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Abstract—With the wide use of new energy and power electronic
devices, the problem of low inertia of microgrid (MG) is becoming
more and more prominent. In order to solve the problem, this
article proposes an event-triggered secondary control strategy for
distributed generalized droop control (GDC) considering time de-
lay. First, a distributed event-triggered active power and frequency
controllers are established based on GDC, and a distributed voltage
controller is designed based on droop control. Second, due to the
different frequency parameters of each distributed generator (DG),
the tracking controller of frequency and frequency reference model
is established by using heterogeneous multiagent theory. Third,
the event-triggered function of communication between DGs is
constructed, and the stability of the proposed controller is proved.
The complicated Lyapunov equation is avoided in the proof process.
Finally, the effectiveness of the controller is verified by simulation.
The simulation results show that the controller effectively realizes
the secondary adjustment of frequency and voltage, reduces the
number of communications, and increases the inertia of MG.

Index Terms—Distributed generator, event-triggered control,
generalized droop control, microgrid, time delay.

I. INTRODUCTION

M ICROGRID (MG) is a small distributed system, which
usually consists of distributed generators (DGs) and load

and energy storage equipment [1], [2]. Due to its flexibility,
MG has been widely used in many fields, such as ships, smart
buildings, islands, and space stations. With the development of
information technology and power electronics in recent years,
the combined utilization of MG and clean energy has become
more popular. In order to ensure the stable and efficient operation
of MG, the effective control strategy is needed.

MG control strategy usually adopts a hierarchical control
mode [3]. The droop control usually acts as the primary control in
the MG. However, traditional droop control is susceptible to line
impedance and load fluctuation. The droop control belongs to
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proportional control, which will lead to steady-state errors in the
voltage and frequency of DG. In addition, when the traditional
droop control is adopted, due to the influence of impedance
mismatch of the DG feeders and the different ratings of the DG
units, the poor active and reactive power sharing problems are
inevitable [4]. Therefore, it is necessary to introduce secondary
control into MG to solve the shortage of primary control. When
considering the operation cost and economic dispatch of MG,
tertiary control should be introduced. The research object of this
article is secondary control.

In order to make up the deficiency of traditional droop control
and improve the reliability and flexibility of MG, the secondary
control based on multiagent theory has been widely studied [5],
[6], [7]. For example, Malik et al. [8] proposed a generalized
droop control method. This method is able to achieve power
sharing, and improve the frequency response characteristics of
MG. Riverso et al. [9] proposed a distributed hierarchical control
strategy. This strategy is used to stabilize the frequency and volt-
age with desired reactive power sharing. In addition to the above
methods, many other different secondary controllers for MG
are also considered, such as, fault tolerant control [10], robust
control [11], [12], and H∞ consensus-based control [13]. The
control techniques used in the above literatures adopt continuous
communication. These methods assume that multiagent systems
have unlimited memory and computing resources. But these
hardware resources are limited in actual use [14]. Therefore,
it is necessary to save communication resources.

In order to reduce the number of communications and save
communication resources, the MG consistency control using
continuous event-triggered communication is presented [15],
[16], [17]. For example, Choi et al. [18] proposed an event-
triggered frequency and voltage regulation strategy of islanded
MG. This control method uses event-triggered communication
to reduce the communication burden between DG controllers.
Chen et al. [19] proposed a hierarchical event-triggered con-
trol strategy. This control method also realizes the secondary
regulation of MG. Guo et al. [20] proposed a distributed volt-
age restoration and current sharing control without continuous
communication. The above three control methods both adopt
the continuous event-triggered control strategy. When using the
continuous event-triggered control strategy, this control strategy
needs to prove that the system does not have Zeno behavior.
In [21] and [22], a periodic event-triggered control method was
proposed. This method ensures that there is at least one time
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interval between adjacent trigger events. However, this method
may produce redundant packets, and some critical data may be
discarded. Typical event-triggered control methods for MG can
be found in [15], [16], [17], [18], [19], [20], [21], [22], [23]
and their references. However, for nonlinear multiagent systems
with directed graph, the event-triggered consensus control con-
sidering time delay is rarely studied.

The MG secondary control methods mentioned in references
[5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23] are based on the traditional droop
control as the primary control. Due to the use of power electronic
devices in MG and the characteristics of DG, MG is a small
system with low inertia. Because the traditional droop control
method does not have the ability to adjust the inertia of MG.
Therefore, many scholars use virtual synchronous generator
(VSG) technology to enhance the inertia of MG [24]. VSG can
provide damping characteristics and virtual inertia for inverter.
This control method simulates the motion of traditional syn-
chronous generator rotor, but it only realizes the primary control
of frequency [25], [26], [27]. At present, many researchers use
the virtual governor method to realize the secondary control
of MG based on VSG technology [28]. In [29], an alternating
direction multipliers method for VSG is proposed to provide
additional inertia and damping moments. Shi et al. [30] proposed
a frequency secondary controller based on distributed VSG,
which can restrain frequency oscillation. But these methods
can not eliminate the frequency deviation. In addition, in these
literatures, the inertia parameters and damping parameters of all
controllers are set to the same values, respectively, but in fact
they may be different. If the inertia parameters and damping
parameters are set to different values, respectively, the parameter
design of secondary control based on VSG will be very complex
due to the influence of line impedance and load.

Although the above distributed control method based on VSG
can improve the inertia and damping characteristics of MG, the
frequency of MG will still experience low-frequency oscillation
when the load fluctuates or the structure changes in MG [31].
In [32], the authors proposed a generalized droop control (GDC)
method, which can improve the oscillation of the frequency of
MG. However, the author did not further design the secondary
control of MG to eliminate the frequency deviation. Inspired
by this, if GDC method is introduced into distributed frequency
secondary control, the inertia and damping characteristics of
MG will be improved. As far as the author knows, the secondary
control for distributed GDC in MG has not been studied yet.

In this article, based on the problems and shortcomings of
the research in the above literatures, a distributed GDC event-
triggered secondary control method considering time delay is
proposed. First, using feedback linearization method, a dis-
tributed event-triggered voltage controller with directed graph
for MG considering time delay is designed based on droop
control. Considering the same factors, an active power and
frequency controllers are established based on GDC. Second,
because the virtual inertia and damping of each DG are different,
the design method of heterogeneous multiagent theory is used
in the design of frequency controller. The reference model of
the frequency controller is established, and the consistency of

multiagent is used to make the frequency controllers converge
with the reference model. Third, the event-triggered communi-
cation function of voltage controller, active power controller and
frequency controller are established, so that the controller can
communicate once when the trigger conditions are met. Finally,
the stability of the controller is proved by the Newton–Leibnitz
formula, and the effectiveness of the controller is verified by
simulation.

The innovations of this article can be summarized as follows.
1) Different from [5], [6], [7], [8], [9], [10], [11], [12],

[13], [14], [15], [16], [17], [18], [19], [20], [21], [22],
[23], this article presents a distributed event-triggered fre-
quency secondary controller and active power controller
based on GDC, and the distributed event-triggered voltage
secondary controller is designed by using the nonlinear
multiagent system theory, considering directed graph and
time delay. The proposed controller effectively realizes
the secondary regulation of frequency and voltage of MG.
Using event-triggered communication effectively reduces
the number of communications.

2) Different from the existing control methods VSG and
GDC [28], [29], [30], [32], the distributed GDC frequency
secondary controller is constructed by using the hetero-
geneous multiagent theory, which avoids the complex
parameter design and makes the control of MG more
flexible. This method makes MG have better inertia and
damping characteristics.

3) Different from the existing methods of proving the stabil-
ity of distributed event-triggered controllers based on mul-
tiagent theory, this article uses Newton–Leibniz formula
to strictly prove the stability of the designed controller.
This avoids constructing complex Lyapunov equations for
multiagent systems with directed graph considering time
delay.

The rest of this article is arranged as follows. The
Section II introduces the hierarchical control structure of MG
and the mathematical model of each controller. In Section III,
the stability of the proposed controller is proved by using related
theorems. In Section IV, a simulation example is used to verify
the effectiveness of the controller. Section V is the conclusion
of this article.

II. DISTRIBUTED CONTROL FRAMEWORK

The traditional droop control usually acts as the primary con-
trol in MG. Fig. 1 shows the internal structure of DG. Because
the LC filter is used in the circuit, the circuit is inductive. So, the
equation of the droop control can be written as{

ωi = ωni −mi (Pi − Pseti)
Ui = Uni − ni (Qi −Qseti)

(1)

where mi and ni are the droop coefficients. Pseti and Qseti

are the active power command and reactive power command,
respectively. ωi is the reference frequency output by the droop
controller. Ui is the reference voltage output by the droop
controller. ωni and Uni are nominal frequency and voltage.
Qi and Pi are the measured reactive power and active power,
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Fig. 1. Internal structure diagram of DG.

respectively. The first item of the above equation can be written
as

ωi − ωni

Pi − Pseti
= −mi. (2)

Since the droop control does not have the ability to adjust the
inertia of MG, this article uses the GDC as the primary control
of MG. Next, the primary controller and secondary controller
will be introduced in detail.

A. Primary Controller

The principle that VSG provides virtual inertia is to imitate
the rotor of synchronous motor. The mathematical expression of
its physical model can be written as [32]

Jiωni
dωi

dt
= Pseti − Pi −Dpi (ωi − ωni) (3)

where Dpi is the damping factor, Pseti is the active power
command, and Ji is the rotor inertia.

Although VSG-based controller can improve the inertia of
the inverter, the frequency and power curves of MG will still
fluctuate violently when the topology structure or load of MG
changes [31], [32]. In order to further improve the inertia and
damping characteristics of the inverter, we need to further im-
prove the controller. Equation (3) can be written as

ωi − ωni

Pi − Pseti
= − 1

Jiωnis+Dpi

= − 1

Dpi
· 1

Jiωni

Dpi
s+ 1

. (4)

Comparing (2) and (4), we find that VSG control is equivalent
to the droop control when the inertia is not considered, i.e.,
Ji = 0. Therefore, the droop control is a VSG control in a
special case. Inspired by this, we can further extend (4) as (5).
In (5), the − Ki

T1is+1 term is similar to the VSG control method to
increase the inertia and damping characteristics of the system.

τ1is+ 1 item is to increase the phase margin [32]. T2is+ 1 item
is to reduce the high-frequency gain to ensure a smooth angular
frequency change when the load power change

ωi − ωni

Pi − Pseti
= − Ki (τ1is+ 1)

(T1is+ 1) (T2is+ 1)

= − dis+ ei
ais2 + bis+ ci

. (5)

The above equation can be extended to a more general form.
The specific design process of (5) can be found in [32]. In [32],
the authors only considered the response characteristics of the
frequency and power of DG, and did not make further secondary
adjustment to the frequency and power. This does not solve
the problem of frequency deviation mentioned above. Different
from [32], we use (5) as the primary controller of DG to improve
the inertia and damping characteristics of the inverter. On this
basis, a secondary controller is designed to adjust the voltage and
frequency of MG. In Section C, we will describe the contents of
this part in detail.

B. Mathematical Preliminaries

It is necessary to introduce the basic knowledge of multiagent
theory before introducing the controller based on multiagent
theory. The communication network of multiagent system can be
described by graph theory. The following controller introduction
and controller stability proof will use the relevant knowledge of
graph theory.

According to graph theory, the communication network of a
multiagent system can usually be expressed as G = {V,Ξ, A},
where V = {v1, v2, . . . , vN} is the node set. (vj , vi) means that
node i can receive information from node j. A = [aij ] ∈ Rn×n

is the weighted adjacency matrix. aij is the weight of edge
(vj , vi). If (vj , vi) ∈ Ξ, aij > 0, otherwise aij = 0. Node i is
the neighbor of node j if (vj , vi) ∈ Ξ, and the set of neighbors
of node j is denoted as Nj = {i ∈ V |(vi, vj) ∈ Ξ}. The in-
degree matrix Din = diag{dini } is a diagonal matrix with dini =∑

j∈Ni
aij . L is a Laplacian matrix. There is L = Din −A.

B = diag{b1, b2, . . ., bN} is the leader adjacency matrix. ‖.‖
denotes the induced 2-norm for matrix or the Euclidean norm
for vector.

Different from the undirected graph multiagent system stud-
ied by most scholars, the multiagent system studied in this article
is directed graph system. To enable information to be passed
from the root node to each node, we introduce the following two
assumptions.

Assumption 1: The directed graph G has a spanning tree
whose root node is at agent 0, i.e., from the root node agent
0, all the other nodes can be reached along the edge directions in
graph G. The communication weight aij ≥ 1 and the element
bi ≥ 1 of the leader adjacency matrix B.

Assumption 2: In the directed graph G, the information is
transmitted from node i to j in one direction, and the node
number satisfies i > j or i < j ∀i, j = 1, . . ., N .

In proving the stability of the proposed controller, we will use
some properties of the eigenvalues of matrices in graph theory.
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So we will introduce three lemmas about the eigenvalues of
matrices.

Lemma 1 ([33]): Under Assumption 1, the Laplacian matrix
L has an eigenvalue 0, and all eigenvalues of L satisfy the fol-
lowing relation: 0 = λ1(L) < Re(λi(L)) ≤ · · · ≤ Re(λN (L)),
where Re(λi(L)) denotes the real part of the characteristic root
λi.

Lemma 2 ([34]): Under Assumption 1, the matrix L+B is
positive stable.

Lemma 3: There is Re(λN (T +N)) < 0, i.e., the maximum
value of the real part of the eigenvalue of matrix T +N is less

than 0, where the matrixN =

(
0 0
−(L+B) −(L+B)

)
and

T =

(
0 IN
0 0

)
.

Proof: We set that λ is the eigenvalue of T +N and ς is the
eigenvalue of L+B. Then, there is∣∣∣∣ 0− λIN IN

−(L+B) −(L+B)− λIN

∣∣∣∣
= det

(
λ2IN + λ(L+B) + (L+B)

)
= 0. (6)

From (6), we can get

Π
1≤i≤N

(
λ2 + λςi + ςi

)
= 0. (7)

By solving the above equation, we can get

λi1 =
−ςi +

√
ς2i − 4ςi
2

, λi2 =
−ςi −

√
ς2i − 4ςi
2

. (8)

Let √
ς2i − 4ςi = d+ iq (9)

where i =
√−1, d and q are real numbers. Re(ςi) and Im(ςi)

are the real and imaginary parts of eigenvalue ςi, respectively,
i.e.,

ςi = Re(ςi) + iIm(ςi). (10)

Then, there are{
λi1 = (−Re(ςi)+d)+i(− Im(ςi)+q)

2

λi2 = (−Re(ςi)−d)+i(− Im(ςi)−q)
2 .

(11)

Now we want to prove that Max(Re(λi1),Re(λi2)) < 0 holds,
i.e., −Re(ςi) + d < 0 and −Re(ςi)− d < 0. It is equivalent to
Re(ςi)

2 > d2. Square both sides of (9) and substitute (10) into
(9). Because the real part and imaginary part on both sides of
(9) are equal, respectively, we can get

Re(ςi)Im(ςi)− 2Im(ςi) = dq (12)

Re(ςi)
2 − 4Re(ςi)− Im(ςi)

2 = d2 − q2. (13)

Substituting (12) into (13) yields

Re (ςi)
2 − d2

= Im (ςi)
2 + 4Re (ςi)− q2

=
1

d2

(
Im (ςi)

2 d2 + 4Re (ςi) d
2

−Re (ςi)
2 Im (ςi)

2 − 4 Im (ςi)
2 + 4Re (ςi) Im (ςi)

2
)

=
Im (ςi)

2

d2

(
d2 − Re (ςi)

2
)

+
1

d2

(
4Re (ςi) d

2 + 4Re (ςi) Im (ςi)
2 − 4 Im (ςi)

2
)
.

(14)
Then, there is(

Re (ςi)
2 − d2

)(
1 +

Im (ςi)
2

d2

)

=
4

d2

(
Re (ςi) d

2 +Re (ςi) Im (ςi)
2 − Im (ςi)

2
)
. (15)

�
Therefore, the proof of Lemma 3 is equivalent to the proof of

the following inequality.

Re(ςi)d
2 +Re(ςi)Im(ςi)

2 − Im(ςi)
2 > 0. (16)

We set L+B as shown in the following (17)–(18) shown at the
bottom of the next page.

According to Assumption 2, the information is transmitted
from node i to j in one direction. We assume without loss of
generality that i < j. Based on the properties of graph theory, we
can conclude that (17) a lower triangular matrix. The eigenvalue
ς of L+B satisfies (18).

Then, we can get

ςi =
∑

1≤j≤N

(aij) + bi, i = 1, . . ., N. (19)

Because aij ≥ 1 and bi ≥ 1, we have Re(ςi) ≥ 1. Then, (16)
holds.

C. Secondary Frequency Controller

The schematic diagram of the proposed secondary controller
is shown in Fig. 2. It includes frequency control, voltage control,
and active power control. When the frequency of MG is adjusted
using VSG control method, we usually use a virtual governor to
adjust the frequency. Inspired by this, this article introduces the
distributed secondary controller into GDC by using the virtual
governor. Its theoretical equation can be expressed as

ωni − ωi =
1

kω
Pωi (20)

where kω is the frequency regulation factor. To realize secondary
frequency regulation, Pωi is the power compensation provided
by the governor. The derivative of both sides of (20) can be
obtained as following:

ω̇ni = ω̇i +
1

kω
Ṗωi. (21)
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Fig. 2. Proposed secondary control schematic diagram.

According to (5), the expression of frequency controller can
be designed as given in the following:

ω̇i = fi(ωi) + uωi (22)

f(ωi) = − 1

bi
[(ais

2 + ci)ωi − ciωni − (dis+ ei)Pi + Psetiei]

(23)

where uωi is the control input. Comparing the first equation in
(1) with (20), we can find that the two equations are similar in
form. The secondary controller designed based on droop control
achieves active power sharing by obtaining the consistency
of mi(Pi − Pseti). Inspired by this, we can indirectly realize
active power sharing by realizing the consistency of active
power compensation Pωi (to simplification, the coefficient kω

for all controllers is chosen to be the same value. Otherwise,
1

kωi
Pωi =

1
kωj

Pωj is used to realize active power sharing). The
expression of active power controller can be designed as

Ṗωi = upi (24)

Equation (21) can be rewritten as (25). Using (25), we can get
the nominal frequency ωni

ωni =

∫ (
ω̇i +

1

kω
Ṗωi

)
dt. (25)

Due to the different inertia and damping parameters of each
DG, a heterogeneous multiagent system is formed, so it is
necessary to use the heterogeneous multiagent theory to design
the frequency controller [35]. For the problem of heterogeneous
multiagent convergence, we first need to establish a reference
model of the state of each agent

˙̄ωi = ui(t) (26)

where ω̄i is the state of the reference model corresponding to
ωi. According to (26), we can get (27) from (22)

uωi = −fi(ωi)− kδi(t) + ˙̄ωi (27)

where δi is the tracking error of ωi to ω̄i, expressed as

δi(t) = ωi(t)− ω̄i(t). (28)

The frequency controller designed above realizes the sec-
ondary frequency regulation in two parts. The first part is to
realize the stateωi of agent i tracking the state ω̄i of the reference
model, i.e., limt→∞ δi(t) = 0. The second part is to realize the
convergence of the reference model state ω̄i and the frequency
reference value ω0 based on (26), i.e., limt→∞ ω̄i(t)− ω0 = 0.

In order to reduce the number of communications between
agents and save communication costs, the event-triggered com-
munication considering time delay is used between agents. In
(26), we designed the event-triggered distributed controller as

L+B =⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∑
1≤j≤N

(a1j) + b1 −a12 · · · −a1j · · · −a1N

−a21
∑

1≤j≤N

(a2j) + b2 · · · −a2j · · · −a2N

...
...

...
...

−aN1 −aN2 · · · −aNj · · · ∑
1≤j≤N

(aNj) + bN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(17)

∣∣∣∣∣∣∣∣∣∣∣∣∣

∑
1≤j≤N

(a1j) + b1 − ς 0 · · · 0 · · · 0

−a21
∑

1≤j≤N

(a2j) + b2 − ς · · · 0 · · · 0

...
...

...
...

−aN1 −aN2 · · · −aNj · · · ∑
1≤j≤N

(aNj) + bN − ς

∣∣∣∣∣∣∣∣∣∣∣∣∣
= Π

1≤i≤N

⎛
⎝ ∑

1≤j≤N

(aij) + bi − ς

⎞
⎠ = 0. (18)
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(29). At this time, (26) and (29) constitute a control loop

ui(t) = qωi(t
i
k − τ) + εi(ωi(t

i
k − τ)− ω̄(tik − τ)) (29)

where τ ≥ 0 denotes the time delay

qωi(t) =

N∑
j=1

aij (ωj(t)− ωi(t)) + bi (ω0 − ωi(t)). (30)

The event-triggered time instants {tik} for agent i are de-
clined by tik+1 = inf{t > tik, fωi(t) > 0}, where fωi(t) is the
event-triggered function. We design the event-triggered function
fωi(t) as follows:

fωi(t) = ‖eωi(t)‖ − βωe
−γω(t−t0) (31)

where βω > 0, γω > 0, t0 is the initial time and
eωi(t) = qωi(t

i
k)− qωi(t). Let ξωi(t) = ωi(t)−

ω0(t), ξω(t) = [ξTω1(t), ξ
T
ω2(t), . . ., ξ

T
ωN (t)]T , eω(t) =

[eTω1(t), e
T
ω2(t), . . ., e

T
ωN (t)]T . According to the above

equations, we can get (32) from (30)

ξ̇ω(t) = eω(t− τ)− [(L+B)⊗ In]ξω(t− τ). (32)

Equation (32) can be rewritten as

ξ̇ω(t) = Mωξω(t− τ) + eω(t− τ) (33)

where Mω = −[(L+B)⊗ In].
The variables described above need to meet certain constraints

to make the proposed controller stable. This constraint condition
will be used in the proposed controller stability proof. Therefore,
we make the following assumption for the above variables.

Assumption 3: We set

Zω =
−γω (α− γω) ‖ξω (t0)‖ − ‖Mω‖βω (1− eγωτ − γω)

(1− eγωτ ) ‖Mω‖ ‖Mω‖ eγωτ

there are Zω ≥ ‖ξω(t0)‖ and 0 < γω < α.
Different from the existing control methods VSG and GDC,

such as [28], [29], [30], [32], the distributed control method
based on event-triggered multiagent consistency is introduced
into the proposed frequency secondary controller. This not only
meets the need of frequency regulation, but also makes fre-
quency secondary control more flexible.

D. Active Power Controller

Virtual governor is used to compensate the frequency in
this article. The principle of virtual governor is to adjust the
frequency by the power compensation Pωi, shown as (20).
After introducing the virtual governor for secondary frequency
control, the frequency dynamic (5) based on GDC can be written
as

ωni − ωi

Pseti + Pωi − Pi
= − dis+ ei

ais2 + bis+ ci
. (34)

When GDC with virtual governor is in stable state, there is

(Pseti + Pωi − Pi)ei + ci(ωni − ωi) = 0. (35)

Combining with (20), (35) can be rewritten as

(Pseti + Pωi − Pi)ei = −ci
Pωi

kω
. (36)

Further obtain

Pmari = Pseti − Pi = −
(
1 +

ci
eikω

)
Pωi (37)

where Pmari is the active power margin. We can choose ap-
propriate ci, ei and frequency regulation factor kω to make
ci

eikω
� 1. Then, (37) can be simplified to

Pseti − Pi = − ci
eikω

Pωi. (38)

By selecting the same frequency regulation factor kω for all
controllers, there must be the following relationship:

lim
t→∞Pωi = lim

t→∞Pωj ⇒ lim
t→∞ ei

Pseti − Pi

ci
= ej

Psetj − Pj

cj
.

(39)
Shown as (39), if we set the active power command Pseti

as the rated power value of DG and ci = 1, by selecting the
coefficient 1

ei
of the same ratio with the rated power ratio,

then the active power sharing will be obtained, i.e., the active
power Pi with the same ratio. The following question is how to
achieve the convergence of the active power compensation Pωi

to get the active power sharing. We designed the event-triggered
distributed controller of the active power compensation based
on the multiagent theory, shown as

uPi = qPi(t
i
k − τ) (40)

where

qPi(t) =

N∑
j=1

aij (Pωj(t)− Pωi(t)). (41)

The event-triggered time instants tik+1 = inf{t > tik, fPi(t) >
0}, the event-triggered function fPi(t) is designed as

fPi(t) = ‖ePi(t)‖ − βP e
−γP (t−t0) (42)

where βP > 0, γP > 0, ePi(t) = qPi(t
i
k)− qPi(t), t0 is the

initial time.
Under the action of the controller (40), limt→∞ Pωi =

limt→∞ Pωj , then the accurate active power sharing is achieved.

E. Voltage Controller

The voltage of DG, like the frequency, will deviate from the
rated value under the influence of line impedance mismatch
and load fluctuation. Therefore, we need to design a secondary
voltage controller to regulate the voltage.

The system equation of MG based on inverter can be written
as the following nonlinear system equation:{

ẋi = k (xi) + f (xi)Di + r (xi)uUi

yi = w (xi)
(43)

where the output yi = uodi and control input uUi = Uni. k(xi),
f(xi), r(xi), and w(xi) are nonlinear functions of xi, Di is a
known disturbance. Their detailed expressions can be extracted
from [36, Section II-A].

For (43), we can get the relationship between the output yi
and the control input uUi after the second derivative of yi as

ÿi = LriLFi
wiuUi + L2

Fi
wi (44)
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where

Fi(xi) = fi(xi)Di + ki(xi) (45)

LFi
wi is the Lie derivative of wi with respect to Fi, there are

LFi
wi =

∂(wi)

∂xi
Fi (46)

L2
Fi
wi = LFi

(LFi
wi) =

∂(LFi
wi)

∂xi
Fi. (47)

We set the auxiliary control vi as

vi = L2
Fi
wi + LriLFi

wiuUi. (48)

By combining (48), (44) can be rewritten as

ÿi = vi. (49)

By designing a suitable vi, we can get the consistency of the
output yi. From (48), there is

uUi = (LriLFi
wi)

−1(−L2
Fi
wi + vi). (50)

We set ẏi(t) = gi(t). Combining this equation, (51) can be
deduced from {

ẏi(t) = gi(t)
ġi(t) = vi(t), i = 1, 2, . . . , N.

(51)

For the leader of the multiagent system, there is ẏ0(t) = g0(t)
and ġ0(t) = 0. In (49), we choose the vi(t) as

vi(t) = qyi(t
i
k − τ) + qgi(t

i
k − τ) (52)

where

qyi(t) =

N∑
j=1

aij (yj(t)− yi(t)) + bi (y0(t)− yi(t)) (53)

qgi(t) =

N∑
j=1

aij (gj(t)− gi(t)) + bi (g0(t)− gi(t)). (54)

The event-triggered time instants tik+1 = inf{t > tik, fi(t) >
0}. We design the event-triggered function fi(t) as follows:

fi(t) = ‖eyi(t)‖+ ‖egi(t)‖ − βe−γ(t−t0) (55)

where β > 0, γ > 0, eyi(t) = qyi(t
i
k)− qyi(t), and egi(t) =

qgi(t
i
k)− qgi(t). Let ηi(t) = gi(t)− g0(t), ξi(t) = yi(t)−

y0(t), η(t) = [ηT1 (t), η
T
2 (t), . . ., η

T
N (t)]T , ξ(t) = [ξT1 (t), ξ

T
2 (t),

. . ., ξTN (t)]T , eg(t) = [eTg1(t), e
T
g2(t), . . ., e

T
gN (t)]T , ey(t) =

[eTy1(t), e
T
y2(t), . . ., e

T
yN (t)]T . According to the above equations,

we can get (56) from (51)⎧⎨
⎩
ξ̇(t) = η(t)
η̇(t) = ey(t− τ) + eg(t− τ)− [(L+B)⊗ In] η(t− τ)

− [(L+B)⊗ In] ξ(t− τ)

(56)

then (56) can be rewritten as

ε̇(t) = E1ε(t) +Mε(t− τ) + E2(ey(t− τ) + eg(t− τ))
(57)

Fig. 3. Physical structure diagram of MG.

where ε(t) = [ξT (t), ηT (t)]T , E1 =

(
0 In
0 0

)
, E2 =(

0 0
0 In

)
, M =

(
0 0
−[(L+B)⊗ In] −[(L+B)⊗ In]

)
.

Similarly, the variables described above need to meet certain
constraints to make the proposed controller stable. Therefore,
we make the following assumption for the above variables.

Assumption 4: We set

Z =
−γ(α− γ) ‖ε(t0)‖ − ‖M‖ ‖E2‖β (1− eγτ − γ)

(1− eγτ ) (‖M‖ ‖E1‖+ ‖M‖ ‖M‖ eγτ )
there are Z ≥ ‖ε(t0)‖ and 0 < γ < α.

III. STABILITY ANALYSIS OF THE SYSTEM

Theorem 1: Suppose Assumptions 1–3 hold, the frequency
of each DG will be adjusted to the frequency reference value by
the distributed frequency secondary controller (29), and there is
no Zeno behavior.

Proof: Please see Appendix A for the detailed proof process.
This means that the frequency of each DG will converge to the
reference value. �

The proof process of the stability of the active power controller
is similar to that of the frequency controller, and will not be
repeated here.

Theorem 2: Suppose Assumptions 1–2 and 4 hold, the voltage
of each DG will be adjusted to the voltage reference value by
the distributed voltage secondary controller (52), and there is no
Zeno behavior.

Proof: Please see Appendix B for the detailed proof process.
This means that the voltage of each DG will converge to the
reference value. �

IV. SIMULATION VALIDATION

The physical structure and communication topology of MG
are shown in Figs. 3 and 4. The simulation model consists of
six DGs. We will use the model to verify the effectiveness of
the method. The simulation tool used in this article is MAT-
LAB/Simulink.
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Fig. 4. Communication topology of MG.

TABLE I
SIMULATION PARAMETERS

The rated voltage value U0 is 380 V, the rated value of angular
frequency ω0 is 100π(rad/s). Let β = 11, βω = 1, βP = 2,
{γ = 0.1, γω = 0.5, γP = 0.3} < Re(λ2(L+B)). Time delay
τ1,2 =30 ms, τ3,4 =60 ms, and τ5,6 =90 ms. Note that the delay
time is usually more than ten milliseconds or tens of millisec-
onds [37], which meets the actual needs. The other simulation
parameters are given in Table I. In addition, the parameters in
Table I are selected according to the following principles. First,
the selection of control parameters should meet Assumptions
3 and 4. Second the selection of relevant parameters of GDC
controller is referred to [32]. Third, for the physical parameters
of MG, such as rated voltage, rated frequency, line impedance
value, and the value of LC filter, etc., their values refer to [38].
Finally, other parameters are obtained by trial-and-error method
to make the whole system run stably.

We use four simulation examples to verify the effectiveness of
the proposed controller. Case 1: Verify the secondary regulation
capability of the controller. Since the traditional primary control
method makes the frequency of MG deviate from the rated
value, we first verify the regulation ability of the controller in
this aspect. Case 2: Verify the plug-and-play capability of the

Fig. 5. Performance test of the proposed controller. (a) Frequency. (b) Active
power. (c) Voltage.

proposed controller. Case 3: The superiority of the proposed
control strategy is proved by comparing the proposed distributed
GDC secondary control with distributed VSG secondary control
and distributed droop control. Case 4: Verify the performance
of the controller under communication interruption.

A. Regulation Performance of the Controller

To verify the secondary regulation ability of the controller,
by switching the load, we observe whether the frequency and
voltage of MG can be stabilized at the rated values. When t = 10
s, we reduce the load by 10 kW. When t = 20 s, we restore the
load. The total simulation time is 30 s. Shown as Fig. 5, when
the load drops, the frequency of DG recovers to the rated value
after a short oscillation. At this time, the power of each DG
also decreases, but it keeps 2:2:1:1. When the load returns to the
original value, the frequency will continue to operate stably at the
rated value after a short adjustment. The active power remains
shared. The fluctuation of the load has little effect on the voltage.
The voltage of each DG is always stable at the rated value.
Therefore, the control method proposed in this article solves
the shortcomings of traditional droop control, and realizes the
control objectives of power sharing and voltage and frequency
secondary regulation.

The event-triggered communication method proposed in this
article also reduces the number of communications between
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Fig. 6. Event trigger instants for DG1.

agents. The event-triggered time of frequency, voltage, and
power communication of DG1 is shown in Fig. 6. When the
load fluctuates, the communication mechanism of the agents is
triggered, and the agents start to communicate. When the fre-
quency, voltage, and power become stable, the communication
between agents stops. Taking the controller of DG1 as an exam-
ple, after calculation and comparison, when the event-triggered
communication is not used, the communication times are 102

times more than that when the event-triggered communication
is used. This control method greatly reduces the transmission of
useless information. Therefore, this communication mechanism
effectively reduces the number of communications between
agents.

In addition, in order to fully verify the adjustment ability of
the proposed controller, we observed the operation of MG by
adjusting the load size under the maximum limit condition of
DG. We take time delay as an example. Except for the time delay
parameters, other parameters are selected according to Table I,
and then the maximum time delay allowed by the system can be
calculated as about 350 ms by using Assumptions 3 and 4. The
simulation results are shown in Fig. 7. Shown as Fig. 7(a), when
the delay time is less than 350 ms, the system can operate stably.
Shown as Fig. 7(b) and (c), when the time delay is greater than
350 ms, the system becomes unstable and the operation curve
oscillates. This reduces the quality of the power provided by
MG. Therefore, the control method proposed in this article can
provide a theoretical basis for the design of system parameters.
The calculation and simulation of other parameters are similar
to the above, and will not be repeated here.

B. Plug-and-Play

In this section, we will verify the plug-and-play capability of
the proposed controller. By disconnecting and connecting DG5,
we observe whether the frequency and voltage of MG can be
stabilized at the rated values. The communication topology of
MG is shown in Fig. 8. When t = 10 s, we disconnect DG5,
and when t = 20 s, reconnect DG5. The total simulation time is
40 s. Shown in Fig. 9, when DG5 is disconnected, the frequency
of DG recovers to the rated value after a short oscillation. At
this time, the active power of DG5 is zero, and the active power
of other DGs is still shared. The voltage of DG barely changes
during this process. When DG5 is reconnected, DG5 suddenly
starts to work from the no-load state, which causes the frequency
to drop rapidly. It can be seen from the negative sign on the right

Fig. 7. Performance test under time delay limit conditions. (a) 300 ms. (b)
360 ms. (c) 400 ms.

Fig. 8. Communication topology of MG.

side of (5) that the change direction of frequency and power is
opposite. At this time, DG5 power generation rapidly increases.
As the total load remains unchanged, the power generated by
other DGs decreases. Then, the frequency and voltage continue
to operate stably at the rated values after a short adjustment.
The active power remains shared. Therefore, the control method
proposed in this article has the plug-and-play ability. This makes
the control of MG more flexible.

The event-triggered time of frequency, voltage, and power
communication of DG1 is shown in Fig. 10. When the commu-
nication structure is switched, the communication mechanism
of DGs is triggered, and the frequency controller, voltage con-
troller, and power controller of DG1 start to communicate. When
the system becomes stable, the communication between DGs
stops. The trigger times of other DG controllers are similar to
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Fig. 9. Controller plug-and-play performance. (a) Frequency. (b) Active
power. (c) Voltage.

Fig. 10. Trigger time of DG1 communication.

those of DG1, but not all are given here. This communication
mechanism effectively reduces the number of communications
between DGs.

C. Performance Comparison of Different Controllers

In this section, we compare the proposed controller with
distributed droop control [39] and distributed VSG control.
In the distributed VSG control, VSG is used as the primary
control. The distributed GDC control method proposed in this
article is based on (5). Equation (5) is replaced by (4), and the
same design process can be used to build the distributed VSG
control. In the distributed secondary control based on VSG,

Fig. 11. Performance comparison of the controller under switching load. (a)
Comparison of frequency response curve with distributed droop control [39]
and distributed VSG control (b) Comparison of frequency response curve with
distributed VSG.

Fig. 12. Performance comparison of the controller under switching topology:
comparison of frequency response curve with distributed VSG.

we select parameter values according to [32]. Taking DG5 as
an example, let the inertia J5 = 32 kg.m2 and the damping
coefficient D5 = 5000. When t = 10 s, we reduce the load by
10 kW. When t = 20 s, we restore the load. The total simulation
time is 30 s. The simulation results are shown in Fig. 11. As
shown in Fig. 11(a), the droop control method does not have the
ability to increase the system inertia. When the load fluctuates,
the frequency curve using the droop control method fluctuates
violently. Using the distributed VSG and GDC control method,
the frequency fluctuation is greatly reduced.

In Fig. 11(b), comparing distributed GDC with distributed
VSG, when the load fluctuates, the fluctuation peak of the
frequency curve of DG5 using distributed GDC decreases and
the degree of change of the curve slows down. Similarly, the
plug-and-play simulation results of DG5 are shown in Fig. 12.
When the communication topology of MG is changed, the fre-
quency curve of the distributed VSG control method is obviously
shaken, and the proposed method makes the frequency curve
change more smoothly. Therefore, the simulation results show
that the proposed control method is better than other methods in
improving the inertia and damping characteristics of MG.
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Fig. 13. Schematic diagram of communication interruption.

Fig. 14. Performance test of the controller under communication interruption.
(a) Frequency. (b) Active power. (c) Voltage.

D. Performance Test of the Proposed Controller Under
Communication Interruption

We analyze the influence of communication interruption on
the controller in this section. When t = 15 s, the communication
between DG1 and DG6 and between DG4 and DG5 is inter-
rupted, shown as Fig. 13. When t = 25 s, we reduce the load
by 10 kW. When t = 35 s, we restore the communication. The
total simulation time is 50 s. The simulation results are shown
in Fig. 14. As shown in Fig. 14, when the communication is
interrupted at t = 15 s, since the MG is in the stable operation
state at this time, there is no need for communication between
the DGs, so the communication interruption has no impact on
the operation of the MG. When the load changes, the original

balance state of MG is broken, and the DG starts communication.
The frequency of each DG is restored to the rated value after a
short adjustment. Since DG5 and DG6 cannot communicate with
other DGs at this time, their active power cannot be shared. The
active power of other DGs still maintains power sharing. When
the communication of MG is restored, the frequency of each DG
is stabilized at the rated value after a short adjustment. At this
time, the active power of each DG is restored to the state of power
sharing. It can be seen from the figure that the communication
interruption has little effect on the voltage. Simulation results
show that the proposed control method has a certain ability to
resist communication interruption.

Note that the microgrid simulation structure used in this article
is an equivalent simulation model, which is equivalent to the load
at a point [40]. However, the line impedance at the output end of
DG is different, which means that the distance between DG and
load is different. Therefore, the simulation structure adopted in
this article is as universal as other simulation structures [15].

V. CONCLUSION

This article presented an event-triggered control strategy of
distributed GDC considering time delay. The distributed GDC
frequency secondary controller is constructed by using hetero-
geneous multiagent theory, which avoids complex parameter
design. This method can not only adjust the frequency and realize
active power sharing, but also make MG have inertia and damp-
ing characteristics. The distributed voltage controller realizes the
secondary regulation of voltage. Using event-triggered commu-
nication can effectively reduce the number of communications.
The stability of the proposed event-triggered controller is strictly
proved and the Zeno behavior does not occur. The complicated
Lyapunov equation of the system is avoided in the proof process.
Simulation results show the effectiveness of the method.

In addition, the research group where the author works is
currently building an experimental platform of MG, but the
experimental platform has not been completed, and part of the
experimental equipment is still lacking, so the conditions for
experimental verification are not yet available. The combination
of simulation and experimental verification can fully verify the
effectiveness of the controller, which will be the focus of the
research group in the future.

APPENDIX

A. Proof of Theorem 1

Proof: Combining (22) and (27), the derivative of (28) can
be obtained

δ̇i(t) = ω̇i(t)− ˙̄ωi(t)

= fi (ωi) + uωi − ˙̄ωi(t)

= −kδi. (58)

The equation of the tracking error controller is simple, so we can
directly use the simple Lyapunov equation to prove its stability.
Let

Vω(t) =
1

2
δT (t)δ(t). (59)
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Then, we can get the derivative of (59) with respect to the
tracking error δ, as

V̇ω(t) = δT (−kδ) = −kδ2 ≤ 0. (60)

Note that the above equation (60) is equal to zero if and only
if δ is zero. This means that limt→∞ δi(t) = 0. Therefore, there
must be

lim
t→∞ωi(t) = ω̄i(t). (61)

�
The frequency controller realizes the secondary frequency

regulation in two steps. The first step is to realize the state ωi of
agenti tracking the state ω̄i of the reference model. This step has
been completed. The second step is to realize the convergence of
the reference model state ω̄i and the frequency reference value
ω0. The second step will be demonstrated below.

Using Newton–Leibniz formula, we obtain

ξω(t− τ) = ξω(t)−
∫ t

t−τ

ξ̇ω(s)ds

= ξω(t)−
∫ t

t−τ

Mωξω(s− τ)ds

−
∫ t

t−τ

eω(s− τ)ds. (62)

There is

ξ̇ω(t) = Mωξω(t)−Mω

∫ t

t−τ (Mωξω(s− τ)
+ eω(s− τ))ds+ eω(t− τ).

(63)

Solving the differential equation (63) yields

ξω(t) = eMω(t−t0)ξω (t0)

−
∫ t

t0

eMω(t−s)Mω

{∫ s

s−τ

(Mωξω(z − τ)

+eω(z − τ)) dz − eω(s− τ)

}
ds. (64)

Equation (64) can be further deduced by using the properties
of the eigenvalue of matrix in graph theory. Using Lemma 1
and Lemma 2, we can easily get Re(λN (Mω)) < 0. So there are
κ ≥ 1 and α > 0 for (65) to be true

‖ξω(t)‖ ≤ κe−α(t−t0) ‖ξω (t0)‖

+ κ

∫ t

t0

e−α(t−s) ‖Mω‖
{∫ s

s−τ

‖Mω‖ ‖ξω(z − τ)‖

+ ‖eω(z − τ)‖ dz + ‖eω(s− τ)‖
}
ds.

(65)

Combined with the event-trigged function ‖eω(t− τ)‖ ≤
βωe

−γω(t−t0) and (65), we can get

‖ξω(t)‖ ≤ κe−α(t−t0) ‖ξω (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖Mω‖2 ‖ξω(z − τ)‖

+ ‖Mω‖βωe
−γω(z−t0)dz+‖Mω‖βωe

−γω(s−t0)
}
ds

= κe−α(t−t0) ‖ξω (t0)‖

+ κ

∫ t

t0

e−α(t−s)
{∫ s

s−τ
‖Mω‖2 ‖ξω(z−τ)‖ dz

}
ds

+ κ

∫ t

t0

e−α(t−s)
(∫ s

s−τ
‖Mω‖βωe

−γω(z−t0)dz

)
ds

+ κ

∫ t

t0

e−α(t−s) ‖Mω‖βωe
−γω(s−t0)ds.

(66)
Further obtained

‖ξω(t)‖ ≤ κe−α(t−t0) ‖ξω (t0)‖

+ κ

∫ t

t0

e−α(t−s)
{∫ s

s−τ
‖Mω‖2 ‖ξω(z−τ)‖ dz

}
ds

+
κ ‖Mω‖βω

−γω (α− γω)
(1− eγωτ − γω)

×
(
e−γω(t−t0) − e−α(t−t0)

)
.

(67)
In order to prove the convergence of the system (30), the

following equation can be proved:

‖ξω(t)‖ ≤ ηωZωe
−γω(t−t0) (68)

where ηω > 1. Substituting (68) into (67) yields

‖ξω(t)‖
≤ κe−α(t−t0) ‖ξω (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖Mω‖2 ηωZωe
−γω(z−τ−t0)dz

}
ds

+
κ ‖Mω‖βω

−γω (α− γω)
(1− eγωτ − γω)

×
(
e−γω(t−t0) − e−α(t−t0)

)
.

(69)
If Inequality (68) does not hold, there must be t∗ ≥ t0 so that
ηωκZωe

−γω(t∗−t0) < ‖ξω(t∗)‖. When t = t∗, Inequality (69)
can be written as

‖ξω (t∗)‖
≤ κe−α(t∗−t0) ‖ξω (t0)‖

+ κ

∫ t∗

t0

e−α(t
∗−s)
{∫ s

s−τ
‖Mω‖2 ηωZωe

−γω(z−τ−t0)dz

}
ds
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+
κ ‖Mω‖βω

−γω (α− γω)
(1− eγωτ − γω)

×
(
e−γω(t∗−t0) − e−α(t∗−t0)

)

≤
(
κηωZω (1− eγωτ ) ‖Mω‖2 eγωτ

−γω (α− γω)

+
κηω ‖Mω‖βω (1− eγωτ − γω)

−γω (α− γω)

)
e−γω(t∗−t0)

+

(
κηω ‖ξω (t0)‖+ κηωZω (1− eγωτ ) (‖Mω‖ ‖Mω‖ eγωτ )

γω (α−γω)

−κηω ‖Mω‖βω (1− eγωτ − γω)

−γω (α− γω)

)
e−α(t∗−t0). (70)

According to Assumption 3, we can get

ηωκZωe
−γω(t∗−t0) < ‖ξω (t∗)‖

< ηωκ ‖ξω (t0)‖ e−γω(t∗−t0)

< ηωκZωe
−γω(t∗−t0). (71)

So Inequality (68) is true. This means that the consistency of the
distributed frequency controller can converge exponentially.

The Dini derivative of ‖ei(t)‖ satisfies the following relation-
ship:

D+ ‖ei(t)‖ =
d

dt

√
eTi (t)ei(t) ≤ ‖ėi(t)‖ . (72)

Substituting (30) and (31) into (72) yields

D+ ‖eωi(t)‖
≤ ‖ėωi(t)‖
≤ ‖L+B‖2 ∥∥ξω (tik − τ

)∥∥+ ‖L+B‖βωe
−γω(tik−τ−t0)

+ ‖L+B‖2 ‖ξω(t− τ)‖+ ‖L+B‖βωe
−γω(t−τ−t0)

≤ ‖L+B‖Zωe
−γω(tik−t0) + ‖L+B‖Zωe

−γω(t−t0)

+
(
2‖L+B‖2Zω + ‖L+B‖βω

) (
e−γω(t−τ−t0)

+e−γω(tik−τ−t0)
)
.

(73)
At the event-triggered instant t = tik, eωi(t) will be reset to 0.
From (73), we can obtain

‖eωi(t)‖ ≤
(
eγωτ

(
2‖L+B‖2Zω + ‖L+B‖βω

)
γω

+
‖L+B‖Zω

γω

)(
e−γω(tik−t0) − e−γω(t−t0)

)

+
(‖L+B‖Zω + eγωτ

(
2‖L+B‖2Zω

+ ‖L+B‖βω)) e
−γω(tik−t0) (t− tik

)
(74)

where t ∈ [tik, t
i
k+1], when the event-triggered function (31) is

triggered, there is

βωe
−γω(t−t0) < ‖eωi(t)‖ . (75)

According to (75), the next event will be triggered at the zero
crossing of (31), and there is

βωe
−γω(tik+1−t0)

<

(
eγ

τ
ω
(
2‖L+B‖2Zω + ‖L+B‖βω

)
γω

+
‖L+B‖Zω

γω

)(
e−γω(tik−t0) − e−γω(tik+1−t0)

)

+
(‖L+B‖Zω + eγωτ

(
2‖L+B‖2Zω

+ ‖L+B‖βω)) e
−γω(tik−t0) (tik+1 − tik

)
. (76)

Let T i
k = tik+1 − tik, there is

βωe
−γωT i

k <

(
eγωτ

(
2‖L+B‖2Zω + ‖L+B‖βω

)
γω

+
‖L+B‖Zω

γω

)(
1− e−γωT i

k

)

+
(‖L+B‖Zω + eγωτ

(
2‖L+B‖2Zω

+ ‖L+B‖βω))T
i
k. (77)

Since the right side of (77) is greater than zero, (78) must be true

T i
k > 0. (78)

Therefore, the frequency controller does not have Zeno be-
havior.

B. Proof of Theorem 2

Proof: Using the Newton–Leibnitz formula, we obtain

ε(t− τ) = ε(t)−
∫ t

t−τ

ε̇(s)ds

= ε(t)−
∫ t

t−τ

E1ε(s)ds−
∫ t

t−τ

Mε(s− τ)ds

−
∫ t

t−τ

E2 (ey(s− τ) + eg(s− τ)) ds. (79)

Then, we have

ε̇(t) = (E1 +M) ε(t)−M

∫ t

t−τ

E1ε(s) +Mε(s− τ)

+ E2 (ey(s− τ) + eg(s− τ)) ds

+ E2 (ey(t− τ) + eg(t− τ)) . (80)
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Solving differential equation (80), there is

ε(t) = e(E1+M)(t−t0)ε (t0)

−
∫ t

t0

e(E1+M)(t−s)M

{∫ s

s−τ

E1ε(z)

+Mε(z − τ) + E2 (ey(z − τ) + eg(z − τ)) dz

−E2 (ey(s− τ) + eg(s− τ))

}
ds. (81)

Similar to the proof process of Theorem 1, the property of matrix
eigenvalue is also used to further deduce (81). Using Lemma 3,
we can easily get Re(λN (E1 +M)) < 0. So there are κ ≥ 1
and α > 0 that make (82) hold

‖ε(t)‖
≤ κe−α(t−t0) ‖ε (t0)‖

+ κ

∫ t

t0

e−α(t−s)‖M‖
{∫ s

s−τ

‖E1‖ ‖ε(z)‖

+ ‖M‖‖ε(z − τ)‖+ ‖E2‖ ‖ey(z − τ) + eg(z − τ)‖ dz

+ ‖E2‖ ‖ey(s− τ) + eg(s− τ)‖
}
ds.

(82)
Combining the event-triggered function ‖ey(t− τ)‖+
‖eg(t−τ)‖ ≤ βe−γ(t−t0) and (82), we can obtain

‖ε(t)‖
≤ κe−α(t−t0) ‖ε (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖E1‖ ‖M‖‖ε(z)‖

+ ‖M‖2‖ε(z − τ)‖+ ‖E2‖ ‖M‖βe−γ(z−t0)dz

+ ‖M‖ ‖E2‖βe−γ(s−t0)

}
ds

= κe−α(t−t0) ‖ε (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖E1‖ ‖M‖‖ε(z)‖dz

+

∫ s

s−τ

‖M‖2‖ε(z − τ)‖dz
}
ds

+ κ

∫ t

t0

e−α(t−s)

(∫ s

s−τ

‖E2‖ ‖M‖βe−γ(z−t0)dz

)
ds

+ κ

∫ t

t0

e−α(t−s) ‖E2‖ ‖M‖βe−γ(s−t0)ds.

(83)

Finally, there is

‖ε(t)‖ ≤ κe−α(t−t0) ‖ε (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖M‖ ‖E1‖ ‖ε(z)‖dz

+

∫ s

s−τ

‖M‖2‖ε(z − τ)‖dz
}
ds

+
κ‖M‖ ‖E2‖β
−γ(α− γ)

(1− eγτ − γ)
(
e−γ(t−t0)

− e−α(t−t0)
)
. (84)

�
In order to prove that the voltage distributed controller (52)

can converge, the following equation can be proved to be true:

‖ε(t)‖ ≤ ηZe−γ(t−t0) (85)

where η > 1. Substituting (85) into (84) yields

‖ε(t)‖
≤ κe−α(t−t0) ‖ε (t0)‖

+ κ

∫ t

t0

e−α(t−s)

{∫ s

s−τ

‖M‖ ‖E1‖ ηZe−γ(z−t0)dz

+

∫ s

s−τ

‖M‖2ηZe−γ(z−τ−t0)dz

}
ds

+
κ‖M‖ ‖E2‖β
−γ(α− γ)

(1− eγτ − γ)
(
e−γ(t−t0)

− e−α(t−t0)
)
.

(86)
If Inequality (85) does not hold, there must be t∗ ≥ t0 for

ηκZe−γ(t∗−t0) < ‖ε(t∗)‖. When t = t∗, Inequality (86) can be
written as

‖ε (t∗)‖
≤ κe−α(t∗−t0) ‖ε (t0)‖

+ κ

∫ t∗

t0

e−α(t∗−s)

{∫ s

s−τ

‖M‖ ‖E1‖ ηZe−γ(z−t0)dz

+

∫ s

s−τ

‖M‖2ηZe−γ(z−τ−t0)dz

}
ds

+
κ‖M‖ ‖E2‖β
−γ(α− γ)

(1− eγτ − γ)
(
e−γ(t∗−t0) − e−α(t∗−t0)

)

≤ 1

−γ(α− γ)

(
κηZ (1− eγτ )

(‖M‖ ‖E1‖+ ‖M‖2eγτ)
+ κη‖M‖ ‖E2‖β (1− eγτ − γ)) e−γ(t∗−t0) + (κη ‖ε (t0)‖

− 1

−γ(α− γ)

(
κηZ (1− eγτ )

(‖M‖ ‖E1‖+ ‖M‖2eγτ)
+ κη‖M‖ ‖E2‖β (1− eγτ − γ)) e−α(t∗−t0).

(87)



ZHANG et al.: NOVEL EVENT-TRIGGERED SECONDARY CONTROL STRATEGY FOR DISTRIBUTED GDC 5977

According to Assumption 4, we can conclude that

ηκZe−γ(t∗−t0) < ‖ε (t∗)‖
< ηκ ‖ε (t0)‖ e−γ(t∗−t0)

< ηκZe−γ(t∗−t0). (88)

So Inequality (85) is true. This means that the consistency of the
distributed voltage controller can converge exponentially. The
following will prove that the controller has no Zeno behavior.

Substituting (53)–(55) into (72) yields

D+ ‖eyi(t) + egi(t)‖
≤ ‖ėyi(t) + ėgi(t)‖
≤ ‖L+B‖∥∥η (tik)∥∥+ ‖L+B‖2 ∥∥ξ (tik − τ

)∥∥
+ ‖L+B‖‖η(t)‖+ ‖L+B‖βe−γ(tik−τ−t0)

+ ‖L+B‖2 ∥∥η (tik − τ
)∥∥+ ‖L+B‖2‖η(t− τ)‖

+ ‖L+B‖2‖ξ(t− τ)‖+ ‖L+B‖βe−γ(t−τ−t0)

≤ ‖L+B‖Ze−γ(tik−t0) + ‖L+B‖Ze−γ(t−t0)

+
(
2‖L+B‖2Z + ‖L+B‖β) (e−γ(t−τ−t0)

+ e−γ(tik−τ−t0)
)
. (89)

At the event-triggered instant t = tik, ei(t) will be reset to 0.
Through (89), we can get

‖ei(t)‖ ≤ 1

γ

(‖L+B‖Z + eγτ
(
2‖L+B‖2Z

+ ‖L+B‖β))
(
e−γ(tik−t0) − e−γ(t−t0)

)
+
(‖L+B‖Z + eγτ

(
2‖L+B‖2Z

+ ‖L+B‖β))e−γ(tik−t0) (t− tik
)

(90)

where t ∈ [tik, t
i
k+1]. When the event-triggered function (55) is

triggered, we obtain

βe−γ(t−t0) < ‖eyi(t)‖+ ‖egi(t)‖ . (91)

According to (91), the next event will be triggered when (55)
crosses zero. We obtain

βe−γ(tik+1−t0)

≤ 1

γ

(‖L+B‖Z + eγt
(
2‖L+B‖2Z

+ ‖L+B‖β))
(
e−γ(tik−t0) − e−γ(tik+1−t0)

)
+
(‖L+B‖Z + eγτ

(
2‖L+B‖2Z

+ ‖L+B‖β))e−γ(tik−t0) (tik+1 − tik
)
. (92)

Let T i
k = tik+1 − tik, we have

βe−γT i
k <

1

γ

(‖L+B‖Z + eγτ
(
2‖L+B‖2Z

+ ‖L+B‖β))
(
1− e−γT i

k

)
+ (‖L+B‖Z

+ eγt
(
2‖L+B‖2Z + ‖L+B‖β))T i

k. (93)

The right side of (93) is greater than zero, then Inequality (94)
must be true

T i
k > 0. (94)

There’s no Zeno behavior.
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