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Abstract—Transfer power and efficiency of wireless power trans-
fer (WPT) systems are limited by the quality factor and coupling
coefficient of the transmitting (Tx) coil and receiving (Rx) coil.
Getting rid of compensation circuits, self-resonant coils have simple
structure, high system reliability, high quality factor and high
power level, making it a promising candidate for WPT applications.
In modeling and computation of self-resonant coils, the results
derived from the transmission line theory have obvious errors,
and the finite element simulation takes a long computing time.
For obtaining accurate results and achieving fast computation,
a partial-element equivalent circuit (PEEC) method is applied
to calculate the self-resonant frequency (SRF) and the current
distribution of helical coils. To validate the accuracy of the pro-
posed model, some prototypes were simulated and measured. The
theoretical calculation predications are in great agreements with
the simulation and measurement results. The magnetic coupling
model between Tx and Rx is also established using PEEC method
and a novel design guideline of self-resonant helical coils is pro-
posed. Furthermore, a WPT system with 6.78 MHz self-resonant
helical coils was designed, fabricated and tested for a high-efficiency
mid-range energy transfer. It was used to drive a SW load wirelessly
as a demonstration to validate the feasibility of the proposed system
in practical applications.

Index Terms—Coils, energy efficiency, magnetic resonance,
wireless power transmission.

I. INTRODUCTION

IRELESS power transfer (WPT) technology has been
W studied and applicated extensively in many applications
including biomedical implants, consumer electronics, household
applications and electric vehicles [1], [2], [3], [4] in recent years
for its convenience, reliability and safety. WPT can be realized
through mechanic [5] or electromagnetic methods. Compared
with mechanic methods, electromagnetic methods have advan-
tages in simpler system structure, longer transfer distance and
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higher energy efficiency, which receive more attention from
researchers. There are two major categories of electromagnetic
WPT: radiative WPT and nonradiative WPT [6]. The radiative
WPT consisting of microwave power transfer and optical power
transfer [7], [8], [9], can transmit energy over a long distance that
at the level of meters to kilometers, but is low efficient, costly,
surrounding sensitive and environmentally unfriendly. Contrary
toradiative WPT, the nonradiative WPT utilizing electronic field
or magnetic field has simple structure, high efficiency and is
insensitive to surrounding changes. The electric field can only
be used in specific situations because it’s harmful to human
body, while the WPT employing magnetic field is safe to use
in daily life and widely known as inductive power transfer (IPT)
[10], [11].

However, the transfer distance of IPT is still limited to short-
range, because the efficiency decreases sharply as the transfer
distance increases. In 2007, a research team from Massachusetts
Institute of Technology (MIT) demonstrated an efficient nonra-
diative WPT system that lighted a 60W lightbulb over a distance
of 2m using self-resonant coils in a strongly coupled regime [12].
Since the great achievement of MIT, researches on mid-range
(the transfer distance is larger than the coil diameter) WPT
[13], [14], [15] based on self-resonant coils have been on rise.
To distinguish from traditional IPT, this kind of IPT is called
as magnetic resonant power transfer (MRPT), which utilizes
self-resonant coils instead of traditional coils accompanying
with lumped compensation networks. Similar to traditional IPT,
the MRPT system is composed of a power source, a DC/AC
converter, a transmitting (Tx) coil, a receiving (Rx) coil, an
AC/DC converter and a load. The transfer power and efficiency
of IPT system is determined by the quality factor and coupling
coefficient of coils [16], [17]. As the frequency increases, the
quality factor of coil is improved. With the development of wide-
bandgap semiconductors [18], [19], power electronic converters
can operate efficiently at MHz [20]. Getting rid of lumped reso-
nant capacitors, the quality factor () of self-resonant coils are im-
proved remarkably at high frequency and the traditional lumped
inductance model of coil is no longer applicable. In this sense,
self-resonant coils are critical components of MRPT system, and
the modeling and design of self-resonant coils is essential.

Atlow frequency, the parasitic capacitances between turns can
be ignored, so the coil can be equivalent to a lumped inductance.
However, as the frequency increases, the influence of parasitic
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Fig. 1. Model of typical IPT system.

capacitances becomes non-negligible and the current distribu-
tion along the coil is no longer identical when the wavelength
of the electromagnetic wave is comparable with the line length.
In this case, the traditional lumped element theory is no longer
applicable. Paper [21] presented empirical formulas to estimate
the self-resonant frequency (SRF) of Archimedean spiral coils
and helical coils, and paper [22], [23], [24] developed an an-
alytical model based on results from literatures of inductance
and stray capacitance. However, these models can only give the
first SRF and cannot get the current distribution along the coil.
The transmission line theory was widely applied to self-resonant
coils to get the SRF and current distribution [25], [26], [27], [28],
which ignored the influence of the coil structure and resulted
in great errors. In this paper, we model the helical coil using
partial-element equivalent circuit (PEEC) method [29], [30] to
deduce SRFs and current distribution for accurate results and
fast computation.

The rest of this article is organized as follows. Section II
introduces the typical structure of IPT system and its equivalent
circuit, describing transfer characteristics of IPT system. In Sec-
tion III, high frequency characteristics of self-resonant coil are
discussed using lossless uniform two-conductor transmission
line model. Afterwards, a precise model of PEEC is built to
calculated the SRFs and current distributions. The magnetic cou-
pling mechanism between Tx and Rx is modeled in Section IV.
A demonstration of high-efficient mid-range WPT system is
illustrated with self-resonant helical coils working at 6.78 MHz
in section V. Finally, Section VI concludes this article.

II. TyPICAL IPT SYSTEM AND TRANSFER CHARACTERISTICS

The structure and characteristic of MRPT system are similar
to traditional IPT system, replacing the traditional coil and its
compensation network by a self-resonant coil. Recent researches
show that the operation principle of MPRT has no difference
from that of IPT and can be analyzed using the standard elec-
tric circuit theory [31], [32]. Usually, the self-resonant coil is
equivalent to a lumped LC series or parallel resonant network,
because the terminal reactance of self-resonant coil is zero or
infinite at SRFs. And series resonance is more commonly used
in practical applications.

IPT system is composed of a source, a Tx coil with a Tx com-
pensation network, a Rx coil with a Rx compensation network
and a load, as shown in Fig. 1. The equivalent circuit of a typical
IPT system with series-series compensation networks is shown
in Fig. 2. The voltage source Vs is used as a power supply. Lt
and Ly are the self-inductance of Tx and Rx, respectively, and
Mty is the mutual inductance between Tx and Rx. Rt and Rr
are the parasitic resistance of Tx and Rx, respectively. C and
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Fig. 3. (a) Normalized output power P, and (b) energy efficiency ns versus
coupling coefficient ktr and normalized angular frequency w/wg.

CR are the resonant capacitance connected to Tx and Rx. Ry, is
the equivalent load resistance connected to Rx.
Applying Kirchhoff’s Voltage Law to Tx and Rx circuit, the
standard coupled circuit (1) is obtained.
{Vs} _ [Rs +Zr  jwM ] m W
0 jWMTR ZR + RL I R

with

{ZT = Ry + jwLt + 1/jOJCT @)

Zr = Rr + jwLr + 1/jwCr

where w is the operating frequency. The current It and Iy
flowing through Tx and Rx are solved from (1) and can be written
as

[ Vs

T Rs + Z7 + w2M2 /(Zr + R1) 3)
| JwMrrVs

L=

(RS + ZT) (ZR + RL) + WQM%R

The output power P, can be calculated by P, = I3 Ry.
The relationship of the normalized output power P, with the
coupling coefficient krg and the normalized angular frequency
w/wyg is shown in Fig. 3(a). ktr = Myr//L1Lg is the cou-
pling coefficient between Tx and Rx and wy = 1//L1tCr =
1/\/LRrCR is the resonant frequency decided by the inductance
and resonant capacitance. When the coupling coefficient kg is
less than the critical coupling coefficient Kgpyi¢, the output power
P, reaches its maximum value at the resonant frequency wy.
When kg is large than kg, the frequency splitting phenomenon
occurs and the output power P, reaches its maximum value at
two splitting frequencies wy2. The energy efficiency can be cal-
culated by 1, = P, /Re[VsI7]. Fig. 3(b) shows the relationship
of the energy efficiency 75 with the coupling coefficient kg and
the normalized angular frequency w/wy.

In mid-range WPT, the coupling coefficient is very low and
the operating frequency w is set at resonant frequency wy to
maximize the output power and efficiency. Working at resonant
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frequency, the current I T and I r in (1) and can be written as

i — Vs

T Re + Ry + w3MZ /(Rr + Ry) @
fo = JwoMrrVs

R = —

(Rs + Rr) (Rr + Ry) + wi M3

In different application scenarios, the IPT system can operate
with maximum power transfer principle or maximum energy ef-
ficiency principle to meet different requirements. The maximum
power transfer principle is designed to maximize the power P,
delivered to the load. The maximum transfer power I, nax can
be calculated by (5). The maximum energy efficiency principle
is aiming to maximize the system energy efficiency 7s. The
maximum energy efficiency 75 max can be calculated by (6).

VS2 k%RQTQR
Rin+ Ry 4[(Rs/Rr + 1) + kfr Q1 Qr]
_ krQTQr/(Rs/Rr +1)
Tls,max = 3 (6)
[1+ /1 + e QrQr/(Rs/Rr + 1)

where Q1 = wy Lt/Rt and Qr = wo Ly /Ry are the unload
quality factor of Tx and Rx, respectively. It can be concluded
from (5) and (6) that the maximum transfer power P, nax and
maximum energy efficiency 75 max increase with k%RQTQR.
And Fig. 4 shows the variation trend of P, max and 7 max With
k3 QTQr. The coupling coefficient kg mainly depends on
the distance between Tx and Rx which decided by application
requirements. In order to maintain greater transfer power and
efficiency in mid-range, it is very necessary to improve the
unload quality factor @)y of the coil.

Compared with traditional resonant network composed of
a coil compensated with lumped resonant capacitor, the self-
resonant coil has following advantages: simple structure, light
weight and high reliability. Additionally, getting rid of compen-
sation capacitor, the unload quality factor () of self-resonant
coil is significantly increased because power losses of capacitor
and solder joints are avoided. And the transfer power capability
is enhanced because there is no limit by the rated voltage of
compensation capacitor. Therefore, the self-resonant coil has
great advantages in high-power level and high-efficiency for
mid-range WPT applications.

&)
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Fig.5. Model of a lossless uniform two-conductor transmission line of length
Azx.

In this section, the self-resonant coil is modeled as a lumped
LC resonant network. And the modeling method of traditional
IPT system is used to analyze the MRPT system. Through the
analysis of transfer power and efficiency, a simple and intuitive
understanding of transfer characteristics of MRPT system is
obtained. However, it is inaccurate to equate the self-resonant
coil to a lumped LC resonant network. Because it only con-
siders the terminal impedance at SRF, but ignores the internal
characteristics of the coil. Actually, the current along the coil
is not identical at SRF, which has a large impact on transfer
power and efficiency. In order to get a more accurate model of
MRPT system, the PEEC method is applied in modeling the
self-resonant coil and the magnetic coupling mechanism in fol-
lowing sections. The self-resonant coil is modeled as a network
of partial elements with distributed parameters. Therefore, the
high frequency characteristic of the coil can be described more
accurately.

III. MODELING OF SELF-RESONANT HELICAL COILS

As one of the simplest coils, the helical coil is widely used
in MRPT system. When the wire length of the coil is com-
parable with the wavelength of the electromagnetic wave, the
lumped element theory fails. In many papers, the coil is directly
equivalent to a straight line and the transmission line theory
is used to model the coil. It can help us to have a simple and
intuitive understanding of the high-frequency characteristics of
the coil, but cannot accurately calculate the SRFs and the current
distributions along the coil. In order to accurately describe the
coil, a PEEC model is proposed and applied to helical coils in
this section.

A. Transmission Line Model

For a lossless uniform two-conductor transmission line as
shown in Fig. 5, the variation of voltage and current along the
line can be expressed by the telegraph equation as shown in (7).

{8U/8z + LodI /ot =0

)
OI/0z + CodU Ot = 0

where Ly and () is the inductance and capacitance per unit
length of the transmission line respectively, which can be solved
by static field method. Zy = /Lo /Cy is defined as the charac-
teristic impedance of the transmission line.

The general solution of (7) is

{U (x,t) =Ut (t—z/v)+ U (t+x/v)

- (®)
I(x,t)=IT(t—a/v)—1" (t+z/v)
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Fig. 6. A two-conductor transmission line connected in the circuit with a
terminal impedance Zr,.

where U™ (t — z/v) and I*(t — x/v) represent the incident
voltage wave and the incident current wave propagating in +x
direction, respectively. U~ (¢t + x/v) and I~ (t + 2 /v) repre-
sent the reflected voltage wave and the reflected current wave
propagating in -x direction, respectively. v = 1/1/LoCy is the
propagation velocity.

Fig. 6 shows a two-conductor transmission line connected in
the circuit with a terminal impedance Zr,, where Z1, = 0 and
Z1, = oo represent a short-end terminal circuit or an open-end
terminal circuit, respectively. The input impedance Zj, of the
transmission line is defined as the ratio of the voltage phasor U,
to the current phasor I, at the input terminal.

U, 7 2+ jZy tan (nflfc)

Zin = = = B
L OZO + jZy tan (nfl/c)

€))

where ¢ = 3 x 103m/s is the velocity of light, f is the fre-
quency of source and /2 is the length of transmission line.

short—end

{Zm = jZptan (nfl/c) = jXin 10)

Zin = —jZpcot (nfl/c) = jXin open—end

When the terminal is short-end or open-end, the input
impedance is purely reactive as shown in (10). It can be either
inductive or capacitive, depending on the value of nfl/c. The
input reactance Xj, varying with frequency is shown in Fig. 7(a)
and Fig. 8(a). When f =mn;c/2l(n; =1,2,3...), the input
reactance Xj, is zero or infinite, showing the characteristic of
LC series or parallel resonance. Meanwhile, the total reflection
phenomenon occurs on the transmission line, where the incident
current wave and the reflected current wave are superimposed
to form a standing wave. These frequencies are defined as self
resonant frequencies. The current distributions along the line at
different SRFs are shown in Fig. 7(b)—(e) and Fig. 8(b)—(e).

For a short-end transmission line, the first SRF is a parallel
resonant frequency (PF), where the input reactance is infinite,
showing the characteristic of LC parallel resonance. And the
current distribution along the line at 1st PF is shown in Fig. 7(b),
which is a sinusoidal curve. The second SRF is a series resonant
frequency (SF), where the input reactance is zero, showing the
characteristic of LC series resonance. And the current distri-
bution at 1st SF is shown in Fig. 7(c). When 0 < f < 1st PF,
the input reactance is inductive. When 1st PF < f < 1st SF, the
input reactance is capacitive. With the increase of frequency, the
input reactance repeats inductive, infinite, capacitive and zero
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Fig. 7. Characteristics of a short-end transmission line. (a) Input reactance

Xiy versus frequency f. Current distribution waveforms along the line at (b) Ist
PF. (¢) st SE. (d) 2nd PF. (e) 2nd SE.

as shown in Fig. 7(a). In addition, Fig. 7(d) and (e) show the
current distribution at 2nd PF and 2nd SF, respectively.

For an open-end transmission line, the frequency range of
inductive and capacitive property is just opposite to that of
short-end transmission line as shown in Fig. 8(a). The first
SRF is a SF and the current distribution at 1st SF is shown
in Fig. 8(b). The second SRF is a PF and the current distri-
bution at 1st PF is shown in Fig. 8(c). When 0 < f < 1st SF,
the input reactance is capacitive. When 1st SF < f < 1st PF,
the input reactance is inductive. With the increase of frequency,
the input reactance repeats capacitive, zero, inductive and infi-
nite as shown in Fig. 8(a). In addition, Fig. 8(d) and (e) show
the current distribution at 2nd SF and 2nd PF, respectively.

According to the above analysis, we can get the working
mode of a lossless uniform two-conductor transmission line.
The working mode of helical coil is similar to that. And some
definitions in transmission lines can be applied to self-resonant
coils. So, we can have a simple and intuitive understanding of the
high frequency characteristics of helical coils. For a short-end
helical coil, the first SRF point is a PF point and the second
SRF point is a SF point. For an open-end helical coil, the first
SRF point is a SF point and the second SRF point is a PF point.
The current distribution along the coil is a standing wave. When
working at SFs, the input reactance Xj, is zero and the current
at the power source is the maximum. When working at PFs,
the input reactance Xj, is infinite and the current at the power
source is zero. However, there are some differences in the values
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Fig. 10. Vertical section view of a helical coil with distributed capacitance
cy.

v

can be calculated by
/ / o-dlg
[P — Pl
No%% sin  sin ¢ + cos p cos ¢
//\/r 24 1ry? = 2rprgcos (p — @) + 224
dode

= Mypdy 1D
Fig. 8. Characteristics of an open-end transmission line. (a) Input reactance h is th ti bility of d
Xin versus frequency f. Current distribution waveforms along the line at (b) Ist where fio 18 the magnetic permeability ol vacuum, 7y, and rg

SE. (c) 1st PE. (d) 2nd SF. (e) 2nd PF. are equal to 7y, and 2z, = 2(¢) — 2(¢) is the vertical distance
between segment [¢ — dy, ¢] and segment [¢ — d¢, @|. My is
defined as the mutual inductance normalized by angle.

The self-inductance of segment [¢ — dy, ¢] is

- - -+
ENERYNNE WL RV NEXE:
(e)

Ly, =My (ro =1H,7¢ =Ty — dw/2) :E@dgp (12)

where L, is defined as the self-inductance normalized by angle.

In order to calculate the capacitance between two turns, the
helical coil is considered as a series of coaxial rings. Fig. 10
shows the vertical section view of a series of single-layer air-core
coaxial rings with a radius 7y, turn number /V and turn pitch p;;.
The diameter of the wire is d,. Ignoring the insulation thickness,
the direct capacitance CO is generated by the air space between
two conductors or between the conductor and the ground can be
calculated by the following method.

Assuming that the turn ¢ is uniformly charged with ¢;, the
linear charge density is 7;. The potential field ®;;(r;, r;, z;;) on
turn j generated by turn ¢ can be calculated by

Fig. 9. Simple structure of a helical coil.

of SRFs and the current distribution waveforms caused by the
structure of helical coils. In order to solve the SRFs and the
current distributions, a PEEC model is established.

B. Distributed Inductance, Capacitance, and Resistance ®ij (ri, 1y, 215) = dnme, 7{ \pi — pj‘dl

As shown in Fig. 9, a helical coil can be described by ¢
function py = (rg, 2(0)) in a cylindrical coordinate system,
where 6 € [0,2nN]. r is the radius of the helical coil and
2(0 + 2m) — 2(0) is the pitch between two turns at position 6. = Q¢ (13)
When z(0) increases linearly with 6, it becomes the simplest
case of Archimedes helical coil whose turn pitch is uniform.

Using Neumann formula, the mutual inductance between
segment [ — d, ] and segment [¢ — de, ¢] as shown in Fig. 9 ’ \/47“er / rit i)+ Zw}

K (’fz‘j)/ (rs +75)% + 23

2n2e

with

(14)
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where ¢ is the dielectric constant of vacuum. r; and r; are equal
to ry. In particular, r; = rg — dy /2 when j = i. o is defined
as the potential coefficient. K (k) is the complete elliptic integral
of the first kind as shown in (15).

/2
K(k;):F(k;,n/Z):/ 1/\/1—k2sin2:cdx (15)
0

In matrix notation, (13) can be expressed as

P = aq (16)

Rewriting the above equation as the form that charge is a
function of potential, (17) is obtained.

q=p®=a1® (17)

where f3;; is the electrostatic induction coefficient. The direct
capacitance C?j can be calculated by

—Bij i FJ
Z;-V:l Bij i=1J

The total equivalent capacitance C’;; between turn ¢ and j is

N
Cij = C% +C%CY, / SO

It should be noted that the above equation will produce a large
error when the turn spacing is very small, because the other turns
will have an effect on the potential field produced by ¢;. The
normalized distributed capacitance C;; is obtained by dividing
Cij by 21.

N

o Gy ChrORCy /Sl o)

Yo 21 (

The total power loss P, is consisted of radiation loss Pryq
and ohmic loss Pynm. For nonradiative WPT, the radiative loss
can be ignored, because it’s much smaller than ohmic loss. On
account of skin effect and proximity effect, the ohmic loss can
be given as conduct power loss FPeond .1, and proximity power
1088 Pprox u.1. per unit of length [33].

Pcondu.l. = I2 (@)/ZTEdWO'(S

Pproxu.l. - ﬂdeg ((,0)/0'6

where o is the electrical conductivity, 6 = 1/y/mugo f is the
skin depth at the working frequency f and H is the amplitude
of external magnetic field applied on the conductor form other
wires, which can be calculated by Biot-Savart Law. And param-
eter () is defined as (23). It can be seen that () is decided
by the coil structure and current distribution.

I (p) = Ho (¢)/I ()

Thus, the ac resistance R,. 1. per unit of length is the sum of
conduct resistance Rcond u.1. and proximity resistance Rprox u.l.
and can be given by

C = (18)

19)

21
(22)

(23)

1 n 2nd,,
Tdy o0 oo

1% ()
(24)

Racul. = Reondul. + Rproxu.l. =
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Fig. 11. Distribution of parasitic parameters on a helical coil.

C. Partial-Element Equivalent Circuit

At high frequency, the current distribution along the coil
is no longer identical. To obtain an accurate model at high
frequency, a small circular segment [p — dyp, ¢] is separated
from the coil with an angle de. As shown in Fig. 11, the
segment [¢ — dy, ] begins at node ¢ —dy and ends at
node ¢, whose neighbors are segment [¢ — dp — 21, ¢ — 27
and segment [p —dp + 21, ¢ + 2n]. The self-inductance
of segment [p—dp,¢] is Lydy and the mutual in-
ductance between segment [p — dy, @] and [p —de, @] is
M, ,dep. The capacitance between segment [¢ — di, ¢] and
[+ (j —i)2n —dp, o+ (j —i)2n] is Ci;dp, where i=
ceil(¢/2m) and the function ceil represents rounding up.

There is a current /() flowing into the segment [ — dy, ¢]
and a current I(¢ + dy) flowing out of it. Furthermore, there
is a displacement current I4is(¢) and Iyis(¢ — 2m) flowing into
and out of segment [ — dp, @], respectively. The displacement
current is produced by the distributed capacitances and can be
calculated by (25), where V(i) represents the voltage at node
®.

N
T () = Y jwCizde [V (9) =V (¢)]
j=i+1
i1
Tais (p = 2m) =Y jwCiyde [V (9) = V (9)]

Jj=1

(25)

Appling Kirchhoff’s current law to node ¢, (26) is obtained.
I () + Lais () = I (p + dp) — Lais (p —2m) =0 (26)

Bringing (25) into (26), a new equation can be obtained as
follows:

N N
I dp) — 1T _ _
ot jf) W) _ S julyvi9)- 3 jwlyV
v j=1.j#i j=1.j#i

27)

There is a lumped voltage source Vg(p) and an induc-
tion voltage source Via(p) excited by other coils applied on
segment [p — dyp, ¢]. The induced voltage generated by the
self inductance of segment [p —dep,¢| is jwL,I(p). And
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Fig. 12.  Partial-element equivalent circuit of a helical coil with N turns and

each turn divided into W equal segments.

[ jwMysI(4)de is the induced voltage generated by other
segments of this coil on segment [ — dep, ]. The parasitic
resistance of segment [p — dy, @] plus the load resistance con-
nected to it is donated as R, and the voltage drop generated by
resistance R, is R, I(¢). Appling Kirchhoff’s voltage law, the
voltage drop between node ¢ — dp and ¢ can be written as

V(p—dp)—V(p)
=wmuw+/wﬂwmww+muw+maw
V(o) (28)

The above equation can be written as follows:

[V () =V (g —dp)l/de = —jwL,I (@) — jwMyel ()
RyI(p) | Vs (p) — Vina ()
-t o (29)

In order to solve the differential (27) and (29), a numerical
difference method is used. Dividing each turn into W equal
segments with an angle Ay = 21/W, a PEEC model of helical
coil is got as shown in Fig. 12.

The segment w on turn 4 is regarded as segment (7, w). The
mutual inductance between segment (i,w) and (j,s) is de-
noted as ZW(z w),(4,8) and there is ]\4(Z w),(j,8) = V] (Z w),(4,8) Ap.
And the self-inductance of segment (z w) is denoted as L; o)
and there is L(l w) = L(l w) Ap. M(z w),(4,) = M¢¢ and
L(Z w) = L can be calculated by (11) and (12), where
o=|(- 1)W +w] Apand ¢ = [(j — 1)W + s] Ap. The ca-
pacitance between segment (i,w) and (j,w) is denoted as
Clisw),(w) = Cliw),(aw) Bps Where Ciw), () = Cij - can
be calculated by (20).

A row vector is defined in (30) to describe the current flowing
on each segment. The voltage on each node can be expressed
by (31). And the lumped voltage source and induction voltage
excited by other coils applied on each segment can be expressed
by (32) and (33), respectively.

Iivwy }T (30)

WMWMTGD

I=[1Iny-

V = [ V(1,1)"'

Ta,w) Iingy -

Va,w) Vv -
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Vs = [ Vs Vsaw) Vavn - Vsovw) |
(32)
T
Vind =[Vina@,1) - Vina@,w) -+ Vina(v,1) -+ Vind(v,w))
(33)

Thus, (27) can be written in the form of a difference equation.
DI +Ig/Ap = jwCV (34)

whereIg = [0 0--- I N+11)}T represents the boundary condi-
tion of the current distribution I. There is Iy 11) = I(11) when
it’s a short-end coil and /(v 11) = 0 when it’s an open-end coil.
Thus, I can be written as Ig /A = By Iand By is the boundary
matrix of order NW by NW.

0 0 0
1 (00 0
B, — A_go short—end 35)
10 0
O open—end
Dy is the difference matrix of order NW by NW.
-1 1 0 0
) 0 -1 0 0
D= — (36)
Ap
0 0 -1 1
0 0 0 -1

C is a matrix of order NW by NW, and the element @Cy in
the matrix C is

v _
=2 k=1, Cliw)(kw) Y=1

Cay =4 Ciw)(,w) yFr,y=G-1)W+w
0 others
(37
where i = ceil(z/W), w = mod(x/W), the function ceil rep-
resents rounding up and the function mod represents taking the
remainder. Therefore, (34) can be written as

(D;+B)I=jwCV (38)
Similarly, (29) can be written into a difference equation.
DyV = —jwMI— RI+ (Vs — Viua)/Ap  (39)
where Dy is the difference matrix of order NW by NW.
1 0 0 O
-1 1 0 O
Dy Aigo . (40)
0 1
0 O -1 1

M is a matrix of order NV by NW, and the element M\wy
in the matrix M is

_ I
M. — { (i)
A M w) ()

y==x

y#o @
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Calculate matrix M and C

v

Sweep frequency f

v

| Calculate current distribution I, using (44) |

I,
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| Caleulate matrix R using (24) and (42) |

vR

| Calculate current distribution I using (43) |
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error I, ~1|/J1,| <1% =

Yes |1

Calculate input reactance
. ] J

v

Determine SRF

Fig. 13.  Algorithm flow chart of the PEEC solver.

where i = ceil(z/W), m = mod(z/W) and j = ceil(y/W),
s = mod(y/W). R is a matrix of order NW by NW, and the
element R, in the matrix R is
5 _ JraRacula + RLx/AQO y=x
R,y = {0 Ve @

Combining (38) and (39), we can get the expression about the
current distribution I.

N\ -1 U
I:A—w{DV(ch) (D; +B)) + jwM + R

(Vs = Vina) (43)

However, the parasitic resistance is affected by the current dis-
tribution, so equation (43) cannot be solved directly. Neglecting
the parasitic resistance, the above equation can be written as (44)
and an initial current distribution Iy can be solved directly.

N1 ]!
Iy = A%p [Dv (jwC)  (Dr+B)+jwM| Vs (@44

Based on the above analysis, a MATLAB program called
PEEC solver is written to calculate the SRFs and the current
distributions. Fig. 13 is the algorithm flow chart. First, the matrix
M and C are calculated for a given helical coil. Then, an
initial current distribution Iy is obtained using (44)./\Utilizing
the current distribution Iy, the parasitic resistance R can be
obtained. The current distribution I is recalculated utilizing (43)
considering the parasitic resistance R. Iterating this process,
the new current distribution I and parasitic resistance R can
be obtained. When the iteration error is less than 1%, the ob-
tained current distribution I is used as the final result. The input
impedance can be calculated by dividing the source voltage by
the current on the source. As analyzed in part A of Section III,
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Fig. 14.  The current distribution (blue line) and voltage distribution (orange

line) along the coil at the first four SRFs.
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Fig. 15. Terminal impedance versus frequency simulated by ANSYS HFSS.

the input reactance is zero or infinite when the coil resonates.
The value of SRF can be obtained by sweeping frequency.

Taking an open-end Archimedean helix as an example, its
radius rg is 100 mm, its pitch p is 4 mm, and it has 10 turns.
The diameter d,, of wire is 2 mm. There is a 10 V lumped
voltage source applied on the middle segment of the coil. Each
turn is divided into 10 equal segments. Fig. 14 shows the current
and voltage distribution along the coil at the first four SRFs
calculated by PEEC solver. It can be seen from Fig. 14 that
the first four SRFs of the open-end Archimedean helix are
13.35, 17.74, 61.89, and 73.86 MHz, respectively. The current
distribution along the coil is a standing wave, but not a standard
sinusoidal wave. At 1st SRF and 3rd SREF, the currents reached
the maximum in input port, showing the characteristic of LC
series resonance. At 2nd SRF and 4th SRF, the currents in the
input port are zero, showing the characteristic of LC parallel
resonance.

To verify the correctness of PEEC model, the above helical
coil was simulated by ANSYS HFSS, a 3D electromagnetic
(EM) simulation tool. On an Intel Xeon 6258R processor (basic
frequency 3.3 GHz), the frequency is swept from 100 kHz to
100 MHz, scanning 1000 points uniformly. The PEEC solution
process takes 21.745 seconds, while HFSS takes 5.05 hours
which is 836 times that of PEEC solver. Fast computation is
of great help to the rapid design of self-resonant coils. Fig. 15
shows the terminal impedance varies with frequency. And the
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TABLE I
COMPARISON OF THE PEEC CALCULATION, HFSS SIMULATION AND VNA
MEASUREMENT RESULTS OF SRFS

Calculation Simulation Measurement
No. SRF SRF error SRF error
/MHz /MHz /MHz
1st SF 13.35 13.05 2.45% 12.84 3.97%
Coill 1st PF 17.74 17.10  3.74% 16.23 9.30%
2nd SF 61.89 60.83 1.74% 58.68 5.47%
2nd PF 73.86 72.90 1.32% 67.83 8.89%
1st SF 21.46 21.47 0.05% 21.11 1.66%
Coil2 1st PF 27.83 2720 2.32% 25.35 9.78%
2nd SF 77.98 76.63 1.64% 75.06 3.89%
2nd PF 89.60 87.91 1.92% 81.67 9.71%
1st SF 9.11 9.03 0.89% 8.97 1.56%
Coil3 1st PF 12.59 12.44 1.21% 11.52 9.28%
2nd SF 41.87 41.45 1.01% 40.39 3.66%
2nd PF 51.02 50.67 0.69% 46.66 9.34%
1(A)
Al A 3 Z \
i :
42 : S
36 p |
o ~ .
| ¥ =
1.8 3 £ X3 .
TR ; -
0.0 — >
(a) (b)
E 1 SRF=]3.§5MHZ g 1 SRF=61.88MHz
g =
3 3
o o
205 2o
E ' —Sinusoid| % [—Sinusoid|
g —PEEC = [—PEEC
5 * HFSS 5, * HFSS
G 2 4 6 “ 0 2 4 6
Position (m) Position (m)
© (d)
Fig. 16. Current distribution in 3D coordinate at (a) Ist SF (b) 2nd SE.

Normalized current distribution curves along the coil at (c) 1st SF (d) 2nd SF.

first four SRFs simulated by HFSS are 13.05, 17.10, 60.83, and
72.90 MHz, respectively. It can be seen that the SRFs calculated
by PEEC are in good agreement with values simulated by HFSS,
and the maximum error is no more than 4%. However, the first
four SRFs calculated by transmission line model are 23.87,
47.74,71.62, and 95.49 MHz, which have large errors compared
with simulation results.

The helical coil was fabricated and measured with vector
network analyzer (VNA). In addition, two other helical coils
with different structural parameters were fabricated, whose ra-
dius g are 50 and 150 mm, pitch p are 4 and 6 mm, and turn
number are 16 and 10, respectively. And the diameter d,, of
wire is 2 mm. The SRFs are shown and compared in Table I.
The errors between the PEEC calculation results and the HFSS
simulation values do not exceed 4%. And the errors relative to
VNA measurement values do not exceed 10%.

To record the current distribution, a series of observation
points are set along the coil. And the current distributions at 1st
SF and 2nd SF are shown in Fig. 16(a) and (b) in 3D coordinate
respectively, where the amplitude of current is represented by
the colormap. The normalized current distribution curves along
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Fig. 17. Distribution of parasitic parameters on two coupled helical coils.

the observation points are shown in Fig. 16(c) and (d). For
comparison, the sinusoidal curves of transmission line model
and the normalized current distribution curves calculated by
PEEC model are added in Fig. 16(c) and (d). It can be seen
that the curves calculated by PEEC are in good agreement with
HFESS, but are significantly different from the sinusoidal curves.

The quality factor () is defined as the ratio of the energy stored
FE\p in the coil to the energy dissipated Ep per cycle

Q (UJ) = 2TE-EM/-ED = wEM/-PIOSS (45)

For the self-resonant coil, the magnetic field energy and
the power loss can be calculated by Ey = 1/ QITﬁAgpI* and
Poss =1/ ZITf{A<pI*, respectively. Therefore, the quality fac-
tor () of self-resonant coil is

jo N ITMT*
W) =wW—_— =w—
Q) Ploss ITRI*

Using (46), the quality factor @ of coil 1 is 1609 at the first
SRF. The quality factor simulated by HFSS is 1472 at the first
SREF, indicating the correctness of PEEC model. The quality
factor of the traditional coil with a compensation network is
generally 50-300. It can be seen that the self-resonant coil has
a high quality factor, which has great advantages in high-power
level and high-efficiency transmission for mid-range WPT ap-
plications.

(46)

IV. MODELING OF MAGNETIC COUPLING MECHANISM

Considering of two coupled self-resonant helical coils as
shown in Fig. 17, the radius of Tx is 7, the turn number
is N, the turn pitch is pp and the radius of Rx is rg, the
turn number is NR, the turn pitch is pr. The distance between
Tx and Rx is drg. The lumped mutual inductance cannot be
used to describe the interaction between two coils due to the
varying current distribution along the coil. Thus, a PEEC model
is built to describe the magnetic coupling mechanism between
Tx and Rx.
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Consider the segment [¢ — d¢p, ¢] of Tx and the segment
[0 — do, ¢] of Rx, the partial mutual inductance can be calcu-

lated by
/ / leg, dlrg
|PT¢ PR¢|

_ HoTTTR / /
An Jo—ap Jo-ao

sin ¢ sin ¢ + cos ¢ cos @
\/TT2 +7R2 — 2rprR COS (0 — @) + Z?@«b

Re _
My, =

dedy

_ ayRe
= Mrjdy 47)
where z, is the vertical distance between segment [ — dy, ¢]
of Tx and segment [¢ — d¢, ¢] of Rx.
The induction voltage Viyar(¢p) is excited by the current Iy of
Rx and Vi,ar () is excited by the current I of Tx.
Vinar ( (48)

o) = [ MEfI () d

Vinar (¢) = / My0Iv (o) de (49)

In order to solve the differential equation, a numerical differ-
ence method is used. Dividing each turn of Tx and Rx into W
equal segments with an angle Ay = 2n/W and A¢ = 2rn/W,
the mutual inductance between segment (7, w) of Tx and seg-
ment (7, s) of Rx is MR((ij)) = Mg((f’;)) A, where M;{((Zj:))) =
M%f is calculated by (47), ¢ = [(i — 1)W +w] A¢ and
6 =1 — DW + 5] Ag.

The induction voltage in (48) and (49) can be written as

rR W
R(7,
VvindT(i,w) = ZZJWMT((Zw))A@IRUvS)

(50)

j=1s=1

NT w

R(j,s

‘/indR(]}s) = Z Z ]wMT((gw))AQOIT(i,w) (51

i=1 w=1

The above equation can be written in matrix form.

Vinar = joMrrAgly (52)
Vindr = jwMprAply (53)

where MTR is a matrlx of order NRW by NtW, and MRT =
MFTFR The element MTRm; in matrix MTR is

(54)
For Tx, (38) and (39) can be written as
(D1 + Bir) In = ]WCTVT
DyrVy = —jwMrlp — Rylp + (Vst — Vinar)/Ap
(55)

From above equations, we can get (56) about the current
distribution I and the matrix G is defined as the feature matrix
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of Tx.
1 A\ ! = a1
It= e [DVT (JUJCT) (Drr+Bir)+jwMr+Ry
'
(Vst — Vinar)
= Gt (Vst — Vinar)/Ap (56)
Combining with (52), the current It can be written as
It = GrVsr/Ap — jwGrMrrln (57)
For Rx, (38) and (39) can be written as
(Dir + Bir) IRijwaRYR (58)
DyrVr = —jwMRgIr — RrIr — Vingr/Ap

It is worth noting that the element R R»» In the matrix ﬁR is
increased by Ry,/Aw as shown in (42) when the load resistance
Ry, is connected to the segment z of Rx.

From above equations, we can get (59) about the current
distribution Iz and the matrix G is defined as the feature matrix
of Rx.

-1

1 PR .
Ig= N [DVR (]WCR) (Digr + Br)+jwMg+Rg
¥

VindR
= —GRVinar/Agp (59)
Combining with (53), the current Iy can be written as
Iz = —jwGrMgrlr (60)

Combining (57) and (60), we obtain (61). It can be seen
that (61) has the same form as the standard coupled circuit
(1). Therefore, (61) can be easily understood. ﬁTR and ﬁRT
represent the mutual inductance matrix between Tx and Rx. Gr}l
and Gﬁl are the impedance matrix of Tx and Rx, respectively.

)<, ]l

Ap | 0 jwMRgr Ir

The current distribution It and Iy from (61) and can be
calculated by

JwMrr

Gt 61)

_ N -1
It = (P + szTMTRGRMRT) GTVST/ASO

Ir = —jwGrMgrlr

(62)
Tx and Rx are the same open-end Archimedean helical coils
mentioned in Section III, whose radius 7 is 100 mm, pitch
py is 4 mm, and turn number N is 10. The diameter d,, of
wire is 2 mm. There is a 10 V lumped voltage source applied
on the middle segment of Tx. And a 102 load resistance is
connected to the middle segment of Rx. The distance between
Tx and Rx is 200 mm. Fig. 18(a) shows the current distribution
curves along Tx and Rx at the first SRF calculated by PEEC. The
current distributions are also simulated by HFSS. In Fig. 18(b),
the current distributions are displayed in 3D coordinate, where

the amplitude of current is represented by the colormap.
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Fig. 18.  (a) Current distribution curves of Tx and Rx calculated by PEEC at

the first SRF. (b) Current distributions of Tx and Rx displayed in 3D coordinate
simulated by HFSS at the first SRF.
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Fig. 19.  Output power versus normalized transfer distance drgr /dy and (a)
normalized frequency f/SRF1 (when Rr, = 10€2) (b) load resistance Ry,
(when f/SRF1 = 1). Transfer efficiency 7. versus normalized transfer dis-
tance drr /dy for and (c) normalized frequency f/SRF1 (when Ry, = 10Q)
(d) load resistance Ry, (when f/SRF1 = 1).

Because the voltage source and load resistance are connected
to the middle segment of Tx and Rx respectively, there are
Is = Irpig and I, = Iryia- The subscript mid indicates the value
on the middle segment of the row vector. The output power can
be calculated by P, = 12, Ry, and the transfer efficiency can
be calculated by 1, = I2 ., R1./Re[VsItmia)- Fig. 19(a) and (c)
shows the output power P, and transfer efficiency 7 versus the
normalized transfer distance drg/dp and the normalized fre-
quency f/SRF1 when Ry, = 1042, respectively. SRF'1 is the
value of the first SRF. As discussed in Section II, when the Tx and
Rx are in close coupling, the frequency splitting phenomenon
occurs that the output power is maximum at the two splitting
frequencies. When the two coils are in loose coupling, the output
power reaches its maximum value at the SRF. Fig. 19(b) and (d)
show the output power P, and transfer efficiency 7 versus the
normalized transfer distance drr/dy and load resistance Ry,
when f/SRF1 = 1, respectively. Different transfer distances
correspond to different load resistance to maximize the output
power Pp,.
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Fig. 20.  Flow chart of design guideline for self-resonant coils.

V. DESIGN GUIDELINES AND DEMONSTRATION
A. Design Guideline

In the previous sections, we built a PEEC model of helical
coils. The SRF is decided by the coil’s parameters and can be
calculated by the PEEC solver. The magnetic coupling mecha-
nism between Tx and Rx is also modeled by PEEC. The output
power P, and the transfer efficiency 7, are obtained. A suitable
set of parameters can be selected to meet the requirements of the
application. The design guideline for self-resonant helical coils
is as follows and the flow chart of design guideline is shown in
Fig. 20.

1) Determine the operating frequency

Generally, the operating frequency fj is restricted by laws,
regulations and standards. Therefore, we need to choose an
appropriate SRF within these frequency ranges.

2) Determine the outer dimensions of the coil

In practical applications, there are restrictions on the size of
Tx and Rx. The radius i and height H of the helical coil are
usually required to not exceed the limit values.

3) Design the turn number and turn pitch

With the limitation of radius and height, the SRF of the helix
is decided by the turn number /N and the turn pitch p. Scanning
the value of N and py, the SRF is adjust to the predefined value
fo- Generally, there are several sets of IV and py that satisfy the
SRF condition.

4) Calculate voltage, current, transfer power and efficiency

Using the PEEC model of magnetic coupling mechanism, the
voltage, current, transfer power and efficiency can be calculated
based on different structural parameters. We can select a suitable
set of structural parameters that meets the requirements of the
application.

B. Fabrication and Measurement

In order to meet the Alliance for Wireless Power (A4WP)
standard, the operating frequency fy is selected at 6.78 MHz.
The radius ry of the coil is set at 150 mm, and the height H of
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TABLE II
TURN NUMBER AND THE TURN PITCH OF 6.78 MHZ HELICAL COILS
dw O.5mm| 1 mm |1.5mm| 2 mm |2.5mm| 3 mm
N p(mm) |

9 0.581 - - -- -- --

10 0.924 1.25 - - - -

11 1.44 1.88 2.14 2.35 2.58 --

12 2.23 2.71 3.03 3.15 3.48 3.67

13 3.29 3.80 4.13 447 4.63 4.81

14 4.60 5.06 5.38 5.76 5.89 6.15

15 6.03 6.61 - -- -- --
] dy = 0.5mm 4 dy = lmm
a1 N9 p0ssmm | = N=10 p=1.25mn]
N /\\—Nzlo p=0.92my - l~N=11 p=1.88mm|
23 S Y N=lL p=lddmm|  Z g /\ . N=12 p=2.71mm|
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Fig.21. Maximum transfer power P, .« versus normalized transfer distance

drr/dp of different 6.78 MHz self-resonant helical coils. The diameter dy, of
wire is (a) 0.5 mm (b) 1 mm (¢) 1.5 mm (d) 2 mm (e) 2.5 mm (f) 3 mm.

the coil does not exceed 100 mm. Using PEEC solver to scan
the structure parameters, several sets of turn number N and turn
pitch py are obtained to make the SRF of the helical coil reach
6.78 MHz as shown in Table II.

The Tx and Rx are two identical 6.78 MHz self-resonant he-
lical coils and are placed coaxially. Fig. 21 shows the maximum
transfer power P, ma versus the normalized transfer distance
drr /dy. The maximum transfer power first increases and then
decreases with the increase of normalized transfer distance.
Because when Tx and Rx are close, frequency splitting occurs.

Fig. 22 shows the maximum transfer efficiency 7); max versus
the normalized transfer distance drg /dy. It can be seen that the
maximum transfer efficiency decreases with the increase of the
normalized transfer distance.
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Fig. 22.  Maximum transfer efficiency 7y max versus normalized transfer dis-
tance dygr /dy of different 6.78 MHz self-resonant helical coils. The diameter
dy, of wire is (a) 0.5 mm (b) 1 mm (¢) 1.5 mm (d) 2 mm (e) 2.5 mm (f) 3 mm.

When the normalized transfer distance drg /dy is between 1
and 3, the coil with N = 14, p = 5.76 mm and d,, = 2 mm has
the best performance considering the maximum power transfer
principle and maximum transfer efficiency principle. Calculated
by PECC, the first SRF of this coil is 6.79 MHz and the quality
factor @ is 1805 at 6.79 MHz. The self-resonant helical coil was
fabricated and measured as shown in Fig. 23(a). The Tx and Rx
are connected to port 1 and port 2 of VNA via 502 coaxial lines,
respectively. The measured SRF is 6.68 MHz, which is in good
agreement with the calculated result.

The S-parameters between Tx and Rx versus frequency are
shown in Fig. 23(b)—(e) at different normalized transfer distance
drr/dy. S11 and Sy is the input reflection coefficient and the
output reflection coefficient, respectively. Sio is the reverse
transmission coefficient and Ss; is the forward transmission
coefficient. |S;;|? indicates the ratio of the energy output from
port j to the energy injected into port 7. It can be seen from
Fig. 23(b) and (c) that the energy coupled to the output is not
the maximum at SRF. This is because the transfer distance is
small and the frequency splitting phenomenon occurs. As the
transfer distance increases, the frequency splitting phenomenon
disappears and the maximum energy is transferred at SRF as
shown in Fig. 23(d) and (e).

When the load resistance Ry, is 50¢2, the relationship of
the input reflection coefficient Sy1, the forward transmission
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Fig. 23. (a) Photograph of the measurement setup. The diagram of S param-

eters from 6 to 8 MHz at different normalized transfer distance dtgr/dg. (b)
dTR/dH = 1/3. (C)dTR/dH = 3/3. (d)dTR/dH = 5/3. (e)dTR/dH = 7/3.
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Fig. 24.  Transfer efficiency 7; at SRF calculated by PEEC and measured by
VNA when the load resistance Ry, is 50€2.

coefficient S and the coil-to-coil transfer efficiency 7 is

N = |521|2/(1 - |511\2)

The transfer efficiency can be calculate theoretically using
PEEC model. For comparison, the transfer efficiency is also
calculated by (63) using the S-parameters measured by VNA.
The relationship between the transfer efficiency 7, and the
normalized transfer distance drg /dy is shown in Fig. 24.

Good agreement is achieved between the theoretically calcu-
lated predications and measurement results. It can be seen that
the transfer efficiency 7 is about 90% when the normalized
transfer distance drgr/dy is less than 1. With the increase of
transfer distance, the transfer efficiency 7, decreases gradually.

(63)
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Fig.25. (a) Diagramand (b) photograph of MRPT system prototype composed
of two self-resonant coils.
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Fig.26. Experimental waveforms at different transfer distance dtr. (a) dtr =
30cm. (b) drr = 40cm. (¢) drr = 50 cm. (d) drr = 60 cm.

When the normalized transfer distance drg /dy is 2, the transfer
efficiency 7 is still 45%.

C. Demonstration

In order to validate the power transfer capability, an exper-
iment is carried out in the laboratory, as shown in Fig. 25. A
differential mode Class-D amplifier using GaN FETs is con-
nected to the DC source to power the Tx, and a signal generator
is used as the driver of the Class-D amplifier. A 502 resistance
connected with a bridge rectifier is employed as the load for the
Rx.
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The output power is set at SW. Measured by an oscilloscope,
the experimental waveforms with four different transfer dis-
tances are shown in Fig. 26. The transfer efficiency is 90.6%,
79.5%, 59.1% and 43.2% when the transfer distance drr is 30,
40, 50 and 60 cm, respectively.

VI. CONCLUSION

In this paper, a precise modeling and design guideline of
self-resonant helical coils for high-efficiency mid-range WPT
system is established. The equivalent circuit for IPT system is
built and a simple and intuitive understanding of the transfer
characteristics of MRPT system is obtained. Instead of equat-
ing the self-resonant coil into a lumped inductance, the PEEC
method is applied to the self-resonant coil to calculate the
SRFs and the current distributions along the coil. Three simple
helical coils are calculated, simulated, fabricated and measured.
The errors between the PEEC calculation predications and the
HFESS simulation values do not exceed 4%. And the errors
relative to VNA measurement values are not greater than 10%.
Furthermore, the magnetic coupling mechanism between two
self-resonant helical coils is also modeled using PEEC method.
Based on the above model, a design guideline for self-resonant
coils is given. A couple of 6.78 MHz self-resonant helical coils
are designed and fabricated for MRPT system. In order to verify
that the MRPT system can transfer considerable power over a
medium distance, a 502 load resistance is driven wirelessly as
a demonstration. Setting the output power at 5W, the transfer
efficiency is 90.6% ~ 43.2% when the normalized transfer
distance drgr/dp is between 1 and 2.
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