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Abstract—Grid forming (GFM) control strategy has been in-
creasingly used in grid-connected converters to regulate system
frequency and mimic the inertia of synchronous generator. How-
ever, the description of its power angle dynamics under large distur-
bances is still lacking up to date, which may pose great challenges
to stable operation and economic configuration of grid-connected
converters in the future power system. To overcome the aforemen-
tioned obstacle, a Krylov–Bogoliubov–Mitropolsky (KBM) asymp-
totic method with the perturbation theory is presented first in
this article to derive an analytical solution for power angle trajec-
tory under large disturbances. Considering that the antiderivative
problem is usually unsolvable due to the complicated perturbation
function, a tailored integral method is further proposed to address
this problem and simplify the final result, which facilitates the
KBM asymptotic method to the analysis and calculation of power
angle trajectory. As a result, an explicit and accurate time-domain
expression is obtained, and it reveals the quantitative relationships
between control parameters and dynamic characteristics, which
may provide a good potential for system transient stability analysis
and GFM converter design. In the end, the effectiveness and accu-
racy of the proposed method are verified by both simulations and
control-hardware-in-loop experiments.

Index Terms—Analytical calculation, explicit solution, grid
forming converter, Krylov–Bogoliubov–Mitropolsky (KBM)
asymptotic method, power angle dynamics.

I. INTRODUCTION

POWER electronic converter (PEC), the main interface be-
tween renewable energy sources (RES) and power grid, is

becoming an important part of power system with the explosive
growth of RES [1], [2], [3], [4], [5]. However, the massive pen-
etration of power electronic interfaced power sources currently
reduces the stiffness of grid rapidly because most of PECs are
controlled as current sources, and thus, lack of frequency regula-
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tion capability [6], [7], which in turn also threatens the stability
of PECs. Grid forming (GFM) control, which has the capability
to mimic the internal mechanisms and external behaviors of the
synchronous generator (SG), is further proposed and regarded
as a preferred solution for weak grid [8]. Nonetheless, due to the
limited current capacity of PECs, current limiting control is usu-
ally triggered under large disturbances such as grid faults, which
may still result in a series of system transient instability in weak
grid [9], [10], [11], [12]. Thanks to the emerging development
of transient overcurrent capacity enhancement in recent years
in terms of device packaging [13], [14], [15], modulation [16],
[17], [18], and control [19], [20], [21], PECs has begun to have
the capability to withstand some large currents in a short-term
timescale, such as 3-p.u. current in 3 s [14], which may enable
the GFM control under large disturbances within the system
transient process. In addition, virtual impedance-based current
limiting methods have also been proposed recently to maintain
the grid forming capability of the GFM converter under grid
fault situations [22], which has similar characteristics to pure
GFM control except for the value of equivalent grid impedance.
However, the clear description of GFM control transient process
is relatively rare and needs to be explored and investigated.

Although GFM control is partially inherited from SG, its
transient characteristics are quite different from traditional SG
due to the flexible control and fast response [23], [24]. Among
these transient characteristics, power angle dynamics, which
describes the synchronization process between grid-connected
equipment and power grid, is the essential feature of ac power
system. A necessary condition for system operation is that all the
grid-connected equipment remain in synchronism [25], [26], and
so, the power angle dynamics is the fundamental characteristics
for grid-connected converters and plays a significant role in
system operation. The unknown relationships between control
parameters and power angle dynamics of GFM control would
pose great challenges to transient stability analysis of system and
optimization design of the GFM converter in the future power
system with high penetration of RES. Therefore, an intuitive
and accurate description of power angle dynamics is urgently
required to address this emerging problem.

There are several tools that are usually used for the tran-
sient characteristic analysis of grid-connected converter: simula-
tion, power-angle (P − δ) curve, and phase portrait. Simulation
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method could acquire precise results [27], [28], [29], but the
physical insight of power angle dynamics and the explicit re-
lationships between control parameters and transient trajectory
are unattainable. The power-angle curve with equal area criterion
(EAC) shows its good advantages in power angle dynamic anal-
ysis for traditional power system and is introduced to analyze
the transient behaviors of GFM control due to its simple form
and clear physical meaning [10], [12], [30]. However, the speed
governor control in GFM control is deeply coupled to rotor
motion [31], resulting in large damp coefficient and affecting
the behavior of power angle seriously under large disturbances.
The work done by damping torque cannot be reflected in the
area of segments between the power angle curve and reference
power curve in the power angle diagram, and thus, the effect of
damping term is impossible to be taken into account, making
it unsuitable for the analysis of large damping system. The
phase portrait, a commonly used graphical method for nonlinear
system analysis, shows the relationship between power angle
and its derivative intuitively [32], [33], [34]. However, its basic
equations are still implicit, and the transient trajectory depends
deeply on simulation or numerical iteration, making it difficult
to obtain explicit quantitative relationships.

Therefore, new tools need to be introduced. The analytical
calculation methods based on parameter perturbation theory in
nonlinear mechanics, like Krylov–Bogoliubov (K-B) averaging
method [35] and first-order multiscale method [36], have been
creatively introduced to solve the phase-locked loop (PLL)
dynamics in grid following converter, and the transient process
is described as an explicit expression. However, these first-order
methods would lead to over averaging of the complicated per-
turbation function in PECs, resulting in a reduction of accuracy
in the case of large disturbances. Moreover, the power angle
dynamic behavior of GFM control, which is influenced by large
damping coefficient and totally different from that of PLL, has
not been considered so far.

To the best knowledge of authors, the intuitive description
of GFM power angle dynamics is unsolved using the analysis
methods previously. In this article, the Krylov–Bogoliubov–
Mitropolsky (KBM) asymptotic method, which is a combination
of the first-order averaging method and parameter perturbation
theory, is adopted to address this challenge. It is first proposed
by Krylov in the study of nonlinear mechanics in 1947 [37]
and strictly proved by Bogoliubov in 1961 [38], and subse-
quently, extended to nonstationary vibrations by Mitropolsky
in 1965 [39]. This method has shown great advantages in
solving high-order transient solution of the dissipation system,
and thus, it can obtain quite accurate expressions for amplitude
differential and phase differential of the power angle trajectory.
However, their original expressions are complicated series sum-
mations due to the complex perturbation function, making the
antiderivative difficult to solve. To overcome this difficulty, a
tailored integral method is further proposed in this article with
the consideration of the characteristics of power angle, which
not only solves the indefinite integral problem, but also greatly
simplifies the calculation results. As a result, the power angle dy-
namics of GFM control can be approximated by a time-domain
explicit function, and hence, the impact of control parameters
and grid conditions on it can be revealed quantitatively, which

Fig. 1. Circuit and control structure of the GFM converter.

may provide good and effective guidance for system transient
stability analysis and GFM converter design. The rest of this
article is organized as follows. Section II first establishes the
typical model of the grid-connected GFM converter and sym-
metrical grid fault. In Section III, the power angle dynamics
of GFM control is analyzed and calculated in detail with the
KBM asymptotic method, and a tailored integral method is also
presented in this section. Sections IV and V demonstrate the
simulation and experimental validation, respectively. Finally,
Section VI concludes this article.

II. MODELING OF THE GRID-CONNECTED SYSTEM

A typical grid-connected model of the GFM converter and an
equivalent circuit model of symmetrical grid fault are illustrated
in this section. Moreover, swing equation is adopted to describe
the power angle dynamics of GFM control, which is further
written in a standard form.

A. System Descriptions

Fig. 1 shows the single line diagram of a single machine
infinite-bus system, where the GFM converter feeds power to
the grid through transformer T1 and two paralleled transmission
lines. The impedance of each transmission line is considered
as a pure inductance Lg and the grid is simplified to a voltage
source presented by vector E with fundamental frequency ωb.
A typical LC filter composed of inductor Lf and capacitor
Cf is adopted in the GFM converter. In terms of control, the
converter is regulated by an outer grid forming power control
loop with inertia simulation, and the inner loop includes both
alternating-voltage control (AVC) and current control. The inner
AVC loop tracks the voltage reference and maintains the voltage
magnitude at the point of common coupling (PCC) constant. In
general, the control bandwidth of outer loop is much less than
that of inner loop, and thus, the transient response of the inner
voltage loop is generally ignored when analyzing power angle
dynamic process. Then, the amplitude of the capacitor voltage
Uf can be approximated as voltage reference Uref.

The typical inertial GFM control schemes in literatures, in-
cluding virtual synchronous generator (VSG) control and droop
control with a low-pass filter (LPF), are shown in Fig. 2. It has
been proved in [40] that these two typical schemes are identical,
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Fig. 2. Typical inertial GFM control schemes. (a) VSG control. (b) Droop
control with an LPF.

and their equivalence can be expressed as

Kp =
1

Dp
, ωp =

Dp

J
(1)

where J is the virtual inertia, which slows down the change of
reference frequency ωcref, and Dp is the damping coefficient in
VSG control. In droop control, Kp is the droop coefficient and
ωp is the cutoff frequency of the LPF applied to simulate the
inertia. Pe and P0 are output active power and its reference,
respectively, and the phase θcref can be seen as an integration of
ωcref. In the following analysis, the droop control with an LPF
is used as an example. Consequently, the control law of GFM
control can be written as

θcref =
1

s

[
ωb +

Kpωp

s+ ωp
(P0 − Pe)

]
. (2)

Defining the initial phase angle of grid voltage E as zero, the
phase difference between GFM converter and power system,
which is known as power angle δ, will be

δ =
1

s

Kpωp

s+ ωp
(P0 − Pe) . (3)

Considering the circuit structure in Fig. 1, active power Pe

from the PCC point can be derived as

Pe =
EUref

Xge
sin δ (4)

where the impedance

Xge = XT1 +Xg/2 (5)

is the equivalent grid impedance under normal operating con-
dition. XT1 and Xg are the impedance of transformer T1 and
single transmission line, respectively. Combining (3) and (4),
the swing equation of the GFM converter can be described as

δ′′ + ωpδ
′ −Kpωp

(
P0 − EUref

Xge
sin δ

)
= 0. (6)

B. Equivalent Circuit Under Large Disturbances

There are varieties of large disturbances in the power system,
like a short or open circuit fault in transmission line, removal of
large load or generator, etc. These disturbances usually cause the
abrupt change of equivalent impedance Xge or equivalent grid
voltage sag, which then result in the transient adjustment of the
grid-connected equipment. Among these various disturbances,
symmetrical three-phase to ground fault of transmission line
is one of the most serious failures and is taken as an example
in this article. The actual fault circuit configuration of the
grid-connected system in Fig. 2 is shown in Fig. 3(a). Xgnd

represents the grounding impedance and k is the ratio of the
distance from the transformer to short-circuit point and the
total length of transmission line, which indicates the severity of

Fig. 3. Fault circuit configuration. (a) Fault circuit. (b) Delta-type equivalent
circuit. (c) Simplified equivalent circuit.

faults. Applying delta-wye conversion formulas, the equivalent
fault circuit and its simplified circuit model can be obtained as
Fig. 3(b) and (c). X1 and X2 are the equivalent local impedance
in parallel with the GFM converter and power grid, respectively.
Since the grid voltage is kept at the equivalent voltage source
E and the PCC voltage of GFM converter is also maintained
at the voltage reference Uref through inner alternating-voltage
control (AVC), the impedances of X1 and X2 are, therefore,
only related to the reactive power of its corresponding branches
and have little effect on E and Uf . Hence, X1 and X2 hardly
affects the active power transfer between GFM converter and the
power grid, and thereby, is negligible when analyzing the active
power - angle (Pe − δ) characteristics. Xge2 is the equivalent
impedance between GFM converter and utility grid under this
fault condition, through which the grid interacts with the GFM
converter. The value of

Xge2 = XT1 +Xg +
(1− k)XT1 −Xgnd

k(1− k)Xg + 2Xgnd
Xg (7)

mainly relates to fault position k and grounding impedance
Xgnd, both of which can achieve the same effect. Therefore,
for simplicity of analysis, one of them can be set to a fixed
value, while the other is variable to change equivalent fault
impedance Xge2 in simulations or experiments. Based on the
aforementioned analysis, three-phase symmetrical grounding
fault of transmission line can be regarded as a sudden change
of equivalent grid impedance from Xge to Xge2, and the value
of Xge2 reflects fault severity. The swing equation of the GFM
converter under grid fault condition will then be (8). Its new equi-
librium point δe after grid fault can be calculated by assuming
δ′ and δ′′ are 0, and is shown as (9).

δ′′ + ωpδ
′ −Kpωp

(
P0 − EUref

Xge2
sin δ

)
= 0 (8)

δe = arcsin [P0Xge2/ (EUref)] . (9)

In addition, there will be no abrupt change in power angle due
to virtual inertia and the initial change rate of angle is considered
to be 0 in this case. Hence, the initial conditions can be written
as

δ0 = arcsin [P0Xge/ (EUref)] and δ′0 = 0. (10)
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C. Standard Form Swing Equation

To apply perturbation method to solve the dynamic trajec-
tory of power angle, the swing equation in (8) needs to be
decomposed into solvable and perturbative parts. The choice
of different solvable problems may influence the complexity
and accuracy of calculation. For the second-order vibration
system, simple harmonic motion (SHM) is usually chosen as the
solvable problem. Moreover, considering the equilibrium point
and defining γ = δ − δe, this quasi-linear autonomous system
can be written in a standard form as

γ′′ + ω2
oγ = εf (γ, γ′) . (11)

ε is set to the cutoff frequency ωp, which is generally a
small parameter in GFM control. ωo shown as (12) is the free
oscillation frequency, and f(γ, γ′) is the perturbation function.
Applying the Taylor expansion to trigonometric functions, this
perturbation function can be written in a Taylor series form as
(13).

ωo =
√

KpωpP0/ tan δe (12)

f (γ, γ′) = − γ′ +
∞∑

n=1

ω2
o

ωp

(−1)n+1

(2n+ 1)!
γ2n+1

+
∞∑

n=1

ω2
o

ωp
tan δe

(−1)n+1

(2n)!
γ2n. (13)

At the same time, the initial conditions in (10) can be rewritten
as

γ0 = δ0 − δe and γ′
0 = 0. (14)

III. ASYMPTOTIC SOLUTIONS OF POWER ANGLE DYNAMICS

The KBM asymptotic method can solve a high-order solution
for the sake of accuracy and show great advantages in solving
the dynamic process of dissipative movement. In this section, its
second-order form is taken as an example to calculate the power
angle characteristic for simplicity. Moreover, a tailored integral
method is presented to enable the KBM asymptotic method to
solve swing equation with complicated perturbation function
and simplify calculation results.

A. Principle of the KBM 2nd Asymptotic Method

First, set the perturbance parameter ε to be zero and the
unperturbed motion will be an SHM. The solution of the solvable
problem is in the form of trigonometric function and shown as
follows:

γ = a cos (ωot+ θ) . (15)

Based on the idea of parameter perturbation, the approximate
solution is then set to be power series of ε and so are a′ and ϕ′.

γ = a cosϕ+ εγ1(a, ϕ) + ε2γ2(a, ϕ) + · · ·
a′ = εA1(a) + ε2A2(a) + ε3A3(a) + · · ·
ϕ′ = ω0 + εB1(a) + ε2B2(a) + ε3B3(a) + · · · . (16)

For simplicity, the second-order solution is taken as an ex-
ample to introduce the solution process of the KBM asymptotic
method. The high-order approximate solution, which is more

accurate, can be calculated in the same way theoretically if nec-
essary. For the second-order solution, (16) then can be simplified
as

γ = a cosϕ+ εγ1(a, ϕ) + ε2γ2(a, ϕ) +O
(
ε3
)

a′ = εA1(a) + ε2A2(a) +O
(
ε3
)

ϕ′ = ωo + εB1(a) + ε2B2(a) +O
(
ε3
)
. (17)

Based on (17), the second derivatives of a and ϕ with respect
to t, and the products of these first derivatives can be further
deduced. The expressions of a′′, ϕ′′, (a′)2, a′ϕ′, and (ϕ′)2 can
be written as

a′′ = ε
dA1

da
a′ +O

(
ε3
)
= ε2A1

dA1

da
+O

(
ε3
)

ϕ′′ = ε
dB1

da
a′ +O

(
ε3
)
= ε2A1

dB1

da
+O

(
ε3
)

(a′)2 = A2
1ε

2 +O
(
ε3
)

a′ϕ′ = ω0A1ε+ (A1B1 + ω0A2) ε
2 +O

(
ε3
)

(ϕ′)2 = ω2
0 + 2ω0B1ε+

(
B2

1 + 2ω0B2

)
ε2 +O

(
ε3
)
. (18)

Moreover, the specific expressions of γ′ and γ′′ are also
required when applying the second-order asymptotic method.
Taking the first and second derivatives of γ with respect to t,
their expressions are shown as follows:

γ′ = a′
[
cosϕ+

2∑
i=1

εi
∂γi
∂a

]
− ϕ′

[
a sinϕ−

2∑
i=1

εi
∂γi
∂ϕ

]

(19)

γ′′ = a′′ cosϕ− ϕ′′a sinϕ− 2a′ϕ′ sinϕ− [ϕ′]2 a cosϕ

+ a′′
2∑

i=1

εi
∂γi
∂a

+ ϕ′′
2∑

i=1

εi
∂γi
∂ϕ

+ [a′]2
2∑

i=1

εi
∂2γi
∂a2

+ 2a′ϕ′
2∑

i=1

εi
∂2γi
∂a∂ϕ

+ [ϕ′]2
2∑

i=1

εi
∂2γi
∂ϕ2

. (20)

Considering these derivatives in (18), γ′′ can be written in the
form of power series of ε. Then, γ and γ′′ are further substituted
into the left side of the perturbed equation (11) and rearranged
in the order of ε. As a result, the left side of the swing equation
can be written as

γ′′ + ω2
oγ

= ε

[
−2ωoA1 sinϕ− 2ω0aB1 cosϕ+ ω2

o

(
∂2γ1
∂ϕ2

+ γ1

)]

+ ε2

⎡
⎢⎢⎢⎣

A1
dA1

da cosϕ− aB2
1 cosϕ− 2ωoaB2 cosϕ

−aA1
dB1

da sinϕ− 2A1B1 sinϕ− 2ωoA2 sinϕ

+2ωoB1
∂2γ1

∂ϕ2 + 2ωoA1
∂2γ1

∂a∂ϕ + ω2
o

(
∂2γ2

∂ϕ2 + γ2

)
⎤
⎥⎥⎥⎦

+O
(
ε3
)
. (21)

Similarly, substituting (17) and (19) into the right side of the
perturbed equation (11), and expanding it into a power series of
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ε, there will be

εf (γ, γ′) = εf (a cosϕ,−aωo sinϕ)

+ ε2
[
γ1

∂f

∂γ
+

(
A1 cosϕ− aB1 sinϕ+ ωo

∂γ1
∂ϕ

)
∂f

∂γ′

]

+O
(
ε3
)
. (22)

Then, compare the coefficients of the corresponding powers
of ε as

ε : ω2
o

∂2γ1
∂ϕ2

+ ω2
oγ1 = f0(a, ϕ)

+2ωo (A1 sinϕ+ aB1 cosϕ)

ε2 : ω2
o

∂2γ2
∂ϕ2

+ ω2
oγ2 = f1(a, ϕ)

+2ω0 (A2 sinϕ+ aB2 cosϕ) (23)

in which

f0(a, ϕ) = f (a cosϕ,−aω0 sinϕ)

f1(a, ϕ) =

[
aA1

dB1

da
+ 2A1B1 − aB1

∂f

∂γ′

]
sinϕ

+

[
aB2

1 −A1
dA1

da
+A1

∂f

∂γ′

]
cosϕ+ γ1

∂f

∂γ

+ ωo
∂γ1
∂ϕ

∂f

∂γ′ − 2ωoA1
∂2γ1
∂a∂ϕ

− 2ωoB1
∂2γ1
∂ϕ2

.

(24)

To determine the unknown variables A1, B1, and γ1, f0(a, ϕ)
is then expanded to Fourier series as

f0(a, ϕ) = g0(a) +

∞∑
n=1

[gn(a) cosnϕ+ hn(a) sinnϕ] . (25)

Considering the elimination of secular term, the coefficients
of sinϕ and cosϕ on the right-hand side of the first equation in
(23) is set to be 0. As a result, A1 and B1 become

A1 =
−h1(a)

2ωo

=
−1

2πωo

∫ 2π

0

f (a cosϕ,−aωo sinϕ) sinϕdϕ

B1 =
−g1(a)

2aωo

=
−1

2πaωo

∫ 2π

0

f (a cosϕ,−aωo sinϕ) cosϕdϕ. (26)

Then, γ1 can be calculated as

γ1 =
g0(a)

ω2
o

+

∞∑
n=2

gn(a) cosnϕ+ hn(a) sinnϕ

ω2
o (1− n2)

. (27)

With the expressions of A1, B1, and γ1, f1(a, ϕ) can also be
expanded to Fourier series as

f1(a, ϕ) = g10(a) +
∞∑

n=1

[
g1n(a) cosnϕ+ h1

n(a) sinnϕ
]
.

(28)

Then, A2, B2, and γ2 can be solved by the same method and
the solutions are

A2 = −h1
1(a)

2ω0
= − 1

2πω0

∫ 2π

0

f1(a, ϕ) sinϕdϕ

B2 = −g11(a)

2aω0
= − 1

2πaω0

∫ 2π

0

f1(a, ϕ) cosϕdϕ

γ2 =
g10(a)

ω2
0

+

∞∑
n=2

g1n(a) cosnϕ+ h1
n(a) sinnϕ

ω2
0 (1− n2)

. (29)

Then, combining (17), (26), (27), and (29), a and ϕ can be
obtained by integrating with respect to time t, and their initial
values are also determined by boundary conditions in (14).

B. Second-Order Asymptotic Solution of Power Angle

Based on the SHM solution in (15), high power of γ0 can be
easily expanded by the trigonometric function transformation as

γm
0 =

m∑
n=0

C(m)na
m cosnϕ (30)

where C(m)n is the nth harmonic coefficient of mth power of
γ0 and can be calculated through (31) due to the properties of
the trigonometric function.

C(m)n =
C

m−n
2

m

2m−1
: n �= 0 ∧ (m− n) = 2k(k = 0, 1, 2 . . . )

C(m)n =
C

m−n
2

m

2m
: n = 0 ∧ (m− n) = 2k(k = 0, 1, 2 . . . )

C(m)n = 0 : others (31)

where Cn
m is the combination value of n objects selected from

a group of m members, and C(m)n is zero if the parity of m and
n are different. In the case of the perturbation function (13), the
Fourier coefficients of f0(a, ϕ) can be calculated by using the
expansion in (30) and shown as

gn(a) = ω2
oNn/ωp +KpP0Mn

hn(a) = −aωo : n = 1

hn(a) = 0 : n ≥ 2 (32)

where Mn and Nn are the series summations caused by the
perturbation function f(γ, γ′), which are

Mn =

∞∑
i=1

C(2i)na
2i

(−1)i+1(2i)!

Nn =
∞∑
i=1

C(2i+1)na
2i+1

(−1)i+1(2i+ 1)!
. (33)

Considering the value ofC(m)n,Mn is zero whenn is odd and
Nn is zero when n is even. On the basis of (33), their products,
MmMn, MmNn, and NmNn, can be further derived as double
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summation formulas as

MmMn =

∞∑
i=2

i−1∑
j=1

C(2j)mC(2i−2j)na
2i

(−1)i(2j)!(2i− 2j)!

MmNn =

∞∑
i=2

i−1∑
j=1

C(2j)mC(2i−2j+1)na
2i+1

(−1)i(2j)!(2i− 2j + 1)!

NmNn =

∞∑
i=2

i−1∑
j=1

C(2j+1)mC(2i−2j+1)na
2i+2

(−1)i(2j + 1)!(2i− 2j + 1)!
. (34)

Substituting the Fourier coefficients in (32) to (26) and (27),
A1, B1, and γ1 can be solved as

A1 = −a/2, B1 = −ωoN1/ (2aωp)

γ1 =
tan δeM0

ωp
+

∞∑
n=2

(
Nn

ωp
+

tan δeMn

ωp

)
cosnϕ

1− n2
.

(35)

Combining (33) and (35), the derivatives of A1 and B1 with
respect to a can be deduced as

dA1

da
= −1

2
,

dB1

da
=

∞∑
i=1

iωoC(2i+1)1a
2i−1

(−1)iωp(2i+ 1)!
. (36)

Further, the first and second partial derivatives of γ1 with
respect to ϕ or a are derived as (37).

∂γ1
∂ϕ

=
∞∑

n=2

[
−
(
Nn

ωp
+

tan δeMn

ωp

)
n sinnϕ

1− n2

]

∂2γ1
∂ϕ2

=

∞∑
n=2

[
−
(
Nn

ωp
+

tan δeMn

ωp

)
n2 cosnϕ

1− n2

]

∂2γ1
∂a∂ϕ

=

∞∑
n=2

∞∑
i=1

[
1

ωp

C(2i+1)na
2i

(−1)i(2i)!

n sinnϕ

1− n2

]

+

∞∑
n=2

∞∑
i=1

[
tan δe
ωp

C(2i)na
2i−1

(−1)i(2i− 1)!

n sinnϕ

1− n2)

]
.

(37)

To solve f1(a, ϕ), the partial derivatives of f(γ, γ′) to γ and
γ′ are also required according to (24). It can be derived from the
Taylor expansion of perturbation function in (13) and shown as

∂f

∂γ′ = −1

∂f

∂γ
=

∞∑
n=0

ω2
o

ωp

[
Mn − tan δe

(
Nn − C(1)na

)]
cosnϕ. (38)

Substituting the aforementioned equations into f1(a, ϕ) and
rearranging it in the form of trigonometric function summations,
the coefficients h1

n(a) of sinnϕ and g1n(a) of cosnϕ will be
obtained by comparing it with Fourier expansion in (28). Consid-
ering the fundamental frequency component, their coefficients,
h1
1(a) and g11(a), are

h1
1(a) = − ωo

ωp

∞∑
i=1

iC(2i+1)1a
2i+1

2(−1)i(2i+ 1)!

g11(a) =
a

4
+

ω2
o

ω2
p

∞∑
m=2

Nm (Mm+1 +Mm−1)

2 (1−m2)

− ω2
o tan

2 δe
ω2
p

∞∑
m=2

Mm (Nm+1 +Nm−1)

2 (1−m2)

+
ω2
oN

2
1

4aω2
p

+
ω2
o tan

2 δe
ω2
p

[
aM0 −M0N1 − aM2

6

]
.

(39)

According to (39), the quadratic coefficients A2 and B2 can
be solved by substituting the detailed expressions of h1

1(a) and
g11(a) into (29) though it is complicated. The expressions in form
of sums are shown as

A2 =
1

2ωp

∞∑
i=1

iC(2i+1)1a
2i+1

2(−1)i(2i+ 1)!

B2 = − 1

8ωo
− ωo

ω2
p

∞∑
m=2

Nm (Mm+1 +Mm−1)

4a (1−m2)

+
ωo tan

2 δe
2ω2

p

∞∑
m=2

Mm (Nm+1 +Nm−1)

2a (1−m2)

− ωoN
2
1

8a2ω2
p

− ωo tan
2 δe

2ω2
p

[
M0 − M0N1

a
− M2

6

]
. (40)

Combining A1, B1, A2, and B2, the second-order solutions
of amplitude differential a′ and phase differential ϕ′ in (17) can
be written in detail as

a′ = − ωpa

2
+

ωp

2

∞∑
m=1

(−1)mmC(2m+1)1a
2m+1

2(2m+ 1)!

ϕ′ = ωo − ωo
N1

2a
− ωo

∞∑
m=2

Nm (Mm+1 +Mm−1)

4a (1−m2)

− ω2
p

8ωo
+

ωo tan
2 δe

2

∞∑
m=2

Mm (Nm+1 +Nm−1)

2a (1−m2)

− ωo
N2

1

8a2
− ωo tan

2 δe
2

[
M0 − M0N1

a
− M2

6

]
. (41)

Similarly, the nth Fourier coefficients of f1(a, ϕ) and γ2 thus
can be calculated in the same way, which contains multilayered
series summations and is extremely complicated. Moreover,
solving the trajectory of power angle requires the antiderivative
of (41). However, due to the complicated series summation form
of a′ and ϕ′ in (41), it is usually hard to solve the antiderivative.
Therefore, more modifications should be made for practical
purposes.

C. Tailored Integral Method

Considering the characteristic of power angle, some simpli-
fications are made as follows. First, it can be known from (17)
that a′ andϕ′ in (41) are obtained by eliminating small quantities
above order ε3. This approximation will result in errors of order
ε3t in both a andϕ. In general,ωp in GFM control is in the range
of a few tenths of a Hertz to a few Hertz. Hence, the per-unit
value of ε is quite small and the calculation time t in power
angle dynamics is usually enough to be several times of 1/ε.
Hence, the error of a and ϕ within this time will be ε2, making
it no sense to keep ε2γ2 in the quadratic approximation result.
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Ignoring ε2γ2, the quadratic approximation result of γ can be
written as

γ = a cosϕ+ εγ1(a, ϕ). (42)

Furthermore, the power angle range is within [0, π], and
therefore, its oscillation amplitude a after grid fault will be
smaller than π/2 or even less than 1 rad for typical static power
angle δ0. At the same time, these coefficients of high powers of
a in (41) are usually small enough to be ignored. Considering
the main items, the amplitude differential a′ can be reduced to

a′ = −ωpa

2
− ωpa

3

32
.

(43)

Rearrangingϕ′ into the sum of ama′ and considering the main
items, the phase differential ϕ′ can be reduced to

ϕ′ = ωo

[
1− ω2

p

8ω2
o

+
2

ωp

(
1

16
+

5 tan2 δe
48

)
aa′
]
. (44)

As seen from (43) and (44), the attenuation rate of amplitude
mainly determined by ωp, while the oscillation frequency ϕ′ is
also related to the free oscillation frequency ωo and the tangent
value of the equilibrium position angle tan δe. Moreover, the
value of these omitted items in the process of customization
increases with the increase of tan δe and A0, which results in
increased error of the calculation result. On top of that, the
amplitude a and phase ϕ can be obtained by integrating (43)
and (44), which are shown as

a =
4A0e

−ωpt

2√
16 +A2

0 −A2
0e

−ωpt

ϕ = ϕ0 + ωo

(
1− ω2

p

8ω2
o

)
t+

ωo

ωp

(
1

16
+

5 tan2 δe
48

)
a2.

(45)
Similarly, γ1 in (35) can also be reduced to

γ1 =
tan δe
ωp

[
a2

4
− a4

64
−
(
a2

12
− a4

144

)
cos 2ϕ

]
. (46)

Substituting (45) and (46) into (42), the quadratic approxi-
mation solution can be obtained, and the initial value A0 and
ϕ0 can be solved using these boundary conditions in (14).
Finally, considering γ = δ − δe, the time-domain expression of
the power angle δ can be written as

δ = δe + a cosϕ+ εγ1(a, ϕ). (47)

D. Effect of Reactive Power Control

Except AVC control, the voltage of the GFM converter at
PCC point can also be controlled by reactive power–voltage
(Q− V ) droop control. When considering the Q− V droop
characteristic, X2 in equivalent fault circuit still can be ignored,
whereas X1 needs to be preserved. The Delta-type equivalent
circuit in Fig. 3(b) then can be simplified as Fig. 4 and the local
impedance X1 can be written as

X1 = (1 + k)XT1 + kXg +
Xgnd (Xg + 2XT1)

(1− k)Xg
. (48)

TheQ− V droop law and the reactive power transmitted from
the PCC point can be written as (49) and (50), respectively, where

Fig. 4. Simplified equivalent fault circuit considering Q− V droop control.
(a) Delta-type equivalent circuit. (b) Simplified equivalent circuit.

Qe andQ0 are the reactive power and its reference.Kq isQ− V
droop coefficient and U0 is voltage reference.

Uf = U0 +Kq (Q0 −Qe) (49)

Qe =
U2
f

X1
+

U2
f

Xge2
− EUf cos δ

Xge2
. (50)

Substituting (50) into (49) and solving the quadratic equation,
the voltage at PCC pointUf , thereby, can be solved in an explicit
form as (57) in Appendix. Considering the swing equation and
setting ε to the cutoff frequency ωp, its standard form will still
be

γ′′ + ω2
oqγ = εfq (γ, γ

′) . (51)

ωoq is the free oscillation frequency and its detailed expres-
sion is shown as (58) in Appendix. The perturbation function
fq(γ, γ

′) considering Q− V droop control can be written in
Taylor series form as

fq (γ, γ
′) = −γ′ +

∞∑
n=2

KpP
(n)
Δ0

n!
γn (52)

where P
(n)
Δ0 is the nth derivatives of power difference PΔ(γ)

in Appendix with respect to γ at γ = 0. Comparing it with the
swing equation based on inner AVC control, the main differ-
ences lie in free oscillation frequency and perturbance function
expansion coefficients. Therefore, the same derivation process
in Section III-B and tailored integral method in Section III-C
can still be applied to calculate the power angle dynamics with
Q− V droop control. After applying the second-order KBM
asymptotic calculating method, the amplitude a and phase ϕ are
derived as

a =
4A0e

−ωpt

2√
16 +

ωp

ω2
0
KpP

(3)
Δ0 [A2

0 −A2
0e

−ωpt]

ϕ = ϕ0 + ωo

(
1− ω2

p

8ω2
o

)
t+

KpP
(3)
Δ0

16ωo
a2 +

5ωpK
2
pP

(2)2
Δ0

48ω3
o

a2.

(53)
Similarly, γ1 can also be written as

γ1 =
Kp

ω2
o

(
P

(2)
Δ0

4
a2 +

P
(4)
Δ0

64
a4

)

− Kp

ω2
o

(
P

(2)
Δ0

12
a2 +

P
(4)
Δ0

144
a4

)
cos 2ϕ. (54)
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E. Summary and Discussion

Compared with the first-order K-B averaging method, the
second-order KBM asymptotic method have added more details
in both attenuation term and steady-state term, making the error
level reduce from ε to ε2. The aperiodic component and the
double frequency attenuation component are included in the
expression of γ1, and high-order attenuation components are
added to the expression of amplitude differential a′ and phase
differentialϕ′. In particular, the effect ofωp on quasi static oscil-
lation frequency is taken into account in the second-order KBM
method and the frequency changes from ωo to ωo − ω2

p/(8ωo).
The effect of these additional terms on accuracy improvement is
verified in the simulation in Section IV. Moreover, the second-
order KBM asymptotic method can also be applied to second-
order nonlinear equations with other controls, corresponding
to a modified perturbation function. The approximate results
considering AVC control in Section III-C and Q− V droop
control in Section III-D have shown the same form with different
coefficients, which is mainly determined by the derivative of
power difference PΔ(γ) and only influences the perturbation
function f(γ, γ′).

Compared with the numerical iteration or simulation method,
the explicit analytical expression is able to establish some quanti-
tative relationships between parameters and transient character-
istics. Taking the AVC control as an example, the decaying rate
of oscillation amplitude a depends more on the cutoff frequency
ωp than damping coefficient D alone. Therefore, if D increases
tenfold, the virtual inertia J should also increase tenfold to
maintain a similar amplitude attenuation effect. As for oscil-
lation frequency ϕ′, it is closely related to the value of ωo/ωp

and tan δe. With the increase of ωo/ωp, the influence of the
nondecaying component decreases and that of the decaying com-
ponent increases. For a fixed ωo/ωp, the value of tan δe mainly
affects the amplitude of attenuation component. Moreover, the
effect of εγ1, which includes the aperiodic component and the
double frequency attenuation component, is also determined
by tan δe. When the Q− V droop control is considered, the
analytical expression can also be used to analyze the dominant
term under various parameters and to what extent do different
terms influence the transient characteristics. In this manner, the
quantitative relationships between the transient trajectories and
parameters obtained from the analytical results may provide a
good basis for the transient characteristics regulation and control
of GFM converters.

IV. SIMULATION VERIFICATION

To validate the accuracy of analytical calculation results using
the second-order KBM asymptotic method, the time-domain
simulations have been conducted on the system shown in Fig. 1
with the parameters given in Table I as the reference waveform.
It is worth noting that the inner alternating-voltage and current
control loops are both implemented in simulations, and the
analytical calculations using the second-order KBM asymptotic
method match well with the simulations, which verifies these
assumptions in the derivation process. Meanwhile, the first-order

TABLE I
CONTROL AND CIRCUIT PARAMETERS OF GFM CONVERTER

TABLE II
PARAMETERS FOR SIMULATION AND EXPERIMENTAL TESTS

solution using the K–B averaging method is also illustrated in
the figure as a comparison.

Moreover, ten cases with different configurations of the GFM
converter and grid have been tested, and their specific parameter
configurations are listed in Table II. Case I-C is the base case. On
top of that, the fault location k changes in Case I-A, Case I-B,
and Case I-D, resulting in a change in equivalent impedance after
fault. In Case II-A–Case II-C, the influence of droop coefficient,
which is often determined based on the grid code, is considered.
According to IEEE P1547 [41] and EN 50438 [42], the droop
coefficient Kp in GFM converters should be in the range of
2% ∼ 12%, which means that the change of 100% active power
corresponds to the change of 2% ∼ 12% grid frequency. Hence,
the droop coefficient Kp of GFM control in this article changes
from 0.02 p.u. (Case II-A) to 0.10 p.u. (Case II-C), respectively,
corresponding to a damping D of 10 to 50 p.u. The influence of
the cutoff frequency ωp, which reflects the inertia constant of
GFM control, is also investigated in Case III. In this manner, the
damping D in Case III-A is set to 25 p.u., and its inertia constant
is 3.3 s. This inertia value is close to the typical value of the
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synchronous generator [43], and it could better demonstrate the
inherent large damping effect for GFM converters [40].

A. Impact of Fault Severity

Fig. 5 shows both simulation waveforms and analytical cal-
culation results for power angle dynamic responses of the GFM
converter with different fault positions. Before fault, 0.9-p.u.
active power is transmitted to power grid and its equivalent
grid impedance Xge is 0.52 p.u. Under this grid condition,
the static transmission power angle can be calculated through
(10), which is 0.155π in radians. Once grid fault occurs at t
= 1.0 s, equivalent impedance changes from Xge to Xge2. The
impedance mutation increases with the decrease of fault distance
k, indicating more serious grid fault.

In Case I-A, its fault position is 0.7, which is quite far away
from the GFM converter, and thus, results in a small equivalent
impedance mutation from 0.52 to 0.78 p.u.. In this case, the
calculation results of both first-order method and second-order
method shown in Fig. 5(a) fit extremely well with the simulation
waveform. As the fault distance k decreases, equivalent fault
impedance Xge2 increases, and hence, fault severity increases.
With the increase of Xge2, the results of K-B averaging solution
(green dashed line) deviate significantly from the simulation
waveform (blue solid line) as seen from Fig. 5(b) to (d). Mean-
while, second-order KBM asymptotic solution (orange dashed
line) and the simulated power angle almost remains overlap in
Fig. 5(b) and (c). When Xge2 increases to 1.00 p.u., tan δe
and oscillation amplitude increase, resulting in the decrease
of free oscillation frequency ωo. Therefore, the value of the
perturbance parameter ε becomes closer to ωo, and the effect
of these omitted items in the process of customization is more
obvious. Also, the perturbation function is expanded near the
equilibrium point in the calculation process, and thus, the error
will also increase with the increase of oscillation amplitude in the
case of relatively low expansion order. Considering both factors,
the error increases with the increase of equivalent impedance
Xge2. As shown in Fig. 5(d), the error mainly appears in the
oscillation frequency and gradually decreases with the decrease
of the oscillation amplitude, which is consistent with theoretical
analysis. Nonetheless, the error in amplitude is still small and
second-order KBM asymptotic method keeps its advantages in
solving large disturbances cases.

B. Impact of Droop Coefficient

In addition to fault severity, the power angle dynamic char-
acteristics will also be affected by the control parameters of
GFM control, including droop coefficient Kp and LPF cutoff
frequency ωp. Kp is closely related to the damping of virtual
rotor motion and changes its vibration frequency. The damping
effect of GFM control decreases with the increase of Kp, re-
sulting in a slower oscillation amplitude decay rate and larger
oscillation frequency. Hence, the power angle variation range
will be slightly larger, which further increases its nonlinearity.
Fig. 6 shows the influence of droop coefficient Kp of GFM
control on δ. Parameters and grid conditions are exactly the

same as the base case (Case I-C), except Kp. As can be seen,
once fault occurs at t= 1.0 s, the difference between first-order
K-B calculation result and simulation result increases with the
increase of Kp from 0.02 p.u. in Case II-A [see Fig. 6(a)] to 0.1
p.u. in Case II-C [see Fig. 6(d)]. Meanwhile, the deviation be-
tween second-order KBM calculation results and the simulation
results changes more slowly. However, with the increase of Kp,
the control bandwidth of the power control loop increases, which
enhances its coupling with the inner control loop. Therefore, as
Kp increases to 0.1 p.u., there is a slight deviation shown in
Fig. 6(d). Nonetheless, the effect is very small in the typical
value range of Kp and so is the error, which further validates the
accuracy and advantage of the KBM asymptotic method with
different droop coefficients.

C. Impact of Cutoff Frequency

The cutoff frequency of the LPF ωp also shows great impact
on the transient characteristic of the GFM converter. As ωp

decreases, the power angle regulation speed is going to slow
down, indicating a larger virtual inertia. Therefore, the power
angle oscillation will be larger with a small ωp and more likely
to cause instability, which is an inherent problem of VSG-like
control. Fig. 7 presents the transient response of power angle
with different LPF cutoff frequencies ωp in GFM control. In
Case III-A, ωp is 1.2·2π rad/s, which is a quite large value.
Therefore, it takes a short time to regulate power angle to steady
state and results in a small overshoot. As is depicted in Fig. 7(a),
both second-order KBM asymptotic solution and first-order K–B
averaging solution have small mismatches with the simulation
result at the peak of the waveform. The former is mainly due
to the coupling of GFM control loop and inner control loop,
while the latter is also affected by the calculation error of the
method itself. As ωp decreases to 0.4·2π rad/s in Case III-B,
0.2·2π rad/s in Case I-C and even 0.1·2π rad/s in Case III-C,
the power angle oscillation range increases and the nonlinearity
of oscillation is increased. Thus, the errors of both methods are
likely to increase. As shown in Fig. 7(b) to (d), the error of
first-order K-B calculation results keeps increasing significantly.
In contrast, the second-order KBM solution could still remain
in line with the simulation waveform and even better than Case
III-A due to the reduction of loop coupling. As a result, the
effectiveness and advantages of second-order KBM asymptotic
method are validated under various virtual inertia conditions.

D. Impact of Q− V Droop Control

The second-order KBM asymptotic method can also be
used to calculate the power angle dynamics considering Q− V
droop control. The droop coefficient is generally determined
by grid code and its typical value is 0.10 p.u. [42]. To show
the impact of droop coefficient, the parameters in Table III
is used, and the simulation and calculation results have been
shown in Fig. 8. With the increase of droop coefficient Kq

from 0 in Case I-A to 0.15 p.u. in Case IV-C, the amplitude
of power angle curve decreases, making the power angle at
equilibrium position increase. As shown in Fig. 8(a)(d), the
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Fig. 5. Simulated and calculated transient responses of GFM control in dif-
ferent fault cases. (a) Case I-A: k = 0.7(Xge2 = 0.78 p.u.). (b) Case I-B: k =
0.3(Xge2 = 0.86 p.u.). (c) Case I-C: k = 0.1(Xge2 = 0.94 p.u.). (d) Case I-D:
k = 0.0(Xge2 = 1.00 p.u.).

Fig. 6. Simulated and calculated transient responses of GFM control with
different droop coefficients. (a) Case II-A: Kp = 0.02 p.u. (b) Case I-C: Kp =
0.04 p.u. (c) Case II-B: Kp = 0.06 p.u. (d) Case II-C: Kp = 0.10 p.u.

TABLE III
PARAMETERS FOR SIMULATION AND EXPERIMENTAL TESTS CONSIDERING

Q− V DROOP CONTROL

Fig. 7. Simulated and calculated transient responses of GFM control with
different cutoff frequencies. (a) Case III-A:ωp = 1.2·2π rad/s. (b) Case III-B:ωp

= 0.4·2π rad/s. (c) Case I-C:ωp = 0.2·2π rad/s. (d) Case III-C:ωp = 0.1·2π
rad/s.

Fig. 8. Simulated and calculated transient responses of GFM control with
different Q− V droop coefficients. (a) Case I-A: Kq = 0. (b) Case IV-A:Kq

= 0.05. (c) Case IV-B:Kq = 0.1. (d) Case IV-C:Kq = 0.15.

equilibrium power angle keeps increasing and the oscillation
amplitude increases. In addition, with the increase of Kq , the
error of first-order K-B calculation results keeps increasing
significantly, while that of the second-order KBM calculation
results remains small. In consequence, the effectiveness and
advantages of the second-order KBM asymptotic method with
Q− V droop control can be validated.
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Fig. 9. Simulated and calculated transient responses of GFM control after fault
is cleared (a) Phase portrait. (b) Power angle.

Fig. 10. Control hardware-in-loop experimental platform.

E. Analysis of Postfault Characteristics

In addition to the during-fault characteristics, the proposed
method can be also utilized to calculate the postfault power angle
dynamics with the initial conditions at the fault clearing time
and the postfault parameters. Fig. 9 illustrates the simulated and
calculated transient responses of GFM control in the form of both
phase trajectories and power angle curve over time. The fault in
Case I-D is triggered at t = 1.0 s and is cleared at t = 1.5 s.
The power angle at the time of fault clearing is 1.016 rad and
its relative velocity is 1.454 rad/s, which is the initial condition
for postfault power angle dynamics calculation. As can be seen
from the phase portrait in Fig. 9(a), the velocity δ′ decreases
and power angle δ growth slows down once the fault is cleared.
Moreover, the calculation result of second-order KBM solution
in Fig. 9 keeps in line well with the simulation waveform, which
validates the effectiveness of the second-order KBM asymptotic
method in postfault power angle dynamics calculation of GFM
control.

V. EXPERIMENTAL VALIDATION

To further verify the correctness of theoretical analysis and
simulation results, experiments have been conducted on the
control-hardware-in-loop (CHIL) testing platform shown in
Fig. 10 with the same parameters as time-domain simulations.

The controller used in the testing is Myway PE-EXPERT4
digital control system, and the power part of the grid-connected
system is emulated through Typhoon HIL 402 platform. The
power system grounding fault is triggered through Typhoon HIL
control center in computer and the experimental waveforms are
collected by oscilloscope.

A. Fault Impedance

Fig. 11 illustrates the experimental active powerPe and power
angle δ with different fault severities. Four sets of equivalent
fault impedance Xge2 presented in Case I, varying from 0.78
to 1.0 p.u., are tested. To verify the accuracy of the proposed
method under different fault severities, the second-order calcula-
tion results of δ are also drawn in the same figure as a comparison.
The three-phase grounding fault of transmission line occurs at t
= 1 s. At the moment of failure, the actual active output powerPe

drops abruptly due to the sudden change in grid impedance, and
then, gradually returns to the set output power P0. As the fault
becomes more serious, the active power fluctuation becomes
larger, leading to greater changes in power angle. Moreover, the
impact of power fluctuations on δ is averaged due to the LPF in
GFM control. It is clearly shown in the figure that the analytical
solutions match well with the experimental results and a small
error can be seen only in the case of k = 0. The testing results
in all cases are in good agreement with the simulations in Fig. 5,
which validates the effectiveness of the KBM asymptotic method
in various fault impedance conditions again.

B. Droop Coefficient

The experimental responses of the GFM converter and ana-
lytical calculation results of δ with different droop coefficients
are depicted in Fig. 12. In addition to the base case, three
sets of droop coefficients in Case II are tested, and grid fault
happens at t= 1 s. After fault, the power angle starts to oscillate
and its oscillation frequency increases with Kp, but eventually
converges to the same equilibrium value due to the same fault
equivalent impedance. In the case of Kp = 0.10 p.u., there is
a slight frequency shift, and in other cases, the second-order
calculation results are almost coincident with the experimental
waveforms. Therefore, there is no significant difference between
experimental results and simulation results. These further verify
the correctness of approximate analytical calculation and valid-
ity of time-domain simulation verification in Fig. 6.

C. Cutoff Frequency

Fig. 13 illustrates the experimental waveforms of Pe and δ
in the case of different cutoff frequencies ωp when three-phase
grounding short circuit occurs. Three more sets of cutoff fre-
quencies in Case III are tested besides the base case (Case I-C),
and the analytical results of δ using the second-order KBM
asymptotic method are drawn in the corresponding experimental
diagrams. With a largerωp, the power angle changes more slowly
and the time it takes to reach steady state increases. The small
visible calculation error only appears at the peak of the waveform
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Fig. 11. Experimental transient responses δ(exp) and second-order calculation
results δ(cal) of GFM control in different fault cases. (a) Case I-A:k= 0.7(Xge2

= 0.78 p.u.). (b) Case I-B: k = 0.3(Xge2 = 0.86 p.u.). (c) Case I-C: k =
0.1(Xge2 = 0.94 p.u.). (d) Case I-D: k = 0.0(Xge2 = 1.00 p.u.).

Fig. 12. Experimental transient responses δ(exp) and second-order calculation
results δ(cal) of GFM control with different droop coefficients. (a) Case II-A:
Kp = 0.02 p.u. (b) Case I-C: Kp = 0.04 p.u. (c) Case II-B: Kp = 0.06 p.u.
(d) Case II-C: Kp = 0.10 p.u.

in Case III-A as shown in Fig. 13(a), which matches well with
the simulation in Fig. 7. In other cases, the differences between
the calculated results and experimental results are quite small.
These experiments validate the effectiveness of KBM methods
under various cutoff frequencies once again.

D. Q− V Droop Control

The experimental response of the GFM converter and second-
order calculation results of power angle δ with different Q− V

Fig. 13. Experimental transient responses δ(exp) and second-order calculation
results δ(cal) of GFM control with different cutoff frequencies. (a) Case III-A:
ωp = 1.2·2π rad/s. (b) Case III-B:ωp = 0.4·2π rad/s. (c) Case I-C:ωp = 0.2·2π
rad/s. (d) Case III-C:ωp = 0.1·2π rad/s.

Fig. 14. Experimental transient responses δ(exp) and second-order calculation
results δ(cal) of GFM control with different Q− V droop coefficients. (a) Case
I-A: Kq = 0. (b) Case IV-A:Kq = 0.05. (c) Case IV-B:Kq = 0.10. (d) Case
IV-C:Kq = 0.15.

TABLE IV
MATCHING DEGREE OF KBM 2ND SOLUTIONS IN DIFFERENT CASES
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Fig. 15. Experimental and calculated transient responses of GFM control after
fault is cleared. (a) Phase portrait. (b) Power angle.

droop coefficients have been illustrated in Fig. 14. Three more
sets of droop coefficients varying from 0.05 to 0.15 in Case
IV are tested except for the base case (Case I-A). As can be
seen from the figure, with the increase of Kq , the equilibrium
value and oscillation amplitude of power angle δe increase, and
the calculated power angle keeps in line with its corresponding
experimental waveform, which matches well with the simulation
in Fig. 8 and further validate the effectiveness of proposed
method when the reactive power control is considered.

E. Postfault Characteristics

Fig. 15 illustrates the experimental and calculated transient
responses of GFM control in the form of both phase trajectories
and power angle curve over time. The parameters used in ex-
periment are the same as that in simulation, and the fault is also
triggered at t=1.0 s and cleared at t=1.5 s. As is can be seen from
the experiment waveform, the output active power Pe steps both
during the fault occurrence and when the fault is cleared, and it
is followed by an adjustment of power angle. The power angle
at fault clearing time in experiment is 1.051 rad and the relative
velocity is 1.258 rad/s, which is used as the initial condition for
postfault power angle calculation. As is shown in the figure, the
calculated waveform reach good agreement with the experiment
response, which validates the effectiveness of the KBM method
in the postfault characteristic calculation again.

F. Matching Degree

To further demonstrate the accuracy of theoretical calculation
results quantitatively, the normalized root-mean-square error
(NRMSE), a commonly used dataset error evaluation index, is
then introduced to measure the similarity between calculation
results and simulation or experiment waveforms. It is defined as

NRMSE =

√∑N
i=1 [δref(i)− δcal(i)]

2√∑N
i=1 [δref(i)]

2
(55)

where i and N are the index and total number of sampling
point, respectively. Moreover, δref and δcal are the reference
waveform and calculation solution of power angle, respectively.
The reference waveform δref for simulations is δsim and that
for experiments is δexp. The NRMSE serves to aggregate the
magnitude of errors in calculations for various sampling points

into a single normalized measure of waveform similarity, which
is an average index of curve differences. Its value is always
nonnegative and NRMSE=0 indicates a perfect fit of calculated
curve to the simulated or experimental waveform. In this article,
the total length of waveform is 5 s and 1000 sampling points
are used to calculate NRMSE for the sake of accuracy. Based
on these, the matching degree (MD) can be further introduced
to represent similarity, and it is written as

MD = 1− NRMSE. (56)

According to its definition, large MD represents high consis-
tency between calculated results using the second-order KBM
asymptotic method and simulation waveforms or experimental
waveforms. The matching degree for all the aforementioned
cases have been calculated and illustrated in Table IV. Subscripts
sim and exp are used to distinguish simulation and experimental
verification. MDsim is the matching degree of calculated curve
with simulation result and MDexp is that with experimental
waveform. As can be seen in the table, the matching degrees in
Case I-D are relatively smaller than others, which is consistent
with theoretical analysis in Section IV-A. As for Case III-A, the
small error mainly appears at the peak of the waveform and so
the match degree after averaging is still high. Moreover, with
the decrease of ωp from Case III-A to Case III-C, both MDsim

and MDexp increase first due to the weakened loop coupling,
and then, decrease due to the increased nonlinearity. In spite of
this, MDsim and MDexp are quite high in these aforementioned
testing cases. These high matching degrees validate the accuracy
of calculation results using the KBM asymptotic calculation
method quantitatively.

VI. CONCLUSION

This article introduces a KBM asymptotic method to charac-
terize the power angle trajectory under large disturbances, which
provides a new quantitative analysis tool for the GFM converter
transient characteristics. On top of that, the angle fluctuation
range is taken into consideration, and a tailored integral method,
thereby, is further proposed to solve the antiderivative problem
and simplify the final calculation results. In this manner, the
KBM asymptotic method is effectively adapted to address the
complex perturbation function in power angle swing equation
of the GFM converter. More importantly, the variation of the
GFM converter power angle in the case of large disturbances is
clearly characterized using an explicit time-domain expression,
and hence, the impact of control and grid parameters can be
revealed quantitatively, which shows great potential to be applied
to system transient stability analysis and GFM converter design.
In the end, the effectiveness and accuracy of the analytical
calculations have been verified by both simulation and CHIL
experiment, and the theoretical results reach good agreement
with simulations and experiments.

APPENDIX

The explicit expression of Uf and free oscillation frequency
ωo are provided in (57) and (58), shown at the top of the next
page, respectively. PΔ(γ) is the difference between reference
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Uf (δ) =
X1 (E cos δ −Xge2/Kq) +

√
X2

1 (E cos δ −Xge2/Kq)
2 + 4X1Xge2 (Q0 + U0/Kq) (Xge2 +X1)

2 (Xge2 +X1)
(57)

ωoq =

√√√√KpEUf (δe)

Xge2
cos δe − KpE2Uf (δe)X1 sin δ2e

Xge2

√
X2

1 (E cos δe −Xge2/Kq)
2 + 4X1Xge2 (Q0 + U0/Kq) (Xge2 +X1)

. (58)

P0 and active power Pe, and is shown as follows:

PΔ (γ) = P0 − EUf (δe + γ)

Xge2
sin (δe + γ) . (59)
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