t) from (18)
into (25), and performing harmonic balance by separating the
sine (sin(Ωst)) and cosine (cos(Ωst)) components, for dc
terms, we have

0 = − LIc_dcΩ
2
s +

Ic_dc

C
+ΩsReqIs_dc (26)

− 4

π
VgΩs = − LIs_dcΩ

2
s +

Is_dc

C
− ΩsReqIc_dc (27)

and for small-signal terms, we have

− 4

π
VgΩs

∫ t

0

m(t) dt = −LΩ2
sIc_ss(t) + L

d2Ic_ss(t)

dt2

+ 2LΩs
dIs_ss(t)

dt
+

Ic_ss(t)

C

+

(
4

π
α
dvss

dt
+ β2Req

dIc_ss

dt
− αβReq

dIs_ss

dt

)

+Ωs

(
4

π
βvss + α2ReqIs_ss − αβReqIc_ss

)
(28)

− 4

π
Vgm(t) = −LΩ2

sIs_ss(t) + L
d2Is_ss(t)

dt2

− 2LΩs
dIc_ss(t)

dt
+

Is_ss(t)

C

+

(
4

π
β
dvss

dt
+ α2Req

dIs_ss

dt
− αβReq

dIc_ss

dt

)

− Ωs

(
4

π
αvss + β2ReqIc_ss − αβReqIs_ss

)
. (29)

Equations (26) and (27) can be solved to calculate the dc
quantities as

Ic_dc =
4

π
Vg

Req

X2
eq +R2

eq
(30)

Is_dc =
4

π
Vg

Xeq

X2
eq +R2

eq
(31)

where Req = 8
π2R and Xeq = (LΩs − 1

CΩs
).

Equations (28) and (29) are ordinary differential equations
(ODEs) and can be solved in the Laplace domain. Converting
both equations to the Laplace domain and grouping Ic_ss(s) and
Is_ss(s) terms together gives

− 4

π
VgΩs

m(s)

s
=

(
− LΩ2

s + Ls2 +
1

C
+Req(β

2s− αβΩs)

+
Req

RCfs+ 1

(
α2s+ αβΩs

))
Ic_ss(s) +

(
2LΩss

+Req(α
2Ωs − αβs) +

Req

RCfs+ 1

(
αβs+ β2Ωs

))
Is_ss(s)

(32)
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− 4

π
Vgm(s) = −

(
2LΩss+

Req

RCfs+ 1
(α2Ωs − αβs)

+Req
(
β2Ωs + αβs

))
Ic_ss(s) +

(
− LΩ2

s + Ls2 +
1

C

+Req(α
2s+ αβΩs) +

Req

RCfs+ 1

(
β2s− αβΩs

))
Is_ss(s)

(33)

where vss has been substituted in terms of Ic_ss and Is_ss using
(23). To make the analysis more tractable, (32) and (33) have
been divided by Ωs, and the approximation s

Ωs
≈ 0 (i.e., pertur-

bation frequency is much smaller than switching frequency) is
used to reduce the equations to

− 4

π
Vg

m(s)

s
=

(
− LΩs +

1

CΩs
− αβReq

+ αβ
Req

RCfs+ 1

)
Ic_ss(s) +

(
2Ls+ β2 Req

RCfs+ 1

+ α2Req

)
Is_ss(s) (34)

− 4

π

Vg

Ωs
m(s) = −

(
2Ls+ α2 Req

RCfs+ 1
+ β2Req

)
Ic_ss(s)

+

(
−LΩs +

1

CΩs
+ αβReq − αβ

Req

RCfs+ 1

)
Is_ss(s).

(35)

The rationale behind assuming s
Ωs

≈ 0 comes from the fact that
most controller designs require an accurate control-to-output
transfer function from dc to beat frequency. Since the beat
frequency is usually a fraction of switching frequency, the
approximation s

Ωs
<< 1 holds well till beat frequency. Now,

once (32) and (33) are divided by Ωs, the terms are grouped
such that there are two similar order terms in each group, but
one scaled by the factor s

Ωs
. This allows neglecting the scaled

term in comparison to the other.
Equations (34) and (35) can be solved to derive the perturba-

tions in current envelopes Ic_ss and Is_ss as

Ic_ss(s) =
4

π
Vg

(
Xeq − αβReq + αβ

Req

RCfs+1

)
den1

m(s) (36)

Is_ss(s) = − 4

π
Vg

(
(L+ 1

CΩ2
s
)s+ β2Req + α2 Req

RCfs+1

)
den1

m(s)

(37)

where

den1=s

(
4L2s2+2ReqLs+X2

eq+
Req

RCfs+1
(2Ls+Req)

)

(38)
and Req and Xeq are same as before.

If the instantaneous amplitude/envelope of ir(t) is represented
by Ie(t) =

√
Ic(t)2 + Is(t)2, then small-signal variation in en-

velope of ir(t), i.e.,αIc_ss(t) + βIs_ss(t), due to the perturbation

TABLE I
SMALL-SIGNAL TRANSFER FUNCTIONS OF THE SRC

of angular switching frequency can be found as

αIc_ss(s) + βIs_ss(s) = − 4

π
Vgβ

(L+ 1
CΩ2

s
)s

den1
m(s). (39)

The small-signal transfer function from m(s) to v(s) can be
derived by substituting (39) into (23) as

vss(s)

m(s)
=

K

den2
(40)

where K = − Vg

Ωs

Req√
X2

eq+R2
eq
Xeq(LΩs +

1
CΩs

) and

den2=(4L2s2+2ReqLs+X2
eq)(1+RCfs)+Req(2Ls+Req).

(41)
Equation (40) presents the reduced-order small-signal

control-to-output transfer function of SRC. The derivations of
small-signal input-to-output transfer function, input impedance,
and output impedance have been presented in the Appendixes.
All the derived transfer functions have been presented in Table I
for ease of reference.

The beat frequency can be approximately located from the
resulting transfer function in (40). If the beat frequencywbeat >>

1
RCf

, then the term (1 +RCfs) can be taken common in

the denominator and the term 2ReqLs
(1+RCfs)

can be neglected in
comparison to 2ReqLs around the beat frequency; similarly,

R2
eq

(1+RCfs)
can be neglected in comparison to X2

eq since R2
eq and

X2
eq of similar order for switching frequencies not very close to

the resonant frequency. The transfer function around the beat
frequency can then be written as

vss(s)

m(s)
=

K

(1 +RCfs)(4L2s2 + 2ReqLs+X2
eq)

. (42)

From the above equation, the beat frequency can be noted
as natural frequency of complex conjugate poles, i.e.,

wbeat =

√
X2

eq

4L2 = |Xeq

2L | = 1
2 |Ωs − 1

LCΩs
| = |Ω2

s−Ω2
0|

2Ωs
= Ωs+Ω0

2Ωs

|Ωs − Ω0|. If Ωs and Ω0 are not very different, then the
beat frequency is given approximately by wbeat = |Ωs − Ω0|.
Similarly, for the quality factor Q, it can be noted that
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TABLE II
SIMULATION PARAMETERS OF THE SRC

Fig. 4. Comparison of analytical model with simulated data for fs = 0.9fo.
(a) Input to output transfer function. (b) Zin. (c) Control to output transfer
function. (d) Zout.

1
Qwbeat

= 2L
Q|Xeq| =

2ReqL
X2

eq
, which gives Q =

|Xeq|
Req

=
|LΩs− 1

CΩs
|

Req

after rearranging.

IV. SIMULATION AND EXPERIMENTAL RESULTS

The MATLAB Simulink tool was used to derive the Bode plot
for the control-to-output transfer function, input-to-output trans-
fer function, and Zin and Zout of an SRC with parameters listed
in Table II. The simulation parameters have been taken from [16]
and are simulated for two switching frequencies, one below
resonance fs = 0.9fo and one above resonance fs = 1.2fo. The
simulated Bode plot is overlaid on top of the analytical models
developed in this article, as shown in Figs. 4 and 5 .

As can be seen the model is able to accurately predict the
small-signal behavior of SRC including the beat frequency
dynamics, hence the model can be used even for high bandwidth
controller design. Experimental verification of the model was
also performed using an SRC with L = 236μH, C = 0.475μF,
and fo = 15 kHz.

The SRC was operated below resonance at fs = 14 kHz
resulting in a beat frequency of fo − fs = 1 kHz and above
resonance at fs = 16.5 kHz resulting in a beat frequency of
fs − fo = 1.5 kHz. The SRC was driven with an FM gate driver
signal, as shown in Fig. 6, wherein the quiescent frequency was
set at the operating frequency, about which sinusoidal pertur-
bations were provided with the frequency at which the control-
to-output gain and phase needed to be observed. The sinusoidal

Fig. 5. Comparison of analytical model with simulated data for fs = 1.2fo.
(a) Input to output tf. (b) Zin. (c) Control to output transfer function. (d) Zout.

Fig. 6. (a) Exaggerated FM gate driver voltage. (b) FFT of gate driver voltage.

perturbations in frequency result in sinusoidal varying inductor
current envelope and output voltage, as shown in Figs. 7 and 8,
for different perturbation frequencies. As can be seen in Fig. 7(a),
the perturbation in output voltage lags frequency perturbation by
30–40◦ when operated below resonance (14 kHz) and when the
perturbation frequency (100 Hz) is small compared with beat
frequency (1 kHz). The perturbation output voltage, however,
lags frequency perturbation by 210–220◦ when operated above
resonance (16.5 kHz) and when the perturbation frequency
(200 Hz) is small compared with beat frequency (1.5 kHz), as
shown in Fig. 8(a). This can also be seen from the steady-state
gain curve of SRC [1], as presented in Fig. 9, where the slope
below resonant frequency is positive (forward acting) while
the slope above resonant frequency is negative (reverse acting).
This corresponds exactly to the small-signal phase starting from
0◦ below resonance and 180◦ above resonance. The additional
phase lag of 30–40◦ from0◦ and180◦, as seen in the experimental
plots, is introduced due to the pole formed by the filter capacitor
Cf and the load resistor R at the output. It also reveals that
if the SRC is designed to operate close to resonant frequency,
care must be taken to stay entirely above or below the resonant
frequency; otherwise, the abrupt change in phase can lead to
closed-loop instability.

The output voltage perturbations were measured using a
National Instruments data acquisition system to determine the
magnitude gain and phase shift between the input frequency
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Fig. 7. Instantaneous frequency shown in orange (CH1), inductor current
shown in purple (CH3), and output voltage perturbation shown in blue (CH2)
for fs = 0.9333fo. Perturbation frequency: (a) 100 Hz, (b) 1 kHz, (c) 500 Hz,
and (d) 3 kHz.

Fig. 8. Instantaneous frequency shown in orange (CH1), inductor current
shown in purple (CH2), and output voltage perturbation shown in green (CH4)
for fs = 1.1fo. Perturbation frequency: (a) 200 Hz, (b) 700 Hz, (c) 1.5 kHz,
and (d) 4 kHz.

Fig. 9. Steady-state gain curve for the SRC.

Fig. 10. Comparison of the analytical model with experimental data for
fs = 0.9333fo.

Fig. 11. Comparison of the analytical model with experimental data for
fs = 1.1fo.

TABLE III
PARAMETERS OF THE HARDWARE PROTOTYPE OF SRC

perturbation and output voltage perturbation, hence providing a
data point for the Bode plot. This experiment was performed at
different perturbation frequencies to generate the experimental
Bode plot. As can be seen from Figs. 10 and 11, the model
matches the experimental results very well; the beat frequency
dynamics are also captured as can be seen from the double pole
present around the theoretical beat frequency.

A two-pole-one-zero controller [22] was designed for an SRC
with specifications, as shown in Table III. The PI zero was
placed at a frequency of 1300 rad/s, close to the RCf pole of
the system to ensure −20 dB/decade slope and close to −90◦

phase around gain crossover frequency of 3500 rad/s. To ensure
that the resonant poles do not cause multiple gain crossovers and
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Fig. 12. (a) Loop gain of the compensated system. (b) Step response of the
system. (c) Closed-loop pole-zero plot.

Fig. 13. Step response of SRC. Inductor current shown in orange (CH1),
capacitor voltage (1:10) shown in purple (CH3), and output voltage shown in
green (CH4).

high frequency ringing, another pole was added at 7000 rad/s.
This reduced the phase margin to 64◦ but ensured a gain margin
of 12 dB. The Bode plot of loop gain and transient response to
step input are presented in Fig. 12. The experimental waveforms
for the designed SRC are presented in Fig. 13. As can be seen,
the output voltage accurately tracks the step change in reference,
which closely matches with that predicted from the model. The
slight increase in settling time is partly due to the reduced
control-to-output gain of experimental setup compared with that
predicted from the model, as seen in Figs. 10 and 11, and partly
due to the inherent change in the small-signal model with change
in operating frequency, as discussed in the next section.

V. PERFORMANCE ANALYSIS OF SRC WITH THE

DERIVED MODEL

Resonant converters have been widely used in telecom indus-
try that requires a fixed and regulated output voltage of 48 V [23].
Hence, a controller designed for a fixed output voltage is usually
sufficient for operation. This controller, however, cannot be used
for wide output voltage applications such as LED dimming,
battery charging, and renewable energy systems. This is because
the steady-state operating frequency has wide variation in such
applications; hence, the small-signal model used to design the
controller may not be valid over the entire range of operation and

Fig. 14. System response analysis with change in operating point. Left: Output
voltage response to unit step change in reference at 0.1 s. (a) 12 to 13 V (sluggish).
(b) 30 to 31 V (expected/designed). (c) 43 to 44 V (unstable). Right: Output
voltage response to input voltage step from 80 to 70 V at 0.2 s. (d) 12-V output
(sluggish). (e) 30-V output (expected). (f) 43-V output (unstable).

Fig. 15. Variation of gain K with operating frequency.

can cause stability or performance degradation. A performance
analysis technique for such wide output voltage applications is
presented below.

Considering the SRC with specifications presented in
Table III, the output voltage is required to vary from 12 to
48 V with a nominal value of 30 V. The output voltage response
of the system designed in Section IV to change in reference
and input voltage is presented in Fig. 14. As can be seen, the
output voltage is able to track step changes in reference at
30 V with desired bandwidth; however, the response at 12 V
(Ωs = 1.54 Ω0) is sluggish; also, the system becomes unstable
at 44 V (Ωs = 1.107 Ω0) and above. This happens because the
small-signal model of SRC varies with change in operating
frequency (indirectly change in reference voltage). The variation
of closed-loop poles with varying operating frequency can be
visualized with the help of root locus and small-signal transfer
function developed in this article.

In (40), only the terms K and Xeq are dependent on oper-
ating frequency Ωs, out of which the term K has a very weak
dependence on Ωs, as shown in Fig. 15, for the SRC parameters
in Table III. Hence, the term K can be approximated to its
average value ofK=−0.0635 for the entire operating frequency
range Ωs = 1.094Ω0 to Ωs = 1.54Ω0. The closed-loop transfer
function for the SRC can be written as

Gcl(s) =
Gc(s)Gp(s)

1 +Gc(s)Gp(s)
(43)
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Fig. 16. Root locus of SRC with varying operating frequency and using a fixed
controller.

whereGc(s) is the controller transfer function,Gp(s) is the plant
transfer function, and Gcl is the closed-loop transfer function

Gcl(s) =
Gc(s)K

den2(s) +Gc(s)K
(44)

Gcl(s) =
Gc(s)K/M(s)

1 +X2
eq(1 +RCfs)/M(s)

(45)

where M(s) = (4L2s2 + 2ReqLs)(1 +RCfs) +Req(2Ls+
Req) +Gc(s)K

Now, (45) is in the form used for root locus, where X2
eq is

the variable gain dependent on the operating frequency, and the
closed-loop poles of the system vary along the root locus of
the term (1+RCfs)

M(s) . X2
eq can be mapped back to Ωs, which can

then be mapped to a voltage reference Vref to determine the
limits of stable operation and performance. The root locus for
the previously designed closed-loop system is shown in Fig. 16
with important locations marked. As can be seen, a pair of
complementary poles are in the right half-plane for Vref = 48V
resulting in an unstable system. The complementary pair of poles
move toward higher frequency for Vref = 12V; however, the
single pole on the real axis moves closer to origin resulting in
sluggish response at Vref = 12V. The boundary between stable
and unstable systems is given for Vref = 44V that is verified
from the simulation as well. Hence, the simple and accurate
model derived in this article can be readily used to predict the
performance for wide output voltage application designs.

VI. CONCLUSION

This article presents the derivation of a third-order control-to-
output transfer function of SRC. The derivation uses an intuitive
approach of modeling the switching frequency variation as an
FM voltage source and solving for the perturbations in inductor
current envelope in the Laplace domain using the assumption
that the perturbation frequency is much smaller than the switch-
ing frequency. Finally, the current envelope perturbations are

related to output voltage perturbations to obtain the transfer
function. Hence, the derivation does not involve complex mathe-
matics or numerical solutions but simple algebraic manipulation
that is extended to obtain the input-to-output transfer function,
input impedance, and output impedance. The model is able to
predict beat frequency dynamics as was validated with the help
of simulated and experimental frequency response and, hence,
can be used to design high-bandwidth controllers. The model can
also be used for the analysis of wide output voltage application
designs, as demonstrated in this article.

APPENDIX A
DERIVATION OF INPUT-TO-OUTPUT TRANSFER FUNCTION

The derivation of the input-to-output transfer function is sim-
ilar to that of the control-to-output transfer function except the
change in the model of switching network. Since the frequency
is now fixed, it is no longer an FM voltage source; however,
the dc voltage source is provided with a small-signal perturba-
tion Vg(t) = Vg_dc + Vg_ss(t) resulting in perturbation of square
wave amplitude. Hence, the square wave can be represented
using fundamental harmonic approximation as follows:

vs(t) =
4

π
(Vg_dc + Vg_ss)cos(Ωst). (46)

Substituting vs(t) from (46), and ir(t) = (Ic_dc +
Ic_ss) cos(Ωst) + (Is_dc + Is_ss) sin(Ωst) and vr(t) from
(18) into (25), and performing harmonic balance result in two
ODEs as before. The dc quantities are removed, both equations
are converted to the Laplace domain, and Ic_ss and Is_ss terms
are grouped as follows:

4

π
Vg_ss(s)s =

(
− LΩ2

s + Ls2 +
1

C
+Req

(
β2s− αβΩs

)

+
Req

RCfs+ 1

(
α2s+ αβΩs

))
Ic_ss(s) +

(
2LΩss

+Req
(
α2Ωs − αβs

)
+

Req

RCfs+ 1

(
αβs+ β2Ωs

))
Is_ss(s)

(47)

− 4

π
Vg_ss(s)Ωs = −

(
2LΩss+

Req

RCfs+ 1

(
α2Ωs − αβs

)

+Req
(
β2Ωs + αβs

))
Ic_ss(s) +

(
− LΩ2

s + Ls2 +
1

C

+Req
(
α2s+ αβΩs

)
+

Req

RCfs+ 1

(
β2s− αβΩs

))
Is_ss(s).

(48)

As before, vss has been substituted in terms of Ic_ss and Is_ss

using (23). Equations (47) and (48) can be divided byΩs, and the
approximation s

Ωs
≈ 0 can used to reduce the equations similar

to (34) and (35). These two equations can then be solved to
derive the perturbations in current envelopes Ic_ss and Is_ss as

Ic_ss(s) =
4

π

(
2Ls+ α2Req + β2 Req

RCfs+1

)
den3

Vg_ss(s) (49)
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Fig. 17. Switching network voltage and current waveforms.

Is_ss(s) =
4

π

(
Xeq + αβReq − αβ

Req

RCfs+1

)
den3

Vg_ss(s) (50)

where

den3 = 4L2s2 + 2ReqLs+X2
eq +

Req

RCfs+ 1
(2Ls+Req)

(51)
and Xeq is the same as before.

The small-signal variation in the inductor current envelope
Ie_ss(s) = αIc_ss(s) + βIs_ss(s) due to perturbation of input
voltage source can be found as

Ie_ss(s) =
4

π

1√
R2

eq +X2
eq

(X2
eq +R2

eq + 2LReqs)

den3
Vg_ss(s).

(52)
The small-signal transfer function from Vg_ss(s) to v(s) can

be derived by substituting (52) into (23), as follows:

vss(s)

Vg_ss(s)
=

K1(X
2
eq +R2

eq + 2LReqs)

den2
(53)

where K1 =
Req√

R2
eq+X2

eq
and den2, as given in (41).

APPENDIX B
DERIVATION OF CONVERTER INPUT IMPEDANCE

The input impedance of the converter can be easily derived
using the results from the previous section. Given that the input
voltage perturbations resulted in small-signal perturbations of
output voltage and inductor current, the input small-signal cur-
rent drawn by the converter ig(t) needs to be determined, and

the ratio Vg_ss(s)
ig_ss(s)

needs to be taken to derive the input impedance

Zin(s). The input current ig(t) can be determined by averaging
is(t) in the time interval [−Ts

4 , Ts

4 ], as shown in Fig. 17. Given
that is(t) = ir(t), we have

ig(t) =
2

Ts

∫ Ts
4

−Ts
4

ir(τ) dτ (54)

ig(t) =
2

Ts

∫ Ts
4

−Ts
4

Ic(t) cos(Ωsτ) + Is(t) sin(Ωsτ) dτ (55)

Fig. 18. Converter output impedance.

ig(t) =
2

π
Ic(t) (56)

where variation in Ic(t) and Is(t) is assumed to be slow com-
pared to averaging interval. This holds true if the perturbation
frequency of Vg(t) is small compared with the switching fre-
quency. Hence, ig_ss(s) can be determined by converting (56) to
the Laplace domain and substituting Ic_ss from (49)

ig_ss =
8

π2

(
2Ls+ α2Req + β2 Req

RCfs+1

)
den3

Vg_ss(s) (57)

Zin(s) =
π2

8

den2

2Ls(RCfs+ 1) + α2ReqRCfs+R2
eq
. (58)

APPENDIX C
DERIVATION OF CONVERTER OUTPUT IMPEDANCE

The output impedance can be determined by attaching a
small-signal current source to the output parallel load R||Cf .
The current source produces terminal voltages such that it injects
a small-signal current ip(t) into the converter. To determine
the output impedance, first, the small-signal output voltage
perturbations vss(t) need to be determined and the ratio vss(t)

ip(t)

needs to be taken in the Laplace domain. From Fig. 18, the
output voltage equation can be written as

Cf
dv(t)

dt
+

v(t)

R
= ip(t) + |ir(t)| (59)

v(s)=
R

(1+RCfs)

(
ip(s)+

2

π

(
αIc_ss(s)+βIs_ss(s)+

Ie_dc

s

))

(60)

where Ie_dc =
√

I2c_dc + I2s_dc

Substituting vs(t) =
4
πVg cos(Ωst), ir(t) = (Ic_dc + Ic_ss)

cos(Ωst) + (Is_dc + Is_ss) sin(Ωst), and vr(t) from (18) into
(25) and performing harmonic balance result in two ODEs. The
dc quantities are removed, both equations are converted to the
Laplace domain, and Ic_ss and Is_ss terms are grouped as follows:

− 4R

π(RCfs+ 1)
(αs+ βΩs)ip(s) = (Req(β

2s− αβΩs) +
1

C

+L(s2 − Ω2
s)+

Req

RCfs+1
(α2s+αβΩs))Ic_ss(s) + (2LΩss

+Req(α
2Ωs − αβs) +

Req

RCfs+ 1
(αβs+ β2Ωs))Is_ss(s)

(61)
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− 4R

π(RCfs+ 1)
(βs− αΩs)ip(s) = −(2LΩss+Req(β

2Ωs

+ αβs) +
Req

RCfs+ 1
(α2Ωs − αβs))Ic_ss(s) + (L(s2 − Ω2

s)

+
1

C
+Req(α

2s+αβΩs)+
Req

RCfs+1
(β2s−αβΩs))Is_ss(s).

(62)

As before,vss has been substituted in terms of Ic_ss and Is_ss using
(23). Equations (61) and (62) are similar to (47) and (48) except
for the change in perturbation source. These two equations can
then be solved to derive the perturbations in current envelopes
Ic_ss and Is_ss as

Ic_ss(s) = − 4

π

R(2αLs+ αReq − βXeq)

den2
ip(s) (63)

Is_ss(s) = − 4

π

R(2βLs+ βReq + αXeq)

den2
ip(s) (64)

Ie_ss = αIc_ss(s) + βIs_ss(s) = − 4

π

R(2Ls+Req)

den2
ip(s).

(65)

Now, vss(s) can be determined easily as

vss(s) =
R

RCfs+ 1
(ip(s) +

2

π
(αIc_ss(s) + βIs_ss(s)))

(66)

vss(s) =
R(4L2s2 + 2ReqLs+X2

eq)

den2
ip(s) (67)

Zout(s) =
R(4L2s2 + 2ReqLs+X2

eq)

den2
. (68)
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