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Abstract—Under low-switching-frequency condition, there is
harmonic coupling in grid-connected inverter. The harmonic state-
space (HSS) modeling method is an effective means to analyze the
output harmonic characteristics of inverter. When the switching
frequency is low, the sampling/holding and control delay make
the update of pulsewidth modulation pulses more untimely, which
will have a non-negligible impact on system output. However, the
current relevant research fails to take these factors into account in
the HSS model. In addition, the existing work fails to thoroughly
study the calculation and analysis methods of HSS model, and the
relevant work is insufficient. Based on this, this article studies the
closed-loop HSS model and its calculation and analysis methods
of three-level grid-connected inverter considering the digitization
impact. First, according to the different calculation and analysis
methods of the HSS model of the grid-connected inverter, the
methods considering the digitization impact are proposed, respec-
tively. Second, according to the proposed method, the harmonic
characteristics of low-switching-frequency grid-connected inverter
are analyzed, and the necessity of considering the digitization
impact is explained. Finally, the effectiveness and accuracy of the
proposed HSS-model calculation and analysis methods considering
the digitization impact are verified by simulation and experiment.

Index Terms—Control delay, digitization, harmonic
characteristic, harmonic state-space (HSS), LCL grid-connected
inverter (GCI), low switching frequency (LSF).
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NOMENCLATURE

GCI Grid-connected inverter.
TL Three-level.
NPC Neutral point clamped.
LSF Low switching frequency.
SSAV State-space averaging.
GA Generalized averaging.
HTF Harmonic transfer function.
GCF Grid-side current feedback.
CCF Capacitor current feedback.
AD Active damping.
S/H Sampling/holding.
SM State matrix.
IM/OM/IOM Input/output/input–output matrix.
CS Control system.
NU Nonideal unit (generated by digital control).
AR After reconstruction.
x Midpoint of three-phase bridge arm, x = a, b, c.
ugx Three-phase grid voltages.
icx Three-phase capacitor currents.
iix Three-phase inverter-side currents.
igx/i

∗
gx Three-phase grid-side currents/references.

sx Three-phase switching functions.
fs/Ts Sampling frequency/period.
fsw/Tsw Switching frequency/period.

Time-Domain Symbol
xim, uim, yim State variables, inputs, and outputs of plant.
Ai, Bi, Ci SM, IM, and OM of plant.
xic, uic, yic State variables, inputs, and outputs of CS.
Ei, Fi, Gi, Hi SM, IM, OM, and IOM of CS.
xid, uid, yid State variables, inputs, and outputs of NU.
Ii, Ji, Ki, Li SM, IM, OM, and IOM of NU.
xm, um, ym State variables, inputs, and outputs of plant AR.
As, Bs, Cs SM, IM, and OM of plant AR.
xc, uc, yc State variables, inputs, and outputs of CS AR.
Es, Fs, Gs, Hs SM, IM, OM, and IOM of CS AR.
xd, ud, yd State variables, inputs, and outputs of NU AR.
Is, Js, Ks, Ls SM, IM, OM, and IOM of NU AR.
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xp, up, yp State variables, inputs, and outputs of whole
system.

Ap, Bp, Cp SM, IM, and OM of whole system.

Frequency-Domain Symbol

Ximh, Uimh, Yimh State variables, inputs, and outputs of
plant.

Aih,Bih, Cih SM, IM and OM of plant.
Xich, Uich, Yich State variables, inputs, and outputs of CS.
Eih,Fih,Gih,Hih SM, IM, OM and IOM of CS.
Xh, Uh, Yh State variables, inputs, and outputs of

whole system.
Ah,Bh, Ch SM, IM and OM of whole system.
Nm, Nc, Nh Modulation frequency matrix.

I. INTRODUCTION

GRID-CONNECTED inverter (GCI) is the interface device
between new energy power generation system and util-

ity grid, its characteristic analysis has always been a research
hotspot [1], [2]. At present, the power of high-power GCI
is generally several hundred kilowatts to several megawatts.
The three-level (TL) neutral-point-clamped (NPC) topology and
LCL-type filter are often used, and the switching frequency is
between 2 and 3.5 kHz [3], [4]. Under low-switching-frequency
(LSF) condition, the control loop, resonant peak of the LCL
filter and sideband harmonics generated by modulation are
coupled in mid-frequency band, which makes it difficult to
calculate and analyze the harmonic content and harmonic char-
acteristics of the inverter output current by traditional modeling
methods. Therefore, it is necessary to establish an accurate
mathematical model for LSF LCL GCI to complete the above
works.

At present, the models of LCL GCI are mainly divided
into the following two categories: single-frequency model and
multifrequency model. The single-frequency model refers to
the mathematical description of the relationship between the
input and output components of the same frequency in the
system. The state-space averaging (SSAV) model is a typical
single-frequency model. It uses the switching-period average
operator to convert the discrete system model into a continuous
model, and then obtains the linear time-invariant (LTI) model
of the system through the linearization method [5], [6], [7], [8],
[9]. The SSAV modeling method is easy. However, because it
only describes the relationship between the input and output
components of the same frequency in the system, it cannot
reflect the coupling between the input of a certain frequency and
the output of other frequencies. The multifrequency model is a
mathematical description of the relationship between the input
and output components of multiple frequencies in the system. It
mainly includes the generalized averaging (GA) model (i.e., dy-
namic phasor) and harmonic state-space (HSS) model. Among
them, the GA model is an improvement of the SSAV model. The
harmonic term e−jkω1T is added to the switching-period average
operator to obtain the generalized switching-period average

operator [10], [11], [12]. This new operator and linearization
method are used to deal with the discrete nonlinear system, and
then the GA model of the system is obtained. The GA model
is also widely used in power electronics. For example, it is
used for the modeling of the inverter-based microgrid system
under asymmetric fault [13], the modeling of GCI in the case of
unintentional island [14], and the accurate modeling of double
active bridges [15]. Because the GA model takes into account
multiple dominant frequencies of the system, it has higher accu-
racy than SSAV model. However, for LSF LCL GCI, it is difficult
to obtain its dominant frequencies due to harmonic coupling and
complex harmonic characteristics, therefore, its GA model is
difficult to accurately reflect its output harmonic characteristics.
The other multifrequency model is an HSS model. The biggest
difference between it and the first two modeling methods is,
the first two modeling methods are linearized at the steady-state
working point, while HSS model is linearized on the operating
trajectory, so it is a linear time-periodic (LTP) model. HSS
characterizes the input and output signals in the form of finite
harmonic components, respectively, and converts the periodic
variables in the time domain into constants in the frequency
domain through Fourier series, which is equivalent to building
a multiple-input multiple-output LTI model in the frequency
domain. So HSS model can reflect the coupling between the
input and output components of each frequency [16], [17], [18].
At present, the application of the HSS model in the power
electronic converter has been reported, such as the research on
accurate impedance modeling of modular multilevel converters
based on HSS [19], [20], [21], the research on HSS modeling and
stability of the dc–dc system [22], the research on HSS modeling
and harmonic stability of the LCL inverter system [23], [24],
[25], [26], [27], [28], [29], [30], [31], [32]. However, there are
still some deficiencies in the research on HSS modeling and
analysis of LSF LCL GCI. The following will summarize the
current relevant research.

In [23] and [24], the HSS model of LCL GCI based on dc
side voltage + output current control was established. The two
literatures analyzed the harmonic relationship between dc-side
voltage and ac-side current and between grid voltage and output
current of GCI. Kwon et al. [25] constructed the open-loop HSS
model of LCL GCI, and explained the influence of modulation
on inverter output through bode diagram of harmonic transfer
function (HTF). In [26], the influence of PLL on the system was
taken into account, the closed-loop HSS model of LCL GCI was
established, and the stability range of the system was estimated.
Chen et al. [27] established the closed-loop HSS model of
virtual synchronous generator, and analyzed the system stability
through eigenvalues. Kwon et al. [28] established the HSS model
for the back-to-back system, and analyzed its coupling relation-
ship between ac and dc sides. Taking five LCL GCIs as example,
the HSS model of the multi-inverter parallel system was built in
[29], and the influence of each-phase grid voltage harmonic on
the output current of each inverter was analyzed. At the applica-
tion level of HSS model, HSS modeling was used to address the
nonlinearity issue of the static var compensator coupling hybrid
active power filter, which enabled the linear-matrix-inequality



CAI et al.: RESEARCH ON HARMONIC STATE-SPACE MODELING AND CALCULATION ANALYSIS OF L-S-F 1005

based H� optimal control techniques [30]. Sun et al. [31] com-
pleted the harmonic calculation of output current through the
HSS model of GCI, to guide the design of control parameters.
In addition, Zhang et al. [32] also constructed the HSS model
of GCI, which was used for cyber-attack detection of inner cur-
rent controller in photovoltaic inverter. In the abovementioned
works, there are the following deficiencies in HSS modeling and
analysis. First, the existing work fails to thoroughly study the
modeling process and calculation and analysis methods of HSS
according to different application backgrounds. Second, under
LSF condition, the nonideal factors such as sampling/holding
(S/H) and control delay caused by digital control have a sig-
nificant impact on system output, which cannot be ignored.
However, the existing HSS model fails to include the above parts,
so the accuracy of the HSS model of LCL GCI needs to be further
improved.

Taking the LCL TL-NPC GCI commonly used in photovoltaic
system as the research object, the accurate HSS model consid-
ering the digitization impact and its calculation and analysis
methods are studied. First, the harmonic coupling phenomenon
and the necessity of considering the impact of digitization are
explained. Second, for the two calculation and analysis methods
of closed-loop HSS model of GCI (i.e., iterative calculation
method and frequency-domain analysis method), the methods
considering the nonideal factors, such as S/H and control delay
are proposed, respectively. Finally, the harmonic characteristics
of LSF GCI are analysed based on the proposed model and
method, and the effectiveness and accuracy of the calculation
and analysis methods of HSS model considering digitization
proposed in this article are verified by simulation and experi-
ment.

The contributions of this article are as follows. Two calcula-
tion and analysis methods of HSS model are studied in detail,
namely iterative calculation method and frequency-domain anal-
ysis method. Meanwhile, for different calculation and analysis
methods of HSS model, the methods considering the impact of
digitization are proposed, respectively.

1) An improved iterative-calculation-method of HSS model
considering the digitization impact and switching fre-
quency is proposed in this article. This method effectively
improves the calculation accuracy of inverter output har-
monics without increasing the complexity of the model.

2) A complete closed-loop HSS model of inverter including
S/H and control delay is established, which improves
the modeling process of HSS, facilitates the frequency-
domain analysis, and improves the accuracy of harmonic
characteristic analysis of LSF LCL GCI.

The rest this article is organized as follows. Section II intro-
duces the structure of GCI, and explains the harmonic coupling
phenomenon and the necessity of considering the digitization
impact. Section III is an overview of HSS model. Section IV
first introduces the basic HSS model of GCI, then studies two
calculation and analysis methods of HSS model, and proposes
the methods considering the digitization impact, respectively.
Sections V and VI are harmonic characteristic analysis and
simulation and experimental verification. Finally, Section VII
concludes this article.

II. DESCRIPTION OF GCI SYSTEM AND RELEVANT PROBLEMS

A. GCI System

The LCL TL-NPC GCI system based on grid-side-current-
feedback (GCF) PI + capacitor-current-feedback (CCF) active
damping (AD) is shown in Fig. 1. Use x to represent the midpoint
of three-phase bridge arm, i.e., x = a, b, c. C1 and C2 are the
dc side supporting capacitors, L1, L2, and C are the inverter-
side filter inductor, grid-side filter inductor, and filter capacitor,
respectively. Udc is the dc-side voltage, ugx, icx, iix, and igx are
three-phase grid voltage, capacitor current, inverter-side current,
and grid-side current, respectively.

B. Harmonic Coupling Phenomenon and HSS Modeling
Necessity

The output current spectrum of GCI can be divided into three-
frequency bands, namely low-frequency band, mid-frequency
band, and high-frequency band. Low-frequency band refers to
the area within the control bandwidth fb, which is the main work-
ing range of closed-loop control. High-frequency band refers to
the area above fsw/2, which mainly includes sideband harmonics
generated by modulation. Wherein, fsw is switching frequency.
The main function of filter is to filter out these harmonics. The
mid-frequency band refers to the area between fb and fsw/2,
mainly including the resonant peak of the LCL filter. During the
operation of the inverter, the current sampling signal is compared
with the reference, the error passes through PI controller to form
the modulation wave (voltage signal), and the low-frequency
harmonic content in the modulation wave will change under
the influence of closed-loop control. Next, in the pulsewidth
modulation (PWM) process, the modulation wave is compared
with the carrier wave to generate the pulse signal to control
the ON–OFF of the power switch. Then, the inverter outputs the
voltage pulse signal. It is obvious that the voltage pulse signal
contains not only the above low-frequency harmonics, but also
the sideband harmonics generated by PWM. Finally, the voltage
pulse signal becomes the current signal through LCL filter. At
the same time, the LCL filter filters out the high-frequency
harmonics in the voltage pulse signal and introduces the resonant
peak in the mid-frequency band. This process moves in circles
until the system enters the steady state, and the harmonic content
in the output current tends to be stable. The abovementioned
process will be further described below under different switching
frequencies in combination with Fig. 2.

When the switching frequency is high, the mid-frequency
band is wide, and the working range of closed-loop control and
filter is basically independent of each other. Harmonics affected
by closed-loop control and harmonics generated by PWM will
not enter the mid-frequency band. Therefore, even if the LCL
filter will introduce resonant peak in the mid-frequency band,
the resonant peak will not be coupled with the abovementioned
harmonics, which is easy to be suppressed by AD. When the
switching frequency is high, the harmonic characteristics in the
inverter system are shown in Fig. 2(a).

When the switching frequency becomes low, the mid-
frequency band becomes narrow, and the following two coupling
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Fig. 1. LCL TL-NPC GCI system.

Fig. 2. Harmonic characteristics in GCI system. (a) Under high switching frequency. (b) Under low switching frequency.

modes may occur during the operation of inverter. First, when the
resonant frequency of the LCL filter is relatively low, the resonant
peak may be coupled with the low-frequency harmonics and
amplify them. Second, when the resonant frequency of the LCL
filter is relatively high, the resonant peak will be coupled with
the sideband harmonics generated by PWM below the switching
frequency and amplify them. Under LSF condition, the harmonic
characteristics in the inverter system are shown in Fig. 2(b).

It can be seen, under LSF condition, the mid-frequency band
narrows and the boundary of the three-frequency bands is no
longer clear. The low-frequency harmonics under the impact of
closed-loop control and the sideband harmonics lower than the
switching frequency will enter mid-frequency area. Therefore,
under the amplification effect of the resonant peak, the content
and amplitude of harmonics in the mid-frequency band will
increase, which is difficult to suppress even if AD is added.

Therefore, the mid-frequency harmonic coupling under LSF is
very complex, which will greatly affect the output waveform
quality and system stability of the inverter. Obviously, the
single-frequency model cannot reflect the coupling relationship
between input and output harmonics. In addition, because the
dominant frequencies of GCI is difficult to know, the GA mod-
eling method is also difficult to complete the accurate modeling
and harmonic characteristic analysis of LSF GCI. However,
the core idea of HSS modeling is to express the input and
output of the system in the form of each harmonic component,
and convert periodic variables in the time domain into con-
stants in the frequency domain through series decomposition,
so as to construct the relationship between each input har-
monic and each output harmonic. Thus, establishing HSS model
is the best means to analyze the harmonic characteristics of
LSF GCI.
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C. Necessity to Consider the Impact of Digitization

Because the actual GCI system often adopts digital processor,
digital controller is also adopted accordingly. However, digital
control will inevitably introduce the control delay, which will
change the phase characteristics of the system and affect the
system stability. Especially under LSF condition, the problems
brought by digitization have a more significant impact on system
performance. This will be explained as follows. For the analog
control system, sampling is carried out at time k, and the control
signal and PWM pulse signal will also be updated at time k.
obviously, the closed-loop control and PWM signal update in
analog control are completed at the same time, so it has good
control effect. However, in digital control, because the opera-
tion of codes such as coordinate transformation and algebraic
calculation takes time, so the sampling is carried out at time k,
and the control signal will be updated at time (k+1) (the time
scale is the sampling period). We can find that since the control
signal is not updated in time at time k, the PWM signal is not
updated in time either. Hence, the PWM signal sent out at time k
is calculated by the closed-loop control at time (k−1), it indicates
that the digital control is “not timely.” Especially in LSF GCI,
the lower switching-frequency has already reduced the update
frequency of PWM signal, then limited the settling speed and
ability of inverter output, and greatly affected the inverter output
performance. If there is still existing control delay at this time,
the update of PWM signal will be more untimely, which will
further affect the inverter output performance. In conclusion,
the control delay cannot be ignored in the modeling work or
model calculation and analysis of LSF GCI.

III. HSS OVERVIEW

HSS model belongs to harmonic-domain model [33], and
is derived from the LTP model [34]. It converts periodic vari-
ables in time-domain model into constants in frequency domain
through Fourier series, which greatly avoids the complex calcu-
lation in time domain. The modeling process of HSS is divided
into the following six steps.

Step 1: use the linearization method to linearize the nonlinear
model. Assuming that all time-varying signals in the system
are periodic signals, construct the LTP model of the system,
as shown in the following equation:

{
ẋ(t) = A(t)x(t) +B(t)u(t)
y(t) = C(t)x(t) +D(t)u(t)

(1)

where x(t), u(t), and y(t) are state variables, inputs, and outputs
of the system, respectively. A(t), B(t), C(t), and D(t) are state
matrix, input matrix, output matrix, and input–output matrix of
the system, respectively.

Step 2: decompose state variables, inputs, and outputs in (1) into
Fourier series. First, decompose the state variable

x(t) = est
+∞∑

n=−∞
xne

jnω1t. (2)

In (2), the first part est (s = δ + jω) is the exponentially
modulated periodic (EMP) operator, and the second part is the
Fourier series expression, where xn is the Fourier coefficient, ω1

is the fundamental angular frequency. Because the Fourier series
decomposition can only reflect the steady-state characteristics of
the signal, in order to reflect the small transient characteristics of
the signal, the EMP operator is introduced. And the differential
form of the state variable is

ẋ(t) =

+∞∑
n=−∞

(jnω1 + s)xne
(jnω1+s)t. (3)

Meanwhile, the input and output are also expressed in the
form of (2), as follows:

u(t) = est
+∞∑

n=−∞
une

jnω1t, y(t) = est
+∞∑

n=−∞
yne

jnω1t. (4)

Step 3: decompose A(t), B(t), C(t), and D(t) by Fourier series

A(t) =
+∞∑

n=−∞
Ane

jnω1t, B(t) =
+∞∑

n=−∞
Bne

jnω1t

C(t) =
+∞∑

n=−∞
Cne

jnω1t, D(t) =
+∞∑

n=−∞
Dne

jnω1t.
(5)

Step 4: substitute (2)–(5) into (1), we can obtain
{
Ẋ(ω, t) = A(ω)⊗X(ω, t) +B(ω)⊗ U(ω, t)

Ẏ (ω, t) = C(ω)⊗X(ω, t) +D(ω)⊗ U(ω, t)
(6)

here, “�” represents convolution. Namely, we can use convo-
lution in frequency domain to replace multiplication in time-
domain model (1).

Step 5: simplify the convolution operation. Convolution opera-
tion is complex, in order to simplify it, convolution can be
obtained from frequency matrix (e.g., Toeplitz matrix). In
other words, the matrix containing periodic variables should
be expressed in the form of Toeplitz matrix in the frequency-
domain model, so that the convolution operation can be
simplified. Assuming that A(t) in time-domain model (1)
contains periodic variables, so matrix A should be expressed
in the Toeplitz matrix form A in frequency-domain model.
Thus, after simplifying the convolution operation, (6) can be
expressed as
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑+∞
n=−∞ (jnω1 + s)xne

jnω1t+st

=
∑+∞

n,m=−∞ An−mxmejnω1t+st

+
∑+∞

n,m=−∞ Bn−mumejnω1t+st∑+∞
n=−∞ yne

jnω1t+st =
∑+∞

n,m=−∞ Cn−mxmejnω1t+st

+
∑+∞

n,m=−∞ Dn−mumejnω1t+st

.

(7)
Step 6: simplify (7) according to the harmonic balance principle,

we can obtain{
(jmω1+s)Xn=

∑+∞
m=−∞ An−mXm+

∑+∞
m=−∞ Bn−mUm

Yn =
∑+∞

m=−∞ Cn−mXm +
∑+∞

m=−∞ Dn−mUm

(8)
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namely {
sXn = (An −N)Xn +BnUn

Yn = CnXn +DnUn
. (9)

Refer to [34] for the basic modeling theory of HSS. Where
Xn, Un, and Yn are the forms of harmonic components of state
variables, inputs, and outputs, respectively. For example, Yn =
…, Y−h, Y−h+1, …, Y−1, Y0, Y1, …, Yh−1, Yh. A is in the form
of Toeplitz matrix, as follows:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

A0 A−1 · · · A−h

A1 A0 A−1
. . . A−h

... A1 A0 A−1

...

Ah
. . . A1 A0 A−1

Ah · · · A1 A0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(10)

and N is the modulation frequency matrix

N = diag
( · · · −2jω1 −jω1 0 jω1 2jω1 · · · ) . (11)

In addition, it should be noted that the outputs calculated by
(9) are frequency-domain results. They can be transformed into
time-domain results by the following equation:

y(t) = T (t)Yn. (12)

Where in

T (t)=
[
e−jhω1t · · · e−j2ω1t e−jω1t 1 ejω1t ej2ω1t · · · ejhω1t

]
.

(13)

IV. METHODS OF CONSIDERING DIGITIZATION IMPACT UNDER

TWO CALCULATION AND ANALYSIS METHODS OF HSS MODEL

Facing the complex HSS model, it is very necessary to select
the appropriate calculation and analysis method according to
the research purpose. However, the current relevant literatures
fail to conduct a thorough and detailed study on the modeling
process, calculation and analysis methods of HSS according to
different application backgrounds and research purposes. Based
on this, this article studies two calculation and analysis methods
of the HSS model, namely iterative calculation method and
frequency-domain analysis method. The two calculation and
analysis methods of the HSS model and their applications will
be described as follows.

The iterative calculation method of the HSS model only needs
to independently construct the HSS model of each part of GCI
system, including the HSS model of closed-loop control, HSS
model of main circuit (i.e., plant), etc. There is no need to
integrate the HSS models of all parts into a whole, just assign
corresponding initial values to each state variable and system
input, and iteratively calculate the HSS model of each part in
order. The iterative calculation method of HSS model can be
used to replace the circuit simulation, to accurately calculate the
harmonic components of inverter state variables, and can more
intuitively reflect the system dynamic characteristics.

The frequency-domain analysis method of HSS model needs
to integrate the HSS models of all parts of GCI system. In this
way, the whole GCI system is finally expressed by a complete

HSS model. Therefore, the HTF of the system can be easily
obtained, and then the stability and rapidity of the system can
be analyzed by frequency-domain analysis means, such as bode
diagram, Nyquist diagram, and pole map.

As mentioned in Section I, the current relevant research fails
to take into account the impact of digitization on the system.
However, under LSF condition, the impact of digitization on
system output is more significant and cannot be ignored (men-
tioned in Section II-C). Therefore, this section first describes the
establishment process of the basic HSS model of the LCL GCI
system. Then, under different calculation and analysis methods
of the HSS model, two different methods considering the impact
of digitization are proposed.

A. Basic HSS Model of LCL GCI

1) Main Circuit Model: First, starting with the single-phase
LCL GCI, the nonlinear time-periodic model of the main circuit
is ⎡

⎢⎢⎣
i̇i(t)

i̇g(t)
u̇c(t)
u̇dc(t)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 −1/L1 0
0 0 1/L2 0

1/C −1/C 0 0
s(t)/Cdc 0 0 −1/(RdcCdc)

⎤
⎥⎥⎦

×

⎡
⎢⎢⎣
ii(t)
ig(t)
uc(t)
udc(t)

⎤
⎥⎥⎦

+

[
udc(t)/(2L1) 0 0 0

0 −1/L2 0 0

]T [
s(t)
ug(t)

]

ig(t) =
[
0 1 0 0

] [
ii(t) ig(t) uc(t) udc(t)

]T
(14)

here, superscript “T” represents the transpose matrix. According
to linearization theory, we can obtain{

udc(t)s(t) = Udc � s(t) + S � udc(t)
ii(t)s(t) = Ii � s(t) + S � ii(t)

(15)

where “�” represents the deviation. Therefore, the linearized
model of the main circuit is⎡

⎢⎢⎣
� i̇i(t)

� i̇g(t)
� u̇c(t)
� u̇dc(t)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 −1/L1 S/(2L1)
0 0 1/L2 0

1/C −1/C 0 0
S/Cdc 0 0 −1/(RdcCdc)

⎤
⎥⎥⎦

×

⎡
⎢⎢⎣
� ii(t)
� ig(t)
�uc(t)
�udc(t)

⎤
⎥⎥⎦

+

[
Udc/2L1 0 0 Ii/Cdc

0 −1/L2 0 0

]T [
�s(t)
�ug(t)

]

� ig(t) =
[
0 1 0 0

] [
� ii(t) � ig(t) �uc(t) �udc(t)

]T
.

(16)

Next, the linearized model of single-phase LCL GCI is ex-
tended to three-phase system. The state variables, inputs, and
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outputs of the main circuit of three-phase LCL GCI is

Δxim =
[
� iia(t) � iib(t) � iic(t) � iga(t) � igb(t)

� igc(t) � uca(t) � ucb(t) � ucc(t) � udc(t)
]T

Δuim =

[
� sa(t) � sb(t) � sc(t)
� uga(t) � ugb(t) � ugc(t)

]T

Δyim =
[
� iga(t) � igb(t) � igc(t)

]T
.

Then, the linearized model of the main circuit of three-phase
LCL GCI is{

Δẋim(t) = Ai(t)Δxim(t) +Bi(t)Δuim(t)
Δyim(t) = Ci(t)Δxim(t)

(17)

where the expressions of matrices Ai(t), Bi(t), and Ci(t) are
shown in (A1) of the Appendix.

2) Control System Model: The LCL GCI studied in this arti-
cle adopts GCF PI + CCF AD. Suppose{

Δėd(t) = Δi∗gd(t)−Δigd(t)

Δėq(t) = Δi∗gq(t)−Δigq(t)
(18)

where the superscript “∗” represents the reference. Let the state
variables, inputs, and outputs of the control system are

Δxic(t) =
[
Δed(t) Δeq(t)

]T
Δuic(t) =

[
Δi∗ga(t) Δi∗gb(t) Δi∗gc(t) Δiia(t) Δiib(t)

Δiic(t) Δiga(t) Δigb(t) Δigc(t)
]T

Δyic(t) =
[
Δsa(t) Δsb(t) Δsc(t)

]T
.

Then, the state-space equation of the control system is{
Δẋic(t) =Ei(t)Δxic(t) + Fi(t)Δuic(t)
Δyic(t) = Gi(t)Δxic(t) +Hi(t)Δuic(t)

(19)

where the expressions of Ei(t), Fi(t), Gi(t), and Hi(t) are shown
in (A2) of the Appendix.

3) Basic HSS Model of LCL GCI: According to the modeling
process of HSS in Section III, combined with (17) and (19), HSS
models of the main circuit and control system are{

Ẋimh= (Aih −Nm)Ximh + BihUimh

Yimh = CihXimh
(20)

{
Ẋich= (Eih −Nc)Xich + FihUich

Yich = GihXich +HihUich
. (21)

The state variables, inputs, and outputs in (20) and (21) are in
the form of harmonic components of state variables, inputs, and
outputs in (17) and (19). Assuming that the truncation number
is r, so the form of the state variable matrix Ximh is

Ximh =[
� iia_−r∼r � iib_−r∼r � iic_−r∼r � iga_−r∼r � igb_−r∼r

� igc_−r∼r � uca_−r∼r � ucb_!−r∼r � ucc_−r∼r � udc_−r∼r

]T
where

Δiia_−r∼r =
[
Δiia_−r Δiia_−(r−1) · · · Δiia_0]T

The forms of other state variables, inputs, and outputs are
similar, and the dimensions of frequency modulation matrices
Nm and Nc are the same as matrices Aih and Eih, respectively.
Since the elements in the matrices Cih and Eih are constants, the
form of Cih is shown in (22), and the form of Eih is similar

Cih = diag
(
Ci_−r · · · Ci_−1 Ci0 Ci_1 · · · Ci_r

)
. (22)

However, since Aih,Bih,Fih,Gih, and Hih contain periodic
variables such as switching function, inverter-side current, and
Park transformation, the abovementioned matrix needs to be
expressed in the form of Toeplitz matrix, as shown in (10).

B. Method Considering the Impact of Digitization Under
Iterative Calculation Method

The traditional iterative calculation process of the HSS model
is as follows. First, set the initial values of the state variables
of control system (21), set the reference. Meanwhile, in the
plant (20), set the initial values of the state variables and the
switching function Sx, set the grid voltage. Here, the initial value
of Sx is calculated by double Fourier series, so the modulation
strategy will affect the distribution and content of the initial value
of sideband harmonics lower than the switching frequency. At
LSF, the abovementioned sideband harmonics will be coupled
with other harmonics in the mid-frequency region. Therefore,
the current harmonic content in the mid-frequency region will
be affected by the modulation strategy. Then, calculate the
complete response of (21) and update the state variables. Fi-
nally, take the output signal of the control system and the grid
voltage signal as the inputs of the plant (20), calculate the
complete response of (20) and update its state variables. At
the same time, update the feedback signal required by (21).
Repeat the abovementioned process to complete the iteration. It
is obvious that the abovementioned traditional iterative-process
does not take into account the impact of switching frequency,
S/H, and control delay on system characteristics. Therefore,
there is some deviation between the results obtained from the
traditional iterative-calculation-process of HSS model and the
circuit simulation, which cannot completely replace the circuit
simulation results. Based on this problem, the iterative process of
HSS model is improved in this article. The iterative calculation
process of the HSS model considering the digitization impact
and switching frequency proposed in this article is shown in
Fig. 3. The following is the specific description of Fig. 3.

First, the sampling period Ts of the system is reflected by
setting the time length of the complete response process of
solving the differential equation, that is, to solve the complete re-
sponse of the differential equation within Ts. This improvement
is reflected by steps s2 and s5 in Fig. 3.

Second, the switching frequency of the system is reflected by
setting the update frequency of the input signal Uimh of plant
(20). Here, Uimh includes switching function sx. This improve-
ment is reflected by steps s3, s4, and s8 in Fig. 3. The part in the
dotted box in Fig. 3 is completed in one sampling period, that is,
the sampling period is the unit time length in the iterative process.
Meanwhile, the switching frequency is the update frequency of
the PWM signal, that is, the update frequency of the switching
function. It can be seen, the switching function can be updated
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Fig. 3. Iterative calculation process of HSS model considering digitization
impact and switching frequency.

the update frequency of the switching function is fsw. In this way,
the switching frequency is reflected in the iterative process.

Finally, use the Yich calculated in the previous sampling period
to update the input Uimh of s5, so as to reflect the one-beat
control delay. This improvement is reflected by steps s5 and s6
in Fig. 3. According to the closed-loop control process of GCI,
theoretically, the output signal calculated in step s2 is the input
of the differential (20) in step s5. However, in the design idea of
Fig. 3, the output signal Yich (including the switching function
sx) of step s2 is not immediately assigned to the input signal
Uimh of s5. Instead, execute s5 first, and then update the input
Uimh of s5. It can be found, when the input Uimh of s5 needs to
be updated, the Yich calculated in the previous sampling period
is used to update Uimh, so the simulation of one-beat control
delay is realized.

In the following, an example will be given to illustrate the
improved iterative-process considering the digitization impact
and switching frequency. Suppose fsw = 2 kHz, fs = 6 kHz.

Within first Ts: Execute s1, s2, s5, s6, s7, s8, s9, and s10. The
input of s5 is Uimh0. After execution, U ′

imh = Uimh1, count
= 1.

Within second Ts: Execute s2, s5, s6, s7, s8, s9, and s10. The
input of s5 is Uimh0. After execution, U ′

imh = Uimh2, count
= 2.

Within third Ts: Execute s2, s5, s6, s7, s8, s9, and s10. The input
of s5 is Uimh0. After execution, U ′

imh = Uimh3, count = 3.
Within fourth Ts: Execute s2–s10. The input of s5 is Uimh3.

After execution, U ′
imh = Uimh4, count = 1.

Within fifth Ts: Execute s2, s5, s6, s7, s8, s9, and s10. The input
of s5 is Uimh3. After execution, U ′

imh = Uimh5, count = 2.
Within sixth Ts: execute s2, s5, s6, s7, s8, s9, and s10. The input

of s5 is Uimh3. After execution, U ′
imh = Uimh6, count = 3.

Within seventh Ts: execute s2–s10. The input of s5 is Uimh6.
After execution, U ′

imh = Uimh7, count = 1.

……
In the abovementioned example, Uimh (including switching

function sx) is updated every three Ts, that is, the switching
function sx is updated every Tsw, reflecting the consideration of
switching frequency. Meanwhile, every time the input Uimh of
s5 is updated, Yich calculated in the previous sampling period
is used to update Uimh, which reflects the control delay of one
beat.

C. Method Considering the Impact of Digitization Under
Frequency-Domain Analysis Method

A complete closed-loop HSS model of GCI needs to be con-
structed under the frequency-domain analysis method. There-
fore, it is necessary to use the corresponding state-space model
to represent S/H and control delay, and need to merge the
state-space equations of nonideal unit, main circuit, and closed-
loop control system. The construction process of the complete
HSS model of GCI considering the digitization impact will be
described as follows. Since the linearized models of main circuit
and control system have been described in Section IV-A, the
state-space model of non-ideal unit and the complete HSS model
of the whole system will be mainly described as follows.

In digital control system of GCI, the sampling switch and
holder exist at the same time, the expression of S/H is

Gs&h(s) = e−0.5sTs . (23)

The mathematical expression of one-beat control delay is

Gc(s) = e−sTs . (24)

The first-order Pade approximation is used to approximate
the delay in (23) and (24). The expression of the first-order Pade
approximation is

e−ads ≈ 1− ads

1 + ads
. (25)

Thus, it can be obtained from (23) to (25)⎧⎨
⎩

ad = 0.25Ts, consider S/H only
ad = 0.5Ts, consider control delay only
ad = 0.75Ts, consider S/H and control delay

. (26)

It can be seen that whether only S/H or control delay or all the
abovementioned units are considered, they can be represented
by a general model. Here, let the state variables, inputs, and
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outputs of nonideal unit be

Δxid(t) =
[
Δxidd(t) Δxidq(t)

]T
Δuid(t) =

[
Δs1d(t) Δs1q(t)

]T
Δyid(t) =

[
� sa(t) � sb(t) � sc(t)

]T
.

So the model of nonideal unit is{
Δẋid(t) =Ii(t)Δxid(t) + Ji(t)Δuid(t)
Δyid(t) = Ki(t)Δxid(t) + Li(t)Δuid(t)

(27)

where the expressions of Ii(t), Ji(t), Ki(t), and Li(t) are shown
in (A3) of the Appendix.

In order to facilitate the construction of the complete HSS
model of the system, the state-space model of control system,
nonideal unit, and main circuit will be reconstructed as follows.

First, the control system model is reconstructed according to
(19) as follows:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Δẋc(t) =Es(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦+ Fs(t)Δuc(t)

Δyc(t) = Gs(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦+Hs(t)Δuc(t)

(28)

where

Δxc(t) = Δxic(t),

Δuc(t) =
[
Δi∗ga(t) Δi∗gb(t) Δi∗gc(t)

Δuga(t) Δugb(t) Δugc(t)
]T

Δyc(t) =
[
Δs1d(t) Δs1q(t) Δugd(t) Δugq(t)

]T
.

Second, according to (27), the model of the non-ideal unit is
reconstructed as follows:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Δẋd(t) =Is(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦+ Js(t)Δud(t)

Δyd(t) = Ks(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦+ Ls(t)Δud(t)

(29)

where

Δxd(t) = Δxid(t), Δud(t) = Δyc(t)

Δyd(t) =
[
Δsa(t) Δsb(t) Δsc(t)

Δuga(t) Δugb(t) Δugc(t)
]T

.

Finally, according to (17), the main circuit model is recon-
structed as follows:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Δẋm(t) =As(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦+Bs(t)Δum(t)

Δym(t) = Cs(t)

⎡
⎣� xim(t)
� xic(t)
� xid(t)

⎤
⎦

(30)

where

Δxm(t) = Δxim(t),Δum(t) = Δyd(t)

Δym(t) = Δyim(t).

Combining (28)–(30), the linearized model of LCL GCI based
on GCF PI + CCF AD and considering the digitization impact
can be obtained{

Δẋp(t) =Ap(t)Δxp(t) +Bp(t)Δup(t)
Δyp(t) = Cp(t)Δxp(t)

(31)

where

Δxp(t)=

⎡
⎣Δxm(t)
Δxc(t)
Δxd(t)

⎤
⎦ , Δup(t)=Δuc(t), Δyp(t) = Δym(t)

Ap=

⎡
⎣As(t) +Bs(t)[Ks(t) + Ls(t)Gs(t)]

Is(t) + Js(t)Gs(t)
Es(t)

⎤
⎦

Bp =

⎡
⎣Bs(t)Ls(t)Hs(t)

Js(t)Hs(t)
Fs(t)

⎤
⎦ , Cp =

[
Cs(t) Z1×2 Z1×2

]
.

The expressions of As(t), Bs(t), Cs(t), Es(t), Fs(t), Gs(t), Hs(t),
Is(t), Js(t), Ks(t), and Ls(t) are shown in (A4), (A5), and (A6) of
Appendix A.

Finally, according to HSS modeling process in Section III, the
complete HSS model of LCL GCI based on GCF PI + CCF AD
and considering digitization impact can be obtained from (31),
namely {

Ẋh= (Ah −Nh)Xh + BhUh

Yh = ChXh
(32)

where the expression forms of each matrix and variables can
refer to Section IV-A, which will not be repeated here. The
closed-loop HTF of GCI can be obtained from (32), namely

GHTF = Ch[sI − (Ah −Nh)]
−1Bh. (33)

V. CHARACTERISTIC ANALYSIS AND SIMULATION

VERIFICATION

This article will focus on the analysis and verification of
the harmonic gain diagrams and pole maps of igx/i

∗
gx and

igx/ugx. This article does not involve the research on the dc side
because of the limited length, thus, it is assumed that the dc
side is an ideal voltage source. If it is necessary to analyse the
characteristics between dc side and ac side, it can be achieved
by applying disturbance to dc-side voltage. In this section, the
system characteristic analysis and simulation verification will
be completed under two groups of system parameters. The
system parameters are shown in Tables I and II. Among them,
Table I shows the system parameters commonly used by the
centralized photovoltaic GCI. However, due to the large power
of the inverter, it is difficult to meet the laboratory conditions, so
Table II is added to complete the corresponding experimental
verification. This section will complete the following works
under two groups of system parameters. First, the accuracy of
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TABLE I
SYSTEM PARAMETER I

TABLE II
SYSTEM PARAMETER II

the proposed iterative-calculation-method of HSS model con-
sidering digitization impact and switching frequency is verified.
Second, based on the proposed inverter complete-HSS-model
considering the digitization impact, the harmonic characteristics
and stability of GCI are analyzed by frequency-domain analysis
methods, and the necessity of considering the impact of digiti-
zation is explained.

As described in Section II, in the LSF system, the harmonic
coupling occurs in the mid-frequency region, however, there
are only sideband harmonics generated by modulation in the
region higher than the switching frequency. Therefore, the har-
monic characteristics within the switching frequency are more
complex, which should be analyzed in detail. In the following
content, this article focuses on the GCI with switching frequency
of 2 kHz, so the truncation number of HSS model is set to 40.
Here, one point needs to be explained. In Section V-A, the nu-
merical simulation of 5 kHz GCI is introduced as a comparison.
When fsw is 5 kHz, the inverter output harmonics are mainly
low-frequency harmonics, thus, the inverter HSS model with the
truncation number of 40 can also basically reflect the harmonic
characteristics of 5 kHz GCI.

A. Accuracy Verification of Iterative Calculation Method of
HSS Model Considering Digitization Impact and Switching
Frequency

Under different system parameters and switching frequen-
cies, the dynamic waveforms of grid-side current obtained by
different ways are shown in Figs. 4 and 5. Among them, the
solid line represents the waveform obtained by Simulink circuit
simulation under digital control (including S/H and control
delay); the dotted line represents the waveform obtained by
SSAV model and traditional iterative-method; the dash line
represents the waveform obtained by HSS model and traditional
iterative-method; the dash dot line represents the waveform

obtained by HSS model and the iterative-method considering
digitization impact and switching frequency.

First, combining Figs. 4 and 5, the dynamic waveform cal-
culated by SSAV model has large error compared with other
waveforms. It can only reflect the characteristics of fundamental
component (i.e., the dc component in the rotating coordinate
system) of grid-side current and cannot reflect the characteris-
tics of other harmonic components. Thus, the limitation of the
single-frequency model is verified. That is, it can only calculate
the amplitude of the output signal with the same frequency as the
reference signal, it is difficult to calculate the content of other
output harmonics.

Next, in Figs. 4(a) and 5(a), the dynamic waveforms obtained
by HSS model and different iterative-calculation-methods are
compared. It can be seen that in the case of high switching
frequency, the impact of digitization on the system is not very
significant. Therefore, under high switching frequency, the har-
monic components of grid-side current calculated by the tradi-
tional iterative-method based on the HSS model is also accurate.

Finally, in Figs. 4(b) and 5(b), the dynamic waveforms ob-
tained by HSS model and different iterative-calculation-methods
are compared. It is obvious that when the switching frequency
is low, the dynamic waveform calculated by HSS model and the
proposed iterative-method is more consistent with the Simulink
circuit simulation waveform. It shows that when the switching
frequency is low, the impact of digitization on system harmonic
characteristics is great and cannot be ignored.

In conclusion, compared with the SSAV model, the HSS
model can calculate each harmonic component of state variables.
Under LSF condition, digitization has a great impact on the
output harmonic characteristics of the system. Therefore, in
the process of calculation and analysis of the HSS model, it is
necessary to consider the influence of digitization and switching
frequency on system characteristics. At the same time, through
the abovementioned comparative analysis, it can be seen, no
matter in the dynamic process or in the steady-state process, the
HSS iterative-calculation-method considering the digitization
impact and switching frequency proposed in this article is very
accurate.

B. Frequency-Domain Analysis Based on Complete HSS
Model of GCI

In the following characteristic analysis and simulation analy-
sis, the switching frequency of LCL GCI is 2 kHz.

1) Frequency-Domain Analysis Under System Parameter Ⅰ:
a) Characteristic Analysis Based on Harmonic Gain Di-

agram: The harmonic gain diagram is obtained from bode di-
agrams between the input and output components of all fre-
quencies of the system. First, bode diagrams of HTF of the
closed-loop system are drawn according to (33), and then the
low-frequency gains of all bode diagrams are extracted to obtain
the harmonic gain diagrams. Based on the complete HSS model
of GCI including S/H and control delay established in this article,
the harmonic gain diagrams of iga/i∗ga and iga/uga are shown in
Fig. 6. Among them, Fig. 6(a) and (b) is the harmonic gain
diagrams between the input and output of the same frequency of
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Fig. 4. Dynamic waveforms of grid-side current obtained by different methods under system parameter Ⅰ. (a) fsw = 5 kHz. (b) fsw = 2 kHz.

Fig. 5. Dynamic waveforms of grid-side current obtained by different methods under system parameter II. (a) fsw = 5 kHz. (b) fsw = 2 kHz.

Fig. 6. Harmonic gain diagrams of GCI considering the impact of digitization. (a) Uncoupled term of iga/i∗ga. (b) Coupled term of iga/i∗ga. (c) iga/uga.
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Fig. 7. Simulink circuit simulation waveforms and spectrums. (a) Under ideal grid. (b) Inject 5% seventh harmonic into grid. (c) Inject 4% 20th harmonic into
grid.

iga/i
∗
ga, and the harmonic gain diagram between the input and

output of different frequencies of iga/i∗ga, respectively. As can be
seen from Fig. 6(a), the gain between the input and output of the
same frequency attenuates to 0.7 at the 14th harmonic, indicating
that the system control bandwidth is approximately 700 Hz.
It is obvious that the information reflected in Fig. 6(a) is the
information reflected by the inverter closed-loop bode diagram
based on the SSAV model. As for Fig. 6(b), it contains non-
diagonal information, namely coupling information. It shows
that the established model can clearly reflect the relationship
between the reference and the output harmonic components.
Fig. 6(c) shows the harmonic gain diagram of iga/uga. It can
be seen from the figure, there is no harmonic coupling between
the grid-side current and the grid voltage in the same phase.
Namely, the harmonics in the grid will only affect the output
current component with the same frequency. The accuracy of
Fig. 6 will be verified by Simulink circuit simulation results as
follows.

Fig. 7 shows the Simulink simulation waveforms and spec-
trums of grid-side current. Here, the circuit simulation is based
on digital control, including S/H and control delay modules. In
the ideal grid, it can be seen from Fig. 7(a), the spectrum obtained
by circuit simulation is basically consistent with the analytical
results in the red box of Fig. 6(b). This shows that the complete
HSS model considering digitization impact proposed in this
article is accurate. Based on Figs. 6(b) and 7(a), the necessity
of HSS modeling for LSF GCI will be explained by the way.
When the switching frequency is 2 kHz, the sideband harmonics
generated by modulation and lower than the switching frequency
are 18th, 20th, 24th, 26th, 30th, 32nd, 36th, and 38th harmonics.
If there is no harmonic coupling, the sideband harmonics can be
obtained by double Fourier series. Thus, according to (7) and
(9) in [35], the ratio of the abovementioned sideband harmonics
to the fundamental wave is as follows: 0.0015, 0.0027, 0.0055,
0.0027, 0.0021, 0.0024, 0.0074, and 0.0034. But from Figs. 7(a)
and 6(b), the ratio of the abovementioned sideband harmonics
to the fundamental wave is actually: 0.0017, 0.0030, 0.0045,
0.0054, 0.0035, 0.0020, 0.0086, and 0.0031. Obviously, there
are great differences between the two groups of data correspond-
ing to 20th, 26th, 30th, and 36th harmonics. This is caused
by harmonic coupling. It illustrates that under LSF, the side-
band harmonics below the switching frequency enters the mid

frequency region and is coupled with the resonant peak, even
with the control loop, which affects the amplitude of these
harmonics. It can be seen, it is difficult to reflect the actual
amplitude of these sideband harmonics by double Fourier series
under this condition. Therefore, HSS model should be used to
analyze the output harmonic characteristics of inverter under
LSF, which proves the correctness of the theoretical analysis in
Section II-B.

Fig. 7(b) shows the inverter output waveforms and spectrum
after injecting 5% seventh harmonic into the grid (ug_7_peak =
12.85 V). After injecting the harmonic, the seventh harmonic in
the grid-side current increases by 2.52%, so �iga_7/�uga_7 is
0.5099, which is basically consistent with the result in Fig. 6(c).
Finally, injecting 4% 20th harmonic (ug_20_peak = 10.28 V) into
the grid, and the inverter output waveform and spectrum are
shown in Fig. 7(c). It can be seen, the 20th harmonic of the grid-
side current increases by 1.73%, so �iga_20/�uga_20 is 0.4375,
which is also basically consistent with the result in Fig. 6(c). The
abovementioned analysis results show that the complete HSS
model of GCI considering the impact of digitization proposed
in this article is accurate.

b) Characteristic Analysis Based on Pole Map: In this part
and Section V-B2b, the poles are calculated from the closed-loop
HTF shown in (33). Therefore, the stability analysis in these
two sections belongs to BIBO stability analysis, that is, external
stability analysis.

Under the system parameters shown in Table I, the pole maps
between the reference and each output harmonic are shown in
Fig. 8. From Fig. 8(a), there are five groups of poles in the system
based on HSS model without considering digitization impact.
Among them, the red marks are the central poles, namely,
the poles corresponding to the transfer function between the
reference signal and the output current of the same frequency,
also namely, the poles obtained based on SSAV model. The
other poles are symmetrical about the central poles, they are
the poles corresponding to the transfer function between other
current components and the reference signal. Obviously, all
poles are on the left half plane, indicating that the system is
stable. Fig. 8(b) is the pole map obtained from the complete
HSS model proposed in this article. It can be seen, after con-
sidering the impact of digitization, a group of poles close to
the imaginary axis is introduced into the system. This group
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Fig. 8. Pole maps. (a) Based on HSS model without considering digitization impact. (b) Based on HSS model considering digitization impact.

Fig. 9. Pole maps when kp is increased to 2.7. (a) Based on HSS model without considering digitization impact. (b) Based on HSS model considering digitization
impact.

Fig. 10. Simulink circuit simulation waveforms and current spectrums when kp is increased to 2.7. (a) Waveforms. (b) Spectrum at 0.05 s. (c) Spectrum at 0.14 s.

of poles affects the stability and output characteristics of the
system, but Fig. 8(b) still shows that the system is stable. The
analysis result is consistent with the circuit simulation result
in Fig. 7(a).

When kp increases to 2.7, the pole maps between the reference
and each-frequency output component are shown in Fig. 9.
The corresponding circuit simulation waveforms and current
spectrums are shown in Fig. 10. First, it can be seen from
Fig. 10, the output current of the inverter is divergent. From
spectrums at 0.05 s and 0.14 s, the fundamental current is stable,
but the harmonics more than 15th diverge rapidly. Next, the pole
maps shown in Fig. 9 are analyzed. From Fig. 9(a), in the pole
map obtained without considering the impact of digitization, the
central poles are located in the left half plane, that is, the poles of
the inverter system based on the SSAV model are located in the
left half plane. This shows that the fundamental output is stable,
which is consistent with the phenomenon reflected in Fig. 10.
By observing the other poles in Fig. 9(a), the 15th–28th poles
in the third group of poles are located in the right half plane,

indicating that these output harmonics are unstable. This analy-
sis result has been able to reflect some harmonic characteristics
in Fig. 10, but it is still not comprehensive. Finally, Fig. 9(b) is
analyzed. After considering the impact of digitization, all central
poles are still located in the left half plane, indicating that the
fundamental output is still stable, which is consistent with the
phenomenon in Fig. 10. By observing the other poles in Fig. 9(b),
the 16th–37th poles in the second group of poles are located in
the right half plane, so these output harmonics are unstable. This
analysis result is highly consistent with harmonic characteristic
in Fig. 10.

The following conclusions can be obtained from the com-
parative analysis of Figs. 9 and 10. First, the SSAV model can
only reflect the characteristics of the output component with the
same frequency as the reference, but cannot reflect the harmonic
characteristics of the system. Therefore, using SSAV model to
analyze system characteristics is not comprehensive. Especially
for the system with harmonic instability such as Fig. 10, the
analysis results based on SSAV model deviate from the actual
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Fig. 11. Harmonic gain diagrams of GCI considering the impact of digitization. (a) Uncoupled term of iga/i∗ga. (b) Coupled term of iga/i∗ga. (c) iga/uga.

Fig. 12. Simulink circuit simulation waveforms and spectrums. (a) Under ideal grid. (b) Inject 5% seventh harmonic into grid. (c) Inject 4% 20th harmonic into
grid.

Fig. 13. Pole maps. (a) Based on HSS model without considering digitization impact. (b) Based on HSS model considering digitization impact.

system characteristics. Second, compared with the SSAV model,
the HSS model can reflect the harmonic characteristics of each
output component. Third, in the LSF GCI system, the impact of
digitization cannot be ignored. Thus, it is necessary to consider
the impact of digitization in order to further improve the accuracy
of the HSS model. Fourth, the complete HSS model of GCI
considering the impact of digitization proposed in this article
has high accuracy.

2) Frequency-Domain Analysis Under System Parameter Ⅱ:
The frequency-domain analysis method of GCI under sys-
tem parameter II is similar to that under system parameter I.
Therefore, the frequency-domain analysis under system param-
eter II will be briefly described as follows.

a) Characteristic Analysis Based on Harmonic Gain Dia-
gram: Fig. 11(a) and (b) is the harmonic gain diagrams between
the input and output of the same frequency of iga/iga∗, and

the harmonic gain diagram between the input and output of
different frequencies of iga/iga∗, respectively. Fig. 11(a) reflects
the uncoupled information of the GCI system. It can be seen that
the gain between the input and output components of the same
frequency attenuates to 0.7 at the tenth harmonic, indicating that
the control bandwidth of the system is about 500 Hz. Fig. 11(b)
reflects the coupling information of the system. The relationship
between the reference and each-frequency output is focused on
by this article. Fig. 11(c) shows the harmonic gain diagram of
iga/uga. It is obvious that the grid harmonics will only affect the
current components with the same frequency in that phase. The
accuracy of Fig. 11 will be verified by the circuit simulation
results as follows.

Fig. 12 shows the Simulink simulation waveforms and spec-
trums of grid-side current. Under the ideal grid, the spectrum
data in Fig. 12(a) and that in the red box of Fig. 11(b) are
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Fig. 14. Pole maps when kp is increased to 10. (a) Based on HSS model without considering digitization impact. (b) Based on HSS model considering digitization
impact.

Fig. 15. Simulink circuit simulation waveforms and current spectrums when kp is increased to 10. (a) Waveforms. (b) Spectrum at 0.05 s. (c) Spectrum at 0.14 s.

Fig. 16. Experimental platform.

basically consistent. This indicates that the HSS model con-
sidering the impact of digitization proposed in this article can
accurately reflect the relationship between the reference and
each output component. Similar to Section V-B1, in the small
power system, the necessity of HSS modeling for LSF GCI is
explained. When fsw = 2 kHz, the sideband harmonics below the
switching frequency are 18th, 20th, 24th, 26th, 30th, 32nd, 36th,
and 38th harmonics. If there is no harmonic coupling, the ratio
of the abovementioned sideband harmonics to the fundamental
current can be obtained by double Fourier series (see [35, eqs.
(7)–(9)]) as follows: 0.0003, 0.0003, 0.0057, 0.0005, 0.0003,
0.0003, 0.0009, and 0.0033. However, from Figs. 12(a) and
11(b), the ratio of the abovementioned sideband harmonics to
the fundamental current is actually: 0.0008, 0.0017, 0.0011,
0.0026, 0.0022, 0.0046, 0.0094, and 0.0026. Obviously, due
to the harmonic coupling in the actual GCI system, the series
decomposition results corresponding to 20th, 24th, 26th, 30th,
32nd, and 36th harmonics are quite different from the actual data.

Therefore, it is difficult to reflect the amplitude of sideband har-
monics below the switching frequency by using double Fourier
series under LSF. The HSS model is needed to analyze the output
harmonic characteristics of the inverter. The abovementioned
phenomenon proves the correctness of the theoretical analysis
in Section II-B and is consistent with the analysis results in
Section V-B1a.

Fig. 12(b) and (c), respectively, shows the output waveforms
and current spectrums after injecting 5% seventh harmonic
(ug_7_peak = 2.1 V) and 4% 20th harmonic (ug_20_peak =
1.68 V) into the grid. After 5% of the seventh harmonic is
injected in the grid, the seventh harmonic in the grid-side current
increases by 1.5%, so �iga_7/�uga_7 is 0.071. After 4% of the
20th harmonic is injected in the grid, the 20th harmonic in the
grid-side current increases by 0.65%, so �iga_20/�uga_20 is
0.039. The above data are basically consistent with the analytical
result in Fig. 11(c). The abovementioned analysis indicates that
the complete HSS model considering the impact of digitization
proposed in this article is accurate.

b) Characteristic Analysis Based on Pole Map: Under the
system parameters shown in Table II, the pole maps between
the reference and each-frequency output harmonic are shown
in Fig. 13. From Fig. 13(a), when the impact of digitization is
not considered, all poles of the system are on the left half plane,
indicating that the system is stable. When adopting the complete
HSS model considering the impact of digitization proposed in
this article, it can be seen from Fig. 13(b), the consideration
of digitization makes the system have an additional set of
poles close to the imaginary axis. Although the consideration
of digitization has a great impact on the stability and output
characteristics of the system, the pole map shows that the system
is still stable. This is consistent with the result of the circuit
simulation in Fig. 12(a).
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Fig. 17. Experimental waveforms and current spectrums. (a) Under ideal grid. (b) Inject 5% seventh harmonic into grid. (c) Inject 4% 20th harmonic into grid.
(d) kp is increased to 5.

When kp increases to 10, the pole maps between the reference
and each-frequency output component are shown in Fig. 14,
and the corresponding circuit simulation waveforms and current
spectrums are shown in Fig. 15. First, observing Fig. 15, the
output current of the inverter is divergent. From the spectrums
at 0.05 s and 0.14 s, it can be seen that the fundamental output is
stable, while the harmonics of more than 15th diverge rapidly.
Then, analyzing the pole maps shown in Fig. 14. From Fig. 14(a),
in the pole map obtained without considering the impact of
digitization, the central poles are located in the left half plane,
that is, the poles of the inverter system based on SSAV model are
located in the left half plane. This indicates that the fundamental
output is stable, which is consistent with the phenomenon in
Fig. 15. However, it is difficult to fully reflect the actual harmonic
characteristics of the system only by the central poles. As can be
seen from the other poles in Fig. 14(a), the 21st–27th poles in the
third group of poles are located in the right half plane, indicating
that these output harmonics are unstable. It is obvious that the
pole map obtained by the HSS model without considering the
digitization still cannot fully reflect the harmonic characteristics
of the system. Fig. 14(b) shows the pole map obtained after
considering the impact of digitization. We can find that all central
poles are still located in the left half plane, so the fundamental
output is still stable. From the other poles in Fig. 14(b), the 17th–
37th poles in the second group of poles are located in the right
half plane, indicating that these output harmonics are unstable,
which is highly consistent with the harmonic characteristics in
Fig. 15. According to the abovementioned comparative analysis,

we can get the same conclusion as Section V-B1b, which will
be briefly described as follows. For the system with stable
fundamental output and unstable harmonic outputs like Fig. 15,
it is not comprehensive to analyze the system characteristics by
the SSAV model, the analysis results are deviated from the actual
system characteristics. In addition, in the LSF GCI system, it is
necessary to consider the impact of digitization, to improve the
accuracy of HSS model. Finally, by comparing Figs. 14(b) and
15, the complete HSS model of GCI considering digitization
impact proposed in this article has high accuracy.

VI. EXPERIMENTAL VERIFICATION

The experimental platform of LCL TL-NPC GCI based on
GCF PI + CCF AD control strategy is built, to further verify the
accuracy and effectiveness of the proposed model and method.
In the experiment, the dc-bus voltage is supplied to the inverter
through the dc power supply IT6525D, and the Chroma 61860
programmable ac power supply is used to simulate the grid.
In addition, the TL phase disposition PWM is adopted, and
PWM signal is generated by FPGA of XC6SLX25 produced
by Xilinx. The closed-loop control, AD, sampling, protection,
and other functions are all realized by TMS320C28346. The
experimental parameters are shown in Table II, the switching
frequency is 2 kHz, and the experimental platform is shown in
Fig. 16. In order to verify the analytical results more intuitively,
the experimental verification process in this section is the same
as the simulation verification process in Section V-B2.



CAI et al.: RESEARCH ON HARMONIC STATE-SPACE MODELING AND CALCULATION ANALYSIS OF L-S-F 1019

Inverter output waveforms and spectrums of iga within 2 kHz
are shown in Fig. 17. First, the grid connection experiment is
carried out under the ideal grid. As can be seen from Fig. 17(a),
the three-phase current at the grid side is balanced, the sinusoidal
degree is good, and the reference of 10 A is fully tracked. Due
to nonideal factors in the experiment, there are some differences
between the grid-side current spectrum in Figs. 17(a) and 11(b).
However, the analytical results in Fig. 11(b) can roughly reflect
the harmonic characteristics of GCI system in the experiment.

Second, injecting 5% seventh harmonic and 4% 20th har-
monic into the grid, respectively. The corresponding inverter
output waveforms and spectrums are shown in Fig. 17(b) and
(c). It can be seen from Fig. 17(b), after 5% of the seventh
harmonic is injected into the grid, the seventh harmonic in
the grid-side current increases by 1.43%. So �iga_7/�uga_7 is
0.068. After 4% of the 20th harmonic is injected into the grid,
the 20th harmonic increases by 0.67%. So �iga_20/�uga_20 is
0.04. The abovementioned results are basically consistent with
the analytical results in Fig. 11(c).

Finally, increase kp appropriately, observe and analyze the
experimental phenomena. If kp is too large, it will quickly trigger
the overcurrent protection of the experimental platform, and it
is difficult to capture the experimental waveforms.

Therefore, kp will be increased from 1.5 to 5 in the experiment.
When kp is increased to 5, the experimental waveforms and
grid-side current spectrums are shown in Fig. 17(d). It is obvious
that there is divergence in the system, but it can be seen from
the current spectrums that the fundamental current is always
10 A. This indicates that the fundamental component of grid-side
current is stable, but some harmonic components in the grid-side
current are unstable. Then, further observation of the spectrums
obtained from the experiment shows that the 15th–30th harmon-
ics diverge significantly. Here, it should be noted that when kp
exceeds a certain critical value, the value of kp will mainly affect
the divergence speed of the output component. Therefore, we can
think that the experimental phenomenon in Fig. 17(d) is roughly
consistent with the numerical analysis result in Fig. 14(b).

Based on the simulation results in Section V-B2 and the
experimental results in this section, it can be seen, the complete
HSS model of inverter considering digitization impact proposed
in this article is accurate. It is not only highly consistent with the
circuit simulation results, but also can basically reflect the har-
monic characteristics of actual GCI system. This also indirectly
shows that it is necessary to integrate the digitization impact
into the HSS model or its calculation analysis process under low
switching frequency.

VII. CONCLUSION

The calculation and analysis methods of HSS model for
different applications are studied in this article, and the methods
of considering the impact of digitization are proposed, respec-
tively. According to the proposed model and method, the output
harmonic characteristics of the inverter are analyzed. Finally, the
accuracy of the proposed HSS-model calculation and analysis
methods considering the digitization impact are verified by
simulation and experiment. The results show that the proposed

iterative-calculation-method of HSS model considering digi-
tization impact and switching frequency is effective, and the
proposed complete-HSS-model of GCI considering digitization
impact is accurate. At the same time, it is necessary to integrate
the digitization impact into HSS model or its calculation and
analysis process, which can further improve the accuracy of
harmonic characteristic analysis of inverter.

APPENDIX

Ai(t) =

⎡
⎢⎢⎣
Z3×3 Z3×3 M1 M2

Z3×3 Z3×3 M3 Z3×1

M4 −M4 Z3×3 Z3×1

M5 Z1×3 Z1×3 −1/(RdcCdc)

⎤
⎥⎥⎦

Bi(t) =

⎡
⎢⎢⎣

M6 Z3×3

Z3×3 −M3

Z3×3 Z3×3

M7 Z1×3

⎤
⎥⎥⎦ , Ci(t) =

[
Z3×3 I3 Z3×4

]

(A1)

Ei(t) = Z2×2

Fi(t) =
[
I2 Z2×2 −I2

]
Tpm3Tcm3

Gi(t) = TicTip(kiI2)

Hi(t) = TicTip

[
kpI2 −kcI2 (−kp + ki)I2

]
Tpm3Tcm3

(A2)

Ii(t) = − I2/ad, Ji(t) = I2

Ki(t) = TicTip(2I2/ad), Li(t) = −TicTipI2 (A3)

As(t) =
[
A(t) Z10×4

]
, Bs(t) = B(t)

Cs(t) =
[
C(t) Z3×4

]
(A4)

Es(t) =
[
Z2×2 −I2 Z2×7

]
Tpm4Tcm4

Fs(t) =
[
I2 Z2×2

] [ Tp Z2×2

Z2×2 Tp

] [
Tc Z2×3

Z2×3 Tc

]

Gs(t) =[−kcI2 (−kp + kc)I2 Z2×3 kiI2 Z2×3

Z2×2 Z2×2 Z2×3 Z2×2 Z2×2

]
Tpm4Tcm4

Hs(t) =

[
kpI2 Z2×2

Z2×2 I2

] [
Tp Z2×2

Z2×2 Tp

] [
Tc Z2×3

Z2×3 Tc

]
(A5)

Is(t) =

[
Z1×9 −1/a 0
Z1×9 0 1/a

]
Tpm4Tcm4, Js(t) =

[
I2 Z2×2

]

Ks(t) =[
Tic Z3×2

Z3×2 Tic

][
Tip Z2×2

Z2×2 Tip

][
Z2×9 2I2/a
Z2×9 Z2×2

]
Tpm4Tcm4

Ls(t) =

[
Tic Z3×2

Z3×2 Tic

] [
Tip Z2×2

Z2×2 Tip

] [ −I2 Z2×2

Z2×2 I2

]
. (A6)
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Where in

M1 = diag(−1/L1 −1/L1 −1/L1 )

M2 =
[
Sa/2L1 Sb/2L1 Sc/2L1

]T
M3 = diag( 1/L2 1/L2 1/L2 )

M4 = diag( 1/C 1/C 1/C )

M5 =
[
Sa/Cdc Sb/Cdc Sc/Cdc

]
M6 = −M1 · Udc/2,

M7 =
[
Iia/Cdc Iib/Cdc Iic/Cdc

]
.

kp, ki, and kc are proportional, integral gains of PI controller,
and AD coefficient, respectively. Zm×n represents the m×n zero
matrix, and Ie represents e dimensional identity matrix. Tp, Tc,
Tip, and Tic represent Park transform, Clarke transform, Park
inverse transform, and Clarke inverse transform, respectively.
Their expressions are shown in (A7).

In addition, the frequency expressions of sinθ0 and cosθ0
are: F(sinθ0) = { …0, 0, 0.5j, 0, −0.5j, 0, 0, …}, F(cosθ0) =
{ …0, 0, 0.5, 0, 0.5, 0, 0, …}. In the HSS model, the frequency
expressions of sinθ0 and cosθ0 need to be expressed in the form
of Toeplitz matrix

Tc =

[
2/3 −1/3 −1/3

0 1/
√
3 −1/

√
3

]
, Tp =

[
cos θ0 sin θ0
− sin θ0 cos θ0

]

Tic =

[
1 −1/2 −1/2

0
√
3/2 −√

3/2

]T
, Tip =

[
cos θ0 − sin θ0
sin θ0 cos θ0

]

Tpm3=

⎡
⎣ Tp Z2×2 Z2×2

Z2×2 Tp Z2×2

Z2×2 Z2×2 Tp

⎤
⎦ , Tcm3=

⎡
⎣ Tc Z2×3 Z2×3

Z2×3 Tc Z2×3

Z2×3 Z2×3 Tc

⎤
⎦

Tpm4 =

⎡
⎢⎢⎣

Tp Z2×2 Z2×2 Z2×5

Z2×2 Tp Z2×2 Z2×5

Z2×2 Z2×2 Tp Z2×5

Z5×2 Z5×2 Z5×2 I5

⎤
⎥⎥⎦

Tcm4 =

⎡
⎢⎢⎣

Tc Z2×3 Z2×3 Z2×5

Z2×3 Tc Z2×3 Z2×5

Z2×3 Z2×3 Tc Z2×5

Z5×3 Z5×3 Z5×3 I5

⎤
⎥⎥⎦ . (A7)
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