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Abstract—DD planar coil with ferrite core is one popular cou-
pling structure in wireless power transfer (WPT), especially for
electric vehicle applications. The coil design is critical for im-
proving the performance of WPT system. However, the coupler
design purely relying on finite element analysis (FEA) software is
time-consuming. Literature on the modeling of DD coil is lacking.
Therefore, the model of DD coil with a ferrite core for calculating
self-inductance, mutual inductance, and ac resistance is proposed
in this article. The condition when primary and secondary coils
have different sizes is also considered. The case that there is mis-
alignment is also analyzed. Meanwhile, a genetic algorithm based
on the proposed coil mathematical model is proposed to optimize
the coil structure. For verifying the accuracy of the proposed model,
the simulation model based on the FEA and a 1.2-kW laboratory
prototype are built simultaneously. The calculation values based on
the proposed model is highly consistent with the simulation results
and experimental values. Error for calculating self-inductance and
mutual inductance is within 5% when coils on the primary side
and secondary side are in alignment. The error for calculating the
ac resistance of the coil is within 10% when the frequency range is
0–200 kHz.

Index Terms—AC resistance, analytical model, DD coil, genetic
algorithm, mutual inductance, self-inductance, wireless power
transfer (WPT).

I. INTRODUCTION

W IRELESS power transfer is increasingly popular for its
safety and convenience compared with the conventional

plug-in charging method [1], [2], [3], [4], [5], [6], [7]. Applying
wireless power transfer (WPT) to electric vehicles (EVs) for
wireless charging is one of the most promising applications.
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Fig. 1. A typical WPT system for the EV.

Fig. 2. Typical coil design process.

The magnetic coupler is a central part of the WPT system. The
DD coil is proposed for the first time [8]. The DD coil consists
of two single coils connected in series in the opposite direction.
The single coil is usually rectangular spiral coil. It has been
analyzed that the DD coil has better coupling performance and
lower leakage flux compared with other coil structure [8], [9],
[10]. Therefore, the DD coil has been widely used especially
in the EV’s application [11], [12], [13], [14], [15]. In practical
applications, the DD coil is usually covered with a magnetic
core for improving the coupling and magnetic shield, as shown
in Fig.1.

A good design of coil is very critical for improving the
performance of the WPT system. The strong power transfer
capacity and high transfer efficiency are usually the objectives
of coil design, which involves three variables: self-inductance,
mutual inductance, and the ac resistance of the coupler, as shown
in Fig. 2.

Generally, the coil is optimized to obtain the desired self-
inductance and mutual inductance, as well as smaller resis-
tance with the help of finite element analysis (FEA) soft-
ware. However, there are some short comings related to this
method. 1) The simulation model needs a large number of
meshes in order to ensure the accuracy of simulation result.
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Especially when Litz wire is adopted in the coil design, the
simulation meshes will become enormous. 2) In order to find
an optimized coil solution, large amount of coil models with
different parameters need to be swept. Therefore, coil design
that relies purely on simulation is very time-consuming. On
the contrary, with the help of a mathematical model and in-
telligent algorithms, it becomes possible to design the coil
quickly and accurately. Besides, the theoretical model of the
coupler can help designers better understand the working prin-
ciple of coupling mechanism and avoid some unnecessary try
and error.

For calculating the self-inductance and mutual inductance,
many works have been conducted, which can be classified into
the following three categories.

1) Mathematical model is reported for the coreless coil in
[16], [17], [18], [19], [20], [21], [22], [23], and [24]. In
these models, the case that coil with ferrite is not con-
sidered. The coil structure is mainly single coil structure,
such as circular coil and rectangular coil.

2) A method of calculating the self-inductance and mutual
inductance of the circular coil or rectangular coil with
ferrite was reported in [25], [26], [27], [28], and [29]. For
models in [25] and [26], the magnetic core needs to be
much larger than the coil area; otherwise, it leads to a
great error. In [27], [28], and [29], the effect caused by
the ferrite is considered. However, it is only applicable to
spiral tubes with specific magnetic core structure

3) Several methods are introduced to calculate the inductance
of the transformer [9], [30], [31], [32], [33]. In these
cases, the winding is wrapped by the magnetic core and
the magnetic leakage is very small. For reducing the ac
resistance of the coil, the Litz wire is commonly used.

The key to calculate the ac resistance of the coil is to obtain
the field distribution of the cross section of the Litz wire. The
method for gaining the field distribution can be classified into
two categories. 1) Field distribution is obtained by the analytical
model [34], [35], [36], [37], [38], [39], [40], [41]. 2) Field
distribution is obtained by the simulation [42], [43], [34], [35],
[36] that put forward a method for analyzing the ac resistance of
the circular coil. In these models, the ac resistance is calculated
based on the assumption that the magnetic field magnitude is
independent of the position at the circumferential direction in
cylindrical coordinates, which is not valid for square coils or
DD coils. Several models for calculating winding ac resistance
were reported in [38], [39], [40], and [41]. In these models, the
magnetic distribution is considered to be the same. However,
this assumption is not valid for the planar coils.

In general, these existing literature mainly focus on the single
circular, square coils, or the transformer winding. There is a
lack of modeling for the DD planar coil with ferrite for calcu-
lating the self-inductance, mutual inductance, and ac resistance.
Therefore, a mathematical model is proposed for calculating
the self-inductance, mutual inductance, and ac resistance of the
DD coil with the ferrite core in this article. Besides, a genetic
algorithm based on the proposed coil mathematical model is
proposed to optimize the coil structure. The main contributions
are listed as follows.

1) A mathematical model of rectangular DD coil with ferrite
core for calculating the inductance and mutual inductance
is proposed. For calculating the inductance, the rectangu-
lar DD coil is divided into multiple straight segments. The
self-inductance of each segment is calculated separately.
The mutual inductance between every two segments is
calculated simultaneously. According to the superposition
theory of electromagnetic field, the total inductance can be
calculated by accumulating the contribution of each line
segment. In order to eliminate the influence of magnetic
core on the calculation of self-inductance and mutual
inductance, the multiple image method is adopted. It is also
analyzed when there exists a misalignment. Meanwhile,
the condition that the size of the coil on the primary side
and secondary side are different is also considered.

2) A mathematical model for calculating the ac resistance
of the DD coil with ferrite core is proposed. Biot–Savart
law is adopted to calculate the magnetic distribution.
The image method is applied to remove the effect of the
core on the magnetic distribution. Due to the complex
structure of rectangular DD coil, it is difficult to directly
give the field strength distribution at any position on the
coil cross section. Therefore, DD coil is divided into unit
segments firstly. Then, the resistance of unit segments is
solved, respectively. Finally, the total ac resistance of coil
can be calculated by numerical integration, which is easy
to program.

3) A genetic algorithm based on the proposed coil mathe-
matical model is proposed to optimize the coil structure.
Compared with the coil design based on FEA software,
it can significantly save time. The computing time of the
genetic algorithm based on the proposed coil mathematical
model for optimizing the coil structure is only 48 s in this
article.

The rest of this article is organized as follows. In Section II,
the model for calculating self-inductance and mutual inductance
of the coreless coil is introduced. In Section III, the theoretical
model of rectangular DD coil with ferrite core for calculating the
inductance and mutual inductance is proposed. In Section IV,
the analytical model for calculating the ac resistance of the DD
coil with ferrite core is built. In Section V, the simulation model
and experiment system are built to verify the proposed model.
And a genetic algorithm based on the proposed coil theoretical
model is proposed to optimize the coil structure.

II. MODELING FOR SELF-INDUCTANCE AND MUTUAL

INDUCTANCE OF THE CORELESS DD PLANAR COIL

A. Inductance and Mutual Inductance Calculation for the
Parallel Straight Filaments

The rectangular DD coil can be divided into multiple straight
segments. According to the superposition principle of electro-
magnetic field, the whole DD coil can be calculated by accu-
mulating the contribution of each line segment. The operation
frequency of the Litz coil used for WPT in EV application is
usually 85 kHz. The displacement current is not considered when
analyzing the field distribution. The spatial field distribution
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Fig. 3. Self-inductance of a straight wire.

is hardly affected by the current distribution in the conductor.
When the coil is analyzed in the free space or air, the Biot–Savart
law can be used to calculate the magnetic distribution. The self-
inductance is decided by the amount of magnetic flux generated
by the current in the conductor and linked with the conductor
itself as shown in Fig. 3. The self-inductance of a straight round
conductor can be gained by integrating the magnetic field in
space.

Therefore, the self-inductance of a straight segment can be
calculated by [44], [45]

L(l, rc) =
ψ2 + ψ1

I
=
μ0

2π

[
l · In

(
l +
√
l2 + r2c
rc

)

−
√
l2 + r2c +

l

4
+rc

]
(1)

where rc is the radius of the round conductor and l is the length
of the conductor, as shown in Fig. 3. Similarly, the mutual
inductance of the parallel straight filaments can be obtained by
[45]

M(l,m, d,Δ) =
μ0

4π

[
α · sinh−1

(α
d

)
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(
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(γ
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+Δsinh−1

(
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]
α = l +m+Δ, β = l +Δ, γ = m+Δ (2)

where m and l are the lengths of the conductor, respectively. Δ
is defined, as shown in Fig. 4(a). d is the distance between the
two parallel conductors.

B. Mutual Calculation Principle for the Nonparallel Straight
Filaments

The mutual inductance between two line segments at arbitrary
positions, as shown in the Fig. 4(b), can be calculated according
to the following equation [45]:

M (m, l,R1, R2, R3, R4)=
μ0
4π

cos(e)
[
2(u+l)tanh−1

(
m

R1+R2

)

−u tanh−1
(

m
R3+R4

)
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(
l

R1+R4

)

−v tanh−1
(

l
R2+R3

)]
− Ωd

sin(e)
(3)

Fig. 4. (a) Parallel misaligned conductor. (b) Any position conductor.

where

Ω = tan−1

[
d2 cos(e)+(μ+l)(v +m)sin2(e)

dR1 sin(e)

]

− tan−1

[
d2 cos(e)+(μ+l)(v)sin2(e)

dR2 sin(e)

]

+ tan−1

[
d2 cos(e)+μvsin2(e)

dR3 sin(e)

]

− tan−1

[
d2 cos(e)+μ(v +m)sin2(e)

dR4 sin(e)

]
(4)

cos(e) =
α2

2lm

R1 = Bb,R2 = Ba,R3 = Aa, andR4 = Ab

α2 = R2
4 −R2

3 +R2
2 −R2

1

d2 = R2
3 − u2 − v2 + 2uv cos(e)

u = l
2m2(R2

2 −R2
3 − l2) + α2(R2

4 −R2
3 −m2)

4l2m2 − α4

v = m
2l2(R2

4 −R2
3 −m2) + α2(R2

2 −R2
3 − l2)

4l2m2 − α4
(5)

where R1, R2, R3, and R4 are defined as the distance between
points: B and b, B and a, A and a, and A and b.

C. Self-Inductance for Coreless Coil

The planar DD coils consist of two rectangular coils connected
in series in the opposite direction, as shown in Fig. 5(b). The
model parameters of planar DD coils are defined in Fig. 5. rc
is the radius of the round wire. Wxp and Lyp are the width and
length of the primary DD coil. dsp is the turn space defined as
the distance between the center of the two adjacent wires. These
parameters satisfy

Wxp = 2Wx1+d1,Wx1 = 2dsp(N1 − 1) + dw1. (6)
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Fig. 5. Structure of the DD coil. (a) Cross-sectional view. (b) 2-D view.

The inductance of the plane DD coil can be gained by

L = L1 + L2 + 2M1 (7)

where L1 and L2 are the self-inductance of the rectangular coils
connected in series. M1 is the mutual inductance between the
two rectangular coils, as shown in Fig. 6(a).

The single rectangular coils L1 and L2 are separately divided
into four parts: 1a, 1b, 2a, and 2b and 3a, 3b, 4a, and 4b. The
value of M1 can be gained by

M1 =M1a3a +M1a3b +M1b3a+M1b3b (8)

where M1a3a is the mutual inductance between parts 1a and 3a
in Fig. 6(a). M1a3a can be calculated by

|M1a3a| =
3N1∑

i=2N1+1

N1∑
j=1

M(l1a, l3a, dij_1a3a,Δ1a3a)

l1a= l3a=Lyp−dsp(N1−1), dij_1a3a = (i− j − 2) dsp+dw1+d1

Δ1a3a = −(Lyp − dsp(N1 − 1)). (9)

According to (2) and (9), the mutual inductance M1a3a can
be calculated. The l1a and l3a are defined as the average
length of parts 1a and 3a. The definition of M1a3b, M1b3a, and
M1b3b is similar to M1a3a.M1a3b, M1b3a, and M1b3b can be

Fig. 6. Schematic diagram of planar DD coil. (a) Primary coil. (b) Coils
on both sides with latera misalignment. (c) Coils on both sides with angular
misalignment.

calculated by

|M1a3b| =
4N1∑

i=3N1+1

N1∑
j=1

M(l1a, l3b, dij_1a3b,Δ1a3b)

|M1b3a| =
3N1∑

i=2N1+1

2N1∑
j=N1+1

M(l1b, l3a, dij_1b3a,Δ1b3a)

|M1b3b| =
4N1∑

i=3N1+1

2N1∑
j=N1+1

M
(
l1b, l3b, dij_1b3b

,Δ1b3b

)

l1a = l3a = l3b = l1b = Lyp − dsp(N1 − 1)

Δ1a3b = Δ1b3a=Δ1b3b = − (Lyp − dsp(N1 − 1))

dij_1a3b = (i− j − 3)dsp+2dw1 + d1, dij_1b3a

= (i− j − 1) dsp + d1

dij_1b3b = (i− j − 2)dsp+dw1 + d1. (10)

It should be noted that the value of the mutual inductance
may be negative or positive. It is decided by the direction of the
current in each part, as shown in Fig. 6. For example, the current
in the part 1a and part 3a are opposite. and the value of M1a3a

is negative. When the two rectangular coils have the same turns
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and size, there is M1a3a = M1b3b. L1 can be obtained by

L1 = L1a + L1b + L2a + L2b + 2M1a1b + 2M2a2b (11)

where M1a1b and M2a2b are the mutual inductance between
parts 1a and 1b and parts 2a and 2b. L1a, L1b, L2a, and L2b

are the self-inductance of each part. M1a1b and M2a2b can be
calculated by

|M1a1b| =
N1∑
i=1

N1∑
j=1

M(l1a, l1b, dij_1a1b,Δ1a1b)

|M2a2b| =
N1∑
i=1

N1∑
j=i

M(l2a, l2b, dij_2a2b,Δ2a2b)

l1b = l1a = Lyp − dsp(N1 − 1)

l2b = l2a =Wxp − dsp(N1 − 1)

dij_2a2b = (i− j − 1)dsp+Lyp − 2(N1 − 1)dsp

dij_1a1b = (i− j − 1)dsp+dw1

Δ1a1b = Lyp − dsp(N1 − 1)

Δ2a2b =Wxp − dsp(N1 − 1). (12)

L1a and L1b have the same number of lines and are of the
same length. Therefore, L1a and L1b have the same value. L1a

can be gained by

L1a =

i=N1∑
i=1

L(rc, li_1a) +

i=N1∑
i=1

j=N1∑
j=1,j �=i

×M(l1a, l1a, dij_1a,−l1a/2)
l1a = Lyp − dsp(N1 − 1), li_1a = Lyp − 2dsp(i− 1)

dij_1a = (|i− j|)dsp. (13)

L2b and L2a have the same value. L2a can be calculated by

L2a =

i=N∑
i=1

L (rc, li_2a) +

i=N∑
i=1

j=N∑
j=1,j �=i

×M
(
l2a, l2a, dij_2a,−l2a/2

)
l2a =Wxp − dsp(N1 − 1), li_2a=Wxp − 2dsp(i− 1)

dij_2a = (|i− j|)dsp. (14)

L2 can be calculated in the same way as L1. If the two
rectangular coils have the same turns and size, L1 is equal to L2.
Due to space limitations, only the case that the two rectangular
are identical is analyzed. The self-inductance of the coreless DD

planar coils Lcoreless can be gained by

Lcoreless = 2

(
2
i=N1∑
i=1

(L(rc, li_1a) + L(rc, li_2a))

+2
i=N1∑
i=1

j=N1∑
j=1,j �=i

(M(l2a, l2a, dij_2a,−l2a)
+M(l1a, l1a, dij_1a,−l1a))
+2

(
N1∑
i=1

N1∑
j=1

M(l1a, l1b, dij_1a1b,Δ1a1b)

+
N1∑
i=1

N1∑
j=i

M(l2a, l2b, dij_2a2b,Δ2a2b)

))

+2

(
N1∑
i=1

N1∑
j=i

(M
(
l1a, l3a, dij_1a3a,Δ1a3a

)
+M(l1b, l3b, dij_1b3b,Δ1b3b

)
+2

(
N1∑
i=1

N1∑
j=1

(M(l3b, l1a, dij_1a3b,Δ1a3b)

+M
(
l3a, l1b, dij_1b3a,Δ1b3a

))
.

(15)

C. Mutual Inductance Calculation Principle for Coreless DD
Coil

The two coupled planar DD coils are divided into eight parts,
as shown in Fig. 6(b). The mutual inductance between the
coreless DD planar coil on the primary side and secondary side.
Mcoreless can be calculated by

Mcoreless=
2∑

i=1

3∑
j=0

(
M(2i−1)a(j+5)b +M(2i−1)a(j+5)a+M(2i−1)b(j+5)b

+M(2i−1)b(j+5)a+M(2i)a(j+5)b+M (2i)a(j+5)a

+M (2i)b(j +5)b+M(2i)b(j+5)a

)
. (16)

When there exists lateral misalignment, only M1a7a is taken
as an example due to the limitation of space, which can be
calculated by

|M1a7a| =
N2∑
i=1

N1∑
j=i

M(l1a, l7a, dij_1a7a,Δ1a7a)

l1a = Lyp − dsp(N1 − 1), l7a = Lys − dsp(N2−1)

dij_1a7a_x=(jdss − idsp)+Wx1 + (d2 + d1) /2+Δx

dij_1a7a=(dij_1a7a_x)
2+h2,Δ1a7a=−(Lyp+Lys) /2+Δy

(17)

where Δx and Δy are the misalignment distance in the x- and
y-directions, as shown in Fig. 6(b). The other parameters in (17)
are shown in Fig. 5. The calculation process is similar for mutual
inductance. Therefore, combining (1), (2), (16), and (17), the
mutual inductance between the coil on the primary side and
secondary side can be calculated with the arbitrary position.

When there exists lateral misalignment and angular misalign-
ment, M1a7a is taken as an example due to the limitation of
space. The rotation angle is defined as in the Fig. 6(c). The
relative position of the two coils can be seen as that the secondary
coil rotates around the coil center point and then horizontally
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misalign, as shown in the Fig. 6(c).

|M1a7a| =
N2∑
i=1

N1∑
j=i

M
(
l1a, l7a,

×R11a7a_ij , R21a7a_ij , R31a7a_ij , R41a7a_ij

)
l1a = Lyp − dsp(N1 − 1), l7a = Lys − dsp(N2 − 1)

(18)

where the R11a7a_ij is defined as the distance between point B
of the ith straight segment in part 7a of the secondary coil and
Point b of the jth straight segment in part 1a of the primary
coil. The R21a7a_ij is defined as the distance between point B
of the ith straight segment in part 7a of the secondary coil and
Point a of the jth straight segment in part 1a of the primary
coil. The R31a7a_ij is defined as the distance between point A
of the ith straight segment in part 7a of the secondary coil and
Point a of the jth straight segment in part 1a of the primary
coil. The R41a7a_ij is defined as the distance between point A
of the ith straight segment in part 7a of the secondary coil and
Point b of the jth straight segment in part 1a of the primary coil.
R11a7a_ij, R21a7a_ij, R31a7a_ij, R41a7a_ij can be gained according
the misalignment distance Δx, Δy, and angular angle θ.

III. MODELING FOR SELF-INDUCTANCE AND MUTUAL

INDUCTANCE CALCULATION OF PLANAR DD COIL WITH

FERRITE CORE SHIELDING

For eliminating the leakage flux and improving the coupling
between the coils, the ferrite core is usually adopted for optimiz-
ing the flux distribution. Due to the ferrite core, magnetic field
distribution becomes difficult to calculate directly.

Fortunately, the image method can be adopted for DD planar
coil covered with ferrite. In the DD coil, as shown in Fig. 6(a), the
current direction in parts 1b and 3a is opposite to that in parts 1a
and 3b. Therefore, in the area outside the DD coil, the magnetic
flux generated by currents in 1b, 3a and 1a, 3b cancels each
other. The magnetic field generated by the DD coil decays very
fast outside the DD coil area, and the magnetic field is mainly
concentrated inside the DD coil area, as shown in Fig. 7. The
3-D simulation results of the magnetic distribution are gained by
the Maxwell software. Fig. 7(c) shows the magnetic distribution
of the rectangular coil with the same self-inductance value, turn
clearances, and size as the DD coil. The legend in the figure
adopts logarithmic coordinates to better display the magnetic
field distribution outside the coil area. It can be seen that the
magnetic field distribution of the DD coil is more obviously
concentrated compared with a single rectangular coil. When the
DD coil is covered with the same size ferrite core, the field
distribution generated by the coil is approximately the same
as when the DD coil is placed on the magnetic core whose
size is much larger than the area of the coil. Although there
is still a small part of magnetic flux outside the coil area, it has
a very limited contribution to coil self-inductance and mutual
inductance. Therefore, the mirror method can be used when the
DD coil is covered with a magnetic core.

Fig. 7. (a) Magnetic distribution on the xz-plane, coreless DD coil. (b) Mag-
netic distribution on the xy-plane, coreless DD coil. (c) Magnetic distribution on
the xy-plane (logarithm used in legend), rectangular coreless coil. (d) Magnetic
distribution on the xy-plane (logarithm used in legend), DD coreless coil.
(e) Magnetic distribution on the xy-plane, DD coil with the same size ferrite
core. (f) Magnetic distribution on the xy-plane, DD coil with ferrite core 16
times larger than the size of the coil.

When the thickness of the core is finite, the multiple mirroring
method can be used [46]. Actually when the relative permeability
of the ferrite core is usually very large, the thickness of the
ferrite core has little impact on the inductance and mutual
inductance. Therefore, mirroring once is enough for calculating
the self-inductance and mutual inductance due to the ferrite core
on the same side. However, the ferrite core on the secondary side
also affects the self-inductance of the coil on the primary side.
Considering the effect of the core on the other side, the multiple
mirroring method can be used. The conductor can be regarded
as being placed between two parallel magnetic cores, as shown
in Fig. 8(a). Theoretically, the conductors between the parallel
magnetic plates need to be mirrored countless times [47]. For
the nth time of mirroring image current satisfies

Ip2n−2 = Ip

(
ur − 1

ur + 1

)n−1

, Ip2n−1 = Ip

(
ur − 1

ur + 1

)n

. (19)

When it is the nth time of mirroring, the distance between
image coil L2n-2, L2n-1 and original coil Lp satisfies

hp1p2n−2 = 2hfe · floor(n/2) + 2dfe(n− 2)

hp1p2n−1 = 2hfe · floor(n/2) + 2dfe(n− 1) (20)
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Fig. 8. (a) Cross section of DD coil. (b) First time of mirroring. (c) Second
time of mirroring. (d) Third time of mirroring.

where the floor(n/2) means the maximum integer that does not
exceed n/2. Theoretically, the conductors between the parallel
magnetic plates need to be mirrored countless times. Usually,
an accurate result can be obtained by mirroring twice for cal-
culating the self-inductance except that the magnetic core on
the secondary side is very close to the coil on the primary side.
Therefore, the self-inductance Lp can be calculated by

Lp = Lp_coreloss +MLpLp1 +MLpLp2 +MLpLp3. (21)

Lp_coreless is the self-inductance of the coil without ferrite,
which can be calculated by the method mentioned in the previous
section. MLpLp1, MLpLp2, and MLpLp3 are the mutual inductance
between the original coil and the image coil, which can be also
calculated by the method mentioned in the previous section. The
mutual inductance between the coils with ferrite can be gained

by

MDD =

n∑
i=1

(
Ip2i-2

Ip
MLsLp2i−2+

Ip2i-2

Ip
MLsLp2i−1

)
(22)

where the n is the coil mirror time. The MLsLp2n-1, MLsLp2n-2

are the mutual inductance between the coil Ls and the image coil
LP2i-1, LP2i-2 separately, which can be calculated by the method
mentioned in the previous section. Similarly, it needs to mirror
countless times for obtaining the value of mutual inductance
between the DD coil with ferrite. Actually, a relatively accurate
result can be obtained by several times mirroring. When the
air gap is small, it needs more times of mirroring. The eddy
current in the ferrite core is so small that has little contribution to
the magnetic distribution in the air. Therefore, the eddy current
is not considered. The self-inductance and mutual inductance
can be calculated based on the multiple mirror method and the
Biot–Savart law.

IV. MODELING FOR AC RESISTANCE OF PLANAR DD COIL

WITH FERRITE SHIELDING

A. AC Resistance of Litz Wire

The Litz wire is composed of a number of strands that are
usually wrapped in insulating paint. In an ideal Litz wire, all
the strands circulate between all possible positions in the bundle,
and all are the same length. Each strand in the wire has the same
impedance. Therefore, it is considered that each strand has the
same current [42]. The power dissipation per unit length of the
conductor is defined by

R=

∫
A

∫ T

0 J(x, y, t)2dtdA

I2
. (23)

The ac resistance of each strand is decided by the current
distribution. The current distribution of a conductor is affected
by the skin effect and proximity effect. Since the electromagnetic
field satisfies the superposition theorem, the current caused by
the skin effect and proximity can be calculated separately. In
[48], it has been proved that the loss caused by skin effect and
proximity is orthogonal. The ac resistance can be gained by

Ptotal = Pskin+Pappr

Rtotal = Rskin+Rappr = Ptotal
/
I2. (24)

The Rskin and Rpro are the resistances caused by the skin
effect and proximity respectively. The I is the current through
the conductor. The Rskin per unit of length can be calculated by
(21) [48]

Rskin_u1 =

√
μσω

2πn0r0σ

(ber0 (ξ) bei
′ (ξ)− ber′ (ξ) bei0 (ξ))

(ber′ (ξ))2 + (bei′ (ξ))2

ber′ = (ber1+bei1) /
√
2

bei′ = (−ber1+bei1) /
√
2

ξ = r0
√
μσω (25)

where the r0 is the ratio of the strand and n0 is the number of
the strand. σ is the conductivity of the conductor and the μ the
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Fig. 9. Magnetic on the cross section of the Litz wire.

permeability. ω is operation angular frequency. ber0, bei0, ber1,
and bei1 are the kelvin function. Actually, the value of Rskin is
approximately equal to the dc resistance of the Litz wire when
the ratio of the strand is small enough. The Rappr per unit of
length can be calculated by (20) [48]

Rappr_u1 = −2πξn0
σ

ber2 (ξ) ber
′ (ξ) + bei2 (ξ) bei

′ (ξ)
ber0(ξ)

2 + bei0(ξ)
2 H2

(26)
ber2 and bei2 are the kelvin function. H is the magnetic field
strength of the conductor cross section. It can be seen that the
key to calculating the Rappr is to obtain the magnetic distribution
H. The length of the strand is increased by twisting, which
will increase the dc resistance of the coil. The dc resistance is
proportional to the length of the conductor. Therefore, the real
length of the strand can be calculated by (23) [49]

lstrand = lwireRdc_test/Rdc_cal (27)

where lwire is the length of the Litz wire. Rdc˙test is the tested
dc value and the Rdc˙cal is the theoretically calculated dc value.
The ac resistance of the Litz wire can be rewritten as

Rtotal = (Rskin_u1+Rappr_u1) lwire
Rdc_test

Rdc_cal
. (28)

B. Magnetic Distribution Analysis

The magnetic strength of the conductor cross section consists
of two parts: Hin and Hex, as shown in Fig. 9. Hin is generated
by the current inside the Litz conductor. Hex is generated by the
current in other turns. Hin at the point A (x,y,z) in the Litz wire,
as shown in Fig. 9, can be calculated by

2πr
−→
H in =

πr2I

πr2c

2πrHin_x = 2πHin sin(θ)

2πrHin_z = − 2πrHin cos(θ) (29)

where Hin˙x and Hin˙z are the components Hin on the x- and
z-axes. The Hex generated by the rest of the turns at point A
(x,y,z) can be calculated based on the multiple mirror image and
Biot–Savart law.

The magnetic strength at point A generated by a straight
filament with length L, as shown in Fig. 10, can be calculated

Fig. 10. (a) Cross section through point A and perpendicular to the y-axis.
(b) Relative position between point A and the straight wire.

by (26) [38]

−→
H (Δx,Δy,Δz) =

1

4π

∮
l

Idl × eR
R2

=
I

4πd

[
Δy + l/2√
d2+(Δy+l/2)

− Δy − l/2√
d2+(Δy − l/2)

]
eφ

H_x = H(Δx,Δy,Δz) sin(ϕ)

= H (Δx,Δy,Δz)
Δz√

Δ2x+Δ2z

H_z = H(Δx,Δy,Δz)
Δx√

Δ2x+Δ2z
(30)

where Δx and Δz are defined as the distance between the two
conductors on the x- and z-axes. TheΔy is defined as the distance
between point A and the midpoint of the conductor. The direction
of eφ is perpendicular to the plane formed by the straight wire
and point A.

When it is a DD coil with a core, as shown in Fig. 11, the image
method is used to remove the ferrite core. The original coil is
divided into NX segments along the wire direction, and the length
of each segment isΔl, as shown in Fig. 11(b). The calculation of
the magnetic strength Hex at point A1 in the N1+1th conductor is
taken as an example, as shown in Fig. 11(b). Point A1 is located
in the jth segment of the coil. The position of point A1 on the
cross section of the conductor is shown in Fig. 10(a). According
to the superposition theorem of electromagnetic field, the Hex

at point A1 can be calculated by

Hex_jA1=
4∑

i=1

(Hia_j +Hib_j +Hia1_j +Hib1_j) (31)
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Fig. 11. (a) Cross section of the DD coil. (b) DD coil after mirroring.

where Hia_j and Hib_j are the magnetic strength generated by
the ia and ib part of the original coil, as shown in Fig. 11. The
Hia_j and Hib_j is the magnetic strength generated by the 1a and
1b parts of the image coil. The value of Hia_j, Hib_j, Hia1_j, and
Hib1_j are calculated in (37)–(40) in Appendix. The magnetic
strength at point A1 generated by each part of the coil can be
calculated by adding up the contribution of each conductor. The
contribution of each conductor can be calculated by (30). It
should be noted that point A 1 is in the N1+1th conductor that
belongs to the 1b part of the coil. Therefore, H1b does not contain
the contribution of the N1+1th conductor. The total magnetic
strength at point A can be obtained by

−→
H j_A1 =

−→
H ex_jA1+

−→
H in

Hxj_A1 = Hex_jA1
Δz√

Δ2x+Δ2z
+ 2πrHin sin(θ)

Hzj_A1 = Hex_jA1
Δx√

Δ2x+Δ2z
− 2πrHin cos(θ). (32)

Hxj and Hzj are the components of total magnetic strength
Hj on the x- and z-axes. j means the jth segment of the coil.
The magnetic strength on the cross section of the conductor
is not uniform. Therefore, five points on the section of the
conductor are selected to calculate the average of the squared
field for replacing the magnetic strength on the cross section of
the conductor, as shown in the Fig. 10(a). The cross-sectional
average squared field can be calculated by

Hj =

√∑5
i=1H

2
jAi

5
==

√√√√∑5
i=1

(
H2

xjAi +H2
zjAi

)
5

(33)

where HjAi means the magnetic strength at point Ai on the
section of the jth segment conductor of the coil. When the value
of Δl is small enough, the cross-sectional average squared field
can be considered the same value. The resistance in the jth

Fig. 12. Impedance amplitude frequency curve of the DD coil A.

Fig. 13. Inductance against the frequency. (a) Self-inductance. (b) Mutual
inductance.

segment caused by the proximity effect can be calculated by

Rappr_j = −2πξn0
σ

ber2 (ξ) ber
′ (ξ) + bei2 (ξ) bei

′ (ξ)
ber0(ξ)

2 + bei0(ξ)
2 H2

j
Δl.

(34)
According to (25), (26), (28), and (34), the total resistance of

the DD can be calculated by

Rtotal=

⎛
⎝−2πξn0

σ

ber2 (ξ) ber
′ (ξ)+bei2 (ξ) bei′ (ξ)

ber0(ξ)
2 + bei0(ξ)

2

Nx∑
j=1

H2
j
Δl

+

√
μσω

2πn0r0σ

(ber0 (ξ) bei
′ (ξ)− ber′ (ξ) bei0 (ξ))

(ber′ (ξ))2 + (bei′ (ξ))2

)
lwire

× Rdc_test

Rdc_cal
. (35)

V. SIMULATION AND EXPERIMENT VERIFICATION

The WPT system for EV or the qi device usually operates
far away from the self-resonant frequency especially for the EV
WPT system. The operate frequency is usually within 200 kHz.
Therefore, the displacement current is not considered and the
effect caused by the parasitic capacitance can be ignored in
this case. For verifying this assumption, the impedance and
inductance of the coil are swept first, as shown in Figs. 12
and 13. It can be seen that the self-resonant frequency is above
MHz. Within 500 kHz, the frequency has little effect on the
inductance of coil. Therefore, the operation frequency is far
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Fig. 14. Self-inductance with different Wxp when (a) Lyp is 200 mm, (b) Lyp

is 300 mm, (c) Lyp is 400 mm, and (d) Lyp is 500 mm.

TABLE I
SIMULATION PARAMETERS IN FIG. 14

from the self-resonant frequency and the parasitic capacitor can
be ignored in this case.

A. Comparison Between the Simulation and the Theoretical
Calculation Results

For verifying the accuracy of the proposed model, the 3-D
FEA simulation is built. Fig. 14 shows the self-inductance of
DD coils of different sizes. The distance between the coil and the
ferrite core is 5 mm. The ferrite core and the coil have the same
size. The thickness of the core is 5 mm. The other parameters of
the DD coil are listed in Table I. It can be seen that the theoretical
calculation values are in good agreement with the simulation
results. The maximum error is within 5%.

The simulation results and calculated values of the mutual
inductance between the DD coil with ferrite core on the primary
side and secondary side are compared, as shown in Figs. 15
and 16. Fig. 15(a) shows the mutual inductance of the DD
coupler with different coil sizes and, Fig. 15(b) shows the mutual
inductance of the DD coupler with different distances between
the coils. In Fig. 15, the size of the DD coils on the two sides is
the same. The distance between the coils on the primary side and
secondary side is 200 mm in Fig. 15(a). In Fig. 14, the size of DD
coils on two sides is different. The thickness of the ferrite core
is 5 mm. The other parameters unmentioned of the DD coils in
Fig. 16 are listed in Table II. The theoretical calculation values
are highly consistent with the simulation results. The maximum
error is within 5%.

The calculated value of mutual inductance of the coupler is
also compared with the simulated values, as shown in Figs. 17

Fig. 15 (a) Mutual inductance with different coil sizes, Lyp = Lys = 400 mm
N1 = N2 = 10, and dsp = 3 mm. (b) Mutual inductance with different air gap
between the two sides Lyp = Lys = 200 mm, Wxp = Wxs = 400 mm, N1 =
N2 = 7, and dsp = 3 mm.

Fig. 16. Mutual inductance with different air gap between two sides when the
coil on the two sides has a different size. (a) Turn number N1 = N2 = 10 and
dsp = dss = 3.7 mm. (b) Turn number N1 = N2 = 5 and dsp = dss = 7.4 mm.

TABLE II
SIMULATION PARAMETERS IN FIG. 16

and 18 when misalignment exists. In Fig. 17, the coils on two
sides have the same size. The distance dfe is set at 1.7 mm.
Fig. 17(a) and (b) shows the mutual inductance of the cou-
pler against the misalignment distance in the x-axis, whereas
Fig. 17(c), and (d) shows the mutual inductance against the
misalignment distance in the y-axis. In Fig. 18, the coils on
two sides have different sizes, of which the parameters are listed
in Table II. The distance h between the coils on the primary
side and secondary side is 100 mm in Fig. 18. Although there
are errors in the process of misalignment, the variation trend of
mutual inductance gained by calculation is consistent with the
simulated value when there is misalignment.

For verifying the effectiveness of the proposed model when
there exists angular misalignment, the calculation results are
compared with the simulations and experiment results, as shown
in the Fig. 19. The coils used for comparison have the same
structure parameters as coil A. The distance between the coil is
set 100 mm withΔx=Δy= 0. It can be seen that the theoretical
calculation, simulation, and experimental results are in good
agreement.
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Fig. 17. Mutual inductance of the coupler with Lyp = Lys = 350 mm and
Wxp = Wxs = 400 mm. (a) h = 200 mm, dsp = dss = 3.7 mm, N1 = N2 = 10,
and misalignment in the x-axis. (b) h = 160 mm, dsp = dss = 3.7 mm, N1 =
N2 = 10, and misalignment on the x-axis. (c) h = 150 mm, dsp = dss = 3.7 mm,
N1 = N2 = 10, and misalignment on the y-axis. (d) h = 150 mm, N1 = N2 =
5, dsp = dss = 7.4 mm, and misalignment on the y-axis.

Fig. 18. Mutual inductance of coupler (a) h = 100 mm, dsp = dss = 3.7 mm,
N1 = N2 = 10, and misalignment on the x-axis. (b) h = 100 mm, dsp = dss =
3.7 mm, N1 = N2 = 10, and misalignment on the y-axis.

TABLE III
TIME COMPARISON OF PROPOSED MODEL AND FEA SIMULATION

In real applications, the coils may have chamfer corners of
the rectangle. In this case, for verifying the effectiveness of the
proposed method, the comparison between coil with chamfer
corner and right angle corner is conducted, as shown in the
Figs. 20 and 22. The coil models for comparison are depicted as
the Fig. 21. Coil in Fig. 21(b) has the same structure parameters
as the coil A. The only difference between coils in Fig. 21(a)
and (b) is the corner.

The comparison of the time cost of the model and simulation
is summarized in Table III.

Fig. 19. Mutual inductance with different rotation angle.

Fig. 20. Comparison of self-inductance between chamfered and non-
chamfered coils with different coil size. (a) Coil length Lyp = 260 mm.
(b) Coil length Lyp = 290 mm.

Fig. 21. Coil models for comparison. (a) Coil model with chamfer corner,
r1 = r2 = 20 mm (b) Coil model with right angle corner.

Fig. 22. Comparison of mutual inductance between chamfered and noncham-
fered coils with different coil size, and the distance between the coils on primary
side and secondary side is 100 mm. (a) Coil length Lyp = 260 mm. (b) Coil
length Lyp = 290 mm.
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Fig. 23. Parts of the fabricated coils. (a) Coil A. (b) Coil D. (c) Coil C.
(d) Coils on the primary side and secondary side have the same size of
coil A.

Fig. 24. Mutual inductance against the air gap between the coil. (a) Coils on
the two sides has the same size as that of coil D. (b) Coils on the two sides have
the same size as that of coil A.

Due to the difficulty of modeling the Litz wire coil directly,
the simulation model of the coil adopts the ideal Litz model in
Maxwell for comparison, which can reduce the difficulty and
simulation time. The coil A is used for comparison. The value
is calculated by MATLAB. The CPU is 3.6GHz and RAM is
16 GB.

B. Experiment Verification

For verifying the proposed model, some coils of different sizes
are fabricated, as shown in Fig. 23. The theoretical calculation
of mutual inductance between the coils in Fig. 23 is compared
with experimental results, as shown in Fig. 24 with different
air gaps. The parameters of the coil in Fig. 24 are listed in the
Table V. Fig. 24(a) and (b) shows the mutual inductance with
the different air gap between the coils. The coil in Fig. 24(a)
is coreless and the coil in Fig. 24(b) is covered with ferrite.
Fig. 25(a) shows the mutual inductance between the coils against
the misalignment distance in the y-axis when the coils on the two
sides have the same size. Fig. 25(b) shows the mutual inductance
between the coils against the misalignment distance on the x-axis
when the coils on the two sides have different sizes. When it is in
alignment, the difference between the calculated value and the
measured value is less than 6%. Although there exist relatively

TABLE V
PARAMETERS OF THE COIL STRUCTURES

Fig. 25. Mutual inductance against the misalignment distance. (a) Coils on
two sides have the same size as that of coil A, h = 250 mm. (b) Primary is coil
A and secondary is coil C, h = 150 mm.

TABLE IV
SELF-INDUCTANCE OF THE DD COIL

large errors at several points in the process of the misalignment,
the error is within 15%. The variation trend of the calculated
mutual inductance is still consistent with the measured values.
The theoretical values of self-inductance with different coils
structures are compared with the experimental values, as given
in Table IV. The parameters of these coils are listed in Table V.
The error is within 5%.

The ac resistance of these DD coils is measured by the LCR
HIOKI IM3536. The theoretically calculated value is compared
with the measured value, as shown in Fig. 26. The coil structure
parameters are listed in Table V. The Litz wire type used is
AWG-38. Within the frequency range 0–200 kHz, the error is
less than 10%. It should be noted the error will increase as the
frequency increase when the coil inductance is very large. There
are three possible reasons causing the errors, which are given as
follows.
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Fig. 26 AC resistance of the DD coil against the frequency. (a) Coil E.
(b) Coil D. (c) Coil C. (d) Coil A. (e) Coil G. (f) Coil F.

1) When the quality factor is higher, the measurement ac-
curacy of the instrument is harder to guarantee. The ex-
citation current of the coil used for the measurement is
smaller with higher frequency, which further increases the
measurement error.

2) The resistance caused by the proximity effect is the most
important part when it is high frequency. The impact of
unideal twisting of Litz wire on the proximity effect will
become more and more obvious.

3) The same coil with higher frequency, the larger error
caused by the displacement current.

C. Coil Design and Experimental System Setup

When the WPT system operated at the resonant frequency, the
coupler transfer efficiency increases with increasing the k2Q1Q2

[50]. Q1 and Q2 are defined as the quality factors of the coils
on the primary and secondary sides, respectively. The coupler
maximum transfer efficiency can be calculated by

η =
σ

(1 +
√
1+σ)

2 , σ = k2Q1Q2

Q1 =
ωLP

Rp
, Q2 =

ωLs

Rs
. (36)

For gaining the maximum value of k2Q1Q2, the coupler can
be optimized by sweeping a large number of coil structure
parameters with the help of FEA software. However, this method
is so time-consuming especially for solving the ac resistance
of the coil. In this article, a genetic algorithm based on the

Fig. 27. Flowchart of the genetic algorithm.

Fig. 28. Best fitness value (k2Q1Q2) for each generation.

proposed coil model is proposed to optimize the coil structure.
The main structural parameters available for design are the outer
dimension (Wxp, Lyp, Wxs, and Lys), coil turn number (N1 and
N2), the distance between the coil and ferrite core dfe, and turn
space (dsp, dss). The outer dimension of the coil is decided by
the available installation space. Therefore, coil turn number (N1

and N2), the distance between the coil and ferrite core dfe, and
turn space (dsp and dss) are selected to optimize the coil. In
this article, the coils on two sides are designed with the same
structure. The Litz wire adopted is AWG-38 with 400 strands.
The design flow chart is given in Fig. 27.

According to the genetic algorithm, the optimal parameters
of the coils can be gained. The cputime of the algorithm only
is 48 s, which significantly shortens the design time. The best
fitness value (k2Q1Q2) for each generation is given in Fig. 28.
The coils number N1 is 10. dfe is 1.7 mm, and the dsp is 3.7 mm,
which are set as the main coil parameters.

The designed coil is shown in Fig. 23(d). The WPT system
topology adopted in this article is shown in Fig. 1, which consists
of a high-frequency inverter, a dual-sided LCC compensation
network, and a high-frequency rectifier. S1–S4 and Q1–Q4 are
the power switches of primary and secondary side converters,
respectively. The output voltage vab of the inverter excites the
resonant network. Lp and Ls are the primary and secondary coils
used for transferring energy from the primary side to secondary
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Fig. 29. Experiment prototype.

TABLE VI
EXPERIMENTAL PARAMETERS

Fig. 30. Loss distribution of the system.

Fig. 31. Key waveforms of the system. (a) Current iab and voltage uab.
(b) Current icd and voltage ucd.

side. Lrp and Lrs are the compensation inductor. The Crp, Cs,
Crs, and Cp are the resonant capacitors. vcd is input voltage of
rectifier that is converted into dc voltage Vo by the full-bridge
rectifier. RL represents the load resistance.

The experimental prototype is shown in Fig. 29. The experi-
mental parameters are listed in Table VI.

The Mosfet used in the system is IXTQ96N20P. The system
transfer efficiency achieves 94.5% with output power P = 1152
W. The operation frequency f is set 85 kHz. The key waveforms
of the WPT system are given in Fig. 31. The power loss
distribution is described in Fig. 30. It can be seen from Fig. 30
that the coil loss only accounts for 1.2% of the total input power.
The designed coupler has high transfer efficiency.

Fig. 32. Experimental results of different coil performance. (a) Value of
k2Q1Q2. (b) Coupler transfer efficiency.

For further verifying the fitness of the optimization method,
several coils with different structure parameters were fabricated
for comparison. The coil structure parameters are listed in the
Table V. Experimental results are shown in Fig. 32. The coil A1,
coil J, coil K has the same structure parameters as the coil A,
coil I, and coil L. The value of k2Q1Q2 is measured by the LCR
HIOKI IM3536. The maximum transfer efficiency of coupler in
Fig. 32(b) can be gained by (36).

From the results in Fig. 32, it can be seen the coil structure
gained by the genetic algorithm has the best performance of the
efficiency. This article just gives an example of applying the
proposed model to optimize the efficiency of the coupler for
showing the potential value of coil model.

VI. CONCLUSION

In this article, the theoretical model of a rectangular DD
coil with ferrite core for calculating the self-inductance, mutual
inductance, and ac resistance is proposed. The condition when
there exist a misalignment is considered. Meanwhile, the size
of coil on the primary side and secondary side is different
and is also considered. Besides, a genetic algorithm based on
the proposed coil mathematical model is proposed to optimize
the coil structure. The cputime of the genetic algorithm for
optimizing the coil structure is only 48 s.

For verifying the accuracy of the proposed model, the simula-
tion model based on the FEA and a 1.2-kW laboratory prototype
are built simultaneously. The analytically calculated value based
on the proposed model is in good consistency with the simula-
tion results and experimental values. Error for calculating the
self-inductance and mutual inductance is within 5% when coils
on primary and secondary sides are in alignment. The error for
calculating the ac resistance of the coil is within 10% when the
frequency range is 0–200 kHz. The system transfer efficiency
achieves 94.5% with output power P = 1152 W. The coil loss
only accounts for 1.2% of the total input power.

APPENDIX

According to (30) and Fig. 33, the Hia_j(i = 1) can be
calculated by

H1a_j =

N1∑
k=1

−→
H (Δxk,Δyk,Δzk)
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Fig. 33. Left half of the DD coil.

Δxk = ((N+1−k)dsp+Wxp/2−2(N−1)dsp−rc+Δx1)

Δyk = Δy,Δzk=Δz (37)

H1a1_j =

N1∑
k=1

−→
H (Δxk1,Δyk1,Δzk1)

Δxk = ((N+1−k)dsp+Wxp/2−2(N−1)dsp−rc+Δx1)

Δyk = Δy,Δzk=Δz − 2dfe (38)

H1b_j =

N1∑
k=2

−→
H (Δxk,Δyk,Δzk)

Δyk = ((Wxp/4− (N1 − 1)dsp − rc+Δx1) dsp

Δxk =
Lyp

2
−Δy − (k − 1)dsp,Δzk=Δz (39)

H1b1_j =

N1∑
k=1

−→
H (Δxk1,Δyk1,Δzk1)

Δyk1 = ((Wxp/4− (N1 − 1)dsp − rc+Δx1) dsp

Δxk1 =
Lyp

2
−Δy − (k − 1)dsp,Δzk1=Δz − 2dfe (40)

where Hia, Hib, Hia1, and Hib1(i = 2, 3, 4) can be calculated
by a method similar to (33)–(36).
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