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Sampled-Data Modeling and Stability Analysis of
Digitally Controlled Buck Converter With
Trailing-Edge and Leading-Edge Modulations

Ziyang Li"Y, Lijun Hang
Anping Tong

and Pingliang Zeng

Abstract—For a digitally controlled dc-dc converter with
leading-edge modulation or trailing-edge modulation, due to the
delay and different sampled points, its nonlinear behavior and the
magnitude-phase response in high frequency and low frequency
cannot be accurately depicted by the averaged modeling method,
but can be predicted by the sampled-data modeling method. How-
ever, the conventional sampled-data model is usually more compli-
cated and less intuitive, which is not conducive to the presentation of
physical meaning and the design of the controller for the converter.
Based on the reasonable approximation of the sampled-data model,
this article proposes a second-order global equivalent circuit for the
buck converter with different modulations. Meanwhile, the small-
signal model in the z-domain based on the equivalent circuit is de-
rived. Using the proposed equivalent circuit, the detailed operating
waveform of the switching circuit of dynamic and stable state can be
predicted without considering the ripple ratio of the state variables
and the stability boundaries of various parameters of the system
can be accurately analyzed, including the parasitic parameters.
Furthermore, based on the stability analysis of the controller pa-
rameters, a proportional-integral-derivative controller is designed
to verify the stability difference between the two modulation modes
when the load steps. Finally, a prototype of the buck converter was
constructed to verify the effectiveness of the model and theoretical
analysis.

Index Terms—Digitally controlled buck converter, equivalent
circuit, leading-edge modulation (LEM), sampled-data model,
small-signal model, stability, trailing-edge modulation (TEM),
z-domain.
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1. INTRODUCTION

ULSEWIDTH modulation (PWM) has been widely used in

dc—dc converters [1]. It generates the duty ratio to control
the power transmission of the converter by comparing the control
signal with the triangular carrier in each cycle. According to the
triangle carrier shown in Fig. 1, PWM can be set to leading-
edge modulation (LEM) or trailing-edge modulation (TEM)
[2], which are widely used in dc—dc converters. In fact, the
modulation mode of analog peak current control is essentially
the TEM. In addition, the minimum phase response of the analog
controlled boost and flyback converters can be realized by using
the LEM [3]. In cascaded converters, the LEM and TEM are
usually used together to reduce the inductor current ripple and
improve the efficiency [4], [5]. Therefore, it is very important to
study the influence of different PWM on the converter.

With the continuous development and maturity of digital
signal processing (DSP) technology, its superiority has become
increasingly prominent. Compared with the traditional analog
control, the signal in digital control will not be distorted by the
change of component performance and environment, and the
anti-interference ability of the digital system is much stronger.
In addition, more complex nonlinear control strategies can be
achieved by flexibly programming in the digital system, which
can lead to making the power converters tend to be more robust,
intelligent and versatile [6], meanwhile, the circuits of the con-
trol part could be simplified and low cost. But due to the influence
of the quantization processing link and the sample-and-hold link
as well as the delay characteristics of the software [7], [8], the
digital control system will show a different nonlinear dynamic
behavior from the analog control system. In general, due to the
influence of the total loop delay, the parameter stability range
of the digital control system is smaller than that of the analog
control for the same power stage circuit [9], [10]. If the system is
instable, the output voltage and current may oscillate and cause
disorder and failure of the circuit operation [11], [12]. Therefore,
it is necessary to establish an accurate mathematical model of
the digital control system and conduct research on its stability.

The averaged model is currently the most widely used model-
ing method for power converters [13], [14]. It focuses on the im-
pact of low-frequency perturbation on the dynamic performance
of the system [15], [16]. Therefore, the averaged modeling
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Fig. 1. Timing diagram of different modulations based on digital control. (a)
TEM. (b) LEM.

method can be used to build the averaged equivalent circuit of the
system by averaging the high-frequency switching components,
which is intuitive and easy to analyze. However, the accuracy
of the averaged modeling approach depends on the suppression
degree of the nonfundamental components in the duty cycle.
Besides, it also cannot effectively reflect the loop delay. Then,
the averaged model considering the delay link is proposed to
model the digital control system. However, the characteristics
of the model still deviate from the actual system in amplitude
and phase response at high frequency [17]. The literature [18]
uses the z-domain model converted by an averaged model to
analyze and verify the stability range of the digitally controlled
buck converter, but it neither proposes a large signal model with
physical meaning nor analyzes the frequency characteristic of
the small-signal model.

The sampled-data model has gradually become the main mod-
eling method of digitally controlled systems because its model-
ing method is suitable for describing digitally controlled char-
acteristics [6], [17]-[21], therefore, the corresponding model is
more realistic and accurate. By using the sampled-data modeling
approach, the state variables are not averaged, so precise state
transition characteristics can be obtained at the sampling point
[22], [23]. The literature [24]-[26] uses the sampled-data model
to study the stability and bifurcation behavior of dc—dc convert-
ers. The literature [24] uses the sampled-data model to analyze
the stability of the single-inductor dual-output buck converter.
The literature [25] describes the period-doubling bifurcation
phenomenon of the buck converter through the sampled-data
model. The literature [26] analyzes the bifurcation and chaos
characteristics of analog controlled buck converter by using the
discrete-time model. The literature [27]-[29] pays more atten-
tion to the influence of different modulations on dc—dc convert-
ers. The literature [27] uses the sampled-data model to find the
minimum phase condition for digitally controlled boost and fly-
back converters. The literature [28] uses the discrete-time model
to analyze the dynamic characteristics of the V?-controlled buck
converter with LEM and TEM. The literature [29] derives the
z-domain transfer functions in different modulations based on
the sampled-data model and makes a first-order approxima-
tion to obtain the corresponding analytic models. However,
the derivation process of the conventional sampled-data model
(CSDM) is very complicated and the analysis of the model
usually relies on numerical calculation instead of an equivalent
circuit so that the physical meaning is not clear.
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Fig. 2. Digitally controlled voltage-mode synchronous buck converter.

So far, intuitive and accurate large-signal equivalent circuit
models are rarely reported in the research of digital-pulsewidth-
modulated (DPWM) dc—dc converters. In this article, a second-
order global equivalent circuits (SOGECs) of digital controlled
synchronous buck converter operating in continuous-current
mode (CCM) for different modulation methods are established.
By improving the conventional sampled-data modeling method
proposed in the literature [26], both the mathematical model and
equivalent circuit are built by merging the two switching states
of each cycle into one state in the detailed switching circuit,
which can overcome the contradiction between the accuracy
and intuitiveness of the existing model. The proposed modeling
method effectively reflects the influence of the LEM and the
TEM on the system and provides an accurate representation of
the output voltage and inductor current at the sampling point.
Thereafter, considering the control delay 7., and the modu-
lation delay rppww, the small-signal model of control-output
in z-domain is derived. Furthermore, the magnitude and phase
responses, respectively, obtained by the small-signal model from
the proposed method and the experiment are compared to verify
the accuracy of the model. In addition, the method for analyzing
the stability of the system by using the equivalent circuit is given,
and the theoretical range of parameters of proportional-integral-
derivative (PID) control that can stabilize the digitally controlled
buck converter is further derived. On this basis, the case that the
stability boundary varies with the duty cycle under two different
modulations is studied, and the nature of the effect of the mod-
ulation on the system is revealed. Then, the influence of certain
circuit parameters on system stability is explored, including the
input voltage, the load, the output capacitor, the inductor, and
the parasitic parameters. Comparing the stability boundaries
of these parameters under different models, the simplicity and
accuracy of the global equivalent circuit proposed in this article
are proved. Furthermore, the controller is designed based on an
open-loop transfer function, whose effectiveness is verified by
comparing the settling time and overshoot voltage of the two
different modulations when load steps. Finally, the correctness
and effectiveness of the theoretical analysis are verified by a
simulating and an experimental platform respectively.

The rest of this article is organized as follows. In Section II,
the SOGEC of the buck converter for both LEM and TEM
are derived based on the improved modeling approach. The
delay characteristics of the digitally controlled buck converter
are explored, and the z-domain transfer function based on the



LI et al.: SAMPLED-DATA MODELING AND STABILITY ANALYSIS OF DIGITALLY CONTROLLED BUCK CONVERTER 179

SOGEC is given in Section IIl. In Section IV, the stability
range of the control parameters is discussed and the influence of
loop parameters and different modulations on system stability
is analyzed. In Section V, the PI controller is designed based
on the critical stable boundary theory discussed in Section IV.
Finally, a series of experiments are used to verify the accuracy
of the model and the validity of the theoretical analysis. Finally,
Section VII concludes this article.

II. SOGEC BASED ON IMPROVED SAMPLED-DATA APPROACH
OF SYNCHRONOUS BUCK CONVERTER

A. Operating Principle of Synchronous Buck Converter

The voltage-mode DPWM synchronous buck converter is
shown in Fig. 2, which is composed of the main power stage
and the digital control loop. The main power stage comprises
the input voltage Vi, the main switch S; and the rectifier switch
S5, the inductor Ly, the output load resistor R, and the capacitor
Cs. ir(?) is the current flowing through the inductor L, the
output voltage and the voltage across the capacitor C, are v,(f)
and v.(?), respectively. d is the duty cycle. The digital control
loop includes the analog to digital conversion (A/D) conversion
module, digital compensation module and DPWM module. The
A/D conversion module will sample v, (¢) at the sampling rate of
switching frequency fs. The discrete error signal e[n] is obtained
by the difference between the sampled output voltage v,[#n] and
the reference voltage Vi.¢. e[n] is processed by a discrete-time
compensator which outputs the control signal u[n]. Thereafter,
u[n] generates the pulse signal c(¢) via the DPWM to control Sy
and Ss.

It is assumed that the synchronous buck converter operating
in continuous-conduction mode (CCM). The converter of two
switching states in each switching period can be described by
the following linear, time-invariant state-space equation:

{ dz(tt) =A; x(t) + B,Vin (1)
x(t

y(t) = Cjx(t)

where z(t) represents the state variables (ie., z (t)=
(ir(t) ve(t) )T), y(t) is the output voltage v,(r). A;, B;, and
C; are the system state matrix, input matrix, and output matrix,
respectively. The subscript j represents the jth switching state.
The equivalent resistance R in series with the capacitor and
the equivalent resistance R.s in series with the inductor are also
considered in the model. Therefore, the state matrix (A1, As),
input matrix (B1, B2), and output matrix (Cy, C3) of the two
switching states of the buck converter are obtained as follows,
respectively:

_R._ RcRo

S Rc+Ro —R,

A=A, = ( }lé; (Rotlilc)Ls )
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Fig. 3. Iterative relationship of the state variable with TEM for the sampled-
data modeling method.

B. CSDM of Buck Converter

The differential equations corresponding to each substate in
(1) are solved in a cycle, and the following equation is obtained:

x(to + dt) = eArdt 4 (t(]) + fttoo—i_dt €A17—dTB1VEH
x(t+tg) = eA20-Dt g (1o 4 dt) + ﬁo-:tst eA27 By Vi,
3)
where ¢, is the initial time of a cycle. The relationship of the
state variable from ¢, to 14, can be obtained by iterating the
two substates of (3), as follows:

z (t+ to) = 20D pArdig (1)

to+dt
+eA2<1*d>f/o eMTdrBL Vi

to

t+to
+ / eA27dr By V. (4)
to+dt

The iterative relationship of the state variable of a buck
converter with TEM is illustrated, as shown in Fig. 3. 7 rep-
resents anytime from the beginning to the end of the cycle. In
Fig. 3, x,, o represents the sample of the state variable in the nth
switching cycle, which can be recorded as x[n]; x,, o represents
the sample of the state variable in the (n+1)th switching cycle,
which can be denoted as x[n+1]; x,, 1 represents the sample of
the state variable when the control signal u[n] intersects with
the carrier waveform. According to the equal-period sampling
characteristics of digital control, the continuous time from ¢,
to time 7+, can be discretized into the time interval of equal
period, which means ¢y and ¢ + t4 in (4) is denoted as nT and
(n+1)Ts, respectively. Therefore, the state transition function
F(x[n] d, Vin, Ts) for two consecutive sampling points can be
obtained

x [n+1] = Frem (z[n], d, Vi, Ty)
= Grpm 2 [n] + HremVin (5)

where
Gem = eA2(1-d)Ts (A1dTs

Hpy = eAg(l—d)Ts deTs eAltdtBl_’_fo(lfd)Ts €A2tdtB2 .
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So, a set of differential equations describing the change of
state variables in a cycle can be obtained

{:Z? [n + 1] = Grgm T [n} + Hrem Vi

y [n+1] = Cq axn] ©)

where the output matrix for TEM is defined as C,. The switching
order for trailing edge and LEMs of the dc—dc converter are
opposite in one cycle. The output matrix for LEM is defined as
C;. Therefore, a set of differential equations in a cycle for LEM
can be obtained

{ z [n+ 1] = Grem = [n] + Hrem Vi %
y [n+1] =Cy z[n]
where

Grpy = eA(1-d)T: AsdT,

Hypy = A1 (-7, deTs eA2t 1B, + fo(lfd)Ts AtdiB,

Since the output voltage of the buck converter is continuous,
the output matrix should be equal in both trailing edge and LEMs

C, =C,. ®)

But for the boost converter, the output voltage is discontin-
uous. In the switching state that the capacitor is charged by
the inductor current, the output voltage sampled by A/D is
not only the output capacitor voltage but also a voltage step
generated by the ac component of the inductor current through
R.. In another switching state, the inductor current no longer
charges the capacitor, so the output voltage sampled by A/D can
be approximated as the capacitor voltage. Therefore, it is not
accurate to directly average the output matrix in the averaging
model. The output matrix of the converter in which the output
voltage is discontinuous should be calculated according to the
position of the sampling point. Hence, the discrete-time model
can describe the characteristics of the system more accurately.

C. Equivalent Circuit Based on Sampled-Data Modeling
Method With TEM

The CSDM can accurately reflect the characteristic of the
detailed switching circuit when the perturbation frequency of
duty cycle d is lower than the Nyquist frequency since the
Shannon’s sampling theorem should be satisfied at this time [27].
However, the CSDM has some limitations. First, there are a large
number of exponential matrix calculations in the model that can-
not be avoided. Second, it does not have an intuitive equivalent
circuit and the transfer function cannot be effectively deduced,
consequently, the controller cannot be directly designed.

In order to obtain an intuitive equivalent circuit, while en-
suring the accuracy of the model, this article uses an improved
approximate method of the CSDM proposed in the literature
[26] to derive the equivalent circuit of the buck converter. The
state-space description is expressed as the following form for
the equivalent circuit:

{ L = AeqreM 2 () + Beg,rEMVin .
Y (t) = Ceq,TEM X (t)

Among them, Acy TEM, Beg, TEM, and Ceq TEM are the state
matrix, input matrix, and output matrix of the equivalent circuit

C))
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Fig. 4. Simplified iterative relationship of the state variable with TEM for the
sampled-data modeling method.

with TEM, respectively. Therefore, the state-space description
of the equivalent circuit in the discrete domain can be simplified
as shown in Fig. 4.

The state transition function Feq TEM(X[1] d, Vin, Ts) within a
switching period no longer needs to iterate over the two states. It
only needs to directly discretize the state equation in (9). Then,
the corresponding state transition function can be described as

x [TL + 1} - ch,TEM (Sﬂ [TL] ) da ‘/in; Ts) .

= Geq,1EM © [1] + Heg, TEM Vin (10)

Wherein, the state matrix Geq, 7EM and input matrix Heq TEM
of the equivalent circuit in the discrete domain are

— AT

Geq, TEM
T, .
=/ A dtBeg TEM

Heq,TEM

In order to use the equivalent circuit to accurately predict the
dynamic and steady-state system characteristics of the detailed
switching circuit, it is necessary to make FeqTEM accurately
approach Frgyr. Therefore, model (10) should be equivalent to
model (6), correspondingly the following approximation should
be made:

{ Geq,mEM ~ GTEM an

Heq,teEM ~ HreMm

Calculating (11), Acg, TEM and Beg, TEM can be obtained

{Aeq,TEM = A

-1
T, - dr,
Beg,rEM = [fo * ghea,TEM? dt} ehe(I=d)T. 155

o T eMtdtB Vi,

(12)

Expanding with the period T as the series for Beq TEM, the
higher order components are so small that can be omitted, and
the lowest order term is retained. B Tem can be approximated

as follows:
d
(1-d)R, :
s(Re+R,)

Beg,TEM = d (13)

2L fs

AT
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the continuous domain can be obtained
di (t) —Re— }iCROO R, .
gt — L}: = (Ro+Ro)L. ir (1)
due (t) R, 1 Ve (¢)
dt (Ro+R:)Cs  (Ro+R:)Cs
2LSfSCS(RC+RO)
R.R, R,
ideal controlled current source of buck converter, as shown in
Fig. 5.
source on the output side. In order to explain the physical
meaning of the SOGEC more clearly, R . and R.s will be ignored.

Therefore, the specific forms of the state-space description in
d
+ d(1E§)RO Vin
_ ir ()
v () = (RC+RO R.+R, ) (Uc (t))
(14)
This set of equations can be realized as an SOGEC with an
Compared with the equivalent circuit constructed by the av-
eraged model, the SOGEC has an additional controlled current
From Fig. 5, the current i.(f) flowing through the capacitor can
be obtained as

Cw) , dl-d) s

ic (t) =i (1) = =% TR

The ripple Aiy, of the inductor current can be obtained as

v, (1) d(1—d)

(l—d) T, ==Y
L, - T==pF

1
Aip = 3 Vin. (16)
For the equivalent circuit, the inductor current i, (t) is cor-
rected to

Yo ()

ir (t) =i (t)+ z.

— Air,. 17)

Based on the abovementioned analysis, the SOGEC is equiv-
alent to adding an additional power loop from the input to the
output. This power loop contains the inductor current ripple
information that is ignored in the averaged model. Therefore, the
SOGEC although ignores the information of the state variable
Xp,1 at the intersecting point of u[n] and the carrier waveform,
but accurately retains the information of the state variable at the
sampling point. Fig. 6 shows the comparison of iz (f) between
the SOGEC and the detailed switching circuit with TEM. i1, () of
SOGEC is not the sliding average value of the inductor current
of the detailed switching circuit, and the trajectories of the two
accurately coincide at the sampling point, i.e., the valley point
of the inductor current. For the trailing-edge modulated buck
converter, it is verified that the waveform of i (¢) for the SOGEC
is the lower envelope for the detailed switching circuit.

i,(t) of detailed

f L [
switch circuit

ir[n-1] i(t) of equivalent ir[n+1]

circuit

ir[n]

20) |

n
| |
| |
| |
| |
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| |
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| |
| |
| |
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|
|
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(1-D)T; | ;

(n+1)T,

(n-1)T, nT

Fig. 6. Comparison of the waveform of i,(r) for SOGEC and detailed switch-
ing circuit with TEM.
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Fig. 7. Simplified iterative relationship of the state variable with LEM for the
sampled-data modeling method.

D. Equivalent Circuit Based on the Sampled-Data Modeling
Method With LEM

Compared with the derivation process of the trailing-edge
modulated equivalent circuit, the equivalent circuit derivation
with LEM is similar. The only thing that needs to be noted is that
the sequence of switching ON and OFF of the buck converter in
LEM in one cycle is opposite to that in TEM. As shown in Fig. 7,
the simplified state variable transition relationship with LEM is
given. Let Fren and Feqrem be sufficiently approximate, so
Acq 1M and Beg e can be solved

AcgLEM = A

-1 18
Beg,LEMm = [foTs gheaLEME dt} (18)

s At By

Expanding with the period T as the series for B.y ,pm, the

higher order components are so small that can be omitted, and
the lowest order term is retained

d

L,
Beg,LEM ~ —d(1-d)R, .

2L.7.Cs(Ro+Ro)
Therefore, the specific forms of the leading-edge modulated
state-space description in the continuous domain is
Ly
+ (1" R, Vin

din (1) Ry el _p .
it _ 1.7 AL, ir (1)

dv.(t) R, —1 Ve (t)
dt (RotR)Cs  (RotR.)Cs ’
2L.J-Cs(Ro+Ro)

d
v () = (A mlw ) <fi Eg)

(19)

(20)
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This set of equations can be realized as the leading-edge
DPWM SOGEC with an ideal controlled source of buck con-
verter, as shown in Fig. 8.

It can be seen from the equivalent circuit with TEM and LEM
that the controlled current source on the output side is opposite.
In fact, the controlled current source is a function of modulation
delay in the z-domain, and the main difference between TEM
and LEM is also reflected in the controlled current source, which
will be further discussed as follows. Fig. 9 shows the comparison
of the waveform of i, (f) between the SOGEC and the detailed
switching circuit with LEM. For the buck converter with LEM,
the sampling point is the peak of iz () in each cycle, so the
waveform of iz, (7) for the SOGEC is the upper envelope of that
for the detailed switching circuit.

III. SMALL-SIGNAL MODEL OF Z-DOMAIN BASED ON SOGEC
A. S-Domain Small-Signal Transfer Function

In engineering applications, it is necessary to obtain the am-
plitude and phase characteristics of the system in the frequency
domain to facilitate the design of the control loop. Therefore, the
linearization of (14) and (20) around the converter steady-state
operating point Q = (I1,V,,D,V.) is required. As usual, all the
relevant quantities can be expressed in terms of steady-state
component and small-signal ac component

ip (t) =1Ip +ig (t)
vo (t) =Vo + 0o (t)
ve (t) = Ve +ic (1)
d(t) = D+d(t) 1)
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The transfer functions of control-output voltage and control-
inductance current in s-domain can be derived. For TEM

Geq, TEM vd($) = Bols)

d(s)
(1-2D) (1-2D)
_ ViR [Ro 57 (mag ey +Cs Res+RoRes sy (Rotmgy +1
— C.L.(R R, Ls+CgRcRo+CsRes(Ro+Rc) Res+Ro
sLa(RotRe) 24 R cPy o ey 6 L ¢ PR

(22)
G . _ %L(S)
eq,TEM,ld(S) - ci(s)
N (2D71)
_ Vin CS(RO+RU)5+(1+R§ 2sts(Ro+Rc))
- Cng R R Ls+CgRcRo+CsRes(Ro+Re) Res+Ro N
s(RotRe) 524 TR TR St Ei L (Rot RO
(23)
For LEM
Vo(s
Geq,LEMvd(8) = ﬁ
(2D-1) (2D-1)
_ VinRo [Ro 575 (gt 1ig) + s fle| s+ Ro Res 577 "0 rmgy +1
- CS‘LG(R()+R(‘) 5, Ls+CgRcRo+CsRes(Ro+Re) Res+Ro
s st CsLs(FoTRe) St Ci T (Rot Re)
24
G . _ in(s)
eq,LEM,ld(S) — J(s)
) (1-2D)
_ Vi Cs(Ro+Re)s+(14 RS s crt s )
— C,L.(R,+R Ls+CgRcRo+CsRes(Rot+Rc) Res+Ro
sLs(RotRe) 524 CsLs(Rotle) St Ci T (ot RO
(25)

B. Small-Signal Transfer Function in Z-Domain Considering
Loop Delay

Since the time delay caused by the sampling and holding
process has a great impact on system characteristics, the total
loop delay #; must be taken into account. In fact, DSP operates
with the shadow register mode, the control command u[n] has
the delay time of one cycle to be updated, which is called the
control delay f.,¢y1. Assuming the amplitude of the saw-tooth
modulating wave is 1, then the duty cycle d[n] of the nth cycle
is

d[n] = (26)

Thereafter u[n] needs to be modulated by DPWM. The time
between the update of u[n] and the intersection point of u[n]
and the carrier waveform can be named the modulation delay
tppwM- tppwwm of trailing-edge and leading-edge modulated
converter are d[n]Ts and (1- d[n])T,, respectively. Therefore,
the total delay of the digital control system is

uln—1].

tq = topwm + Lenul- (27

However, the s-domain small-signal model does not include
a sampling and holding process. For the case of sampling with
constant time intervals, the s-domain small-signal model can
be directly discretized into the z-domain to reflect the sampling
and delay characteristics in the digitally controlled buck con-
verter. Fig. 10 shows the control block diagram of the digitally
controlled buck converter. Wherein, the sensing gain of H(s)
is generally assumed to be 1. The digital controlled loop can
be equivalent to the series of compensator G.(s), modulator
Gppwwm(s), and a delay 77! Finally, the digital controlled signal
is converted into an analog signal through DPWM and D/A
modules to control the power loop, which makes the entire circuit
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Fig. 10.  Block diagram of the digitally controlled closed-loop buck converter.

has a zero-order holder effect. Therefore, the D/A module can
be equivalent to the series connection of a sampling switch and
a zero-order holder link Go,(s) , and then the control pulse acts
on Gon(s)Geq,va(s).

The open-loop z-domain transfer function of the converter
does not require complex transformations with delay links,
which is a key superiority compared with the models in [19],
[23], [27], and [28]. Since the SOGEC is derived by the sampled-
data modeling method, it already contains the time span informa-
tion from the sampling point to the intersecting point, that is, the
item that contains the duty cycle is built in the model. When the
sampling switch operates with a period of 7', only the open-loop
transfer function Gop($)Geq,vd(s) needs to be transferred into
z-domain, and then the z-domain transfer function Geq(2) from
the control to the output can be obtained

Geq (2) = 1 Z [Gon (5) Geq,va (5)]

(1-271) 2 [Seaald)]
=271 (1 — z’l) Z [

= (271 - 272) z s(s+a)a + s(sB;bb)b

A 1-e7Ts B 1-¢"Ts
a —aTs » + b 22— bTs

_ [%(1_67(;7“5 )+% (1—e’bT5 )]2_%(1_67(;T5 )e’bTS —%(1—e’bTS )e—aTs

Ms+N
s(s+a)(s+b) ]
Aa

25— (e *Tste 0Ts )22 te (at0)Ts 5

Denote Geq(2) as

Piz+ Py
= 28
Geq (Z) 23+Y122+YOZ ( )
where
4. _N-Ma
a—>b
N-—-M
p= N =M
a—2b
A B
P = o (1 - efaTS) + 0 (1 — eibTS)
A B
Po= —=(1- efaTS) et - — (1- e’bT-‘) e T
a b
Yl — (efaTS + ebeS)
YO = 67(a+b)TS.

In order to verify the accuracy of Geq(z), MATLAB is used
to get the magnitude and phase responses for Gex(z), Gaye(s),
and Geq(z). The simulation parameters are given in Table I.
Bode diagrams of control-output voltage and control-inductance
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TABLE I
CIRCUIT PARAMETERS OF BUCK CONVERTER

Items  Descriptions Specifications
Vi Input voltage 48V
Vier Reference voltage 12V
D Open-loop duty cycle 0.25
L Inductance 220 uH
Cy capacitance 160 pF
R, Load resistance 1.1Q
fs switching frequency 20 kHz
Ts period 50e-6's
R Inductance equivalent series resistance 40 mQ
R. Capacitor equivalent series resistance 4 mQ
40 T T
30+ o]
%\ 20 =
g 10 TEM
2 o -
En -101 < -
£ ‘ ‘ LEM N
0 -
-90 -
e:) -180 -
2 -270 1
E 2360 :
-450 —
-540 = + L \ _
o 10° Frequency : (Hz)m3 10
Fig. 11. Magnitude and phase responses of the control-output voltage transfer

function obtained by different modeling methods.
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Fig. 12.  Magnitude and phase responses of the control-inductor current trans-
fer function obtained by different modeling methods. (a) R, = 1.1 Q. (b) R, =
20 Q2
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current transfer functions are shown in Figs. 11 and 12, respec-
tively. Gex(z) is derived by the CSDM, which is proposed by the
literature [17], [28]; Gave(s) is obtained from the averaged model
modified by adding a delay link. For the three models, Gex(z)
can be used as a reference when the perturbation frequency is
less than the Nyquist frequency.

Compared with Figs. 11 and 12, the following conclusions
are drawn.

1) According to Fig. 11, the phase with LEM lags more when
the steady-state duty cycle D is 0.25. This is because when
the duty cycle is less than 0.5, the system with LEM has
a large modulation delay.

From Fig. 11, it can be seen that due to the existence
of signal aliasing effect, G,ye,va(s) cannot accurately de-
scribe the high-frequency characteristics of the control-
output voltage transfer function. The cutoff frequency and
phase margin are different from Gey,vq(z). However, the
comparison of Gex and(2) and Geq,va(z) confirms the two
approaches yield the same result.

From Fig. 12(a), due to the aliasing effects of sampling,
it can be seen the high-frequency response cannot be
reflected well by Gaye, ia(s). And when the load resistance
is increased to 20 ) with other parameters unchanged in
Table I, the low-frequency response of Gaye, ida(s) shown
in Fig. 12(b) loses accuracy as well. So, the average model
cannot meet the accuracy requirement of modeling. There-
fore, the consistency of Gex, i4(z) and Geq, id(z) verifies the
accuracy and necessity of constructing the second-order
equivalent model.

It should also be noted that the modeling method proposed
in this article is generally applicable to other PWM type dc—dc
converters with CCM operation. The proposed modeling method
can effectively reflect the influence of sampling point position
and delay on system characteristics.

2)

3)

IV. SYSTEM STABILITY ANALYSIS

In this section, a digitally voltage-controlled buck converter
system with proportional controller k,, will be used to study the
system stability, and k), is used as the standard to measure the
stability of the system. First, the stability analyzing methods for
the Jacobian matrixes and the z-domain characteristic equations
for the buck converter are introduced, respectively, and then the
influence of key circuit parameters on the system stability is
studied.

A. Global System Stability Analysis

Fig. 13 shows the block diagram of the single-voltage closed-
loop buck converter with a P controller. The control method
of the system is proportional control, and a cycle delay caused by
the shadow register is considered. In Fig. 13, e[n+1] represents
the error sampling value in the n+1 cycle, v,[n+1] represents
the output voltage sampling value in the n+1 cycle, and d[n]
represents the duty cycle calculated at the beginning of the n
cycle.

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 38, NO. 1, JANUARY 2023
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Fig. 13.
troller.

Buck v,[nt1]

Converter

System block diagram of a closed-loop buck converter with P con-

Combined with Fig. 13 and the equivalent state transition
function, a set of differential equations describing the closed-
loop system can be written:

Z.L [n + ]-] = Jeq,1,1 iL [TL] + eq,1,2VC [n] + heq,l (d [TL]) V;n
ve [+ 1] = geq2,1 0L [0] + geq2,20C [1] + heg,2 (d[n]) Vin
d 1] = ky (Vaer = (i [n] Re + ve [n]) (72

Ro+R.
(29)
Among them, the state matrix is defined as Geq = [geq, 4,j12x25
and the input matrix is defined as Heq = [feq,il2x1. The first
two equations of (29) are differential equations of the power
loop, and the last equation is the controller differential equation.
The stability of the system can be analyzed by solving the
Jacobi matrix of the formula (29) at the steady-state operating
point. This point can be solved by the Newton—Raphson iteration
method. The Jacobian matrix Jp and characteristic equation f{})
of the system are given by

Oheq.1(d[n
geq,l,l geq,1,2 (w) in
JD - Geq,2,1 Geq,2,2 (%{(ﬂd}[rﬂ)) ‘/in (30)
RCRO RO
—kp SR, R maw, 0

f()‘) = )‘3 - (geq,l,l + geq,2,2) )\-2
+ (geq,l,lgeq,Q,Q + kprahlvin — Yeq,1,29eq,2,1 + kprth‘/in> A
_kprahlgeq,ZQVIn - kprbh2geq,1,1vin + kpra h2geq,1,2v;n
+kprbh1 geq,2,1‘/in =0

(1)
OH, (d[n]) R.R,

- — _ _R
where h; = 8d[|7}] Ta = R5H, T iR, -
As the optimal linear approximation of the nonlinear system,

the convergence and divergence characteristics of the Jacobian
matrix are consistent with the original system. When the spectral
radius of the Jacobian matrix is greater than 1, the system is
unstable; when the spectral radius is equal to 1, the system is
critically stable and at this time the maximum gain k, | ,,ax 0f the
proportional controller that can stabilize the system is obtained.

B. System Stability Analysis Based on Z-Domain Small-Signal
Model

The z-domain block diagram of the closed-loop system is
shown in Fig. 14, so the closed-loop transfer function of the
system can be expressed as follows:

2 kypGopwm (2) GonGleg,va (2)
1+ Zilk’pGDPWM (Z) Gtheq,vd (Z)
kP, z + kP,

= . 32
ZB+Y122+(Y0+1€P1)Z+]€PO ( )

Deq(2) =
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Fig. 14.  Z-domain block diagram of P controller of the closed-loop buck
converter.
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Fig. 15.  Root loci of eigenvalues of the closed-loop system with increasing
kp,. (a) LEM. (b) TEM.

So, the characteristic equation D(z) is given by

D (2)=2% + Y122+ (Yo + kpP1)z + ky Py = 0. (33)

If and only if all the characteristic roots z; (i = 12,3) of the
D(z) are uniformly distributed in the unit circle on the z-plane,
that is max;<;<3|z;| <1 , the system is stable. When the
largest modulus of the characteristic root is equal to 1, that is
maxi<i<s |2;] = 1, the system is critically stable, and &y, max
can be obtained.

C. Influence of Control Parameter K, on System Stability

First, the influence of k,, on the stability of the system is ana-
lyzed. Fig. 15 shows the eigenvalues of the Jacobian matrix of the
closed-loop system with k,, varying from 0.02 to 0.22, consider-
ing the parameters given in Table I. In Fig. 15, three models are
compared to verify the accuracy of the global equivalent circuit
model in analyzing system stability. The CSDM without any
simplification can be used as a standard for comparison of model
accuracy. However, the CSDM is generally transformed into the
bilinear model through first-order approximation because of its
simplicity. From Fig. 15, the root loci predicted by the proposed
equivalent circuit model is well consistent with the result of
the CSDM. However, the predicted result of the conventional
bilinear model (CBM) has a large error with the accurate result.

The Jacobian matrix in (30) is three order, and its three
characteristic roots are composed of a real root 15 and a pair
of conjugate complex roots A1 and Ao. When k,, increases, the
root loci of a pair of conjugate complex roots A; and A change
greatly, while the real root A3 does not change significantly. As
k, increases to kj, max, A1 and Ao will pass through the unit
circle in two opposite directions and the system will undergo
low-frequency oscillation. &, 1.« calculated by the model pro-
posed in this article and CSDM are the same, which are 0.061
and 0.087, respectively, for TEM and LEM. The same kj max
can also be obtained by using the characteristic equation D(z) in

185
0 7 " —CSDM
a0 - CBM
g u:; Stable ! | SOGEC
S0 —CSDM E.m \ |7 Gegren (@)
£ 200 . 1 e 4
= 150 ggglEC ] (S A \ Unstable
100 - Unstable o
sob “Geguen(@)] | Stable
o o oor  oon o a1 oz o1 oow voe oow o0r oom otv oom o ots o1 wis
ipmax pmax
(a) (b)
'\ *SE&M o —CSDM
N E ~CBM
M \\ Unstable | SOGEC 2 B SOGEC
g., eq v (2) T < Gegrem (@)
o o
3
Stable T T N
0 0 0.0: 0.04 0.06 0.08 0.1 :T 0.14 0.02 0.14 0.16 0.18
Cpmax
(©)
Fig. 16. For LEM, comparison of stability boundaries predicted by different

models. (a) kp, max versus Lg. (b) kp max versus Cs. (¢) kp, max versus R,. (d)

kp, max versus Vin.

200

a0 L 0 *gSDM
\ —CBM
400, 60 +
_ s e o K SOGEC
T 500 Stable o = \ - Gog 1211 (2)
g / —CSDM | & \ ==
o P o CBM G \
Ny 2 SOGEC 50 AN Unstable
100 _// Unstable P Stable N
50 < Geg1em(2) N
DO I W oo 0T O G we w2 oD 00 006 005 wbs ode sl 0w 0 om oo
(pmax max
(a) (b)
3\ *SSB&M R —CSDM
\ - b ~CBM
\ Unstable | - SOGEC S‘ ,  Unstable | oGEC
= o
g:{ N < Geg1em (2) =, . ~ Gegrem(2)
& N g :
Stable \\ W Stable \\\
T 25 -
ﬂrﬂ 002 004 006 008 0.1 0.12 014 016 018 2 \
Y L B AT i T 1
p.max Kp,max
(©) (d)
Fig. 17.  For TEM comparison of stability boundaries predicted by different

models. (a) kp max versus Ls. (b) kp max versus Cs. () kp max Versus R,.

(d) kp, max versus Vip.

(33), which means the z-domain model can accurately predict
the stable boundary of the system.

D. Influence of Power Loop Parameters on System Stability

The equivalent circuit model is a good tool for analyzing

the stability of the system. It can be used to not only guide
the component selection, but also to guide the design of the
controller when the loop parameters change. Figs. 16 and 17
show the comparison of stability boundaries predicted by the
CSDM, the SOGEC, the D(z), and the CBM, respectively, in
LEM and TEM. kj, ax is used to measure the range of the
stability boundaries of the power loop parameters.

By comparing Figs. 16 and 17, and analyzing D(z), the fol-

lowing conclusions are drawn.

1) First, the trend of system stability varying with parameters
is obtained. From D(z) in (33) and Cardan’s formula, it can
be obtained that the characteristic roots of D(z) satisfy the
following equation:

21 X 29 X 23 = —ka(). (34)
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From (34), it can be obtained that z3<0 and z3 changes little
as k, increases. Therefore, (34) can approximately reflect the
relationship between the square of the module of the conjugate
characteristic roots (i.e., z;xz2 = |z:]> = |z2]) and the loop
parameters. In (34), k,, and V;,, appear in the form of product.
So, the increase of Vj, is equivalent to the increase of k,, leading
to reduction of the stability margin of the system. So, the closed-
loop controller design should be based on the maximum input
voltage that may occur for the buck converter.

The trend of stability boundary changing with R, L,, and C,
can be analyzed by deriving (34)

6(—ka0)
TRO <0 (35)
(9(—ka0)
(9(—ka0)
L 0. (37)

According to the result of (35), the increasing of R, will
increase the modulus of characteristic roots that means the
stability margin will be smaller under the lighter load. Therefore,
the critical control parameters should be obtained at light load
to ensure the stability of the converter for the whole load ranges.

For the system filtering parameters Cs and L;, the increase-
ment of them will reduce the output ripple of the system.
However, according to the formula (36), the increasing of C,
will cause the system stability boundary to be reduced. This is
caused by the delay of output filter. The phase difference between
the inductor current and the output voltage is

piy = —arctan (R,Cswy) (38)

where w,, represents the frequency of duty cycle perturbation.
When Cj; increases, the phase lag of the output voltage relative
to the inductor current increases, leading to reduction of the
robustness of the system.

2) Comparing the stability boundary predicted by different
models, it can be obtained that SOGEC and Gq(z) can ac-
curately predict the relationship between parameters and
kp, max- However, the CBM has a large error in predicting
system stability. This shows that the proposed model can
effectively reflect the stability of the system. However, the
CSDM cannot accurately reflect the stability of the system
through first-order approximation.

3) By comparing the critical curves in LEM and TEM shown
in Figs. 16 and 17, it can be known that although the
stability of leading-edge and trailing-edge modulated con-
verters has the same trend with the change of power circuit
parameters, the stability range of LEM is smaller than that
of TEM.

E. Influence of Parasitic Parameters on System Stability

In an actual circuit, the characteristics of the components are
not ideal, so it is necessary to consider the influence of parasitic
parameters when modeling. Therefore, as shown in Fig. 18, the
three-dimensional stable boundaries of k;,, R, and R are drawn
in different modulations by calculating the SOGEC. To clearly
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Fig. 18.  Stability boundary of the system when R, and Res change. (a) LEM.
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analyze the influence of R, and R.s on the system stability,
Figs. 19 and 20, respectively, show the curve of R, versus
kp, max With Res = 0.04 and the curve of R, vesus kj, max With
R. =0.004. It can be found that the stability boundary predicted
by the SOGEC still accurately coincides with the CSDM, which
means SOGEC is also suitable for analyzing the impact of
parasitic parameters on system stability.

From Figs. 19 and 20, it can be shown that larger R. and R
can expand the stability boundary of the system, but neither can
be too large. Because larger R, will greatly increase the output
voltage ripple and larger R.s will increase the loss of circuit
resulting in efficiency decrease.

F. Influence of Different Modulations on System Stability

The influence of TEM and LEM on system stability is the
focus of this article. According to SOGEC, the main difference
between the two modulations is reflected in the controlled cur-
rent source on the output side with the same value and opposite
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Stability boundary of the system when D changes in different modu-

direction. The value of the controlled current source is a function
of the duty cycle, which is the mapping of the modulation delay
tppwm on the model. Therefore, the derivative of (34) with
respect to the duty ratio D with different modulations is given.
For LEM

3(—ka0)
D 0. 39)
For TEM
8(—k‘pP0)
oD < 0. 40)

The stability boundary of D with respect to k| 1ax in different
modulations is shown in Fig. 21. It can be known from (39),
(40) and Fig. 21 that k, ax decreases as the duty cycle D
increases with TEM. For LEM, the opposite situation appears. In
summary, the stability of the system decreases as the modulation
delay tppw increases. When the duty cycle D is 50%, SOGEC
is the same for two different modulations, which means the
stability of the system is the same as well. Therefore, when
the duty cycle D is less than 50%, TEM should be selected. At
this time, the system delay with TEM is smaller and the stability
is better than that with LEM. If the duty cycle D is greater than
50%, the situation is just the opposite.

In order to verify the abovementioned analysis results, the
detailed switching circuit and the equivalent circuit were built
on the PLECS platform. The basic parameters of the simulation
circuit are shown in Table I. It should be noted that because
of the characteristics of digital control, it is necessary to add a
first-order delay and a zero-order holder in the simulation. The
transient characteristics of the system when the reference voltage
steps from 6 V to 12 V is investigated. The reference voltage
step decreases the duty cycle D. As shown in Fig. 22(a), after
the reference voltage is stepped, the system with TEM changes
from a stable operating state to an oscillating state. As shown
in Fig. 22(b), the system with LEM from an unstable oscillation
state gradually converges to a stable operating state. The simula-
tion phenomenon is consistent with the calculation results shown
in Fig. 21. When the system enters instability from stability, the
closed-loop system loses its steady-state operating point. Under
this condition, the waveform of the detailed switching circuit can
still be tracked and represented by that of the SOGEC, which
further proves the accuracy of the proposed model.
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Fig. 22.  Comparison of operating waveforms when V;.¢ changes from 6 to
12 V by simulation software. (a) LEM with k, = 0.063. (b) TEM with k,, =
0.085.
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Fig. 23.  Z-domain block diagram of PID controller of the closed-loop buck
converter.

It should be pointed out that the proposed model can be used
to build the large-signal equivalent circuit for the converter with
a large ripple of state variable working in CCM mode.

V. CONTROLLER DESIGN
A. Stability Range of Controller Parameters

In this section, the z-domain model will be used to design
the controller. In engineering applications, the requirements of
rapidity, stability and zero steady-state error for the system need
to be realized through the closed-loop circuit. So, the PI or
PID controller is generally chosen. But before the controller
is selected, it is necessary to analyze the stability boundary of
the controller gain to ensure that the controller parameters do
not exceed the stability range of the system. The digital PID
equations G.(z) in the z-domain is commonly written as

kiTsz  kq(z—1)
+ z—1 Tz

Fig. 23 shows the z-domain structure of the closed-loop buck
converter with the PID controller, the feedback gain H(s) is 1.
The loop gain of the voltage controlled buck converter is

Tvd (Z) = Z_lGC (Z) Gtheq,vd (Z) .

Ge(z) =k,

(41)

(42)

From (42), the closed-loop transfer function of buck converter
can be derived, Eq. (43) shown at the bottom of the next page.
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So, the characteristic equation D(z) of the closed-loop transfer
function is

D (2) =T, 2° + (TsY1 — Ty) 2*

kqPi + ky P\ Ty + k;PIT? + T,Yy — Ty Y1) 23
deQ — 2de1 -+ ]fppoTs) 2’2

*kpplTis + 'ZCZPOTL)»2 - T‘;}/O) 22

_dePO + kdpl — ka()TS) Z+ kd Po = 0.

+(
+( (44)
+(
+(

Since k,, can be used to reflect the stability of the system with
kq being 0, the characteristic equation D(z) is used to get the
corresponding relationship between kj, max and k; max. Fig. 24
shows the analytically obtained critical curves in the (k,, k;)
plane for the parameter in Table I. The following conclusions
can be drawn by observing Fig. 24.

1) InFig. 24, the stability region is located in the area under
the critical curve. If the controller parameters k, and k;
are above the critical curve, the system will have unstable
oscillation. The curve of k; changing with k, shows a
parabolic shape, indicating that there is a k,, value that
enables k; 1,ax to reach the maximum.

2) The stability region in TEM is larger than that in LEM
illustrated in Fig. 24(a) and (b), which means that the
system has a more flexible parameter design method in
TEM.

3) It also can be seen from Fig. 24 that when k; increases
from O, the range of kj, 1, Will decrease, which shows
that although the integral control can raise the order of the
system and reduce the steady-state error to 0, it will also
reduce the stability of the system.

Thereafter, the corresponding relationship between kp, ax
and kg max can be obtained through the characteristic (44) with
k; being 0 as well. Fig. 25 shows the analytically obtained
critical curves in (kp, kq) plane for the parameter in Table I.
The following conclusions can be drawn by observing Fig. 25.
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Fig. 25.  Critical curves for kp max Versus kg, max. (a) LEM. (b) TEM.

1) In Fig. 25, the stable area is located on the left side of
the critical curve. As shown in the figure, the light blue
area, i.e., named as the region of improvement stability,
shows the selection of kg that helps us to improve the
stability of buck converter. If k,; in the light blue area
is selected, the stable region of buck converter with PID
controller is much larger than that with PI controller. As
kg increases, k;, max Will start to increase from the value of
kq = 0 and then gradually decrease to 0. This means that if
kg chooses appropriately (in the light blue area), the PID
controller can increase the damping of the system, which s
equivalent to the increasement of stability. The selection of
k4 should make the zero introduced by the differentiation
controller as close as possible to the cut-off frequency to
help improve the phase margin.

2) The stable area in TEM is greater than the stable areas in
the LEM from Fig. 25(a) and (b), which means that the
system has a more flexible parameter design method in
TEM.

B. Controller Design

The PI and PID controllers will be further compared through
simulation both in the frequency-domain and time domain to
explain the different effects of the integral and derivative con-
troller parameters on the stability and rapidity of the system. At
the same time, the stability and transient characteristics of TEM
and LEM will be illustrated as well.

For the PI controller, the parameter k, = 0.03, and k; = 5 is
selected to ensure the sufficient phase margin and bandwidth.
It can also be seen from Fig. 24 that this set of controllers is
located in the stability region. So, the equation of PI controller

Tw(2)

Deq (2) = 57500

deO —+ (72deO —+ kdpl — ka(]TS) z
+ (deO - depl + kaOTg - ka1T9 + kzpng) 22

+ (kdpl + kaITs + klpng) 2’3

(43)

T T2 A (TY) — Ty) 2* + (kaPr + kpPi T, + ki PT2 + ToYy — T,Y1) 2
+ (kd.P() - 2/€dP1 + k‘pP()TS - ]ﬂpplTS + kZP()TSz - TSYO) 22
+ (=2kqPo + kaP1 — kpPoTs) z + kqPo
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Fig. 26. Magnitude and phase responses of the 7,,4(z). (a) With PI controller.
(b) With PID controller.

in z-domain is

5% 5e 5z

chpl (Z) = 0.03 + 1

(45)
The magnitude-phase characteristic of 7,4(z) compensated
by G. pi(z) with different modulation is compared, as shown in
Fig. 26(a). The phase margin of the loop is greater than 45° and
the bandwidth is 960 Hz, which is about 1/20 of the switching
frequency in both modulations through compensation.

For the PID controller, the parameter k; = 0.17, of the
derivative element is added to the (45). This value of parameter
kg is located in the improvement stability region in Fig. 25. So,
the equation of PID controller in z-domain is

5% be 2z

01(z—1)
z—1 '

Gepp (2) = 0.03 + (46)

The magnitude-phase characteristic of different 7,4(z) com-
pensated by G prp(z) is compared, as shown in Fig. 26(b). Com-
pared with the PI controller, the phase margin and bandwidth
with PID controller conditions have been greatly improved,
which will certainly increase the stability and rapidity of the
system. So, it is undoubtedly necessary to calculate and select
the appropriate range of k.

Meanwhile, for both PI and PID compensation, the cut-off
frequencies of the two modulations are almost the same, but the
phase margin of Tyq rrMm(2) is higher than that of Tyq 1,EMm(2).
This shows that the stability of the system in TEM is better
than that in LEM. In the high frequency range, due to the delay
effect in digital control, the phase margin of the system in LEM
decreases faster than that in TEM.

In order to prove the correctness of the theoretical analysis,
the operating condition of the load step is simulated in the time
domain through PLECS software. Figs. 27 and 28 illustrate the
simulation waveform when the load steps from 2 €2 to 1 €2 with
PI and PID controllers, respectively. The parameters of the PI
and PID controller are selected by (45) and (46), respectively.
The relevant data in Figs. 27 and 28 is given in Table II. From
Figs. 27 and 28 and Table II, the following conclusions can be
drawn.

1) Due to the higher bandwidth and phase margin under PID
control, the transient response time and overshoot voltage
of PID control are less than the PI control when the load
steps.
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Fig.27. Comparison of operating waveforms when R, steps with PI controller
by simulation software (a) TEM. (b) LEM.
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Fig. 28.  Comparison of operating waveforms when R,, steps with PID con-

troller by simulation software. (a) TEM. (b) LEM.

TABLE II
SIMULATION DATA COMPARISON
PI PID
Overshoot TEM 4.78 3.12
Voltage (V) LEM 5.16 3.73
TEM 2.02 0.81
_ Response LEM 2.90 121
Time(ms)

2) With LEM, the converter has a longer transient response
time compared with TEM. Moreover, the drop voltage and
overshoot voltage when the load steps in the LEM system
are smaller than that in the TEM system, indicating that
the stability of the converter in the TEM is better, which
is well consistent with the theoretical analysis.

3) From Figs. 27 and 28, it can be seen that the predicted
waveform of the global equivalent circuit matches well
with the operating waveform of the detailed switching
circuit during the transient load stepping, indicating the
accuracy of the model.
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TABLE III
CIRCUIT PARAMETERS OF PROTOTYPE
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Items Descriptions Specifications
Vin Input voltage 48 V
Vier Reference voltage 12V
L Inductance 230 uH
Cy capacitance 158.8 uF
R, Load resistance 1Q
fs switching frequency 20 kHz
T period 50e-6s
R Inductance equivalent series resistance 40 mQ
R. Capacitor equivalent series resistance 4 mQ
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Fig.29.  Comparison of system stability boundary when Cj increases.
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Fig. 30. Experimental waveform corresponding to different Cs. (a) Cs =
158.8 uF. (b) Cs = 19.8 uF.

VI. EXPERIMENT VERIFICATION
A. Prototype Design

In this section, a prototype of buck converter is built to verify
the theoretical results of the proposed model. The controlling
and sampling processes are achieved by the digital processor
TMS320F28379D of TI. The parameters of the prototype are
shown in Table III.

The design of the output capacitor is very important, which is
related to the system stability and the voltage ripple. As shown in
Fig. 29, both the calculation results and the experimental results
show that the stability boundary of the system will gradually
decrease as the capacitance increases. In Fig. 30, when C; is
158.8 puF and 19.8 uF, the delay time of capacitance voltage
to inductance current is 112 ps and 14 ps, respectively, under
low-frequency oscillation. However, the output voltage has a
larger ripple (about 0.75 V) when C; is selected to be 19.8 iF,
which may not meet the circuit design requirements. Therefore,
under the premise of ensuring the voltage ripple meets the design

» i(f):5A/Miv/ \

/ |
7 Time: 100ms/div |

Fig. 31.  Experimental waveforms of closed-loop buck converter. (a) LEM at
kp = 0.058. (b) TEM at k;, = 0.091.

index, C, should be reduced as much as possible to increase
the system stability. In this experiment, Cy is constructed by
paralleling multiple ceramic capacitors and one electrolytic
capacitor. It is important to reduce R, by paralleling multiple
ceramic capacitors because excessive R, is the main source of
output voltage ripples. But the capacitance of ceramic capacitors
decreases with the increase of dc bias voltage [31], [32], [34], so
alarge electrolytic capacitor is added to stabilize the capacitance.
The C; of the prototype is 158.8 uF at 20 kHz and atmosphere
temperature.

B. Experimental Results

To verify the influence of &, and k; on system stability, the
experiment of controller gain step of closed-loop buck converter
is carried out. Considering k; is fixed to O, the experimental
waveform of the leading-edge and trailing-edge modulated con-
verter are shown in Fig. 31 when &, is stepped. The k, max
of the leading-edge modulated converter prototype is tested
to be 0.058, so the system changes from a stable state to a
low-frequency oscillation state as k,, steps from 0.055 to 0.06
according to Fig. 31(a). Similarly, according to Fig. 31(b),
when k), steps from 0.087 to 0.092, the trailing-edge modulated
closed-loop circuit operating from stability to instability, k), max
in TEM is tested to be 0.091. The theoretical &, .y calculated
by SOGEC in leading-edge and TEM are 0.061 and 0.087,
respectively. It can be found that the experimental results are
consistent with the calculation results, indicating the accuracy
of the model calculation. Meanwhile, the small deviation of the
two results is mainly due to the influence of bandwidth of the
sampling circuit, the delay of the driving circuit and the influence
of the line parasitic parameters.

k, is considered as a constant value, the experimental wave-
form of the leading-edge and trailing-edge modulated converter
are shown in Fig. 32 when k; is stepped. Fig. 32(a) illustrates that
when k; steps from 35 to 45, the system gradually transforms
from stability to instability. At this time, k, is fixed to be
0.55, and the integral critical gain of the system is measured
to be 40. Similarly, when &k, is 0.075, k; max is measured to
be 45, so the system changes from stability to instability as k;
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Fig. 32.  Experimental waveforms of closed-loop buck converter. (a) LEM at
k, = 0.055, k; = 40. (b) TEM at k;, = 0.075, k; = 45.

Tokte ; 1

»»»» : 1

Vo(2):5V/div
RN

I i0):5A/diy

§M§:100ms/d1i[71"‘" ———a o': ( - =
P I ‘l— rr T Rt j—‘
A 4 - — _
: ! Vo():5V/div ! ve():5V/div
l |
| ‘u’n\)"\\)\m\/\ﬂ\/\ U'[\Jg W J\\/\/ :\f\f\
[ i ] ] 1 T
——RVAR A AR R YRR
| U i(9):5A/div,” ‘t):SA/div/
Ly L
(@) ®)
Fig. 33.  Experimental waveforms of closed-loop buck converter when Vyef

steps from 6 to 12 V. (a) k; = 0.059 at LEM. (b) k;, = 0.089 at TEM.

steps from 40 to 50 as illustrated in Fig. 32(b). According to
the proposed model, the calculated theoretical k; max at these
conditions in leading-edge and trailing-edge modulated systems
are47 and 60, respectively. The experimental results are matched
well with the calculation results, verifying the accuracy of the
equivalent model for the stability boundary prediction of the
integral controller gain.

The influence of different modulations on system stability has
been analyzed in Section IV-F. To verify the correctness of the
theoretical analysis and the accuracy of the model, the system
transient response with reference voltage stepping from6to 12V
is tested in the converter prototype, as shown in Fig. 33. With
the leading-edge modulated converter operating in k,, = 0.059,
the reference voltage step will make the originally oscillating
waveform converge, leading the system back to a stable state, as
shown in Fig. 33(a). And when the converter modulated by TEM
operates with k,, = 0.089, the reference voltage step leads to an
unstable state according to Fig. 33(b). Compared with Fig. 22,
the simulation waveform and experimental waveform are rela-
tively close at the reference voltage step point. It shows that the
theoretical analysis exactly explains how different modulations
affect the system stability.

In order to verify the system stable boundary of input and
output parameters predicted by SOGEC in Section IV-D, the
critical curve of system stability with input and output param-
eters changing are obtained based on the converter prototype.
Fig. 34 shows the comparison of stable boundaries as the value
of output and input parameters increase. With the increase of
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Fig. 34. Comparison of stability boundaries for different parameters. (a)
kp, max Versus R,. (b) kp max versus Viy.

Tok ! B : i 3 Tk oo E - : 8
Vo(2):5V/div { vo(2):5V/div
y |- intysAdiv”

Time:100ms/div

i(H):5A/div/
s =

Time:100ms/div
:.

@ ' ®)

Fig. 35. Experimental waveforms of closed-loop buck converter when input
voltage steps from 36 to 48 V. (a) k;, = 0.065 with LEM. (b) k;, = 0.094 with
TEM.
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Fig. 36. Experimental waveforms of closed-loop buck converter when load
steps from 50% to 100%. (a) k;, = 0.045 with LEM. (b) k;, = 0.078 with TEM.

load resistance and input voltage, kj, max obtained by model
calculation and experiment shows the same decreasing trend.
Moreover, the accuracy of the model is shown by the two well
consistent results. In order to further illustrate this result, a
set of experiments are used to verify the change of system
stability when the step perturbation of input voltage and the load
resistance occurs with two different modulations. Fig. 35 shows
input voltage steps from 36 to 48 V, at this time, the system
tends to oscillate from a stable state. While Fig. 36 shows load
steps from 50% to 100%, at this time, the system converges to
stable from the oscillation state. The results further illustrate the
correctness of the model analysis.
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TEM.

In order to verify the accuracy of the equivalent open-loop
control-output transfer function G4 (z) and prepare for controller
design, a buck converter prototype is built to test the frequency
response. Its parameters are given in Table III. The measurement
principle of the small-signal transfer function is shown in Fig. 37.
A steady-state operating point D is selected and a sinusoidal
small-signal perturbation is superimposed on it [35]. In this way,
the output voltage v, can be expressed as the sum of a steady-
state output voltage V,, and a sinusoidal small-signal perturbation
voltage. Therefore, the control variable of the converter is

d = D+ dsin (wpyt) . (47)
And the output voltage of the converter is
Vo = Vo + Upsin (wpt +6,) . (48)

Among them, d is the amplitude of the sinusoidal signal,
and w,, is the angle frequency of the sinusoidal signal. o, is
the amplitude of the ac component of the output voltage, and
6, is the phase difference from control to output. d is set to
0.02 in the experiment, and the range of w, is 50-5 kHz.
The frequency response of control-output can be obtained by
measuring the corresponding @, and ¢,,. As shown in Fig. 38,
the control-output frequency response is measured at 1 kHz for
different modulations. v,, is obtained by measuring the amplitude
of ac component of the output current 7, multiplied by the load
resistance. 6, is obtained by marking the moment of w,t =
2km (which is the zero-crossing moment of the perturbation
source), which is represented by a green pulse in Fig. 38, and
the phase difference between this moment and the corresponding
zero-crossing moment of the ac component of the output current
waveform is measured. The amplitude of the ac component of
the output current is the peak value of the current waveform
minus the current ripple, as shown in Fig. 38.

For the buck converter prototype, the duty cycle of stable
operation is selected as D = 0.25. The control-output frequency
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ki =>5.

response shown in Fig. 39 shows the experimental measurement
results of control-output frequency characteristics (d ~ ©¥,) and
the calculation results of Geq(z). The comparison illustrates
that for the two different modulations, the amplitude and phase
characteristics of the theoretical results and the experimental re-
sults are in good consistency. The abovementioned comparative
analysis also verifies the correctness of the model.

After the abovementioned verification, the controller of the
closed-loop prototype can be accurately designed using the
process shown in Section V-B. And the z-domain controller
(45) needs to be written in the form of difference in the actual
controller

Dyi [n+1] = Dy [n] +5 x 50e¢ x (12 — v, [n])

Din+1 =Dy [n+1+0.03x (12 -v,[u))

where D,,;[n-+1] is the state variable corresponding to the inte-
gral link in the n+1th cycle, and D[n+1] is the duty cycle in
the n+1th cycle. The transient response of the prototype with
stepping load is tested to verify the effectiveness of controller
parameter design and the dynamic characteristics of the different
modulated converters. Fig. 40 shows the operating waveform
as the load stepping from 50% to 100%. For LEM, the valley
value of the drop voltage to the peak value of the overshoot
voltage is 5.2 V, and the settling time is 2.75 ms. For the TEM,
the peak—peak voltage is 4.5 V, and the settling time is 1.86
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ms, which indicates that the stability of the trailing-edge modu-
lated converter is better. Meanwhile, the experimental waveform
shown in Fig. 40 is consistent with the simulation waveform
shown in Fig. 22, verifying the correctness of the theoretical
analysis and model.

VII. CONCLUSION

The CSDM can accurately describe the characteristics of
a digitally controlled buck converter, but the model is highly
complex and not intuitive enough. By applying the approximate
method of the CSDM, this article establishes the SOGEC of
the buck converter for the LEM and TEM. Since SOGEC can
accurately retain the information of the sampling points of the
state variables, the operating waveform of the equivalent circuit
can have an accurate prediction of the operating waveform of
the detailed switching circuit even at an unstable operating
point, without taking into account the ripple ratio of the state
variable. On this basis, the delay characteristics of digital control
are analyzed and the z-domain small-signal model based on
the characteristics of digital control is derived. The frequency
response from control to output shows that when the duty cycle
is lower than 50%, the phase margin is larger with TEM. In
addition, the roots of the characteristic equations are studied
to analyze the stability of the buck converter. Then, the effects
of the controller parameters k,, k;, and k4, input voltage, load,
energy storage element parameters, and parasitic parameters on
the stability of the system are explained in detail. At the same
time, how the different modulations affect the stability of the
system is explained in detail. The TEM and the LEM have an
opposite changing trend of stability boundaries with the change
of duty cycle. The reason is the influence of modulation delay.
When the steady-state duty cycle is 50%, the system stability
is the same with different modulations. Therefore, when the
duty cycle is less than 50%, the TEM should be selected to
reduce the system delay to improve the system stability. Finally,
the controller is designed according to the theoretical analysis,
and the correctness and effectiveness of theoretical results are
verified through the PLECS simulation and experiment platform
of the circuit.
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