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Mathematical Modeling and Validation of Saturating
and Clampable Cascaded Magnetics for
Magnetic Energy Harvesting

Min Gao
and Jinyeong Moon

Abstract—Electromagnetic energy harvesting extracts energy
from magnetic fields and can provide power to sensors, monitor-
ing nodes, cyber-physical systems and control elements without
additional battery and external power source and wiring. This
article presents a novel ac-driven electromagnetic energy harvester
based on periodically saturating, cascaded magnetics, consisting of
a clampable magnetic core and an ungapped high permeability
core. The high permeability core guarantees the maximum energy
extraction, whereas the clampable core enables the nonintrusive
installation of the energy harvester for more pervasive applications.
This article first builds a comprehensive mathematical model based
on this saturating cascaded magnetic structure, considering the
reachability of an individual saturation flux density of the two
magnetic cores. This model resolves the new challenges introduced
by the cascaded magnetics with respect to a traditional single-core
case, providing the accurate calculation of the lengths of the rele-
vant time windows for harvesting and the amount of the harvested
power. Our mathematical model is verified against simulation and
experiment, showing excellent agreement among them with the
maximum discrepancy of less than 6%. This article also reveals
that the maximum power extraction occurs when the ungapped
core operates in its slightly saturated state and that the harvested
power increases with a higher primary current as well as a higher
line frequency.

Index  Terms—AC-driven, cascaded, magnetic
electromagnetic, energy, harvesting, magnetics, saturation.

core,

1. INTRODUCTION

NERGY harvesting (EH) is a process of converting am-

bient energy into usable electrical energy. The applica-
tions of EH strongly depend on the scale of the harvestable
energy. Large-scale sources, such as solar, wind, and biomass
energy, can reach power levels up to MW, and serve as active,
renewable energy sources for power grid [1]. Small-scale energy
sources, such as piezoelectric [2], [3], radio frequency (RF) [4],
[5], thermal gradients [6], [7], vibration [8], [9], [10], [11],
and human motions [12], can be utilized to supply power to
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environmental sensors [13], healthcare monitoring nodes [14],
Internet-of-Things (IoT) or cyber-physical systems (CPS) [15],
and data networking devices [16] without customized wiring,
batteries, and additional line-interfacing power electronics. If
complemented by an energy storage system (ESS) (e.g., battery,
capacitors) at the expense of increased cost, complexity, and
size, energy harvesters can greatly improve the reliability of the
end application.

However, energy sources often lead to a design complication
and present a risk in the feasibility of an EH node. For example,
the energy output of photovoltaic (PV) energy harvesters is
dependent on solar irradiance, which is negligible at night and
fractionally low during cloudy or rainy days. Thermoelectric and
RF energy harvesters require a large area or space, resulting in
relatively low power densities. Piezoelectric energy harvesters
are usually suitable for a low output current application and
generally rely on unpredictable mechanical pressure. For tra-
ditional vibration-based energy harvesters, costly and brittle
permanent magnets are necessary and they are also subject
to the unpredictable nature of vibration or kinetic motion of
magnets [10], [11]. In addition, its output voltage is low (i.e.,
several hundreds of mV) unless coils with a very large number
(>2000) of turns are used [17], necessitating a step-up conver-
sion to achieve usable voltages for microcontrollers, wireless
transmitter, etc. In [18], an inductor-less converter is utilized
to boost the low ac voltage generated by a vibration-based
energy harvester to anominal dc voltage. The conventional boost
and buck—boost topologies are integrated in [19] and [20] for
low-voltage EH applications. Additional step-up conversions
complicate vibration-based energy harvesters, putting them at
cost and power density disadvantages.

Compared to vibration-based electromagnetic energy har-
vesters, ac-driven electromagnetic energy harvesters can gen-
erate relatively high output voltage and power [21], which have
better controllability and predictability in energy extraction and
do not require permanent magnets [21], [22], [23]. A single
toroidal magnetic core with a high permeability is utilized
in [21], extracting energy from an ac current-induced magnetic
field to power the sensor system without a boost converter.
Detailed mathematical models are developed to predict and
optimize the harvested power. The relationship between the
primary current and output voltage of this type of EH is further
discussed in [24]. A new method is proposed in [25] to boost the
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harvestable power for a resistively loaded, saturated single-core
case by adding an additional coil and manipulating the magnetic
field generated by the primary. In [26], a capacitor and two
switches are used to boost the harvested power and store energy
at the same time, showing good results at low primary currents.
However, the single toroidal core makes it challenging to retrofit
into an existing system without breaking the current-carrying
wire of the primary system unless the core is integrated into the
system at the initial design stage [27].

Otherwise, a magnetic core consisting of two halves is re-
quired to clamp on the current-carrying wire for installation. A
dual wire current transformer based on a gapped core [28] is used
to achieve EH and power a sensor monitoring system. In [29],
energy harvesters based on two gapped cores are installed on
transmission lines and the performance of three different air
gaps is discussed. Though the gapped cores in these works en-
hance the nonintrusiveness of the installation, high permeability,
magnetic saturation, and their beneficial roles in the harvested
power are not explored nor exploited for improved performance.

In this article, a two-stage cascaded magnetic structure, con-
sisting of a clampable core in tandem with an ungapped core,
is proposed. A clampable core is used in the first stage to
facilitate a nonintrusive mounting of the energy harvester onto
the current-carrying wire. An ungapped toroidal core with a
high permeability is then cascaded as the second magnetic stage
to maximize the harvested power. The primary advantage of
this two-stage cascaded structure is to open a door for electro-
magnetic EH to be employed in a wide range of applications
with the aid of a clampable core avoiding the downtime of the
mother system. The second advantage of the two-core structure
is that the power extraction can be still drastically enhanced
via utilizing a high permeability core, subject to the structural
(two-core) constraint. To predict the harvested power accurately
based on the two-core structure connected to a practical constant
voltage load (e.g., battery, supercapacitor, or input stage of a
subsequent power conversion), a new mathematical model for
multiple cores, potential magnetic saturation, and existence of
air gaps is required beyond the single toroidal core case.

The rest of this article is organized as follows. The funda-
mentals of electromagnetic EH are introduced in Section II. The
detailed mathematical modeling and operational principles of
our approach with nonlinear considerations for the cascaded
cores are presented in Section III, followed by simulation and
experiment verification in Section IV.

II. BACKGROUND AND EXISTING WORK
A. Electromagnetic EH Basics: Single-Core

The electromagnetic EH is based on magnetic fields induced
by an ac current, as shown in Fig. 1. An ac current in the primary
wire generates time-varying magnetic fields in the magnetic
core, inducing voltage across the secondary winding terminals.
Unlike a current transformer, conventionally used for current
measurement based on a nonsaturating magnetic core with good
linearity, the magnetic core used in this case is intentionally
saturated every ac cycle at an opportune time for maximum
energy extraction [21], [22].
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Primary current

Fig. 1. Single-core case.

B. Maximum Output Power Derivation

Under the constant voltage load condition in which a rectifier
is inserted between the secondary winding and load shown
in Fig. 1, the unsaturated time duration (i.e., 0 < t < tgar) is
determined by the core characteristics, such as the maximum
magnetic flux density (Bsar), core cross-sectional area (Acorg),
number of turns on the secondary winding (/V), and load voltage
(VLoap), as expressed as follows.

tsar

2BsarAcore N = Vioap dt. (1)
0
When solved, (1) becomes

2BsarAcore N T} 2

ts AT = min [ ,

VLoap 2
Here, T’ is the period of the primary current. If £ is larger than
the half of the period, the core entirely operates in the unsaturated
state and tgar will be capped at T'/2.

The average harvested power then can be expressed as
2 tsat [T
PLOAD = T/O |:]\1; sin (wt)] VLOAD dt

IpWi
— % [1— cos (wtsar)] - (3)

Here, Ip is the peak amplitude of the ac current on the primary
side that generates magnetic fields. If the core is never saturated
(i.e., tsar = T'/2), the load power simplifies to

21pVioap @)
N

In this case, the average load power is a monotonically increasing
function of the load voltage. This is an intuitive behavior as the
configuration is essentially a perfect current transformer that
outputs the same current regardless of the load voltage. On the
other hand, if the magnetic core enters saturation mid-cycle, the
average harvested power becomes

PLOAD,unsat =

2wBsarAcored p

(1 — cos (wtsar))
m wtsAT ’

&)

PLoaD,sat =

The first part in (5) is a constant. The second part, which can

1—cos(z) - . . . .
be seen as M, is a function with a maxima, as shown in
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Fig. 2. Response of f(z) = 17%5(1) and f'(z).

solid blue in Fig. 2. The maximally harvestable power therefore
occurs at the peak of f(x) (i.e., wtsar = 2.33 or equivalently
tsar = 0.371 7). Because this tsar value is less than 7'/2, this
maximum power point implies a mid-cycle magnetic saturation,
with the harvested power level exceeding the unsaturated case,
B 0AD,unsat- This is the counter-intuitive, but beneficial effect of
involving a saturating magnetic core in an EH application [21]
with the maximum harvested power being approximately

8(2+2)

PLoaD,max = TWIPBSATACORE (6)

The most important requirement for a magnetic core to avail
this approach is an extremely high magnetic permeability (e.g.,
My = 262,488 in [21]). This is to guarantee a development of
a usable voltage (i.e., more than a few volts) on the secondary
winding at the line frequency (i.e., 50 Hz or 60 Hz) without
additional power electronics. In addition, a high permeability
core can also help deliver higher power to the load side as the
core with a higher permeability will exhibit larger magnetizing
inductance and shunt impedance. As the core becomes more
ideal, the coupled current will naturally favor the load, compared
to the shunt impedance, to flow, increasing the harvested power
in the load. With a magnetic permeability reaching hundreds of
thousands like [21] and in this article, the core will be a near-
ideal current transformer during the transfer window. This exact
reason actually eliminates the necessity of impedance matching
between the core and the load in our design—the core’s shunt
impedance is orders of magnitude larger than the load when the
magnetic core is not saturated. Hence, most of the “harvested
current” will flow through the load. The drawback of requiring an
extremely high magnetic permeability is that a pristine ungapped
magnetic core must be used, as a clampable core cannot provide
such a high level of permeability. Therefore, the installation
of a single-core harvester must consider the intrusiveness of
the installation at the design phase as the harvester cannot be
integrated into an existing system without breaking the wire
connection of the primary system, forcing a downtime of the
primary.

One potential solution to these single core issues—
intrusiveness of a high permeability core and low permeability
in a clampable core—is a two-core structure, a combination of
a clampable core and an ungapped core. The first magnetic
stage will be a clampable core to ease the intrusiveness in
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Fig. 3. Structure for two-core cascade magnetic harvesting.
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Fig. 4. Equivalent circuit model of cascaded magnetic cores.

installation. The second stage will be an ungapped core with an
extremely high magnetic permeability for high shunt impedance
and easily controllable magnetic saturation for maximum energy
extraction. However, it is still expected in a two-core approach
that the air gap in the first stage will nonetheless reduce the
“overall” permeability of the entire magnetics and affect the
energy extraction. This is the price of easier installation.

III. TWO-CORE CASCADE MAGNETICS
A. Definitions for the Proposed Mathematical Modeling

The two-core structure is depicted in Fig. 3. The current-
carrying wire of the primary side is presented as the single thick
winding on the left. A clampable core with gaps, consisting
of two halves, wraps around the primary winding, creating a
magnetic coupling, and transferring flux to the second core on
the right side. The second core is ungapped with an extremely
high magnetic permeability and connected to the subsequent
power electronic circuits (e.g., a rectifier) and loads. This struc-
ture will enable a nonintrusive system integration and utilize the
characteristics of a high permeability core for maximum energy
extraction.

In Fig. 4, an ungapped high permeability core is modeled as
an ideal transformer in parallel with a magnetizing inductance,
L. This L,,2 is highly nonlinear because of the variable
permeability changing from an extremely large value when
unsaturated to a negligible value when saturated. The model of
a clampable core, also shown in Fig. 4, is an ideal transformer
in parallel with a linear inductor, L, that represents an air gap
inductance and a nonlinear magnetizing inductance, L, .

In this analysis, the magnetic path lengths, permeabilities,
maximum magnetic flux densities, and cross-sectional areas of
the clampable and ungapped cores are denoted as l,,1, [n2,



3458

Transfer window

 Saturation window
— ;

VL 0AD

A4

fotitsat ¢

.~ ) fsaT

.
-
‘‘‘‘‘‘

Fig. 5.  Waveforms of the core voltage, source current (reflected to the sec-
ondary side of the gapped core), gapped core current, and load current.

Hr1s fr2s Bsart, Bsare, Acoret, and Acorgs, respectively. The
numbers of turns in windings on the clampable and ungapped
cores are Ny, Ny, N3, and Ny, respectively, and denoted on the
ideal transformers in Fig. 4. If neither of the cores is saturated,
the magnetizing inductances of the two cores, L,,; and L,,2,
can be considered nearly constant. The existence of L, implies
an existence of flux leakage from the air gap. The ungapped
core, however, has an extremely high magnetic permeability
with negligible flux leakage. Therefore, the leakage current for
the ungapped core is neglected.

Fig. 5 shows the waveforms of the load current, 45,4, air
gap inductance current, 74, secondary transformer current of the
clampable core, ig, and voltage across the ungapped magnetic
core seen from the load side (i.e., Vi, in the “Saturation window”
and Vi pap in the “Transfer window,” as defined in Fig. 5—they
will be collectively referred to as Vo ). The detailed steps to get
the expressions of Vi, and 4,4, which depend on the core param-
eters (i.e., permeability, maximum magnetic field density, mag-
netic path length, and cross-sectional area), air gap inductance,
winding turns, load voltage, and primary current magnitude and
frequency, will be presented in the next part. At the beginning of
each cycle, the core starts from its unsaturated state, exhibiting
high permeability and high shunt impedance. The core during
this time behaves as a near-ideal current source as most of the
transformer current will avoid the high shunt impedance and flow
into the load. This is when the power is extracted and transferred
to the load. Eventually, the accumulated magnetic flux reaches
the critical level, and the core enters magnetic saturation. Once
the core is saturated, power extraction and transfer essentially
stop as the voltage across the core cannot be developed. Because
of the polarity reversal of the current source, the core comes out
of the saturation and generates an inverse tail voltage. Hence,
each half cycle is divided into two windows. One is the power
transfer window when the core is not saturated and current can
be delivered to the load side. The other is the saturation window
when the core is saturated and no power is delivered. The transfer
window begins when the load current increases from zero and
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ends when the load current decreases to zero. During the transfer
window, the core voltage is equal to the load voltage. On the
other hand, during the saturation window, the core voltage has
a tail caused by a polarity reversal of the current source and the
core coming out of the saturation correspondingly. Although
the tail voltage is critical in the calculation of the saturation
window, such consideration has never been done analytically
due to the calculation complexity. This article will be the first
work to derive the analytical result.

The lengths of the transfer windows of the clampable and
ungapped cores are independently denoted as ¢sar; and tsare,
respectively. An individual transfer window is still capped at
T/2. The length of the overall transfer window, ¢sar, of the
entire magnetic structure will be the minimum value of tgar1,
tsar2, and T'/2. Our paper’s new contribution to the field will be
the prediction of energy extraction with respect to the dynamic
situations of individual saturation levels.

B. Ideal Mathematical Modeling of the Cascade Magnetics

The objective of this section is to calculate the three important
timing parameters that describe the magnetic saturation and
determine the level of harvested power. The first parameter,
to, designates the starting point of the transfer window, which
begins when the load current increases from zero. The second
parameter, tsar, i the length of the transfer window. The third
parameter, ), is defined as the time point at which the voltage
across the magnetic core changes its direction and rises from
zero during magnetic saturation.

The internal current of the clampable core, icore1 (), can be
approximated to its air gap current, i,(t), if the core operates
far away from saturation. This is because in such a situation, the
magnetizing inductance is far larger than the air gap inductance
(i.e., Ly < Ly,1). Almost all current flows through the air gap
inductance. In such a case

o & V;:ore (t)

icore1 () & ig(t) = N, Tdt. (7
g

Then, i4(t) for t € [tui, to] can be written as

b N3 Viain(t)

dt
NaL, ()

ig(t) = ig (tun) +

tail

and i4(t) for t € [to,to + tsar] can be written as

* N3Vioap
tO N4Lg

o N3V (t)

e g
NiL,

ig(t) = ig (tan) + dt. (9)

trail
Here, ¢, is the time point, where the voltage across the un-
gapped core increases from zero while the magnetic field in
the ungapped core changes its direction. Denoted as tj is the
endpoint of the saturation window and start-point of the transfer
window, where the load current begins to increase from zero and
Veore(t) reaches the load voltage, Vi.oap.

Since i4(t) must be half-wave symmetric in ac steady state

. . T
ig (twil) = —ig (ttaﬂ + 2) . (10)
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Here, the left-hand side of (10) will be computed with (8) and
the right-hand side will be computed with (9). When it is solved,
the swing amplitude of the air gap current, ¢, (%), is obtained

N3 to
_2N4Lg (VLOADtSAT + /tmil Vmﬂ(t)dt> . (1)

ig (tail) =

Now, there can be two cases for tgar. The first case is when
the magnetic flux density (B-field) inside the ungapped core
reaches the saturation level (i.e., Bsaro) before the B-field in the
clampable core does, making tsar = tsare. The second case is
when the opposite happens, making tsar = tsari-

1) Case 1: Bgaro Occurs First (tsat = tsars): If the un-
gapped core is saturated first, tsaro is determined according to
Faraday’s Law

to

2Bsar2 Acore2 Ny = / Viait (t)dt + Vioaptsara.  (12)
rail

Combining (12), (11), and (8), the updated expression for i, (¢)

during the saturation window (i.e., t € [ty to]) is obtained in

terms of provided parameters

b N3 Vi (1)

. BsaraAcore2N3
ig(t) = ————F—— N.L
g

- dt.  (13)

g Lrail

The KCL at the top node of the middle circuit in Fig. 4 can
be expressed as follows:

N . . Ny . N
F;IP sin (wt) = dcore1 () + Filload(t) + F;leQ (t)
. N4 . N4
~ Zg(t) + Ezload(t) + Fglm (t) (14)

During the saturation window, ijo,q(¢) is negligibly small. Then,
by combining (14) and (13), the current through L,,s (i.e.,
I,,2(t)) during the saturation window (i.e., t € [tui, to]) is ob-
tained

NiN3 . Bsara Acore2 N3
Ta(t) = I ) 4 —AZCORE2 3
2( ) N2N4 p S (w ) + LgN4
t A2
N3 Vel (t)
— i AL A (15)
trail N42Lg

By applying Ampere’s law to (15) at the radius for [,,2 (i.e.,
near the center), the H-field in the ungapped core during the
saturation window (i.e., (t € [tui, to])) can be expressed as

_ N
7lm2

To convert this H-field into the B-field, the mathematical func-
tion for the B-H curve must be chosen [30], [31], [32]. In
this article, the “arctan” function that performed well in [21]

is chosen
Hy(t)
3 .

Here, ¢ is a scaled reciprocal of the initial permeability as calcu-
lated below. Differentiating both sides of (17) with respect to H>
yields the expression for the time-varying magnetic permeability

Hy(t) Ina(t). (16)

2
Bs(t) = Bsare - ;arctan ( 17
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during the saturation window

o aBQ(t) o QBSATQ 2 ™ BQ
”Q(t)*aHz(t)* w2 B ) ¥

When evaluated at By = 0, this expression provides the initial
magnetic permeability, 2410, Where pg is the permeability of
free space (juo = 47 x 1077 Hm™!)

2Bsar2 2Bsar2

2
r = 0 = 19
Hrzfto o 0s°(0) mo (19)
Therefore, ¢ is a scaled reciprocal of the permeability
B 2
6 _ SAT2 L2 (20)
Hr2flo T

Then, combining (20), (17), and (16) yields the time-varying
B-field inside the ungapped core with mid-cycle saturation

Thrafto Ny
t —— . —1..(t) ). 21
aretan (2BSAT2 Im2 ma )> @1

_ 2BSA’]'Q .
™

By(t)

Meanwhile, during the saturation window (i.e., t € [t to)),
the ungapped core is in saturation with the B-field level close to
Bsaro and slowly coming out of saturation toward ¢(. The tail
voltage will work against this existing B-field as the polarity of
the tail voltage is opposite to that of the voltage that drove the
core into saturation in the previous half cycle. During this time,
the internal B-field of the ungapped core can also be written as

b Vaa(t)

Bs(t) = B —
2(1) SAT2 tun Acore2 N4

dt. 22)

By taking the time derivative of (22), Faraday’s law of induction

during the saturation window can be confirmed

dBs(t)
dt -

Merging this circuit constraint, (23), with the core material’s
property, (21), and the definition of I,,2(t), (15), a single-
variable equation about Vi (¢) is obtained

Viail (1)

Vil (t) = AcoreaNa (23)

N1N3]pw

N3 Vi (t)
N21m2

Hr2fto Acore2 V4 < os (wt) — LylymaNy
ag'm

fropiom [ N1N3 .
. Ipsin (wt)+
<2BSAT2 <N2lm2 psin (wt)

Bsar2 Acorea N3 > > g .
TSRLCORE2 TS ) ) 4
Lglino

(24)

While obtaining (24), an ideal assumption is made that the
change in the air gap current (i.e., Ai,) is negligibly small
during the saturation window, which might occur because of
a likely combination of large L, large N4, or small N3. This
is also to get a simpler response first without a transcendental
differential equation. This assumption leads (24) to an explicit
linear equation of Vi,;(¢). The assumption will be subsequently
removed to explore the general response.
When (24) is solved, the expression of Vi (¢) is

As cos (wt)

Veair () = : 3
(Cosin (wt) + Da)” + 14 Es

(25)
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where
A — r2fto Acore2a Na N1 N3 I pw
Y =
lm2 N2
C, = /~Lr2/~LO7TN1N3IP
2Bsar2lmaNo
Dy — pr2 o™ Acorr2 NG
Y =
5Lyl
rolto A N2
By = M2 L0 ACORE24V3 ' (26)
Lylina

The first important timing parameter, ¢y, can be calculated
by considering the voltage condition at the end-point of the
saturation window since the voltage across the ungapped core
at t = to must reach Vi pap. Therefore, £y can be obtained by
solving this condition

Vil (to) = VLoap-

To calculate the second important timing parameter, ¢sare, the
equations (25) and (12) can be combined to yield

@7

to
2BSAT2AC0R]~:2N4—/ Viail (1) d7

il
. (28)
Vioap

tsat2 =

The integration in (28) needs to be evaluated. It can be done by
substituting (21) and (15) into (22) and testing at t = ty. The
result is
to
Viail (7) d7

trail

2
= BSATQACORE2N4 (1 — ;arctan (CQ sin (wto) + Dg)) .
(29)
Plugging (29) back into (28), tsar2 is obtained

Bsara Acorea N4

2
tsar2 = (1+arctan (Cysin (wto)+D2)> .
™

(30)

WLoap

Finally, the last parameter, t.;, can be similarly obtained
with a voltage condition at ¢ = t;,;. Based on the level of
magnetic saturation, a suitable voltage level must be equated.
For example, in a relatively heavy saturation case, where t; s
the first time point that the voltage across the ungapped core is
rising from zero, the condition will be Vi (ti) = 0, resulting
in til = —T/4

On the other hand, in a relatively soft saturation case, where
the transfer window of the previous half cycle protrudes pastt =
—T/4, the value of t,; will be set to the actual end-point of the
previous transfer window, ty,; = tsara + to — 1'/2. Therefore

T
il = max |tsarz2 +to — 77

The calculated %g, tsare, and tw; will predict when and how
the ungapped core recovers from saturation and when it goes
into saturation again in this half cycle.

(€19}
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2) Case 2: Bsar1 Occurs First (tsat = tgari): For the
case where the B-field inside the clampable core reaches the
saturation level, Bsari, before the B-field inside the ungapped
core reaches Bsaro, the expression of Vi (t) can be similarly
derived as the previous case

A cos (wt
Vi (1) = ————1cos @) (32)
(Cysin(wt)+D1) "+ 1+ E
where
s pr1ftoAcorer Na N1 Na I pw
L=
lm1 N3
. = pripiomN1Ip
| = Bt ’p
2Bsat1lm1
D, — fr1 foT Acore1 NG
1=
2Lyl
r1 L0 A N2
B, = Hr10ACORELLVY ) (33)
Lyl

Again, t( is identically obtained using (27). A similar flux
balance equation to (28) yields tsar; as follows:
sam

_ Bsani Acore1 N4 N2
Vioap V3

2
(1 + —arctan (C sin (wtg) + D1)> .
T
(34)
Once tsar; and tsare are individually calculated using the
results in these two cases, the transfer window for the two-core
case can be finally computed with the “min” function

tsaT = min |:tSAT17 tsar2, 2] . (35)

to and t,; will be accordingly selected based on the case.

C. Nonlinearity Consideration: Ai, During Saturation

Unlike the previous assumption made for (24), if the change in
the air gap current, Ai,, can not be ignored during the saturation
window, it can be shown that (25) becomes a transcendental dif-
ferential equation as below, instead of being an explicit solution
for Vtai] (t)

Viat) = e

2
+1+E;

(36)

t
<C’l~ sin (wt)+D; — F; / Viait (7) dT)

trail

where A;, C;, D;, and E; remain the same and

,UITQ,UIOTFN?? .
1 9 Bsaro Lg I >N, (1 SAT SATQ) (37)
or
,Url,uoWNsNz .
Fh=— fisar =1 . 38
2= 3By Lolmi Vs (if tsar = tsari1) (38)

This modified equation will compute an accurate set of new ¢,
twil, and tgar without an assumption on Aé,. The main challenge
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is to calculate the value of the integral at ¢ = ¢ and solve ¢
according to (27).

To calculate to in this new setting, (22) is rearranged and
evaluated at t = ¢ first

to
/ Viail (1) A7 = AcoreaNa (Bsarz — B2 (to)) . (39)

Lrail
Here, Bs(to) can be eliminated by substituting (21) and (15)
into (39). Then, using the definitions of the various coefficients
provided in (26), it can be readily shown that

Vlall 7) dT = BsaraAcore2 N4
t[al]
2 A t
X | 1——arctan M*].*EQ
™ WLoap
(40)

Now that the integral is expressed in terms of the coefficients
and g, (36) can now be evaluated at ¢ = ¢y. Then, the voltage
condition at ty (i.e., Vixi(to) = VLoap) can be written as

VLoap

A, cos (witp)

> .
A s (wt
(02 sin(wto)+E2 arctan$ M —1-— Eg) +1+E5

Vioap
(41)
This is a single-variable equation about ¢y and can be numer-

ically solved to obtain tq. Similarly, by substituting (40) into
(28), the new tsaT2 can be obtained

_ Bsar2Acore2 V4
tsar2 = BTV
LOAD
2 A t
14 Zaretany | 2205 Wh) g 42)
0 Vioap

Following the same steps for the case where the clampable core
internally reaches Bgsar; first, it can be shown that

Bsar1 Acore1 N4 N2
VLoap N3

2 A t
1 + —arctan M —-1—-FE;
T VLoap

tsaT1 =

(43)

The t,; value in either case can be obtained via identical proce-
dures used in the previous section.

The newly acquired tg, tsar, and ty; will now accurately
describe the behavior of the two-core cascade magnetics, even
under the non-negligible A7, during the saturation window.

D. Nonlinearity Consideration: Parasitic Resistance

Thus far, Vee(t) has been ignoring any parasitic voltage
development other than the main load voltage presented through
an ideal rectifier. There are many situations that can cause a
significant deviation from such a case (e.g., high current level,
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Fig. 6. Equivalent circuit model with parasitic resistance.

high winding resistance, and low load voltage). The KVL must
be updated in these situations to reflect a correct flux bal-
ance [23]. Otherwise, tsat, which is based on this flux balance, is
overestimated. Denoting Vi (¢) as the lumped parasitic voltage
development referred to the secondary side of the ungapped core,
(12) in these scenarios must be updated to

to
2Bsar2 Acorea Vg = / Viail (t)dt + Vioaptsare

tail
to+tsar2
+ / Vi (t)dt.
to

Here, the lumped voltage, Vz(t), which is defined as Vg (t) =
Veore(t) — VLoap, is demonstrated with a winding resistance,
Ryinging, that can be measured in the lab. However, it can be
readily expanded to include voltage drops due to a nonideal
rectifier. Please note that here considers the case where tsat =
tsaro for demonstration.

According to the KVL on the load side

‘/;:ore(t) - Rwinding (Zfs(t) - qu (t)) + VLOAD
Ny Nalp
NoNy

- Rwinding (

(44)

sin (wt) + VioaDp

/ V;:ore dt)
to

(45)

= Rwinding :

N42L

Here, ils(t) and i} (t) are is(t) and i (t) referred to the secondary
side of the ungapped core, respectively, where ig(t) = N1 /Na -
Ipsin(wt) and i4(t) is defined in (9). The circuit model with
currents referred to the secondary side of the ungapped core is
presented in Fig. 6.

For the evaluation of (45), 7/ (to) needs to be computed first.
It can be done by plugging (40) into (13), evaluating itat ¢t = ¢,
and referring it to the load side. The result is

. BsaraAcore2 N3 N3 [t
Zl (t()) = — 3 3 Vi il (T)dT
g L9N4 LQNE trail “
~ 2Bsar2 Acore2 V3

2 A t
arctan\/2cos(w0)—1—E2.

mLyNy Vioap

(46)

Solving the first-order differential equation, (45), with respect to
Vieore (t) and performing a linear shift of —V{ oap yields Vi (t) =
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Veore (t) — Vioap

VR(t) - V;:ore(t) - VLOAD
GK?w cos (wt) + GKw? sin (wt)

K3 4+ Kw? 47
where
Ryinding N1 N3Ip
= d
G NN, an
RwindingNg
K=—/—/F—"=>= 48
NZL, (48)

Finally, this explicit solution of V(¢) can be substituted into the
flux balance equation, (44), to numerically calculate tsaro that
is corrected for the existence of the significant parasitic voltage
development along the current path.

Although this subsection demonstrates the case where tsar =
tsaT2, it can be shown for the other case (i.e., tsar = tsar1) that
the expression for Vi (t) and the values of G and K are identical.
Once Vi(t) for tsar = tsar1 is obtained, tsar1 can be computed
via the following flux balance equation:

2Bsar1 Acore1 NaNo _ /

to
N Vit (£)dt + Vioaptsari
3

tail

to+tsart
+/ Vi(t)dt.

to

(49)

With these tsar1 and tsaro values that reflect the correct flux
balance, the same min function, (35), will produce the final ¢gar
for the accurate power calculation. The deviation in flux accu-
mulation due to parasitic resistance is caused by the load current
that only conducts during the transfer window. Therefore, ¢y and
twi1, Which primarily rely on the material characteristics rather
than the load/circuit description, do not need to be recalculated.

E. Calculation of the Harvested Power

The cyclic average of the harvested power at the load is simply

2 to+tsar
Proap = = / VLOAD * fload (t)d. (50)

T Ji,
However, as evidenced in Fig. 5, 4j5,q(t) is highly nonlinear
and its explicit expression is quite cumbersome to work out.
Also, as reflected in the range of this integral, the power is only
harvested during the transfer window, adding complexity to the
calculation. A numerical solver can be used to directly calculate
il0ad(t) and finish the integration. However, a top—-down method
will be demonstrated in this article to calculate P pap, utilizing
a sinusoidal, secondary side transformer current of the ungapped
core. First, all the elements in the middle circuit of Fig. 4 are
referred to the secondary side of the ungapped core, creating an
equivalent circuit model shown in Fig. 6. Then, P oap can be
alternatively written as

2 to+isar
/ Vioap - [i's(t) —iy(t) — Ima(t)] dt

Boap = T
t
i 51)
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where i (t) = % sin(wt). Then, it can be organized as

2 to+tsar
Poap = |:T/t Vioap - ’L/S(t) dt| — Py — P2
0
N1N31pWj
= % [cos (wtp) — cos (w (to + tsaT))]
— Py — P2 (52)

where P; is the power supplied to the load-reflected air gap
inductance and P2 is the power supplied to the magnetizing
inductance of the ungapped core during the transfer window.
These power values are individually calculated in the sections
below. Although an ideal rectifier is assumed and omitted from
Fig. 6 between Ryinding and the load, an additional loss due to

the rectifier (e.g., Viectifier(t) - t10ad(t)) can be modeled in and
subtracted from (52).

1) P, — Power Supplied to the Reflected air gap Inductance:
According to (52) and (9) converted to the load side

2 to+tsar ,
Pg = 7/15 VLOAD . Zg(t)dt
0

T
_ 2VioAD /tﬁtm (i' (to) + N3Vioap (t — to)) dt
T to 7 N42Lg
_ 2i (to) Vioantsar | N5 Vipaptiar

53

T NZL,T (53)

where i’g(to) is given in (46) for the case of tsar = tsare-

In the other case, where tsar = tsaT1, it can be shown that
(46) changes to

i (to) = — 2Bsari Acore1 N3 N arctan
g0 7LyNy
A t
¢f§£?ﬂ—l—E1 (54)

These values are plugged into (53) to finish the calculation of
average P, during the power transfer window. The instantaneous
Py in reality will be dynamically and continuously changing no
matter which core saturates first. However, the average P, will
be largely unchanged once field-related variables are decided.

2) P2 — Power Supplied to the Magnetizing Inductance
of the Ungapped Core: Assuming an effective design with a
relatively low voltage drop across Ryinding compared to V1oap,
P,,2, the integration of Vi oap - I»2(t) can be approximated to
the integration of Vioe(t) « Lna(t)

9 to+tsar
P = f/ WVioap - Ima(t)dt

to
2 to+tsar
~ T/ chore(t) . Im2(t)dt
to

Ba(to+t
- 2ACOREQZmQ/ 2(to+tsara)

Hs dBs,
T Bs(to)

(55)
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where Hs can be obtained by rearranging (17) as follows:
2B B
Hy = SAT2'tan(7T. 2 )
Hr2 ftoT 2 DBsarz

By combining (55) and (56) and finishing the integration, P,
can be calculated as

Pm2

(56)

<’/TBQ (t()) >
) cos | ——~2
_ 2Acorezlm2 4Bsar N 2Bsata
T Ly o T2 cos <7TBQ (to + tSAT2))
2Bsat2

(57)

To evaluate Bo(to) and Ba(tg + tsar2), the KCL at the top node
on the load side in Fig. 6 is considered

Zf?(t) = Zlg (t) + Im2 (t) + iload(t)~

At the beginning and end of the transfer window, the load current
must be negligibly small due to saturation (i.e., é10,d(to) = 0 and
lload (to + tsar) = 0). At these time points

(58)

NyNs3lI
Lo (to) = ﬁ sin (wto) — 7, (to) (59)
and
NiN3lIp
Lo (to +t = —sin(w(tg+t
2 (to + tsarz) NoN, (w (to + tsarz))
— Z/g (to + tSATQ) . (60)

Here, i}, (to + tsar2) can be obtained via evaluating (9) at t =
to + tsare and referring it to the load side. When combined and
organized, it can be shown

N2Vioaptsara
NiL,

Using (21) with the values of ifq(to), ifq(to + tsar2), Ima(to),
and I,,2(to + tsare), calculated in (46), (61), (59), and (60),
respectively, Ba(to) and Ba(to + tsar2) can be evaluated

2B - Nyl (t
B, (to) _ SAT2 arctan Hr2foT  1V4 2( 0) (62)
™ 2Bsar2 Ima

iy (to + tsarz) = iy (to) + (61)

and

Bsara

2
By (to + tsam2) = arctan

<Mr2ﬂo7f ) Nalpmo (to + tSATz)) . (63)
2Bsar2 lma

Once Bs(tg) and Ba(to + tsate) are evaluated, (57) can be
finally calculated to provide P,,o.

For the case of tsar = tsar1, nearly identical steps can be
followed for the calculation of the power supplied to the mag-
netizing inductance of the clampable core, P,,;. The different
procedures are highlighted as follows:

Nilp . )
I (to) = ;[ P sin (wto) — iy (to) (64)
2
NiIp .
I (o + tsar1) = ! 2P sin (w (to + tsar1))
—ig (to + tsar1) (65)
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Fig. 7. Flowchart of the mathematical model.
2B , Nol,q1 (t
By (to) = ZOSATL arctan (ﬂ 1HoT | V2tmi ( 0)>
™ 2Bsar1 Im1
(66)
and
2B
By (to + tsar1) = misL L]
pripiom™  Nolpmi (t()+tSAT1)>
X arctan . .
( 2Bsar1 I

(67)

Then, P,,1, which will replace P,,2 in (52) for this case, is

<7TBl (to) )
) cos [ ——=2
_ 2Acore1lm1 4Bgam1 In 2Bsar1
T L1 flo T2 (WB1 (to + tSATl))
cos [ ————>22 2
2Bsat1

Pml

(68)

FE. Power Calculation Flowchart

The steps for the calculation of the average harvested power
are summarized in Fig. 7. The right flow path is for the case where
the change in the air gap current during the saturation window
can be ignored. In this case, Ai, is negligible and Vi (¢) has
an explicit expression. The average load power, then, can be
obtained with the multiple current entities referred to the load
side and the voltage across the ungapped core directly. Please
note Viore (t) is: Vit (t) from ¢ to to; Vioap fromtg totg + tsars
and zero elsewhere.
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TABLE I
CORE PARAMETERS
Parameter Clampable core | Ungapped core
Type VAC-W158 VAC-W424
Magnetic path length 34.2cm 10.2cm
Air gap length 0.0255 mm 0mm
Cross-sectional area 6.2cm? 0.86 cm?
Height 31.6 mm 18.5mm
Permeability 13,400 282,000
Maximum flux density 09T 1.2T
Core material VITROPER.M
Fe73.5Cu1Nb3Sii5.5B7

The flow path on the left is for the case where Ai, is not
negligible. For this case, explicit expressions of Vi (t) and ¢y
are not necessary for the calculation of the average harvested
power. However, the power supplied to the reflected air gap
inductance and magnetizing inductance, and starting point and
duration of the transfer window must be calculated.

This power calculation flowchart is for the two-core structure
consisting of a clampable core in tandem with an ungapped,
high-permeability core and feeding a realistic, constant voltage
load. The high-permeability core eliminates the necessity of the
impedance matching between the ungapped core and the load.
When the core is not saturated, the core with an extremely
high permeability provides orders of magnitude larger shunt
impedance than a constant voltage load, which must be very
low impedance in principle (ideally zero), forcing most of the
transformer current to flow into the load. After the transfer
window closes due to the core saturation, the shunt impedance
approaches zero. However, since no power is delivered to the
load during saturation, impedance matching is still unnecessary.

IV. SIMULATION AND EXPERIMENT RESULTS

A. Parameter Estimation and Core Information

For the validation of the mathematical model, VAC-W158 and
VAC-W424 are chosen as the clampable and ungapped magnetic
cores, respectively. Detailed information on these cores is sum-
marized in Table I, based on manufacturer’s datasheet and our
in-lab measurement.

The primary and secondary winding turns of the clampable
core, N1 and No, are fixed at 2 and 78 turns, respectively. The
winding turns of the ungapped core, N3 and Ny, are fixed at 50
and 108 turns, respectively. The winding resistance on the load
side is measured to be 2 {2 at room temperature and considered
in the simulation and calculation.

The clampable core consists of two U-shaped cores. The
length of the air gap is determined by [, = ln where the
magnetic path length of the core, [,,, is obtained from the
datasheet of the core and the permeability, i, is obtained by
a lab-measured B—H curve. The saturation flux density, Bsar, is
also extracted from the measured B—H curve. Other parameters
are obtained from the datasheets of the magnetic cores used.

B. Simulation Details

In our simulation, a dc voltage source is used for the constant
voltage load, which is connected to the ungapped magnetic core
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Fig. 9.

Detailed experimental setup.

through a diode bridge rectifier, as shown in Fig. 8. Each diode
has a forward voltage drop of 0.12 V in the simulation circuit.
The simulation is performed on LTspice with two different ac
current amplitudes of Ip = 4.7 A and 7 A, and at three different
operating frequencies: 60 Hz; 120 Hz; and 180 Hz. L,,; and
L,,,2 are modeled as nonlinear inductances in LTspice with flux
descriptions provided in (21), which include periodically satu-
rating behaviors of the magnetic cores. The simulation results are
provided in Figs. 11 and 12. For convenience, these are overlaid
with the calculation results based on the modeling of the previous
sections and experimental results of the next section.

C. Experiment Details and Results of Load Power

To verify the model of the cascaded cores for electromagnetic
EH, six experiments are performed with the same settings used
for the simulation (i.e., two primary current amplitudes in com-
bination with three line frequencies). The detailed experimental
setup is shown in Fig. 9 and overall experimental setup is shown
in Fig. 10. An adequately loaded dc voltage supply is used as
the constant voltage load. Four power resistors of 2.2 () each are
used to create the primary current and provide the magnetic field
that our harvester extracts energy from.

The list of testing equipment used in the experiment
is: BK9832 (ac power supply), CPX400S (dc voltage
source), MSO64 (oscilloscope), TPP1000 (voltage probe), and
TCPO0030 A (current probe).

The peak amplitude of the primary source current, Ip, is set
to either 4.7 A or 7 A at 60 Hz in the first experiment. The load
voltage is swept between 1 V and 6 V. In the next experiment,
the frequency of the source current is increased to 120 Hz and
the load voltage is swept from 1 V to 8 V. In the last experiment,
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AC primary
power supply

Fig. 10.  Overall experimental setup.

the frequency of the source current is increased to 180 Hz and
the load voltage is swept from 1 V to 10 V. Note that a higher
load voltage is required to saturate the core at a higher frequency.

Fig. 11 shows the relationship between the average harvested
power, P oap, and the load voltage, Vi oap. The average har-
vested power curves are obtained from experiments (blue cross),
simulations (green star), and proposed mathematical model (red
solid) based on (52). The parameters are listed in Section I'V-
A. In Fig. 11(a), where Ip = 4.7 A, the maximum harvested
power is 74 mW for f = 60 Hz at Vi pap = 2.5 V, 175 mW for
f=120Hz at Vioap = 5.5V, and 266 mW for f = 180 Hz
at Vi oap = 8 V. In Fig. 11(b), where Ip = 7 A, the maximum
harvested power is 120 mW for f = 60 Hz at Vi pap = 2.5V,
295 mW for f =120Hz at Vipap =6V, and 445 mW for
f=180Hz at Vi pap = 9 V. In each curve, the critical point
where the core starts entering magnetic saturation is marked with
vertical black lines. Below that critical V; oap level (i.e., left of
the vertical black lines), the core is completely free of saturation
for the whole cycle and a near-ideal current transformer shows
a highly linear response. The maximum harvested power points
(i.e., peaks) are clearly located inside the saturation regions (i.e.,
right of the vertical black lines) for all cases.

Fig. 11 shows that the maximum harvested power increases
as the source current and frequency increase. This is an intuitive
result in general in that the magnetic field in the magnetic cores
is strengthened by the increased current and that the ratio of the
transfer window over a half cycle gets larger with the increased
frequency. Note that the demonstrated in this article is arelatively
low frequency range. If the energy harvester is coupled with a
primary system carrying a current with a much higher frequency,
more factors should be considered (e.g., skin and proximity
effects) for more accurate estimation. An interesting point is that
the actual peak points of these curves—the maximum harvested
power points—occur when the cores are slightly saturated.
When Vi oap is small, the magnetic flux density in the core may
not reach Bgar in a half cycle. In this case, as the core is never
saturated (i.e., tsar = 7'/2), the magnetic stage is essentially
a regular current transformer that outputs a constant current
regardless of the load condition. Therefore, the graphs remain
strongly linear with Vi pap until the saturation points. On the
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Fig. 11. Harvested power versus load voltage and frequency. (a) Harvested
power (Ip = 4.7 A). (b) Harvested power (Ip = 7 A).

other hand, if the magnetic flux density in the core can reach
Bsar within a half cycle, a higher load voltage reduces the length
of the transfer window, tsar, which in turn leads to a lower
average load current. An increasing load voltage and decreasing
load current contend each other for power calculation. Initially,
the power gain due to the increasing load voltage outpaces the
power loss due to the lower average current, enhancing the
overall harvested power. This is because the transfer window
shrinks from the current’s zero crossing points. However, as
the source current increases toward its peak, the loss in current
overtakes the gain in voltage, driving the total harvested power
down. Therefore, the harvested power is maximized when the
core is allowed to saturate rather “softly.” Controlling the level of
saturation of the core is crucial to harvest the maximum magnetic
energy from a sinusoidal primary current. Note that this analysis
is true under passive rectification and is subject to change if an
elaborate rectification strategy is employed.

Fig. 12 shows the error of the average harvested power ob-
tained from the mathematics model and simulation, with respect
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Fig. 12.  Error plots for the calculation and simulation. (a) Error plot for
Ip = 4.7 A. (b) Error plot for Ip =7 A.

to the experiments. As shown in Figs. 11 and 12, the load power
obtained from the calculation, simulation, and experiments are in
excellent agreement and the error is under 6% for all the cases.
The error is primarily due to the approximation of the B—H
curve as an arctan function. With a more elaborate and accurate
construction of the actual B-H curve, the model accuracy will
be improved. The model accuracy can also be enhanced with
the increasing level of details of the modeled parasitics (e.g.,
beyond winding resistance). However, these enhancements in
the model accuracy will be in a direct tradeoff relationship with
the calculation complexity and simulation time.

Fig. 13 represents the time-domain comparisons of the math-
ematical model, LTspice simulation, and experiment. The load
current and core voltage waveforms at 60 Hz are provided for
three different levels of magnetic saturation: unsaturated; soft
saturated; and hard saturated. In all cases, the waveforms of the
calculation model, simulation, and experiment show excellent
agreement, validating the accuracy of our model.
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Fig. 14 shows the efficiency of the proposed energy harvester
with cascaded magnetics with the primary current, Ip, of 4.7 A
at 60 Hz. The green solid line, Sim2, and the blue solid line,
Exp2, show the two-core structure efficiency, which is calculated
as the load power divided by the input power of the clampable
core, obtained from the simulation and experiment, respectively.
The input power of the clampable core is measured via the de-
duction method (i.e., ac primary source power minus ac primary
load power). The green dotted line, Siml, and the blue dotted
line, Exp1, show the efficiency of the single-core structure under
the identical operating condition. These lines are conveniently
provided for a quick comparison to our cascaded structure. For
this single-core structure, the efficiency is calculated as the
load power divided by the input power of the ungapped core,
obtained from the simulation and experiment, respectively. The
input power of the ungapped core is directly measured by the
primary current and primary voltage of the ungapped core. As
shown in Fig. 14, the energy harvester efficiency increases when
the load voltage increases. This is highly expected because as
the core is driven to harder saturation (i.e., higher V pap), the
average current drops in response to the increasing voltage,
naturally lowering the /2R conduction loss in wiring, which
is the dominant loss mechanism in our harvester. The efficiency
degradation is less than 3% between the single-core and two-core
structures at the likely operating point with the maximum harvest
at Vi oap = 2.5 V. As it can be inferred from high V] pap points,
the efficiency of our harvester will readily reach 95%+ by simply
replacing the windings with thicker wire.

V. CONCLUSION

This article presents a cascaded two-core magnetic structure
for ac-driven electromagnetic EH. The structure consists of a
clampable core and an ungapped high permeability core. The
two-core structure enhances the nonintrusiveness of the instal-
lation of the energy harvester and guarantees maximum power
extraction at the same time. The utilization of the clampable core
avoids the downtime of the primary system when installing the
ac-driven electromagnetic energy harvester. This can drastically
lower the entry barriers in many areas for this technology to
be deployed, especially in mission-critical applications. Due to
the existence of air gaps in the clampable core and multiple
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cores in cascaded stages, the mathematical model for the tra-
ditional single-core harvester cannot be used to describe the
performance of the cascaded two-core structure. This is the first
work to introduce mathematical derivations of this structure
for the timing characteristics and level of energy extraction.
Detailed mathematical derivations and rigorous proof have been
demonstrated via simulations and experiments. The accuracy in
modeling is greatly enhanced by the inclusion of the tail voltage
during the saturation window for the transfer window. Simula-
tion and experiment results illustrate that the proposed modeling
method is accurate in the prediction of the harvested power as
well as the time-domain waveforms. The harvested power is
maximized when the B-field in the ungapped core is allowed to
mildly saturate. If the primary power and frequency can be freely
controlled, increasing the amplitude of the primary side current
and its frequency can directly increase the harvested power.
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