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Abstract—The cascaded H-bridge (CHB) low-capacitance static
compensator (LC-StatCom) has a limited negative-sequence cur-
rent injection capability compared to a conventional CHB Stat-
Com, due to the comparatively larger oscillations on the capacitor
voltages. Placing limits on the ability to provide negative-sequence
current to the grid for a given capacitor size is required to pre-
vent overmodulation. This article shows that these limits can be
maximized by injecting an optimal third-harmonic circulating
current. The effects of injecting the third-harmonic current on the
capacitor voltages, both in balanced and unbalanced grid voltage
conditions, are analyzed. Specifically, the procedure allows the
knowledge of the potential capability of the LC-StatCom when
injecting negative-sequence currents. The procedure is based on
a linear programming approach. Although the procedure is appli-
cable to any CHB StatCom, regardless of the submodule capacitor
size, it is particularly important in LC-StatComs. To corroborate
the proposed analysis, simulation and experimental results under
balanced and unbalanced grid voltage conditions are presented.

Index Terms—Cascaded H-bridge (CHB), circulating current
injection, compensation region of negative-sequence currents,
linear programming, multilevel converter, optimization methods,
static compensator (STATCOM), thin dc capacitor.

I. INTRODUCTION

THE low-capacitance static compensator (LC-StatCom)
based on the cascaded H-bridge (CHB) converter has been
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previously proposed as an alternative to the conventional CHB
StatCom, with the aim of reducing the capacitor size and im-
proving efficiency [1], [2], [3], [4], [5], [6]. In the LC-StatCom,
the H-bridge capacitance values are chosen to bound twice-
fundamental-frequency oscillations in the capacitor voltages up
to 40%–80% of the nominal dc voltage, whereas in a conven-
tional CHB StatCom this bound is much lower (around 10%).

StatComs are required to operate both in balanced and unbal-
anced grid conditions [7], thus knowing the operating limits in
both conditions, depending on the submodule capacitor size,
is important. In addition to the capacitance and grid condi-
tion, the presence of the third-harmonic zero-sequence current
(THZSC) also influences the operating limits. Furthermore, op-
erating during unbalanced grid conditions requires the injection
of a fundamental-frequency zero-sequence current (FFZSC) to
maintain capacitor voltage control among the phase-arms of
the CHB with delta connection [8], [9], [10], [11], [12], [13],
[14]. Therefore, the study of the operating limits has to take
into account the required FFZSC and the THZSC. The limits
on the ability of LC-StatComs to provide negative-sequence
current to the grid when no THZSC is injected have been studied
in [14]. Specifically, Rodriguez Ramos et al.[14] showed cases
in which an LC-StatCom delivering negative-sequence current
overmodulates, while such cases would not overmodulate a
conventional CHB StatCom with a larger capacitor size, or an
LC-StatCom with an appropriate THZSC injection. Rodriguez
Ramos et al. [14] employed an analytical procedure that takes ad-
vantage of the fact that there is always a perfect phase-alignment
between the minimum capacitor voltage and the peak of the
absolute value of the ac-side (grid) voltage in the phase-arm
that would overmodulate. However, when THZSC is considered,
this analytical procedure cannot be adapted as the mentioned
phase-alignment is no longer guaranteed.

The operating points are limited when overmodulation ap-
pears. Fig. 1 shows voltage and current waveforms in the delta-
connected LC-StatCom and in a conventional CHB StatCom
providing unbalanced currents when the circulating current is
only an FFZSC (without THZSC), as in [14]. Specifically, the
absolute value of the ac-side voltages, in red, and the dc-side
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Fig. 1. Voltage waveforms on the ac-side v∗x and on the dc-side v∗Σ−x, for
a delta-connected StatCom with capacitor size 4C (in dashed blue) and in an
LC-StatCom with capacitor size C (in solid blue) in unbalanced conditions.
(a) For phase-arm ab. (b) For phase-arm bc. (c) For phase-arm ca. Gray areas
highlight overmodulating intervals. Bottom subplot (d) depicts the arm currents.

voltages, in blue for the LC-StatCom and in dashed blue for
the conventional CHB StatCom, are shown in Fig. 1(a)–(c).
Moreover, the arm currents are shown in Fig. 1(d). In this
illustrative example, the capacitor size of the conventional CHB
StatCom is four-times larger than the one of the LC-StatCom. As
it can be observed, the ac- and dc-side voltages in phase-arms ab
and ca are in phase, and thus, large capacitor voltage oscillations
do not compromise the converter operation, i.e., no overmodu-
lation occurs. Note that when the dc-side voltage oscillations
are in phase with the absolute value of the ac-side voltage, the
phase-arm is operating in capacitive mode. On the other hand,
the ac- and dc-side voltages in the phase-arm bc are in opposite
phase and, therefore, the ability to provide current is restricted,
i.e., when the arm current is large enough, overmodulation

occurs. Note that when the dc-side voltage oscillations are in
counter-phase with the absolute value of the ac-side voltage,
the phase-arm is operating in inductive mode. Specifically, in
this illustrative example, overmodulation occurs in phase-arm
bc of the LC-StatCom during some intervals of the fundamental
period, which are highlighted using a gray shading in Fig. 1(b).
Unlike the LC-StatCom, the conventional CHB StatCom has a
greater capability to provide current in each phase-arm, since
the dc-side voltage oscillations are comparably smaller.

Injecting a THZSC in a StatCom adds a degree of freedom
in the capacitor voltage references design that can be used
to extend the operating limits. Then, the immediate task is
finding the physical limits when the optimal THZSC is injected.
This is especially beneficial for the LC-StatComs considering
their inherent limited negative-sequence current compensation
capability [14], as Fig. 1 depicts. A method to extend the limits
of positive- and negative-sequence current injection by deriving
the optimal THZSC is proposed in this article for balanced and
unbalanced grid voltages. Specifically, given an LC-StatCom
that is designed to provide a rated positive-sequence current, the
proposed method yields the optimal THZSC that corresponds
to the theoretical limits of negative-sequence current injection
capability of the LC-StatCom.

The benefits and drawbacks of injecting zero-sequence odd
harmonics, in different CHB applications, have been reported
in [11], [15], [16], [17], [18], [19], and [20]. Capacitor voltage
oscillations are neglected in [11], [15], [16], [17], and [18], since
large capacitances are considered. On the other hand, capacitor
voltage oscillations are considered in [19] and [20], since they
use reduced capacitances.

The authors in [15] and [17] focus on star-connected CHB for
photovoltaic (PV) applications, assuming balanced grid volt-
ages and currents, and using third-harmonic and discontinu-
ous zero-sequence voltage methods to extend the CHB oper-
ation when there are severe PV power generation imbalances
among phase-arms. Zhang et al. [11] benchmarked different
conventional StatCom solutions for negative-sequence current
compensation, such as star- and delta-connected CHBs, and
concludes that a THZSC injection represents an effective so-
lution in delta-connected CHB StatComs, whilst a discontinu-
ous zero-sequence voltage is a good solution in star-connected
CHB StatComs. Similarly, Lu et al. [18] focused on a con-
ventional star-connected CHB StatCom, and compares a third-
harmonic zero-sequence voltage strategy and a square-wave
zero-sequence voltage strategy, assuming balanced grid volt-
ages, to show which strategy is more suitable depending on the
phase of the negative-sequence current.

The authors in [19] and [20] apply THZSC injection methods
to LC-StatCom operating in balanced grid conditions, whereas
the proposed approach considers the operating limits when
injecting positive- and negative-sequence currents both in bal-
anced and unbalanced grid voltage conditions. It should be noted
that injecting negative-sequence currents implies the loss of
symmetry among phase-arms due to an unbalanced operation,
which complicates the calculation of the required THZSC and,
as a result, the determination of the negative-sequence injection
capability.
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In this article, a linear programming (LP) approach is used
to find the optimal THZSC (magnitude and phase) and the
maximum negative-sequence current magnitude (for a given
phase angle) that the LC-StatCom can inject to the grid for
a given capacitor size, while also providing a predetermined
amount of positive-sequence current. Therefore, the proposed
LP model takes into account the LC-StatCom capacitor volt-
age oscillations, unbalanced grid voltages, and the FFZSC and
THZSC. In the proposed LP method, the dc component of the
capacitor voltages in each phase-arm are optimization variables
that can enlarge the feasible region while the peak capacitor
voltages are constrained. As in [14], which did not consider
the THZSC, the operation limits are depicted by straight-line-
bounded (polygonal) polar representations. The representation
of the operation limits by a polygonal form is an interesting
feature of the proposed analysis, since simply knowing the
polygon vertices allows one to quickly determine whether the
requested operating condition is viable or not. In [14], the polyg-
onal region is derived analytically, however, in the proposed
method, due to the presence of the THZSC in the expressions,
the polygonal region is obtained by solving an LP problem.
It is worth noting that the THZSC injection introduces second-
and fourth-harmonics to the original second-harmonic capacitor
voltage, and these harmonics do not have to be in phase with the
ac-side voltage, which prevents adapting the analytical method
in [14]. In addition, an LP approach can include some other
constraints, as for instance the limitation of the peak arm current
values. Other LP approaches in power electronics can be found,
for instance, in [21], [22], and [23].

The rest of this article is organized as follows. In Section II,
the modeling of the CHB-StatCom with delta configuration and
considering unbalanced grid conditions is reviewed, and the
capacitor voltage expressions are derived. Section III models
the problem of finding the negative-sequence current limits as
an inequality constrained LP. Specifically, two different cases
are studied, namely, without THZSC injection and with THZSC.
Also, in Section III, straight-line-bounded polar plots are used to
represent the viable operating regions in both cases. Section IV
deals with the LC-StatCom control used to obtain simulation and
experimental results. Section V describes experimental results
obtained with a downscaled prototype, where temporal wave-
forms are shown to corroborate the theoretical results. Finally,
Section VI concludes this article.

II. MODELING OF LC-STATCOMS IN PRESENCE OF

IMBALANCES

The topology of the LC-StatCom with delta configuration,
its state variables, and its main mathematical relationships are
covered in this section. Imbalances in grid voltages and line
currents are taken into account in the model relationships.

A. Topology

Fig. 2 shows a circuit representation of the LC-StatCom with
delta configuration. The power converter consists of three phase-
arms x ∈ {ab, bc, ca}. Each phase-arm includes n H-bridge
converters in cascade, and an arm impedance {Larm, Rarm}.

Fig. 2. Circuit diagram of a three-phase CHB StatCom with delta
configuration.

Each H-bridge consists of a floating capacitor C, and two pairs
of power switches. The three vertices of the delta connection
(a), (b), and (c) are connected to the point of common coupling
(PCC) grid voltages {ea, eb, ec}.

B. Relationships in CHB Converters With Delta Configuration

The capacitor cluster voltages vΣ−x are defined as the per-arm
sum of individual capacitor voltages, i.e.,

vΣ−x =

n∑
j=1

vC−xj . (1)

Denoting δx as the per-arm modulating signals, which lie in the
[−1, 1] continuous range, the output voltages vx correspond to

vx = δxvΣ−x. (2)

The line currents {ia, ib, ic} are linear combinations of the
arm currents {iarm−ab, iarm−bc, iarm−ca}. However, the transfor-
mation matrix of line currents to arm currents is nonfull rank
until introducing the zero-sequence current iz as a constraint [24]

iz =
1

3
(iarm−ab + iarm−bc + iarm−ca) . (3)

Then, the following relationship for the converter arm currents
can be obtained:⎡
⎣ iarm−ab

iarm−bc

iarm−ca

⎤
⎦ =

1

3

⎡
⎣ 1 −1 0

0 1 −1
−1 0 1

⎤
⎦
⎡
⎣ ia

ib
ic

⎤
⎦+

⎡
⎣ 1

1
1

⎤
⎦ iz.

(4)
Applying circuit analysis, and using (4), the arm current

dynamics are found as

d iarm−x

dt
= −Rarm

Larm
iarm−x +

1

Larm
(vx − ex) (5)

where ex refers to the line-to-line PCC grid voltages.
The relationship between the ac-side power and the dc-side

power in each phase-arm, assuming vC−xj = vΣ−x/n ∀j ∈
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{1, 2, . . . , n}, corresponds to

1

2

C

n

d v2Σ−x

dt
= −vxiarm−x. (6)

Note that in the steady state, the squared capacitor cluster volt-
ages v2Σ−x consist of a dc value plus a second harmonic, which
can be inferred from (5)–(6) when ex and iarm−x are sinusoidal.
Also note that in steady state, the average power in a grid period
T , i.e.,

Px−avg =
1

T

∫ T

0

vxiarm−x dt (7)

can be considered near zero. During transients, Px−avg can be
nonzero which charges/discharges the equivalent arm capacitor
C/n.

C. Steady-State Relationships During Unbalances

This subsection models unbalanced operation and provides
a coherent set of steady-state references for all the converter
variables.

The line-to-line grid voltages and arm currents, in the steady
state, can be defined as follows:

eab(t) = Re
((

Êp + Êne
−iθn

)
eiωt

)

ebc(t) = Re
((

α2Êp + αÊne
−iθn

)
eiωt

)

eca(t) = Re
((

αÊp + α2Êne
−iθn

)
eiωt

)

issarm−ab(t) =

Re
((

Îssp eiϕ
ss
p + Îssn e−iϕss

n + Îssz1e
iϕss

z1

)
eiωt

)

issarm−bc(t) =

Re
((

α2Îssp eiϕ
ss
p + αÎssn e−iϕss

n + Îssz1e
iϕss

z1

)
eiωt

)

issarm−ca(t) =

Re
((

αÎssp eiϕ
ss
p + α2Îssn e−iϕss

n + Îssz1e
iϕss

z1

)
eiωt

)
(8)

with phasor rotation operator α = exp(i 2π/3), subscripts p, n,
and z referring to positive-, negative-, and zero-sequence com-
ponents, respectively, and superscript ss is used for steady-state
variables. Parameter ω is the grid angular frequency, Êp is the
amplitude of the positive-sequence line-to-line grid voltage, Ên

and θn are the amplitude and angle of the negative-sequence
line-to-line grid voltage, Îssp and ϕss

p are the amplitude and

angle of the positive-sequence arm current, Îssn and ϕss
n are the

amplitude and angle of the negative-sequence arm current that
the StatCom has to provide, and Îssz1 and ϕss

z1 are the amplitude
and angle of the FFZSC that impose (7) equal to zero in the
steady state, i.e., P ss

x−avg = 0. Specifically, the calculation of

FFZSC {Îssz1, ϕss
z1} is provided in Appendix A. Note that ϕss

p

is not necessarily ±π/2 rad when dealing with unbalanced grid
conditions, as discussed in Appendix A.

Solving (6) according to (34) and (39)–(41) in Appendix A,
yields

(
vssΣ−x(t)

)2
= Kss

x +
2ExY I

ss
xY

2ω C/n
sin (2ωt)

+

(
ExX − E2

xY /ExX

)
IssxY

2ω C/n
cos (2ωt) (9)

where Kss
x is a design variable that has to be chosen sufficiently

large to avoid overmodulation, yet sufficiently low to reduce
switching losses [2], [6]. Appendix A describes the mathe-
matical relationships among the voltage and current Cartesian
XY−components {ExX , ExY , I

ss
xY } and the amplitudes and

angles {Êp, Ên, θn, Î
ss
p , ϕss

p , Îssn , ϕss
n , Îssz1, ϕ

ss
z1} in (8). Note

that (38) in Appendix A, which imposes the energy balance
among the phase-arms, has been used in (9).

III. MODELING OVERMODULATION AND OVERVOLTAGE

CONSTRAINTS IN LC-STATCOMS

Operation of LC-StatComs is limited by the fact that the
capacitor cluster voltage vssΣ−x has to be higher than the absolute
value of the output voltage |vssx |, i.e., |vssx | ≤ vssΣ−x, otherwise
|δssx | ≥ 1 according to (2). In addition, vssΣ−x has to be lower than
a prescribed maximum value VUB , i.e., vΣ−x ≤ VUB , to ensure
safe converter operation. The following subsections investigate
the maximum negative-sequence current capability of the LC-
StatCom by taking into account the capacitor cluster voltage
waveform in (9). First, the case with no THZSC is explained,
and then a case where a THZSC that extends the operating limits
is analyzed. Henceforth, to simplify the equations, the voltage
drop on the arm inductor is neglected.

A. Case I: Negative-Sequence Current Capability Without
THZSC

As explained, the operating range of the voltage vssΣ−x corre-
sponds to

|ex| ≤ vssΣ−x ≤ VUB ∀x, t. (10)

Thus, substituting (34) and (9) in (10), and squaring, yields

(ExX cos (ωt)+ExY sin (ωt))2 ≤ Kss
x +

2ExY I
ss
xY

2ω C/n
sin (2ωt)

+

(
ExX − E2

xY /ExX

)
IssxY

2ω C/n
cos (2ωt) ≤ V 2

UB . (11)

Now, substituting (39)–(41) in (36), and rearranging, IssxY
can be rewritten as an affine function on the amplitude of the
negative-sequence current Îssn

IssxY = αxÎ
ss
n cos (ϕss

n ) + βxÎ
ss
n sin (ϕss

n ) + γxI
ss
pq (12)

where Isspq = Îssp sin(ϕss
p ), and where the constants αx, βx, and

γx are solely determined by the grid voltages, i.e, Êp, Ên, and
θn, and therefore they can be regarded as known constants.
For instance, for the phase-arm ab current IssabY , the constants
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correspond to

αab =
Enq (2End − Epd) (End + Epd)

Epd

(
E2

nd − E2
pd + E2

nq

)

βab =
(End + Epd)

(
−2E2

pd + EndEpd + 2E2
nq

)

Epd

(
E2

nd − E2
pd + E2

nq

)

γab =
(End + Epd)

(
E2

pd − 2EndEpd

)

Epd

(
E2

nd − E2
pd + E2

nq

) . (13)

The six conditions given by (11), two per phase-arm, can
be expressed by the following matricial-form inequalities, by
replacing (12) into (11):

lbx(t) ≤
[
ax (t, ϕ

ss
n ) 1

] [ Îssn
Kss

x

]
≤ ubx(t)

∀x, t (14)

with the lower bounds lbx(t) and the upper bounds ubx(t) per
phase-arm corresponding to

lbx(t) = (ExX cos (ωt) + ExY sin (ωt))2 − γxI
ss
pq

2ω C/n(
2ExY sin (2ωt) +

(
ExX − E2

xY /ExX

)
cos (2ωt)

)
(15)

ubx(t) = V 2
UB − γxI

ss
pq

2ω C/n(
2ExY sin (2ωt) +

(
ExX − E2

xY /ExX

)
cos (2ωt)

)
(16)

being ax(t, ϕ
ss
n ) the coefficient that multiplies the amplitude of

the negative-sequence current Îssn

ax (t, ϕ
ss
n ) =

αx cos (ϕ
ss
n ) + βx sin (ϕ

ss
n )

2ω C/n(
2ExY sin (2ωt) +

(
ExX − E2

xY /ExX

)
cos (2ωt)

)
. (17)

Note that the variables that are later optimized are the ampli-
tude of the negative-sequence current Îssn and the dc value of the
squared capacitor cluster voltages Kss

x .
The lower bounds lbx(t), upper bounds ubx(t), and coef-

ficients ax(t, ϕ
ss
n ) in (15)–(17), within ωt ∈ [0, ∞] rad, are

determined by: 1) the grid voltages ex, which, in turn, al-
low to obtain the constants αx, βx, and γx in (13), and
the Cartesian XY−components {ExX , ExY } in (35), 2) the
positive-sequence reactive current reference Isspq , and 3) the
angle of the negative-sequence current ϕss

n . Next, the op-
timization problem with linear inequalities in (14)–(17) is
formulated as an LP, where the optimization variables are
Îssn , Kss

ab , Kss
bc , Kss

ca , and the cost function is a weighted
sum of the optimization variables. The weighted sum aims at
maximizing the amplitude of the negative-sequence current, Îssn ,
while the dc value of the squared capacitor cluster voltages,
Kss

ab , Kss
bc , and Kss

ca , are desired to be as low as possible.

Consequently, the optimization problem with linear objective
function and constraints can be expressed as

Maximize cTx
subject to At (t, ϕ

ss
n )x ≤ bt(t), ωt ∈ [0, ∞]

(18)

with [0, ∞] the infinite index set, and where x ∈ R4 is the
optimization variable, i.e.,

x =
[
Îssn Kss

ab Kss
bc Kss

ca

]T
. (19)

Vector c defines the cost function cTx, as

c =
[
1 −ρ −ρ −ρ

]T
(20)

where ρ > 0 is a positive constant. Matrix At and vector bt
define the inequality constraints

At (t, ϕ
ss
n ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

aab (t, ϕ
ss
n ) 1 0 0

abc (t, ϕ
ss
n ) 0 1 0

aca (t, ϕ
ss
n ) 0 0 1

−aab (t, ϕ
ss
n ) −1 0 0

−abc (t, ϕ
ss
n ) 0 −1 0

−aca (t, ϕ
ss
n ) 0 0 −1

−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(21)

bt(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ubab(t)
ubbc(t)

ubca(t)

−lbab(t)

−lbbc(t)

−lbca(t)

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

where the first six rows in (21) and (22) correspond to (14),
while the last four rows impose that the optimization variables
Îssn , Kss

ab , Kss
bc , Kss

ca are positive.
As it can be observed, there is a finite number of variables

to optimize, i.e., Îssn , Kss
ab , Kss

bc , Kss
ca . Conversely, there exists a

constraint for each t ∈ [0, ∞], thus, the number of constraints
are infinite. Hence, (18) is a linear semiinfinite optimization
problem [25]. However, since only sinusoidal signals with peri-
odicity equal to T/2 are involved in the coefficients of At and
bt, according to (15)–(17), the infinite index set of interest is
t ∈ [0, T/2]. Discretization, usingNs uniformly sampled values
within T/2, of (15)–(17), within the index set t ∈ [0, T/2], or
equivalently ωt ∈ [0, π], transforms the semiinfinite optimiza-
tion problem into a finite-dimension LP problem [26]. Note that
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the incorporation of additional constraints in the LP problem,
such as limiting the maximum arm currents, can be readily
implemented.

After discretizing (21) and (22) with Ns samples along T/2,
(18) becomes the following inequality form LP:

Maximize cTx
subject to A (ϕss

n )x ≤ b
(23)

with the new time-invariant matrix A and vector b defining the
linear constraints as

A (ϕss
n ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

aab (ϕ
ss
n ) 1Ns

0Ns
0Ns

abc (ϕ
ss
n ) 0Ns

1Ns
0Ns

aca (ϕ
ss
n ) 0Ns

0Ns
1Ns

−aab (ϕ
ss
n ) −1Ns

0Ns
0Ns

−abc (ϕ
ss
n ) 0Ns

−1Ns
0Ns

−aca (ϕ
ss
n ) 0Ns

0Ns
−1Ns

−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(24)

b =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ubab

ubbc

ubca

−lbab

−lbbc

−lbca

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)

with 1Ns
and 0Ns

as Ns-size column vectors of ones and zeros,
respectively. Column vector ax(ϕ

ss
n ) in (24) is defined as

ax =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ax(0)
ax (Ts)
ax (2Ts)

...
ax (ηTs)

...
ax ((Ns − 1)Ts)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(26)

with ax(ηTs) as the value of (17) at ωt = πη/Ns, η ∈
{0, 1, . . . , Ns − 1} being the sample index. The column vec-
tors lbx and ubx in (25) are similarly calculated. Note that now
the discretized constraints set is modeled by the LP matrices
A(ϕss

n ) ∈ R(6Ns+4)×4 and b ∈ R(6Ns+4), which have a finite
dimension. Inequalities A(ϕss

n )x ≤ b consider both balanced

and unbalanced grid voltage conditions, depending on the par-
ticular values of Epd, End, and Enq in constants αx, βx, and γx
in (13).

B. Case II: Negative-Sequence Current Capability With
THZSC

Injecting a THZSC can extend the operating region. Note
that the THZSC does not affect the active power balance, i.e.,
(39)–(41) in Appendix A are unchanged. It can be remarked that
the THZSC modifies the shape of the cluster capacitor voltage
waveforms vssΣ−x in (9), and hence the modulation signals δssx
according to (2). Next, the analysis including the THZSC is
described.

Considering the THZSC, the arm currents in (34) can be
expressed as follows:

issarm−x(t) = IssxX cos (ωt) + IssxY sin (ωt)

+ Issz3X cos (3ωt) + Issz3Y sin (3ωt) (27)

and consequently, the shaped cluster capacitor voltages become

(
vssΣ−x(t)

)2
= Kss

x +
2ExY I

ss
xY

2ω C/n
sin (2ωt)

+

(
ExX − E2

xY /ExX

)
IssxY

2ω C/n
cos (2ωt)

− ExXIssz3X + ExY I
ss
z3Y

2ω C/n
sin (2ωt)

− ExXIssz3X − ExY I
ss
z3Y

4ω C/n
sin (4ωt)

+
ExXIssz3Y − ExY I

ss
z3X

2ω C/n
cos (2ωt)

+
ExXIssz3Y + ExY I

ss
z3X

4ω C/n
cos (4ωt) . (28)

Comparing (9) with (28), the THZSC adds two extra har-
monic components to vss2Σ−x, namely, a second- and a fourth-
harmonic term. It can be seen that, sinceEabX �= EbcX �= EcaX

and EabY �= EbcY �= EcaY in (35), the effect of the extra
terms due to the THZSC in the three converter phase-arms is
asymmetric.

Satisfying the constraint (10), where vssΣ−x in (28) and ex are
neither in phase nor in counter-phase, and, given the presence
of several harmonics in (28), it involves that the constraint
(10) is not independent on the time instant t. Nevertheless, the
proposed LP method deals properly with the aforementioned
time-dependent constraint.

As in the previous case, the dc value of the squared capacitor
cluster voltages, i.e., Kss

ab , Kss
bc , Kss

ca , are considered as
optimization variables. Thus, the optimization vector x ∈ R6,
in this case, becomes

x =
[
Îssn Kss

ab Kss
bc Kss

ca Issz3X Issz3Y
]T

(29)

the vector c that defines the linear cost function is now

c =
[
1 −ρ −ρ −ρ 0 0

]T
(30)
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and the matrix A, which models the linear constraints
A(ϕss

n )x ≤ b, now corresponds to

A (ϕss
n ) =⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

aab (ϕ
ss
n ) 1Ns

0Ns
0Ns

qabX qabY

abc (ϕ
ss
n ) 0Ns

1Ns
0Ns

qbcX qbcY

aca (ϕ
ss
n ) 0Ns

0Ns
1Ns

qcaX qcaY

−aab (ϕ
ss
n ) −1Ns

0Ns
0Ns

−qabX −qabY

−abc (ϕ
ss
n ) 0Ns

−1Ns
0Ns

−qbcX −qbcY

−aca (ϕ
ss
n ) 0Ns

0Ns
−1Ns

−qcaX −qcaY

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(31)

where qxX and qxY are Ns-size column vectors, where, as in
the previous case, Ns corresponds to the samples along T/2.
That is, each coordinate qxX(ηTs) and qxY (ηTs), η being η ∈
{0, 1, . . . , Ns − 1}, according to (28), correspond to

qxX (ηTs)

= − ExX

2ω C/n
sin (2πη/Ns)− ExX

4ω C/n
sin (4πη/Ns)

− ExY

2ω C/n
cos (2πη/Ns) +

ExY

4ω C/n
cos (4πη/Ns) (32)

qxY (ηTs)

= − ExY

2ω C/n
sin (2πη/Ns) +

ExY

4ω C/n
sin (4πη/Ns)

+
ExX

2ω C/n
cos (2πη/Ns) +

ExX

4ω C/n
cos (4πη/Ns) . (33)

Note that vector b does not change with respect to (25). There-
fore, now, the LP matrices with THZSC injection have dimen-
sion A(ϕss

n ) ∈ R(6Ns+4)×6 and b ∈ R(6Ns+4).
The feasible operating regions are then obtained, for a given

set of {Epd, End, Enq, C, I
ss
pq , ϕ

ss
n }, by solving the proposed

LP problem (23) in MATLAB (X = linprog(f,A,b)). In
this way, the LP outputs, i.e., 1) a polygonal region in polar
coordinates with Îssn and ϕss

n as axes, as described in [14], for
the case without THZSC, which delimits the feasible operating
range, 2) the optimal dc value of the squared capacitor cluster
voltages Kss

ab , Kss
bc , Kss

ca , and 3) the optimal THZSC com-
ponents Issz3X , Issz3Y , are obtained. Note that the obtained values
can be used as the steady-state references for the controller, as
discussed in Section IV. A more detailed explanation of the
previous procedural steps is explained in Appendix B.

For the purpose of illustrating the extended operating re-
gion due to the THZSC injection, two simulation examples
are provided next. Example B1 considers balanced grid volt-
ages, while Example B2 considers an unbalanced grid voltage
condition. Both examples consider a 36-MVA StatCom with
five submodules per phase-arm connected to a 6-kV rms line-
to-neutral grid. A phase-shifted carrier pulsewidth modulation
(PSC-PWM) strategy with 2-kHz carriers has been adopted. The
system is simulated in MATLAB/Simulink environment. The

TABLE I
SIMULATION PARAMETERS

system parameters are given in Table I, where the capacitor size
is small enough such that the StatCom can be considered an
LC-StatCom [2]. To make the operational limits independent of
the rated arm current ÎR, the limits are expressed according to
the requested positive-sequence reactive current ratio, namely,
λss
pq = Isspq/ÎR, and the negative-sequence compensation ratio,

namely, λss
n = Îssn /ÎR. The following illustrative examples con-

sider a given λss
pq = −0.5 (the StatCom is injecting 50%-rated

positive-sequence reactive current).
1) Example B1: Fig. 3(a) depicts the negative-sequence cur-

rent injection region, indicated using shaded orange. It is worth
noting that the negative-sequence current deliverable region is
defined by two distinct sets of straight lines: a black border and
a magenta border. The operating region with a black border
represents the case without THZSC [14], whereas the magenta
border represents the enlarged operating region by the optimal
THZSC injection calculated using the proposed LP procedure.
The enlargement of the polygonal area represents an enhance-
ment in the capability of delivering negative-sequence current
due to the optimal THZCS.

Coordinate values (λss
n , ϕss

n ), indicated by crosses “×” in
Fig. 3(a), correspond to: ©1 (0, 5π/6), ©2(0.25, 5π/6), ©3
(0.50, 5π/6), ©4 (0.65, 5π/6). The transitions between ©1, ©2,
©3, and ©4 occur at time instants 0.05 , 0.15 , and 0.25 s, re-
spectively, and the corresponding time-domain waveforms are
shown in Fig. 3. Note that ©1, ©2, and ©3 are all located within
the orange polygonal area bounded by the black border in
Fig. 3(a), while coordinate ©4 is outside of it, and thus, the
LC-StatCom without THZSC will overmodulate and fail to
provide the required current. The coordinate ©4 is, however,
within the enlarged polygonal area bounded by the magenta
lines, which, as previously stated, represents the limits with the
inclusion of the THZSC, and thus the LC-StatCom with the
proposed optimal THZSC will not overmodulate.

As it can be seen in Fig. 3(b)–(d), the capacitor cluster voltages
vΣ−x are always well above the corresponding absolute values of
the ac-side voltages |ex| in©1 and©2, whereas in©3, the minimum
of vΣ−bc is close to the maximum of |ebc|, which corroborates
that ©3 is near the limit of the black-bordered polygonal bound
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Fig. 3. Example B1 simulation waveforms when the LC-StatCom is operating with balanced grid voltages and providing half of the rated positive-sequence
reactive current λsspq = −0.5, while delivering a negative-sequence current with normalized amplitude λssn and phase-angle ϕss

n for four different value sets
(λssn , ϕss

n ): ©1(0, 5π/6), ©2 (0.25, 5π/6), ©3 (0.50, 5π/6), and ©4 (0.65, 5π/6). (a) Operating ranges (in magenta with THZSC and in black without THZSC)
of the LC-StatCom, (b) phase-arm ab voltages vab, vΣ−ab, (c) phase-arm bc voltages vbc, vΣ−bc, (d) phase-arm ca voltages vca, vΣ−ca, (e) line-to-neutral grid
voltages, (f) arm currents iarm−x, (g) capacitor voltages vC−xj (15 signals), and (h) submodule modulating signals (15 signals).

(without THZSC). In ©4, the proposed THZSC is injected, as
it can be seen in the arm current waveforms in Fig. 3(f). It
is important to remark that this THZSC does not appear in
the line currents. As expected, the optimal THZSC injection
shapes vΣ−bc such that it is always above |ebc| while operating
at ©4, thus preventing the occurrence of overmodulation, as
shown in Fig. 3(c) shows. Also, it can be observed in Fig. 3(h)
that all the submodule modulating signals are within [−1, 1]
range, and all the submodule capacitor voltages in Fig. 3(h)
are well balanced. These facts corroborate that the proposed
THZSC enhances the capability of providing negative-sequence
current.

2) Example B2: This example considers the same LC-
StatCom configuration and parameters of Example B1, given
in Table I, for an unbalanced grid condition where the line-to-
neutral voltage in phase a is 50% below the nominal value and
the rest of phases have nominal voltage. Fig. 4(e) shows this grid
voltage condition.

Similar to the previous example, the operating negative-
sequence coordinates correspond to: ©1 (0, 5π/6), ©2
(0.2, 5π/6),©3 (0.4, 5π/6), which are inside the black-bordered
polygonal area, and ©4 (0.65, 5π/6) that is outside of it but
within the magenta-bordered polygonal area. A similar be-
havior is observed in terms of the voltages in Fig. 4(b)–(d),
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Fig. 4. Example B2 simulation waveforms when the LC-StatCom is operating with unbalanced grid voltages and providing half of the rated positive-sequence
reactive current λsspq = −0.5, while delivering a negative-sequence current with normalized amplitude λssn and phase-angle ϕss

n for four different value sets
(λssn , ϕss

n ): ©1(0, 5π/6), ©2 (0.20, 5π/6), ©3 (0.40, 5π/6), ©4 (0.65, 5π/6). (a) Operating ranges (in magenta with THZSC and in black without THZSC) of
the LC-StatCom, (b) phase-arm ab voltages vab, vΣ−ab, (c) phase-arm bc voltages vbc, vΣ−bc, (d) phase-arm ca voltages vca, vΣ−ca, (e) line-to-neutral grid
voltages, (f) arm currents iarm−x, (g) capacitor voltages vC−xj (15 signals), and (h) submodule modulating signals (15 signals).

namely, Fig. 4(c) shows that the phase-arm bc transits from a
capacitive behavior (that is when vΣ−bc and |ebc| are in phase)
to an inductive behavior (that is when vΣ−bc and |ebc| are
in quadrature) as λss

n increases, while the phase-arms ab and
ca maintain their capacitive behavior during this simulation
interval, as Fig. 4(b) and (d) illustrate. With the inclusion of
the proposed optimal THZSC, the LC-StatCom can provide
the requested negative-sequence current with parameters λss

n =
0.65 and ϕss

n = 5π/6 rad without overmodulation. This result
shows that the proposed THZSC enhances the capability of
providing negative-sequence current by 55% approximately for
this specific angle of the negative-sequence current component.
Again, it can seen that while operating at ©4, the arm currents
in Fig. 4(f) show a third-harmonic component in addition to

the fundamental component. Furthermore, all the submodule
capacitor voltages are always well balanced, as Fig. 4(g) shows,
and all the submodule modulating signals are within [−1, 1]
range, as depicted in Fig. 4(h).

The black-bordered polygonal area in Fig. 4(a) that limits
the negative-sequence current capability for the unbalanced
grid voltage case shows only one axis of symmetry, whereas
the balanced grid voltage case in Fig. 3(a) shows three axes
of symmetry. The injection of the proposed THZSC not only
expands the polygonal areas but it also doubles their axes of
symmetry.

3) Benchmark: Fig. 5 shows the influence of the capacitor
size on the orange polygonal areas depicted in Fig. 3(a). It can
be seen that for the chosen capacitor size, C = 1.43 mF, the
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Fig. 5. Capacitance value influence in the negative-sequence current compen-
sation area (in magenta with THZSC and in black without THZSC), for balanced
grid voltages and λsspq = −0.5.

black-bordered compensating area (without THZSC) is 0.25π.
After injecting the proposed THZSC, the area increases to
0.34π, which represents a 36% increase. Also note that if a
total area of π is desired, which means that the StatCom has
full negative-sequence current capability, i.e., it can operate
anywhere in the unit circle of the polar plot, a 2.2 times larger
capacitance is needed without THZSC, whereas only a 1.7
times larger capacitance is needed if injecting the proposed
THZSC.

As it can be observed in Figs. 3(g) and 4(g), the dc component
of the capacitor voltages is reduced with respect to a conven-
tional StatCom solution (with a capacitor size large enough to
neglect the capacitor voltage oscillations). This involves lower
averaged blocking voltage in the switching semiconductors and
consequently lower averaged switching power loss [3]. Com-
paring the proposed solution with a conventional StatCom at
operating point ©4 of Fig. 3(a), 27% reduction in the averaged
switching loss power is expected (assuming identical switching
semiconductor). On the other hand, the averaged conduction
loss power would increase slightly due to the THZSC injection.
Specifically, comparing the proposed solution with a conven-
tional StatCom at operating point ©4 , the averaged conduction
loss power is expected to increase by 4.5%.

As mentioned, the THZSC injection is not seen in the line
currents {ia, ib, ic}. Comparing the proposed solution with a
conventional StatCom at operating point ©4 of Fig. 3(a), 154%
improvement is observed in the total harmonic distortion (THD)
value of the line current with the largest amplitude (line current
ia in Example B1), while THD improvements of more than 50%
are obtained in the line currents with smaller amplitudes (line
currents ib and ic in Example B1).

IV. LC-STATCOM CONTROL

This section provides the details of the LC-StatCom control
system implemented in prototypes in order to validate the pro-
posed approach in simulation and experimental results.

The controller, that is shown in Fig. 6, has a conventional
cascaded-loop structure. First, the block named “Sequence
Components Extraction and PLL” extracts the positive- and
negative-sequence components {Êp, Ên, θn} of the line-to-line
grid voltages {eab, ebc, eca} by using the Fortescue’s

Fig. 6. Control block diagram.

TABLE II
EXPERIMENTAL SYSTEM PARAMETERS

Fig. 7. Experimental setup.

transformation and dq rotation transformations. Moreover,
a PLL uses the extracted positive-sequence grid voltage to
calculate the angle ωt for synchronization. Second, the block
named “Linear Programming References Generation” provides
the steady-state references according to Section III, specifically
using (23). Note that this “Linear Programming References
Generation” block is highlighted using a different color in Fig. 6.
The inputs to the “Linear Programming References Generation”
block are 1) the desired positive-sequence reactive current Isspq
and the desired negative-sequence current {Îssn , ϕss

n }, and 2)
the measured grid voltage condition {Êp, Ên, θn}, whereas
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Fig. 8. Experimental waveforms for different negative-sequence current injections corresponding to ©1, ©2, ©3, ©4, for balanced grid voltages, and λsspq = −0.5.
Left column: Without optimal THZSC injection. Right column: With optimal THZSC injection. Channels CH1, 2, and 3 show the PWM converter voltages vx,
and Channels CH4, 5, and 6 show the arm currents iarm−x.

the outputs are a) the optimal dc values of the squared capacitor
cluster voltages {Kss

ab , K
ss
bc , K

ss
ca}, and b) the optimal THZSC

components {Issz3X , Issz3Y }, which have been obtained from the
proposed LP approach.

Next, the “Outer Control Loop” block calculates
the FFZSC amplitude and angle {Î∗z1, ϕ∗

z1}, and the
positive-sequence active current I∗pd, which maintain the
cluster capacitor voltages tightly controlled among the CHB
phase-arms. Specifically, the “Outer Control Loop” block
uses three proportional–integral (PI) controllers to steer the
measured values {Kab, Kbc, Kca} toward their desired steady-
state values {Kss

ab , K
ss
bc , K

ss
ca}. The PI-outputs correspond to

the averaged phase-arm powers {P ∗
ab−avg, P

∗
bc−avg, P

∗
ca−avg},

which are then mapped to {I∗z1d, I∗z1q, I∗pd} using the
linear transformation (42). Note that the relationship

between amplitude and angle {Î∗z1, ϕ∗
z1} and its corresponding

dq−components {I∗z1d, I∗z1q} is I∗z1d = Î∗z1 cos(ϕ
∗
z1), I∗z1q =

Î∗z1 sin(ϕ
∗
z1). Values {Kab, Kbc, Kca} are extracted using

second-order generalized-integrator (SOGI) filters. Combining
the static current references {Isspq , Îssn , ϕss

n , Issz3X , Issz3Y } with
the “Outer Control Loop” block outputs {I∗z1d, I∗z1q, I∗pd}, the
arm current references {i∗arm−ab, i

∗
arm−bc, i

∗
arm−ca} are obtained.

The “Current Control Loop” block provides the output voltage
references {v∗ab, v∗bc, v∗ca} by processing the errors between
measured arm currents iarm−x and references i∗arm−x. The
implemented “Current Control Loop” uses a state feedback
approach [27]. Then, {v∗ab, v∗bc, v∗ca} constitute the input of the
block “Modulation & Interbridge Balancing Control,” which,
in turn, generates appropriate signals for the switches using a
PSC-PWM method.



RODRIGUEZ RAMOS et al.: NEGATIVE-SEQUENCE CURRENT CAPABILITY IN LOW-CAPACITANCE CHB STATIC COMPENSATORS 4555

Fig. 9. Experimental waveforms for different negative-sequence current injections corresponding to ©1, ©2, ©3, ©4, for unbalanced grid voltages, and λsspq = −0.5.
Left column: Without optimal THZSC injection. Right column: With optimal THZSC injection. Channels CH1, 2, and 3 show the PWM converter voltages vx,
and Channels CH4, 5, and 6 show the arm currents iarm−x.

V. EXPERIMENTAL RESULTS

This section contains experimental measurements that
demonstrate the LC-StatCom’s capacity to provide negative-
sequence current while complying with the design limitations
(i.e., no overmodulation). The experimental LC-StatCom proto-
type is connected to a 60-V rms line-to-neutral grid, generated
by a GE&EL 15-kVA CINERGIA grid emulator. The inductors
are sized to provide a rated voltage drop of about 4%. Each
phase-arm of the prototype has two submodules built from
IMPERIX PEH2015 full-bridge modules. The capacitors are
chosen to offer a rated voltage oscillation of around 60%. The
prototype system parameters are listed in Table II, and the exper-
imental setup is shown in Fig. 7. The control system described
in Section IV is implemented on an IMPERIX B-Box RCP 3.0
board, and executed at 20 kHz.

There are four experiments carried out. The LC-StatCom
provides 50% of the positive-sequence rated current in all
experiments (λss

pq = −0.5), but the negative-sequence current

values are different. The first two experiments investigate a
balanced grid voltage condition, and the results are shown in
Fig. 8. The other two experiments analyze an unbalanced grid
voltage situation, and the results are shown in Fig. 9, in which the
line-to-neutral grid voltage in phase a is 50% below its nominal
value. In each set of experiments, some results consider the
injection of the optimal THZSC, while the others do not. This
displays the varied capabilities of injecting negative-sequence
current when the LC-StatCom is producing 50% of the positive-
sequence rated current. The delimiting negative-sequence polyg-
onal compensation zones, as well as the four operational points
evaluated for each experiment, are displayed at the top of Figs.
8 and 9. Note that the operating points corresponding to each of
the negative-sequence current injections are indicated by crosses
©1, ©2, ©3, and ©4. The figures show the transient waveforms
corresponding to the StatCom PWM multilevel voltages and
arm currents during step changes among the different operating
points. In addition, an expanded version of the steady state
at operating point ©4 is provided, where it is highlighted how
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the proposed THZSC allows to enlarge the negative-sequence
current range.

In Fig. 8, the different negative-sequence currents corre-
spond to ©1 (0, 5π/6), ©2 (0.25, 5π/6), ©3 (0.50, 5π/6), and ©4
(0.60, 5π/6). It is worth to mention that the operating point ©4
is outside the polygonal orange region bounded by black lines,
but inside the polygonal orange region bounded by magenta
lines. Therefore, ©4 produces overmodulation when THZSC is
not considered, and this is highlighted, for the first period, using
a blue color shading in the bottom-left plot of Fig. 8. It can be
observed that during these intervals, the output voltage vbc does
not switch, and the arm current iarm−bc presents low-frequency
distortion. However, when the proposed THZSC is injected, vbc
does switch, as shown in the bottom-right plot of Fig. 8, and,
consequently, the LC-StatCom can provide the required current.
This set of results is in close agreement with the respective
simulation results shown in Fig. 3.

In Fig. 9, ©1 (0, 5π/6), ©2 (0.2, 5π/6), ©3 (0.4, 5π/6), and ©4
(0.5, 5π/6). Phase-arm bc behaves similarly to the grid voltage
balanced case in Fig. 8, in that, it exhibits capacitive behavior
in ©1, begins to process nearly zero power in ©2, then changes
to inductive mode in ©3, and finally overmodulates in ©4 when
no THZSC is injected. Again, the proposed THZSC allows to
enlarge the region of operation, and the results are in close
agreement with the simulations depicted in Fig. 4.

VI. CONCLUSION

Potential capability of negative-sequence current injection in
LC-StatComs with delta configuration, considering unbalanced
grid conditions and THZSC injection, has been identified. These
physical limits have been calculated using an LP model that takes
into account the LC-StatCom dynamic behavior in the steady
state, which, in turn, considers the intrinsic twice-fundamental-
frequency capacitor voltage oscillation. The analysis reveals
that the operational region expanded by injecting the optimal
THZSC is defined by straight lines in a polar plane, resulting
in a polygonal region. Furthermore, these straight lines depend
on the capacitor size and the positive- and negative-sequence
components of the grid voltages. As an example, the increase
of the negative-sequence current compensating area is enlarged
from 0.25π to 0.34π, i.e., 36% increase, when the capacitor size
in the LC-StatCom is C = 1.43 mF. The presented analysis is
validated by simulations in a high-power system, and experimen-
tally in a down-scaled laboratory prototype, showing agreement
with the derived operating bounds.

APPENDIX A
FUNDAMENTAL-FREQUENCY ZERO-SEQUENCE CURRENT

CALCULATION

Herein, the details of required FFZSC {Îssz1, ϕss
z1} and

positive-sequence current angleϕss
p for mantaining the capacitor

voltages bounded in the steady state are provided.
With the definition of the Cartesian-axis variables, (8) can be

rewritten as follows:

eab(t) = EabX cos (ωt) + EabY sin (ωt)

ebc(t) = EbcX cos (ωt) + EbcY sin (ωt)

eca(t) = EcaX cos (ωt) + EcaY sin (ωt)

issarm−ab(t) = IssabX cos (ωt) + IssabY sin (ωt)

issarm−bc(t) = IssbcX cos (ωt) + IssbcY sin (ωt)

issarm−ca(t) = IsscaX cos (ωt) + IsscaY sin (ωt) (34)

where the voltage Cartesian XY−components correspond to

EabX = End + Epd

EabY = Enq

EbcX = −1

2
End − 1

2
Epd +

√
3

2
Enq

EbcY = −1

2
Enq −

√
3

2
End +

√
3

2
Epd

EcaX = −1

2
End − 1

2
Epd −

√
3

2
Enq

EcaY = −1

2
Enq +

√
3

2
End −

√
3

2
Epd (35)

which uses the projections of the phasors in (8) as intermediate
variables to simplify the notation and further analysis, i.e.,
Epd = Êp, End = Ên cos(θn), Enq = Ên sin(θn). Similarly,
for current Cartesian XY−components

IssabX = Issz1d + Issnd + Isspd

IssabY = −Issz1q + Issnq − Isspq

IssbcX = Issz1d −
1

2
Issnd −

1

2
Isspd +

√
3

2
Issnq +

√
3

2
Isspq

IssbcY = −Issz1q −
1

2
Issnq +

1

2
Isspq −

√
3

2
Issnd +

√
3

2
Isspd

IsscaX = Issz1d −
1

2
Issnd −

1

2
Isspd −

√
3

2
Issnq −

√
3

2
Isspq

IsscaY = −Issz1q −
1

2
Issnq +

1

2
Isspq +

√
3

2
Issnd −

√
3

2
Isspd (36)

where Isspd = Îssp cos(ϕss
p ), Isspq = Îssp sin(ϕss

p ), Issnd = Îssn
cos(ϕss

n ), Issnq = Îssn sin(ϕss
n ), Issz1d = Îssz1 cos(ϕ

ss
z1), Issz1q =

Îssz1 sin(ϕ
ss
z1).

Note that the steady-state average powers,P ss
x−avg in (7), can be

readily calculated using the coordinates of the output voltages,
vssx , and the arm currents, issarm−x, i.e., assuming a negligible
voltage drop across Rarm in (5)

P ss
x−avg = 1

2

[
IssxX IssxY

] [ ExX + ωLarmIssxY
ExY − ωLarmIssxX

]
(37)

which must satisfy P ss
x−avg = 0, i.e., the vectors are orthogonal.

Therefore, from condition P ss
x−avg = 0, the next relationship

among Cartesian XY−components can be obtained

IssxX = −IssxY ExY /ExX . (38)
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And substituting the coordinate expressions (35) and (36) in
(37), yields the following relationship:

F

⎡
⎣ Issz1d

Issz1q
Isspd

⎤
⎦+ g = T αβ0

⎡
⎣ P ss

ab−avg

P ss
bc−avg

P ss
ca−avg

⎤
⎦ (39)

where

F =

⎡
⎢⎣

√
6(End+Epd)

4 −
√
6Enq

4

√
6End

4√
6Enq

4

√
6(End−Epd)

4 −
√
6Enq

4

0 0
√
3Epd

2

⎤
⎥⎦ (40)

g =

⎡
⎢⎢⎣

√
6(EpdI

ss
nd−EnqI

ss
pq)

4

−
√
6(EndI

ss
pq+EpdI

ss
nq)

4√
3(EndI

ss
nd+EnqI

ss
nq)

2

⎤
⎥⎥⎦ (41)

with T αβ0 as the power-conservative Clarke transformation
matrix. Note that the system (39) has a single unique solution
unless Ên = Êp, which represents the singularity point reported
in [12], and corresponds to the condition where the linear equa-
tion system (39) is undetermined.

Also, it can be remarked that under balanced grid voltage
conditions, i.e., Ên = 0, the solution to (39) corresponds to
Issz1d = −Issnd, Issz1q = −Issnq , Isspd = 0, as reported in [11].

Note that the steady-state relationship (39) between the av-
erage ac-side powers Px−avg and the currents in the dq0 frame,
can be extended for a transient in variables {Iz1d, Iz1q, Ipd} and
average powers Px−avg when the frequential transient behavior
is much slower than the fundamental frequency ω, or when it
has a quasi steady-state dynamical behavior [28]

F

⎡
⎣ Iz1d

Iz1q
Ipd

⎤
⎦+ g = T αβ0

⎡
⎣ Pab−avg

Pbc−avg

Pca−avg

⎤
⎦ . (42)

APPENDIX B
LOOK-UP TABLE GENERATION

Herein, the procedural steps to follow for obtaining the opti-
mal references that could be stored in a look-up table, which are
provided by the “Linear Programming References Generation”
block in Fig. 6 are explained.

1) Initialize variables {Epd, End, Enq, I
ss
pq , ϕ

ss
n } and pa-

rameters {C, n, VUB , ω}.
2) Use {Epd, End, Enq} to calculate constants αx, βx, γx

according to (13), and the Cartesian XY−components
{ExX , ExY } according to (35).

3) Use {Isspq , ϕss
n , C, n, VUB , ω} and calculated values

from Step 2 to calculate lower bounds lbx(t), upper bounds
ubx(t), and coefficients ax(t, ϕ

ss
n ), qxX(t), qxY (t), ac-

cording to (15), (16), (17), (32), and (33), respectively.
4) Calculate column vectors lbx, ubx, ax(ϕ

ss
n ), qxX ,

qxY using the values of lbx(t), ubx(t), ax(t, ϕ
ss
n ),

qxX(t), qxY (t) at ωt = πη/Ns, according to (26), η ∈
{0, 1, . . . , Ns − 1} being the sample index and Ns the
number of samples considered for discretization.

5) Calculate the LP matrices A(ϕss
n ) ∈ R(6Ns+4)×6, b ∈

R(6Ns+4), c ∈ R6 according to (31), (25), (30), respec-
tively.

6) Solve the LP problem (23) in MATLAB (X = linprog
(f,A,b)), with output X equal to the optimum of the op-
timization variables {Îssn , Kss

ab , K
ss
bc , K

ss
ca , I

ss
z3X , Issz3Y },

and store the obtained X in a look-up table.
7) Repeat Step 3–Step 6 for ϕss

n in the range [0, 2π).
8) Repeat Step 3–Step 7 for normalized Isspq in the range

[−1, 1].
9) Repeat Step 2–Step 8 for grid voltage conditions of

interest.
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