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Abstract—Grid-connected converter with LCL filter plays an
important role in renewable power generation systems. However,
existing control techniques face several challenges in practice (e.g.,
difficulty in parameter design, slow dynamic response, and poor
robustness under slowly time-varying filter parameter, deadtime
of power devices, and external disturbances). To solve these dif-
ficulties, a passivity-based fractional-order sliding-mode control
(PBC-FOSMC) hybrid controller, which combines the merits of
passivity-based control (PBC) and FOSMC, is proposed, where the
inputs of the passive controller are the outputs of the FOSMC
controller. First, a passive current controller is designed based
on the Euler–Lagrange model established by damping injection
according to the PBC theory, which can make the system auto-
matically converge to meet the energy dissipation law. Second,
an FOSMC controller is designed to further enhance the system
robustness to counter disturbances and compensate the reference
current accuracy of PBC. The introduced fractional order can
successfully suppress the undesired chattering due to the switching
behaviors in conventional sliding-mode control. Third, the hybrid
PBC-FOSMC controller is derived and system stability is analyzed.
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Finally, experimental results under 10-kW prototype validate the
excellent performance of the proposed method in terms of robust-
ness, dynamic performance, strong perturbation rejection ability,
etc., and the desired control targets are achieved.

Index Terms—Euler–Lagrange (EL) model, fractional order,
grid-connected converter (GCC), LCL filter, passivity-based
control (PBC), sliding-mode control (SMC).

I. INTRODUCTION

W ITH the rapid development of renewable energy sources,
the requirement of power quality and stability of grid-

connected converters (GCC) have become more stringent. Ow-
ing to the key characteristics of GCC, an increasing num-
ber of researchers study it [1], [2]. An important goal of the
control engineer is to suppress chaotic oscillations or reduce
unnecessary fluctuations and achieve high-quality grid current
integration. According to standards, such as IEEE 519-1992 and
IEEE 1547-2008 [3], the total harmonic distortion (THD) of the
current injected into the power grid should not exceed 5% of the
rated current. Moreover, each current harmonic higher than the
35th harmonic should be limited to less than 0.3% of the rated
fundamental current. Therefore, an effective control strategy for
the current regulators is of great significance.

Compared with the conventional L filter, the LCL filter has
a better harmonic attenuation capability and lower cost [4],
which has drawn much attention and has been widely used.
However, two additional complex conjugate poles in the LCL
filter may lead to system instability. In addition, the main source
of LCL filter uncertainties is the grid impedance, which may
deteriorate the system performance or even lead to unstable
operation. All of these requirements may challenge the controller
design to achieve high-quality grid current injection, resonance
damping, low THD, fast dynamic response, and strong system
stability [5].

Many control strategies for GCC with LCL filter (LCL-GCC)
have been studied. The existing active damping control strategies
for LCL-GCC include proportional integral (PI) control [6],
[7], proportional-resonance (PR) control [8], repetitive control
(RC) [9], and deadbeat control methods [10]. The PI algorithm
is the most widely used method, and is characterized by a
simple structure, easy implementation, and independence from
the mathematical model of the control object [11]. However, it is
sensitive to interference, poor tracking ability for time-varying
ac signals, and steady-state error in inverter control [12]. PR
control has no steady-state error in tracking time-varying ac
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signals and can obtain infinite gain at the fundamental frequency
[13], [14]. However, the PR may deteriorate in stability as the line
impedance increases [15]. Moreover, it is sensitive to changes
in parameters. The RC control method has an excellent effect
on the processing of periodic signals. However, it requires a
high-precision and accurate system model and is sensitive to
external interference. Therefore, RC is typically combined with
other methods for improvement [16].

In addition to traditional linear controllers, nonlinear control
strategies have been studied to obtain more robust performance.
Compared to traditional methods, nonlinear control [i.e., sliding-
mode control (SMC), model predictive control (MPC), and
H� control] has an excellent effect in dealing with complex
environments. In [17], a robust adaptive voltage control method
was proposed for a three-phase inverter, which has a strong
robustness to system uncertainties. The system performance can
be improved by adaptively selecting the control mode accord-
ing to the working conditions. However, owing to its complex
mathematical model, adaptive control is difficult to implement in
engineering. In [18], an H� controller with explicit robustness in
terms of grid impedance variations was proposed to incorporate
the desired tracking performance and stability margin. However,
the weight function has to rely on designer experience, the
algorithm is complex, and it is difficult to implement in an actual
system. Wai et al. [19] developed two newly designed control
strategies for a single-stage boost inverter: an adaptive control
scheme and a fuzzy neural network control system. It has an
excellent control effect on the nonlinear loads. However, there
is no general method or theory to select the appropriate fuzzy
rules, and the complexity of the model creates tradeoffs that
hinder its generalization ability. The aforementioned nonlinear
control methods improve the performance of the system in some
way; however, they do not fundamentally solve the problem of
robust disturbance rejection.

Passivity-based control (PBC) is a nonlinear control strategy
based on the concept of energy. It has the advantages of high
stability and robustness, and the algorithm design is simple
and easy to implement. Therefore, it is suitable for industrial
control applications with complex environments and fluctuating
parameters [20], [21], [22]. The passive controller design mainly
makes the closed-loop system passive by injecting damping into
the system so that the energy function of the system converges
to the expected energy function; thus, the error between the
controlled system state and the expected state can gradually
converge to zero [23]. Therefore, if the system is strictly pas-
sive, it will always maintain global stability. Therefore, passive
control is robust to system-parameter fluctuations and external
interference.

As long as the system features passivity, it maintains global
stability. Therefore, passive control is robust to variations in
system parameters and external interference. Because of its
excellent robustness, stability, and easy realization, it has been
widely used in industry. In [24], improved passivity control
based on energy shaping and damping injection was proposed
for a single-phase uninterruptible power supply. As long as the
inductor current tracks its reference, output voltage control can

be realized indirectly on the premise that the inductor current
tracks its reference. However, the estimated parameters often do
not match actual parameters. To solve this problem, a voltage
outer loop was added to the traditional passive control, which
significantly increased the robustness to large-scale parameter
excuse. In [25], a passivity model prediction scheme for a three-
level neutral-point-clamped (NPC) inverter-fed induction motor
was proposed. To solve the problem in which the performance
of finite control set MPC (FCS-MPC) is highly dependent on ac-
curate measurement and parameter estimation, a passive model
predictive scheme was proposed. Because the power shaping and
damping injection of the proposed scheme inherit passive con-
trol, it improves the robustness under inevitable measurement
noise interference and parameter change. In [26], a simplified
parallel-damped passivity-based controller was proposed for a
dc–dc boost converter to eliminate steady-state errors caused
by parasitic resistance so that the highly nonlinear dc–dc boost
converter has strong robustness to load changes. In [27], to
address the instability of a dc–dc buck power converter under a
constant power load in a dc microgrid, a robust nonlinear control
strategy based on passivity was proposed. Based on the PBC, a
nonlinear disturbance observer was added to ensure high signal
stability and rapid recovery performance of the system during
disturbance and uncertainty. This improved the robustness of the
system to load changes. In [28], a decoupling control scheme
based on passivity was proposed for a T-type NPC photovoltaic
(PV) grid-connected inverter. A passivity controller was de-
signed using the damping injection method. The grid-connected
inverter for PV based on passivity has strong robustness to
disturbances and can effectively suppress the influence of the
delay in the inverter.

The motivations of this article are given as follows. First,
although passive control is widely used in the industry because
of its simple design and good robustness, it still requires an
accurate system model, and the uncertain parameters in the
system operation affect the balance point, which has a negative
impact on the control performance of the controller. Fractional-
order SMC (FOSMC) has the advantages of strong robustness
against external disturbances (e.g., grid voltage variations) and
internal filter parameter variations, because of the fractional
sliding surface, FOSMC controller has much smaller chatter-
ing compared with SMC controller [29], [30]. Therefore, the
combination of FOSMC and passive control (PBC-FOSMC)
solves the problem of passive control requiring highly accu-
rate system parameters, endowing the entire system with the
characteristics of fast response speed and insensitivity to filter
parameter changes and external disturbances, thus the robust
passivity stability of the system is enhanced. Second, in the
proposed PBC-FOSMC, fractional-order theory is introduced
to design the sliding surface, making the system state smoother
when it approaches the sliding surface so that the chattering that
originally converges along the sliding surface can be maximally
suppressed. In summary, the main contributions of this study are
as follows.

1) Based on the power circuit and operating principles of
an LCL-GCC filter, a hybrid controller PBC-FOSMC that
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Fig. 1. Block diagram of NEPG system with PBC-FOSMC controller.

combines SMC control with PBC control is introduced,
which causes the system to converge to the equilibrium
point along the sliding surface while maintaining passivity.
Through damping injection, the proposed PBC-FOSMC
controller further enhances the system robustness against
disturbances.

2) The fractional sliding surface is introduced into the passive
control to make the motion of the system state gently
approach the sliding surface, which can suppress the chat-
tering, thus improving the quality of the grid current.

3) The digital control law of the PBC-FOSMC controller is
derived, and a stability analysis is demonstrated. Finally,
the effectiveness of the proposed scheme under four typ-
ical scenarios is illustrated through an experiment with a
10-kW prototype.

The remaining of this article is as follows. Section II in-
troduces the system structure and its challenges. Section III
introduces the modeling of LCL-GCC and its passivity analysis.
Section IV presents the design of the hybrid controller, including
the design of the inner-loop passive current controller, outer-loop
FOSMC controller, PBC-FOSMC controller, and its digitaliza-
tion. Section V analyzes system stability. In Section VI, the
effectiveness of the proposed control method over existing tech-
niques is experimentally verified. Finally, Section VII concludes
this article.

II. STRUCTURE OF AN LCL-GCC SYSTEM AND MODELING

A. System Description

In practical applications, a new energy power generation
(NEPG) system is necessary to achieve good robustness to
external and internal parameter disturbances. Fig. 1 shows the
proposed PBC-FOSMC strategy for a PV grid-connected sys-
tem. The output of the PV array voltage is transformed into the
input dc-link voltage of the LCL-GCC via a dc–dc converter.
The dc-link voltage is changed to ac voltage, which is further
filtered by an LCL filter required for grid integration.

The operating principles of the control system are briefly
described as follows.

First, the reference grid current and grid voltage sampled
are input into the reference calculation module, with the help
of a phase-lock-loop (PLL) module, the reference inverter-side
current i∗1 is obtained and then a difference with the actual
inverter current is calculated to obtain the current tracking error.
It is needed to note that, during the modeling analysis, the grid
conditions are assumed to be ideal, thus, the PLL can maintain
its stable operation and generates accurate frequency and phase
references for the LCL-GCC converter, and there are no stability
issues caused by the interactions between PLL and the grid
impedance [31], [32], [33].

Second, the inverter current error converges on the fractional
sliding surface through the SMC module. The system state is
then inputted to the passive controller. Thus, the system not only
has passivity but also sliding-mode characteristics because the
system state converges along the sliding surface.

Finally, the output control law of the PBC controller is in-
putted to the pulsewidth modulation block.

B. Problem Description

For the LCL-GCC system to maintain system stability and
guarantee high-quality grid current integration, there are sev-
eral challenges. First, owing to temperature changes, the filter
parameters may also vary, which may lead to modeling errors
and deteriorate the grid current quality. In addition, the time
delay in gate-driving and unknown grid impedance under weak
grid conditions may both endanger system stability. Second, in
addition to internal disturbances, there are also some external
disturbances, for example, dc-ink voltage variations, abrupt grid
voltage, and load changes. All of these factors may influence the
steady-state and dynamic response of the grid current. Therefore,
a control solution that guarantees the system stability, robust-
ness, dynamic response, and quality of the grid current should
be considered.
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III. MATHEMATICAL MODEL AND PASSIVITY ANALYSIS OF AN

LCL-GCC SYSTEM

A. Power Circuit and Euler–Lagrange (EL) Model of
LCL-GCC

As shown in Fig. 1, the power circuit of a two-level LCL-
GCC system consists of a three-phase inverter, LCL filters, and
an ac grid. The dc-link voltage may originate from renewable
energy sources (e.g., PV and wind power generation). The LCL-
GCC system may function as a current- or voltage-controlled
voltage source converter (VSC). In Fig. 1, the inductances of the
converter- and grid-side inductors are denoted by L1 and L2.
The filter capacitance of LCL filter is denoted by Cf ; the output
three-phase voltages of the inverter are uina, uinb, and uinc;
the output three-phase converter-side currents of the inverter are
i1a, i1b, and i1c; the output three-phase grid-side currents of the
inverter are i2a, i2b, and i2c; the voltages of Cf are uca, ucb,
and ucc; the three-phase PCC voltages of the grid are vga, vgb,
and vgc; the three-phase grid voltages are ega, egb, and egc.
RL1 and RL2 are the parasitic resistance of the inductors L1

and L2. It is assumed that the three-phase voltages of the grid
are balanced, and the modeling of the LCC-GCC with variables
is set up, as shown in Fig. 1.

To reduce the number of control variables, the controller is de-
signed inαβ-coordinate, and all subsequent calculations are also
in the stationaryαβ-coordinate frame. According to Kirchhoff’s
law, the voltage and current equation under αβ-coordinates by
Clarke transformation can be derived as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[
i̇1α
i̇1β

]
= −RL1

L1

[
i1α
i1β

]
− 1

L1

[
vcα
vcβ

]
+ 1

L1

[
uinα

uinβ

]
[
i̇gα
i̇gβ

]
= −RL2

L2

[
igα
igβ

]
+ 1

L2

[
vcα
vcβ

]
− 1

L2

[
vgα
vgβ

]
[
v̇cα
v̇cβ

]
= 1

Cf

[
i1α
i1β

]
− 1

Cf

[
igα
igβ

] .

(1)
In (1), i1αβ = [i1α i1β ]

T is the inverter-side current;
vCαβ = [vCα vCβ ]

T is the capacitance voltage; uinαβ =

[uinα uinβ ]
T is the inverter input voltage; igαβ = [igα igβ ]

T is
the grid current; and vgαβ = [vgα vgβ ]

T is the grid voltage.
In (1), igαβ = C3s/2s igabc, uinαβ = C3s/2s vgabc, vcαβ =
C3s/2s vcabc, vgαβ = C3s/2s vgabc , and i1αβ = C3s/2s i1abc.
The Clarke transformation is given by

C3s/2s =
2

3

[
1 −0.5 −0.5

0
√
3
2 −

√
3
2

]
.

To obtain the EL equation of the system, (1) can be trans-
formed into (2), given by⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

L1

[
i̇1α
i̇1β

]
+RL1

[
i1α
i1β

]
+

[
vcα
vcβ

]
=

[
uinα

uinβ

]
L2

[
i̇gα
i̇gβ

]
+RL2

[
igα
igβ

]
+

[
vgα
vgβ

]
=

[
vcα
vcβ

]
Cf

[
v̇cα
v̇cβ

]
=

[
i1α
i1β

]
−

[
igα
igβ

] . (2)

A passive controller is designed based on the system state
equation obtained in (1). The state equation of the system needs

to be transformed into an EL equation form given by

Mẋ+ Jx+Rx = u. (3)

In (3), M is a positive definite diagonal matrix representing
the energy storage of the inverter system. J is the antisymmetric
matrix of the system that represents the interconnection structure
within the system. J satisfies J = −JT . R is a positive-
definite matrix that represents the dissipation characteristics of a
system.x is the state variable.u is the energy exchange between
the system and the external energy. The matrices are as follows:

M =

⎡
⎢⎢⎢⎢⎢⎢⎣

L1 0 0 0 0 0
0 L1 0 0 0 0
0 0 L2 0 0 0
0 0 0 L2 0 0
0 0 0 0 Cf 0
0 0 0 0 0 Cf

⎤
⎥⎥⎥⎥⎥⎥⎦ , x =

⎛
⎜⎜⎜⎜⎜⎜⎝

i1α
i1β
igα
igβ
vCα

vCβ

⎞
⎟⎟⎟⎟⎟⎟⎠ ,

u =

⎛
⎜⎜⎜⎜⎜⎜⎝

uinα

uinβ

−vgα
−vgβ
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

J =

⎡
⎢⎢⎢⎢⎢⎢⎣

RL1 0 0 0 1 0
0 RL1 0 0 0 1
0 0 RL2 0 −1 0
0 0 0 RL2 0 −1
−1 0 1 0 0 0
0 −1 0 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

R =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ .

B. Passivity Analysis of LCL-GCC Converter

For an affine nonlinear system given by{
ẋ = f(x)+ g(x)u
y = h(x)

(4)

where x ∈ Rn is the state variable, x ∈ Rm is the input vari-
able, and f(x, u) is the local Leibniz function.

If there is a continuous differentiable positive semidefinite
energy storage function H(x) and positive definite function
Q(x), for ∀T > 0, if the dissipative inequality

H [T ]−H[0] ≤
∫ T

0

uT ydt−
∫ T

0

Q(x)dt (5)

holds, the system is strictly passive and uTy is the energy power
supply rate.

Assuming the total energy function is

H =
1

2
xTMx. (6)
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Thus, according to (2), the derivative of (6) is derived as
follows:

Ḣ =
1

2
xTMẋ =

1

2
xT [u− Jx−Rx] . (7)

Because J only reflects the internal situation, which has no
influence on the total energy of the system, (7) can be written as

H (T )−H (0) =
1

2

∫ T

0

xT udt. (8)

Comparing (8) with (5), this demonstrates that the LCL-GCC
is passive.

IV. DESIGN OF HYBRID PBC-FOSMC CONTROLLER

Based on the system state equation obtained earlier and the
passivity analysis of the system, a hybrid PBC-FOSMC con-
troller that combines passive control with FOSMC is proposed.
In this section, a passive controller is designed to guarantee
global stability and ensure strong robustness against external
perturbations. Subsequently, the outer-loop FOSMC controller
was derived. Finally, the PBC-FOSMC controller and its digi-
talization are presented.

A. Design of Inner-Loop Passive Controller

Based on the EL equation of the system, the EL equation of
the system error can be obtained as

Mẋe + Jxe +Rxe = −u+Mẋref + Jxref +Rxref

(9)
where xe is the system state error given as

xe =
[
xe1 xe2 xe3 xe4 xe5 xe6

]T
= [i∗1α − i1α i∗1β − i1β i∗gα − igα i∗gβ − igβ
v∗Cα − vCα v∗Cβ − vCβ ]

T

(10)

where i∗1α, i∗1β , i∗2α, i∗2β , v∗Cα, and v∗Cβ represent the references
of i1α, i1β , i2α, i2β , iCα, and vCβ , respectively.

To ensure that the energy function converges quickly, the
damping term is added to (9) and the error EL equation after
damping is obtained as follows:

Mẋe +Rdxe = −u+Mẋref + Jx+Rxref +Raxe

(11)
where Ra is the positive definite damping matrix

Ra =

⎡
⎢⎢⎢⎢⎢⎢⎣

ra1 0 0 0 0 0
0 ra2 0 0 0 0
0 0 ra3 0 0 0
0 0 0 ra4 0 0
0 0 0 0 ra5 0
0 0 0 0 0 ra6

⎤
⎥⎥⎥⎥⎥⎥⎦ . (12)

In Ra, only ra1 and ra2 are directly related to the external
input and play a role, whereas the other items do not count in
damping injection; therefore, ra3 = ra4 = ra5 = ra6 = 0.

Fig. 2. PBC controller for α-phase.

To ensure that the system reaches a stable state, let the right-
hand side of (11) be 0

Mẋe +Rdxe = 0 (13)

where Rd is a positive definite matrix, and the energy transfer
function of the system is

He(ẋ) =
1

2
xT
e Mẋe = −1

2
xT
e Rdxe ≤ 0. (14)

If (14) is satisfied, the input of the system is

u = Mẋref + Jx+Rxref +Raxe. (15)

Expanding (15), the control law of the passive controller is
given as{

uinα = L1
di∗1α
dt + vCα + ra1xe1 +RL1i1α

uinβ = L1
di∗1β
dt + vCβ + ra2xe2 +RL1i1β

. (16)

According to (16), the realization of the PBC controller for
iα is shown in Fig. 2, and the derivation of the PBC controller
for iβ is exactly the same as that of iα.

In practice, the inclusion of a delay of one sampling period
associated with the digital implementation due to the calcula-
tion, the control law uPBC

α (k) cannot be obtained directly, the
control law will delay one sampling period [15], [34]. Therefore,
there is the control law uPBC

α (k) = uinα (k + 1). uPBC
β (k) =

uinβ (k + 1). vCα(k + 1) and vCβ(k + 1) are delayed by one
sampling period Ts due to the sampling delay of the digital
controller. Discretizing (16) and considering the digital control
delay, with the help of backward Euler discrete method [35],
[36], the control law of the passive controller is given as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
uPBC
α (k) = L1

Ts
(i∗1α(k)− i∗1α(k − 1)) + vCα(k + 2)

+ra1xe1(k + 1) +RL1i1α(k + 2)

uPBC
β (k) = L1

Ts

(
i∗1β(k)− i∗1β(k − 1)

)
+ vCβ(k + 2)

+ra2xe2(k + 1) +RL1i1β(k + 2)

.

(17)

B. Design of Outer-Loop FOSMC Controller

For the converter-side current control, its tracking error at in-
stant k isxe(k) = i∗1 (k)− i1(k). Similarly, due to the sampling
delay of the digital controller in practice, if the error is defined
by xe(k), the control law uC(k) will contain xe(k + 1) and
i∗1(k + 2). To solve this problem, xe(k) can be approximately
changed toxe1(k) = i∗1 (k − 1)− i1(k + 1)with two sampling
delays [15], [34].



6974 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 38, NO. 6, JUNE 2023

Because the LCL-GCC system with the SMC controller ex-
hibits a chattering phenomenon in the process of convergence
along the sliding surface, which easily deteriorates the perfor-
mance of the control system, the introduction of a fractional-
order term in the sliding surface can alleviate the chattering when
the system approaches the sliding surface. Similarly, considering
the calculation delay to avoid the state quantity at instantk + 1 in
the control law uPBC

α and uPBC
β , moving the fractional-order term

Dλxe(k) forward by one sampling period, and the fractional-
order sliding surface is given as follows:{

s1(k) = kp1xe1(k) + kd1D
λxe1(k − 1)

s2(k) = kp2xe2(k) + kd2D
λxe2(k − 1)

(18)

wherekp1,kp2,kd1, andkd2 are the parameters in PBC-FOSMC;
kp1 and kp2 are the coefficients of the proportional term in the
fractional sliding surface; kd1 and kd2 are the coefficients of
the fractional derivative term in the sliding surface. In (18),
xe1(k) = i∗1α(k − 1)− i1α(k + 1) and xe2(k) = i∗1β(k − 1)−
i1β(k + 1); and the two sliding surfaces (s1 and s2) are used for
i1α and i1β control.

The inverter current i1α(k + 1) and i1β(k + 1) cannot be
obtained by sampling at instant k. Therefore, the discretization
of (1) can be obtained as⎧⎪⎪⎨
⎪⎪⎩
i1α(k+1)−

(
1− RL1Ts

L1

)
i1α(k)=−Ts

L1
vCα(k)+

Ts

L1
uinα(k)

igα(k+1)−
(
1−RL2Ts

L2

)
igα(k)=

Ts

L2
vCα(k)− Ts

L2
vgα(k)

vCα(k + 1)− vCα(k) =
Ts

Cf
i1α(k)− Ts

Cf
igα(k)

.

(19)
Substitute (19) into (18), and the switching functions

s1(k) and s2(k) can be obtained⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

s1(k)=kp1

(
i∗1α(k − 1)−

(
1− RL1Ts

L1

)
i1α(k)+

Ts

L1
vCα(k)

− Ts

L1
uinα(k)

)
+ kd1D

λxe1(k − 1)

s2(k)=kp2

(
i∗1β(k − 1)−

(
1−RL1Ts

L1

)
i1β(k)+

Ts

L1
vCβ(k)

− Ts

L1
uinβ(k)

)
+ kd2D

λxe2(k − 1)

.

(20)
To ensure that the system can reach the sliding surface from

any initial state, the discrete reaching law is designed as follows:{
s1(k + 1)− s1(k) = −Tsε1sign (s1(k))− Tsk1s1(k)
s2(k + 1)− s2(k) = −Tsε2sign (s2(k))− Tsk2s2(k)

.

(21)
Combining (18) and (20), (21) can be written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s1(k + 1)− s1(k) = kp1 (xe1(k + 1)− i∗1α(k − 1)

+
(
1− RL1Ts

L1

)
i1α(k)

)
+ kp1

Ts

L1
(uinα(k)− vCα(k))

+kd1D
λxe1(k)− kd1D

λxe1(k − 1)

s2(k + 1)− s2(k) = kp2

(
xe2(k + 1)− i∗1β(k − 1)

+
(
1− RL1Ts

L1

)
i1β(k)

)
+kp2

Ts

L1
(uinβ(k)− vCβ(k)) + kd2D

λxe2(k)

−kd2D
λxe2(k − 1)

.

(22)

Combining the reaching law (21) with (22), the state with
sliding mode characteristics can be obtained as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

xe1(k + 1) = 1
kp1

(−kd1D
λxe1(k) + kd1D

λxe1(k − 1)

−Tsε1sign(s1(k))− Tsk1s1(k)) + i∗1α(k − 1)

−(1− RL1Ts

L1
)i1α(k) +

Ts

L1
vCα(k)− Ts

L1
uinα(k)

xe2(k + 1) = 1
kp2

(−kd2D
λxe2(k) + kd2D

λxe2(k − 1)

−Tsε2sign(s2(k))− Tsk2s2(k)) + i∗1β(k − 1)

−(1− RL1Ts

L1
)i1β(k) +

Ts

L1
vCβ(k)− Ts

L1
uinβ(k)

(23)

C. Design of PBC-FOSMC Controller

The PBC-FOSMC is further improved in PBC. The introduc-
tion of SMC causes the system to remain passive, and the system
state can converge along the sliding surface, further improving
the robustness of the system. The introduction of fractional-order
theory can suppress system chattering; thus, the performance of
the system is further improved. Fig. 3 shows the control chart
of the PBC-FOSMC in α-phase, in which the PBC controller
is used as the main body. The original input xe1 of the PBC is
passed through the sliding surface, as shown in the FOSMC of
Fig. 3, such that the system statexe1 converges to the equilibrium
point along the sliding surface, and the FOSMC output x∗

e1 is
input into the PBC. By inheriting the merits of the PBC and
FOSMC controllers, the PBC-FOMSC controller has passive
features and can realize SMC with much smaller chattering.

As a result, the proposed PBC-FOSMC method can achieve
good dynamic response and strong robustness.

According to Section B in the Appendix, the fractional dif-
ferential operator is calculated based on its definition, and the
fractional differential operator with sample number n = 50 for
λ = 0.5 is given by (A7) for approximation. Substitute (19) and
(23) into (17), and combine (A7), the discrete PBC-FOSMC law
can be obtained as (24) shown at the bottom of the next page.

V. STABILITY AND ARRIVAL TIME ANALYSIS

A. Stability Analysis

In the previous section, the passivity of the system was
demonstrated using the energy function He(x). In this system,
the energy function He(x) converges through an appropriate
damping injection so that the system state can converge to the
expected value and ensure the stability of the passive control
system. After introducing the SMC theory, the system state con-
verges along the sliding surface. In this section, we demonstrate
its reachability.

The Lyapunov function is applied to analyze the system
stability. Sliding surface s is a function of the system state
for LCL-GCCs; thus, the system stability can be judged by the
Lyapunov function composed of sliding surface s. The positive
definite scalar function V was set as a Lyapunov function

V (k) =
1

2
(s21(k)+s22(k)). (25)
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Fig. 3. Realization of PBC-FOSMC controller.

Thus, the derivative of V can be obtained as

V̇ (k) = s1(k)ṡ1(k)+s2(k)ṡ2(k). (26)

The system in (25) would be stable if (27) is satisfied{
s21(k + 1)−s21(k) < 0, s1(k) �= 0
s22(k + 1)−s22(k) < 0, s2(k) �= 0

. (27)

Substituting (17) and (18) into (27), V̇ can be derived as
follows:

V̇ (k) =
1

Ts
(V (k + 1)− V (k))

= s1(k)(−k1Tss1(k)− Tsε1sign(s1(k)))

+s2(k)(−k2Tss2(k)− k2Tssign(s2(k))) (28)

which can be simplified as{−k1s
2
1 (k)− ε1 |s1(k)| ≤ 0

−k2s
2
2 (k)− ε2 |s2 (k)| ≤ 0

. (29)

It can be obtained from (28) and (29) that

ΔV ≤ 0. (30)

Because k1 > 0, k2 > 0, ε1 > 0, and ε2 > 0. According to
the Lyapunov stability theorem, it can be determined from (30)
that the system is stable.

B. Arrival Time Analysis

In Section IV-B, it is found that the system is stable under the
reaching law (19), and to derive the arrival time to the sliding
surface, Lemma 1 defined in [37] is applied.

Lemma 1: For a Lyapunov function V (x), assuming that its
initial value is V0, if there is an inequality of (31) satisfying

V̇ (x) + εV (x) + μV σ (x) ≤ 0 (31)

where ε, μ, and σ are real numbers and ε, μ > 0, 0 < σ < 1,
then for the Lyapunov function satisfying (31), the arrival time
is given as

Ta ≤ 1

ε (1− σ)
ln

(
1 +

εV 1−σ
0

μ

)
. (32)

Then, we can construct a function f(ε, μ, σ) given as

f (ε, μ, σ) =
1

ε (1− σ)
ln

(
1 +

εV 1−σ
0

μ

)
. (33)

According to Lemma 1, the arrival time of the system state to
the sliding surface is satisfied

V̇ (s) + εV (s) + μV σ (s) ≤ 0. (34)

Substituting (18) into (34), inequality (35) can be derived as

s
(
−k1s− k2sig(s)b

)
︸ ︷︷ ︸

ṡ

+
ε

2
s2 + μ

(
1

2
s2

)σ

≤ 0. (35)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uPBC
α (k) =

⎡
⎣L1

i∗1α(k)−i∗1α(k−1)
Ts

+
(

ra1Ts

L1
− T 2

s

CfL1
− T 2

s

CfL2
+ (1− RL1Ts

L1
)
2
)
vCα(k)

+

((
1− RL1Ts

L1

)
2Ts

Cf
−

(
1− RL1Ts

L1

)
ra1 +

(
1− RL1Ts

L1

)2

RL1

)
i1α(k) + ra1i

∗
1α(k − 1)

+
(

T 2
s

CfL1
− ra1Ts

L1
+ (1− RL1Ts

L1
)RL1Ts

L1

)
uinα(k) +

(
RL1T

2
s

CfL1
+ RL2T

2
s

CfL2
− 2 Ts

Cf

)
igα(k) +

T 2
s

CfL2
vgα(k)

+
− ra1kd1

T λ
s

∑50
j=0 cjxe1(k−j)+

ra1kd1
T λ
s

∑50
j=0 cjxe1(k−1−j)

kp1
+ −ra1Tsε1sign(s1(k))−ra1Tsk1s1(k)

kp1

]
L1

L1−RL1Ts

uPBC
β (k) =

⎡
⎣L1

i∗1β(k)−i∗1β(k−1)

Ts
+

(
ra2Ts

L1
− T 2

s

CfL1
− T 2

s

CfL2
+ (1− RL1Ts

L1
)
2
)
vCβ(k)

+

((
1− RL1Ts

L1

)
2Ts

Cf
−

(
1− RL1Ts

L1

)
ra2 +

(
1− RL1Ts

L1

)2

RL1

)
i1β(k) + ra2i

∗
1β(k − 1)

+ ( T 2
s

CfL1
− ra1Ts

L1
+ (1− RL1Ts

L1
)RL1Ts

L1
)uinβ(k) +

(
RL1T

2
s

CfL1
+ RL2T

2
s

CfL2
− 2 Ts

Cf

)
igβ(k) +

T 2
s

CfL2
vgβ(k)

+
− ra2kd2

T λ
s

∑50
j=0 cjxe2(k−j)+

ra2kd2
T λ
s

∑50
j=0 cjxe2(k−1−j)

kp2
+ −ra2Tsε2sign(s2(k))−ra2Tsk2s2(k)

kp2

]
L1

L1−RL1Ts

. (24)
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Fig. 4. Experimental setup and designed LCL-GCCs.

Inequality (35) can be further simplified as(ε
2
− k1

)
|s|2 − k2|s|b+1 +

μ

2σ
|s|2σ ≤ 0. (36)

The minimum fmin(ε, μ, σ) of (36) can be calculated when
ε, μ, and σ satisfy

(ε, μ, σ) ∈
{
(ε, μ, σ) |

(ε
2
− k1

)
|s|2 − k2|s|b+1

+
μ

2σ
|s|2σ ≤ 0

}
. (37)

Thus, the arrival time Ta can be obtained as

Ta ≤ fmin (ε, μ, σ) . (38)

However, the calculation of fmin(ε, μ, σ) is complicated;
therefore, only one set of (ε, μ, σ) satisfying (37) is needed. From
(38), (ε, μ, σ) = (k1/4, 2

(b+1)/2k2, 0.5(b+ 1)) is a sufficient
and unnecessary condition of (38). Therefore, the arrival time
Ta is given by Lemma 1 as

Ta ≤ 8

k1 (1− b)
ln

(
1 +

k1
4

· V
1−b
2

0

2
b+1
2 k2

)
. (39)

VI. EXPERIMENTAL ANALYSIS

In this section, the validity of the proposed PBC-FOSMC
control for the LCL-GCC is studied.

A. Hardware Setup

To validate the utility of the proposed method, a hard-
ware prototype of 10-kVA three-phase two-level LCL-GCCs
was set up in the laboratory. The hardware platform is il-
lustrated in Fig. 4. The proposed control scheme was imple-
mented by Texas Instruments 32-b floating-point digital sig-
nal processor TMS320F28335PGF, which is widely used in
fast and complex mathematical calculations and control al-
gorithms. The power inverter consists of a power transistor
and IMZ120R045M1. All power MOSFETs are driven by the

isolation driver 1ED20I12FA2. Six Hall current sensors (HCS-
LTS-06A) were used for these measurements.

For grid and filter capacitor voltage sampling, a high-precision
series voltage divider and a full differential isolation amplifier
ACPL-C790 with 0.5% high gain accuracy, 0.05% excellent
linearity, and 200-kHz wide-bandwidth were used. Since the
output voltage ranges from−1.5 to 1.5 V, a forward-bias voltage
circuit with a single-supply and rail-to-rail operational amplifier
OPA4340 is used to convert −1.5 to 1.5 V into 0 to 3 V. This
allows the system to connect to the ADC port of the micropro-
cessor.

To verify the effectiveness of the proposed controller under
weak grid, a grid emulator Chroma 61800 is used in the lab-
oratory, which can be applied to the test of general electrical
products (e.g., household appliances, switching power supply).
When the object to be tested is a distributed power generation
equipment, such as products that will feed back energy to the
grid (such as solar inverters, two-way charging, and discharging
motors), the 61800 will start the energy recovery mechanism
to convert the reverse current/negative power energy generated
by the inverter to the ac grid. Unlike ordinary ac power supply,
which cannot bear the recharge energy of the object to be tested,
the 61800 series can be applied to the full four quadrants in
the positive and negative voltage/current positive and negative
directions, and has the function of energy recovery, which is
sufficient to become a grid emulator.

In the program design for the microprocessor
(TMS320F28335), the interrupt routine for the PBC-FOSMC,
FOSMC, and SMC control of the LCL-GCCs takes
approximately 65, 52, and 43 μs, respectively, which are
measured by setting the breaking points in the CCS11.0
environment.

B. Test Scenarios

To validate the performance of the proposed method, the PBC-
FOSMC controller was compared with the existing FOSMC and
SMC methods under five scenarios: 1) steady-state response of
the grid current under normal operation, 2) robustness analysis
under grid voltage surge, 3) robustness analysis under filter
parameter changes, 4) and 5) are the robustness analysis under
weak grid and capacitive grid impedance.

The experimental parameters are shown in Table I.
For both the FOSMC and SMC controllers, the sliding surface

can be written as s = x1 + k1x2 + k2x3. The control laws of
the FOSMC and SMC controllers are described as follows.

1) The continuous-time fractional sliding surface of the
FOSMC controller is given as sαβ = x1αβ + k1x2αβ +
k2x3αβ + k3D

λx1αβ , thus its control law can be derived
as

uFOSMC
cαβ

=L1i̇gαβ+CfL1v̈gαβ+CfL1L2

...
i
∗
2αβ + vCαβ

−CfL1L2(x2αβ+k1x3αβ+k3D
λx2αβ)

k2−L1CfL2 (−k4sαβ − k5sign(sαβ)) .
(40)

Thus, with the help of backward Euler discrete method [35],
[36] and (A7) in the Appendix, the discrete-time control law of
(40) is given as (42) shown at the bottom of the this page.
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TABLE I
PARAMETER SPECIFICATIONS

1) For the SMC controller, its continuous-time sliding sur-
face can be written as sαβ = x1αβ + k1x2αβ + k2x3αβ ,
and the control law is

uSMC
cαβ = L1i̇

αβ
g + CfL1v̈gαβ + CfL1L2

...
i refαβ + vCαβ

−CfL1L2(x2αβ+k1x3αβ)
k2−L1CfL2 (−k4sαβ − k5sign(sαβ))

(41)

Similarly, by backward Euler discrete method [35], [36], the
discrete-time control law of (41) is given as (43) shown at the
bottom of the this page.

Note that in the aforementioned sliding surface and control
law, x1αβ is the grid current error, x2αβ and x3αβ are the first
and second derivatives of the grid current errors underαβ-frame,
expressed as follows:

x1αβ =

[
igα − i∗gα
igβ − i∗gβ

]
, x2αβ =

[
i̇gα − i̇∗gα
i̇gβ − i̇∗gβ

]
,

x3αβ =

[
ïgα − ï∗gα
ïgβ − ï∗gβ

]
, xg =

[
x1αβ x2αβ x3αβ

]T
.

C. Results and Analysis

1) Steady-State Analysis: Fig. 5(a)–(c) show the steady-state
waveform of the three-phase grid current with different control
methods under stiff grid, which indicate that all have good
steady-state tracking performance. Fig. 5(d) shows the tracking
error of the grid current under α-frame, indicating that the

Fig. 5. Waveforms of the steady-state grid current. (a) PBC-FOSMC, (b)
FOSMC, and (c) SMC methods. (d) Tracking error (i1α) of the grid current
under αβ stationary coordinates.

current tracking error with PBC-FOSMC is 0.5 A, which reduces
the tracking error by 33% compared with existing FOSMC and
SMC methods.

2) Grid Voltage Surge: To evaluate the grid current tracking
performance under grid voltage variations, the grid voltage
increases to 120% of it rated voltage. Fig. 6(a) shows that in the
case of a grid voltage surge, the grid current of the PBC-FOSMC
is restored to a new stable tracking state in one cycle after a
short oscillation. Fig. 6(c) and (e) show that the current tracking
waveforms of the FOSMC and SMC will be distorted and cannot
be restored to the normal tracking state under a sudden voltage
increase of 20%. Fig. 6(b), (d), and (f) show that the control
signal of PBC-FOSMC is still sinusoidal while the control
signals of FOSMC and SMC are obvious distorted. Complete
distortion of α-phase control signal of FOSMC and both α- and
β-phase control signals of SMC. Fig. 6(g) and (h) show the grid
current errors under the stationary αβ-coordinate, which shows
that the grid current tracking errors of PBC-FOSMC are stable
within 0.2 A, which is consistent with that under steady state.
The grid current errors of FOSMC are 1.1 and 3.4 A. And the
grid current tracking errors with SMC controller are about 1.65
and 14 A, resulting in an obvious distortion. Compared with
the FOSMC and SMC methods, the PBC-FOSMC is almost

uFOSMC
cαβ (k) = L1⎛
⎜⎝

Cf (vαβ(k)−2vgαβ(k−1)+vgαβ(k−2))
T 2
s

+
CfL2(i∗2αβ(k)−3i∗2αβ(k−1)+2i∗2αβ(k−2)−i∗2αβ(k−3))

T 3
s

+CfL2 (−k4sαβ(k)− k5sign (sαβ(k)))−
CfL2(x2αβ(k)+k1x3αβ(k)− k3

T λ
s

50∑

j=0

cjx2αβ(k−j))

k2
+

(igαβ(k)−igαβ(k−1))
Ts

⎞
⎟⎠+ vCαβ(k)

(42)

uSMC
cαβ (k) = L1

(
Cf (vgαβ(k)−2vgαβ(k−1)+vgαβ(k−2))

Ts
+

CfL2(i∗refαβ(k)−3i∗refαβ(k−1)+2i∗refαβ(k−2)−i∗refαβ(k−3))
T 3
s

−CfL2(x2αβ(k)+k1x3αβ(k))
k2

+ CfL2 (k4sαβ(k) + k5sign (sαβ(k))) +
(igαβ(k)−igαβ(k−1))

Ts

)
+ vCαβ(k). (43)
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Fig. 6. Grid current tracking under grid voltage surge. (a), (c), and (e)
PBC-FOSMC, FOSMC, and SMC. (b), (d), and (f) Control signals of the three
methods. (g) and (h) Tracking errors of the grid current (Δiα and Δiβ ).

unaffected and has good robustness to voltage surge, and the
grid current returns to its normal state after a short fluctuation.

3) Filter Parameter Variation: To evaluate the control effect
of the PBC-FOSMC under the filter parameter fluctuation, the
experiment was carried out when the LCL filter parameters are
reduced by 30%. Fig. 7 shows the waveforms of the grid current
and control signals obtained using the three methods. Fig. 7(a)
shows the three-phase grid current with the PBC-FOSMC con-
troller. When the filter parameters change suddenly, the grid
current is tracked well and is almost unaffected. Fig. 7(c) and
(e) show the grid current with the FOSMC and SMC methods,
respectively. After the filter parameter was changed, the grid
current was distorted.

Fig. 7(b), (d), and (f) show that the control signals of PBC-
FOSMC are still stable while the α-phase control signals of
FOSMC and SMC are nonsinusoidal. Fig. 7(g) and (f) show the
grid current tracking errors, indicating that the tracking errors of
the PBC-FOSMC under the αβ frame are 0.4 and 0.8 A. Com-
pared with the steady-state condition, the increased error was
within 0.5 A compared with the steady-state condition. However,
the maximum grid current errors with FOSMC controller are
about 6 and 3.75 A, and the grid current errors (Δiα and Δiβ)
with SMC controller are about 4 and 14.5 A. This demonstrates
that the PBC-FOSMC exhibits better robustness against filter
parameter changes.

Fig. 7. Grid current under filter parameter variations with different control
methods. (a), (c), and (e) PBC-FOSMC, FOSMC, and SMC methods. (b), (d),
and (f) Control signals of the three control methods. (g) and (h) Tracking error
of iα and iβ .

4) Weak Grid: With the increase of installed capacity of PV
power generation system and the further improvement of PV
permeability in recent years, the operation environment of strong
grid connected with a large number of PVs increasingly presents
the characteristics of weak grid, which is specifically manifested
as the large impedance of power grid line and cannot be ignored
[38], [39].To evaluate the effect of PBC-FOSMC, FOSMC, and
SMC controllers under weak grid, the inverter is changed from a
strong grid ( Zg = 0.157i + 0.3 , the short-circuit ratio (SCR)
is 24.2) to a weak grid ( Zg = 1.57i + 3, SCR = 2.42) by
using the energy recovery grid emulator Chroma 61800. SCR is
defined in (44)

SCR =
SSC

SVSC
=

3
2V

2
PCC/ |Zg|
SVSC

=
1.5V 2

PCC/ω0Lg

SVSC
(44)

where SSC, SVSC, VPCC, and Zg are the short-circuit apparent
power of the grid, apparent power of VSC, PCC voltage, and
the grid impedance, respectively.

Fig. 8 shows the waveforms of the grid current with three
typical methods. Fig. 8(a) shows that the three-phase grid cur-
rent with PBC-FOSMC is almost unaffected under weak grid,
maintaining very small steady-state tracking errors. Fig. 8(b)
and (c) show the grid current tracking results with FOSMC
and SMC controllers, indicating that the grid current can be
well tracked eventually, they all exhibit large oscillations at the
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Fig. 8. Grid current tracking under weak grid with different controllers. (a),
(b), and (c) PBC-FOSMC, FOSMC, and SMC methods. (d) and (e) Tracking
errors of the grid current (Δiα and Δiβ ).

Fig. 9. Equivalent output admittance with various grid impedance type.

beginning. Fig. 8(d) and (e) show the grid current tracking errors
under stationary αβ-coordinate, indicating that the grid current
tracking errors of PBC-FOSMC are stable within 0.6 A under
weak grid, which is very close to 0.5 A under strong grid. The
peak grid current tracking errors (Δiα and Δiβ) of FOSMC
before entering steady-state are about 45 and 14 A, whereas
those of SMC are about 22 and 42 A. Compared with the other
two methods, PBC-FOSMC is almost unaffected and can always
maintain excellent tracking performance under weak grid.

5) Capacitive Grid Impedance: In weak grid, long line in-
ductance and transformer leakage inductance play a major role,
the grid impedance would be inductive. However, in some cases,
the grid impedance may also be capacitive. Fig. 9 shows the
equivalent output admittance (Y 0) of an LCL-GCC with various
grid impedance types. The LCL-GCC can be seen as a current
controlled current source. i∗2 is the reference current. Rg, Lg,
and Cg represent the resistance, inductance, and capacitance of
the grid, respectively. Thus, the grid impedance can be inductive
and capacitive. To evaluate the control effect of PBC-FOSMC,

Fig. 10. Waveforms of the steady-state grid current under capacitive grid
impedance. (a), (b), and (c) PBC-FOSMC, FOSMC, and SMC methods. (d)
Tracking error (iα) of the grid current under αβ stationary coordinates.

TABLE II
GRID CURRENT TRACKING PERFORMANCE WITH DIFFERENT CONTROLLERS

FOSMC, and SMC controllers under capacitive weak grid, the
grid-connected LCL-GCC system changes from a weak grid
with inductive impedance (Rg = 3Ω, Lg = 5 mH) to capacitive
impedance (Rg = 3Ω, Lg = 5 mH, Cg = 3μF) by using the
programmable energy recovery grid emulator Chroma 61800.

Fig. 10(a)–(c) show the waveforms of the grid current with
three typical methods when the grid impedance changes from
inductive grid to capacitive grid. Fig. 10(d) shows the tracking
error of the grid current under α-frame, indicating that when
the grid impedance changes from inductive to capacitive, the
tracking error of PBC-FOSMC in α-frame does not change
much (0.6 A), whereas the tracking errors of FOSMC and SMC
increase to 1.1 and 1.18 A, respectively. Although the three
methods can obtain stable tracking performance, the tracking
effect of PBC-FOSMC under capacitive weak grid is still much
better than the other two control methods, which demonstrates
the advantage of the proposed controller.

D. Summary

To clearly show the differences between the PBC-FOSMC,
FOSMC, and SMC methods under different scenarios, Table II
shows a comparison of the grid current tracking characteristics
of PBC-FOSMC, FOSMC, and SMC controllers, indicating that
the more red-stars, the better performance the corresponding
control method has for grid current tracking under different
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test scenarios. Table II clearly demonstrates the superior per-
formance of PBC-FOSMC. It is necessary to note that the
complexity of the proposed control method is relatively higher.
However, with the development of high-speed microprocessors,
the proposed method is of great engineering significance.

VII. CONCLUSION

In this study, a PBC-FOSMC is proposed for a three-phase
LCL-GCC system. The controller uses passive control as the
main body and makes the system converge along the fractional-
order sliding surface, which can effectively improve the system
robustness against external perturbations and internal parameter
disturbances, and can suppress chattering through the fractional-
order term on the sliding surface. To facilitate practical appli-
cations, the control law is discretized, and the stability of the
system is proved. Experimental results under various conditions
have shown that compared with existing methods, the proposed
PBC-FOSMC exhibits better robustness and dynamics. In future
research, we suggest extending this technique to a motor-drive
system.

APPENDIX

A. Concepts of Fractional-Order Calculus

Fractional calculus is a generalization of the conventional
integral calculus. Compared with integral-order calculus, frac-
tional calculus has more universal significance.

There are three common definitions of fractional calculus;
Riemann–Liouville (RL), Grunwald–Letnikov (GL), and Ca-
puto [40], which are defined as follows.

1) RL definition

bD
λ
t f(t) =

1

Γ(n− λ)

dn

dtn

∫ t

b

(t− τ)n−λ−1f(τ)dτ .

(A1)
2) GL definition

bD
λ
t f(t) = lim

k→∞
k−λ

[b]∑
j=0

(−1)j
(
p
j

)
f(t− jk). (A2)

In (A1) and (A2), n− 1 < α < n. b
Dα

t f(t) is the α-order
differential of f(t) when α > 0, and b

Dα
t f(t) is the −α-order

integral of f(t) when α < 0. Γ is the gamma function, k is the
calculation step size, and [b] is the rounding function of b.

1) Caputo definition

C
a D

p
t f(t) =

1

Γ(m− a)

∫ t

a

x(m)(τ)

(t− τ)a−m+1 dτ . (A3)

In (A3), m− 1 ≤ a ≤ m, m ∈ N . Γ(p) =
+∞
∫
0

tp−1e−tdt is

the gamma function, and p represents any real number.

B. Discrete FOSMC Controller

When fractional order is introduced, chattering in SMPC is
suppressed. However, in practical applications, accurate calcu-
lation of fractional order often consumes a large amount of
computing resources, which increases the cost of the controller.

To make the fractional-order SMC easy to realize in the digital
controller, the discrete fractional-order SMC law is obtained by
approximating the fractional derivative.

Fractional order is defined as follows:

Δλxn =
1

T λ
s

n∑
j=0

(−1)j
(

λ

j

)
x(k − j) (A4)

where λ� R is the order of derivation, Ts is the sampling time,
and n � N is the number of samples for which the derivation

was computed. The term (
λ

j
) can be written as

(
λ

j

)
=

{
1 for j = 0
λ(λ−1)···(λ−j+1)

j! for j > 0
. (A5)

And to facilitate writing, note cj = (−1)j (
λ

j
), (A5) can be

obtain

Δλxn =
1

T λ
s

n∑
j=0

cjx(n− j). (A6)

For this study, if n = 50 has been used to approximate the
fractional derivative, (A6) can be written as

Δλxn =
1

T λ
s

50∑
j=0

cjx(50− j). (A7)

After substituting the aforementioned discrete fractional order
into the fractional-order control law obtained in the previous
section, the discrete fractional-order equivalent SMC law can
be obtained.
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