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Electromagnetic Modeling of PCB Based
on Darwin’s Model Combined With Degenerated
Prism Whitney Elements

Houssein Taha ¥, Thomas Henneron
Loris Pace

Abstract—Due to the advancement in the development of semi-
conductors used in the power converters, the printed circuit boards
(PCBs) require an in-depth study of their electromagnetic behavior.
To characterize the behavior of the PCBs, the Darwin model is em-
ployed, which can take into account all the coupled effects, namely
resistive, inductive, and capacitive effects, at the intermediate fre-
quencies. Nevertheless, the study of particular structures having a
geometric dimension smaller than the others can create meshing
difficulties. The modeling of thin structures by the finite element
method requires the optimization of the mesh. To circumvent this
issue, the shell elements for both node and edge elements are applied
in this work. Finally, to validate the proposed approaches, two PCBs
with different geometries are studied in both time and frequency
domains, where the measurements for a single PCB are provided
to compare with the numerical results.

Index Terms—Electromagnetic fields, finite element (FE)
method, resistive-inductive—capacitive effects, shell elements, thin
structures.

I. INTRODUCTION

HE requirements for power converters in embedded sys-
T tems, such as automobiles and aerospace, have increased in
importance recently. In addition, due to the development of wide
bandgap semiconductors used in these converters, the frequency
of voltage and current waveforms becomes increasingly signif-
icant. Then, the electromagnetic behavior of the printed circuit
boards (PCBs) used to make up power electronic converters
cannot be neglected in comparison with semiconductors and
passive components. To design efficiently a PCB, numerical
modeling can be used to characterize its electromagnetic be-
havior. Nevertheless, the modeling of PCB presents several
numerical issues.
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Based on a numerical approach, such as the finite element
(FE) method, resistive, capacitive, and inductive effects associ-
ated with a PCB should be studied simultaneously when the
frequency of excitations increases. Recently, the quasi-static
Darwin model, which is a substitute for the full Maxwell system
exceptitneglects wave propagation, has attracted more and more
attention in the research area [1]-[5].

Nevertheless, due to the small size of the tracks, the modeling
of a three-dimensional (3-D) PCB presents many difficulties
in the electromagnetic domain. The significant contrast ex-
isting in the modeling of thin structures, such as the PCBs,
causes difficulties in the generation of meshes. Moreover, this
disproportion leads to undesirable elements, in particular, the flat
elements. Consequently, the solving of the resulting FE matrix
becomes more difficult since the conditioning number of the
matrix becomes worse. Otherwise, an extremely fine mesh is
required to avoid the flat elements; therefore, the FE computation
becomes more expensive in both memory and computational
time.

Besides, the meshing of the thin structures by modeling them
in surfaces without thickness is a solution introduced in the
literature. Generally, the electromagnetic modeling of structures
including thin shell models and thin wires is a complex problem
in the fields of electrical engineering [6]-[8]. The shell ele-
ment method consists in representing the thin structures by 2-D
surfaces. This can be done by developing suitable formulations
according to the field continuity conditions through thin struc-
tures [6], [8], [9]. These formulations can be solved using either
the boundary element method [7], [10], the FE method [11]-[14]
or the integral method, such as the partial element equivalent
circuit (PEEC) method [15], [16].

The PEEC method is well known as an effective modeling
method in the power electronics and electrical engineering
domains. It applies to a wide range of devices: PCBs, busbars,
and solid conductors. The standard PEEC approach was only
addressed to conductive or dielectric materials with structured
meshes where the coupled resistive—inductive effects are taken
into account by the magneto-quasi-static model and the capac-
itive effects by the electrostatic one. In [16], in order to reduce
the number of unknowns, a surface-based PEEC formulation
is developed taken into account the conductors and dielectrics
materials. In [17] and [18], different approaches are applied
to reduce the computational time based on the adaptive cross
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approximation and singular value decomposition methods for
frequency problem and on a multipoint model order reduction
for full-wave problem, respectively. Recently, the PEEC method
has been generalized to any type of FE mesh [19], and the full
Maxwell system is solved without any assumption where the
conductive, dielectric, and magnetic materials are considered. In
addition, a formulation equivalent to the Darwin model has been
developed in [20] to take into account the resistive, inductive, and
capacitive effects simultaneously at intermediate frequencies but
without the presence of magnetic materials.

Compared to the FE method, PEEC has several advantages.
The air region does not meshed because it is treated by integral
equations that reduce the mesh size. On the other hand, the
PEEC method leads to full matrices that introduce solving
difficulties in the case of fine meshes. Consequently, precon-
ditioned iterative solvers have to be used, where the construc-
tion of effective preconditioners is not trivial, in particular, at
high frequency.

The use of FE computation codes often leads to sparse linear
systems that can reach sizes of tens of millions of unknowns [21].
The solving of these systems has the disadvantage of leading to
prohibitive costs in CPU time and memory space, in particular, in
the case of the Darwin model. Besides, two formulations derived
from the Darwin model have been proposed in our previous work
to address the instability and the asymmetric issues [3] and the
computational limitations linked to the huge degrees of freedom
(DoF) of industrial problems [21].

Concerning the numerical modeling of the thin regions with
the FE method, a lot of research has been carried out. The
applications have been seen for the computation of eddy currents
in thin conductive shells [8], [11] for the computation of the
magnetostatic field in thin magnetic sheets [11] and also for
the modeling of thin cracks. Most approaches lead to use a
kind of double-layer nodal-based shell elements [8], [9] but
they are only suitable for interpolating scalar variables. On the
other hand, a thin shell eddy current problem is solved using
the nodal and the edge version for the discretization of scalar
and vector variables, respectively [12], [22], [23]. In particular,
the shell element method provides a more general description of
the physical phenomena without any particular hypothesis about
the fields inside the thin structure. In addition, it allows a 3-D
distribution of the electromagnetic fields.

In this article, the Darwin model is solved by integrating the
shell element method to further reduce the computational cost,
applied to both node and edge elements. They are derived from
the degeneration of Whitney prismatic elements [12], [22] and
they can be applied to the different quasi-static formulations.

Following this introduction, the full-wave Maxwell sys-
tem is briefly introduced in Section II. In Section III, the
Darwin model is presented in fields and potentials formu-
lation, where the discretized matrix system of the Darwin
model in time and frequency domains is given in Section IV.
In Section V, the shell element method is presented. Nu-
merical examples, including measurement results, are used to
study the electromagnetic behavior of PCBs in both frequency
and time domains in Section VI. Finally, our conclusion is
given in Section VII.

I (Tc,)

It (Ic,) Tg

Fig. 1. Studied domain.

II. MAXWELL’S SYSTEM

Let us consider 2 C R? an open connected domain. . C £
presents the 3-D conductive subdomain and €2y C 2 presents
the subdomain of the 2-D conductive thin structures, as shown
in Fig. 1.

The full Maxwell system in the time domain, given as follows,
describes the magnetic and electric behaviors of the electromag-
netic device with no free electric charges.

OB
VxE=-—" (1)
oD
VxH=J+ 5 2)
V-B=0 3)
V.-D=0. 4)

The boundary I' of domain §2 is decomposed into two com-
plementary parts denoted I'yy and ', such that Ty NTg = 0
and I' = 'y U T'g = 99Q. Then, the boundary conditions on E
and H are written as follows:

Ig:Exn=0 )
Ty:Hxn=0. (6)

The relations between (1) and (5) introduce a boundary con-
dition on B such as

I'g:B-n=0 (7

and the relations between (2) and (6) introduce boundary con-
ditions on J and D such as

Tg:J-n=0 8)
I'y:D-n=0. 9)

In addition, on the internal boundary of the subdomains €2

and (), a supplementary condition is imposed such that
I'y:J-n=0. (10)

The equations defined above are followed by the behavior
laws of materials

B =,H (11)
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J=0E
D=c¢cE

12)
13)

where E is the electric field (V/m), H is the magnetic field
(A/m), B is the magnetic flux density (T), J is the current
density (A/m?), D is the electric flux density (C/m?), y is the
magnetic permeability, and o and € are the electric conductivity
and permittivity, respectively.

III. DARWIN MODEL

By the Helmholtz decomposition, the electric field E can be
split into two parts, an irrotational part E;.,., which is curl-free,
and a solenoidal part Eg.j, which is divergence-free [24]

E=E;, + Esola V x E,. = 07 \E Eg, = 0. (14)

By neglecting the rotational part of the displacement current
0(¢Eqo1)/0t, which is responsible for wave propagation, the
Darwin model reads as follows:

0B

V X Ego = E (15)
- 8(5Eirr)

VxH=J+ S (16)
V-B=0 a7
V-J=0 (18)

V- (¢Ei) = 0. (19)

From (17), the magnetic vector potential (MVP) A can be
introduced such as

B=VxA
Axn=0onlg.

(20)
21

Combining (20) with (15), by introducing the electric scalar
potential (ESP) ¢, which is defined in the whole domain, the
electric field E is given as follows:

N,
0A =
=0 onlg (23)

where Vj, is a fixed scalar potential on the boundary I'c;, N, is
the number of sources, and the ESP «; is an arbitrary nonzero
source satisfying

aj=1 on I'c; and O elsewhere.

From (14), E;;, can be represented as a function of the ESP ¢
and VSj while Eg,; can be expressed as a function of the MVP

Nao
Ei, = _VQP - Z Vvsj VOZJ' and Eg, =
j=1

0A

o0 @

We now replace the expressions (20) and (24) in (16). Then,
by considering a single fixed potential V;, Ampere’s equation
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reduces to the Darwin—Ampere’s equation
0A 0
V x A —+V —(eV
V x (vV x )+0<8t+ <p>+at(s )

Vs
ot

By applying of the divergence operator to the Darwin—Ampere
equation (25), the charge conservation equation is written in 2
as follows:

V- <0‘ (88? + V<p> + gt(amp))

=-V. (aVSVa + Vs (sVa))

= —oV,Va — == (eVa). (25)

26
5 (26)
where v is the magnetic reluctivity (the inverse of the magnetic
permeability ;). Equations (25) and (26) make up the classical
A /p potential formulation for the Darwin model [2] with a
single fixed potential V.

IV. DISCRETE DARWIN MODEL

A spatial discretization of (25) and (26) is given in the
following. The edge element is adopted for the MVP A, and
the nodal element is adopted for the ESP ¢.

The unknowns are carried by ¢;, i = (1,...,N,), and
A, i=(1,...,N.), where N,, and N, are the number of the
nodes and edges, respectively. Let X, € RV» and X € R™e
be the component vectors of ¢; and A;, respectively, we intro-
duce the decomposition of ¢ and A in their canonical basis

Np Ne
_ 2,0 A = A, 1
Y= PiWs = iW;
1=1 =1

with wY and w} the nodal and edge interpolation functions.

In the time domain, by using the implicit Euler scheme for
the first derivatives JA /Ot and dp/0t, the discrete Darwin
equations can be rewritten as a first-order differential-algebraic
system of equations with a time step At := "1 —¢?

M, M,

X n+1
A
K
— L, M-
At ’
_|Fat) N 11K, L[ |Xa @7)
F(t) At|L, G.||X,
with
M, =M, + ! K
1 — v At o
M, = L! +L}L Ms =G +iG
2 — Ly At €9 3 — o At £
n+1l n
Fa=V""L,X, + %Laxa
Vn+1 _ynr
F,= V;n—HGJXa + —FG.X,

At
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¢ a1

Fig. 2.

Right triangular prism element (left) and the corresponding shell
element (right).

where X, € RV~ is the component vector of «, and

M, ]i; = /Q vV x wi -V x wjl-, [KU]M:/S ow} ~wj1

[]La]i,j :/Q va? . W]147 [LE]i,j = /QEV’LU? . le

Golis = /Q oVl -V, [Gulis = /Q eVu? - Vu.

In the frequency domain, all the quantities depending on time
are represented as being the real part of a complex quantity. In
addition, the operator of the time derivative 9/Jt becomes the
factor jw, where w is the angular frequency. Then, the complex
system of the Darwin model is written as follows:

M, + jwK, L! + jwl.

Xa

Lo Fso(w)

(28)
Due to the removal of the rotational parts of the displacement
current densities related to electromagnetic wave radiation, i.e.,
in the electric displacement currents, represented by e9% A /Ot>
(or w?eA) term, the resultant system matrix is no longer sym-
metric. Moreover, the matrix is ill-conditioned due to the high
contrast of magnitudes of material coefficients [2]. In our study,
the biconjugate gradient stabilized (BiCGSTAB) solver with a
Split-Jacobi preconditioner [5] is used to solve the asymmetric
systems (27) and (28).

1
—Gs +Ge| [ X,
Jw

V. SHELL ELEMENTS

The shell element method consists in representing the thin
structures by 2-D surfaces, separating two domains meshed with
3-D elements. Based on [12], the shell element is produced by
the deformation of a prismatic element, as shown in Fig. 2. These
deformed elements are built by doubling this surface mesh, i.e.,
both the nodes and the edges of the triangle. In other words,
to obtain the shell element, the opposite nodes (1 and 1/, 2 and
2/, 3 and 3') are brought together to form a surface element
where the nodes and the edges are duplicated but geometrically
overlapping.

Let us recall that €2 is the study domain, which is decomposed
into two regions: the ()5 domain containing the 2-D meshed

shell surfaces and 2,5 which is the domain containing the 3-D
meshed regions. We consider a right triangular prism having
a thickness denoted by e and oriented in the (-direction, as
illustrated on the left in Fig. 2. The bottom and top triangles are
parallel and numerated by 123 and 1’2’3/, respectively. The basic
Whitney functions, for nodes and edges, for such an element are
developed in the following.

A. Nodes Shape and Space Functions

The nodal interpolation functions of the reference element are
written as follows:

(29)

w) =rF Vi=1,2,3 and i =1,/2/3 (30)
where A; are the coordinates of a point in a reference triangle

defined by

M=1=8-n
Ay =¢ 3D
Az =1

and 8 =1/2 — ( and 8’ = 1/2 + ( are the linear interpolation
functions along the (-axis with 0 <¢ <1, 0<n <1, and
—1/2<¢<1/2.

If WY is the set of nodal functions defined on a triangle, then
the nodal prism functions can represent the union of the nodal
triangular functions defined on the lower and upper side of the
prism. We denote in the following by WY the set of the nodal
prism functions [12], which can be represented by the nodal
triangle element WY on the lower and upper surfaces of the
prism:

W) = (W8, W) (32)

1) Gradient in Reference Element: The gradient of WY reads

as follows:
-3 .
vul = | 6 | = (Vfﬁlﬁ ) (33)
—A 1
p 0
vwl=| 0 | = (v“ﬁ?ﬁ ) (34)
o 2
0 0
vel=1| g | = <VSZ3B ) . (35)
—A3 3

In the same way, we obtain Vw(l),, ng,, and ng, where
sz?(,) =(—1,-1), szg(,) = (1,0), and szg(,) =(0,1)
are the surface gradients in the triangular element.

2) Transformation Matrix: We define in the reference el-
ement the vertices p;(&;,1:,¢) and py (&, ni, Cr) Vi i =
1,2, 3, respectively. Let us take p; (0,0, —1/2), p2(1,0,—1/2),
pS(Ov 1, _1/2)’ pl’(07 0, 1/2)’ p2’(17 0, 1/2)’ and p3’(01 1, 1/2)
the coordinates of the vertices of prism in the Cartesian
reference system. For the real element, we define p; (2;, yi, ;)
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and p;y (xy,yy, z¢) such as Vi = 1,2, 3 and Vi’ = 1,2, 3/ with
1 =1, we have

XT; = Ty

Yi = Y
Ziy — Zj = €.

The real element can be defined as the image by a geometric
transformation of a reference element for which the interpola-
tion functions are known. The expressions of the elementary
matrices show differential operators applied to the interpolation
functions. However, in practice, we know the derivatives of the
interpolation functions with respect to the coordinates of the
reference element (&, 7, €). It is, therefore, necessary to express
the derivatives of the interpolation functions with respect to
the real coordinates (z,y, z). Then, the transformation matrix
is written as follows:

x xo—x1 x3—x1 O I3 1
yl=|v2—v1 ys—wv1 O)|n]|+ (7
z 0 0 e \¢ z1+e/2
3 Ty
=J|n|+ Y1 (36)
¢ z1+¢€/2

where J is the Jacobian matrix of the transformation. By

denoting that Js = (;; :;11 ;3‘ :;11

a triangular element, the Jacobian matrix J is written as follows:

) is the Jacobian matrix for

Jo | 0

J =
0 | e

(37

3) Gradient in Real Element: By denoting @° a nodal func-
tion in the real coordinate system, one writes

Vi) =J 7'Vl Vi=1,2,3. (38)
For example, the gradient of %} is written as follows:
J Vs
Vi) =J 'Vl = M (39)
e
In general, we write in the lower triangle element
. 8 VARV G N Sl VARTE e B R VARTEE 0
Vﬁ}z - *)\.1 7)\.2 *)\.3 (40)
e e e
Similarly, in the upper triangle, we have
o IVl ITVawds IotVawi s
V) = A Ao A3 (41)
e e e
B. Edges Shape and Space Functions
The edge interpolation functions are defined by
Vi,j=1,2,3and Vi, j' =1,/2/3
wi = (AiVskj — 4 Vshi)B Vi 42)
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wi = (AiVskj — A Vehi)B Vil £ § (43)

Likewise, the shape functions of the edges defined on a
triangle are the terms between the parenthesis of (42) and (43).
Therefore, we denote in the following by W the set of edge

prism functions, which can be written as follows [12]:
W! = (W!3, W3 Wn). (45)

The third term of (45) is concluded from (44). In fact, since beta
B+ 3 =1and VB = -V’ = n, (44) can be simplified as

(46)

(44)

1
Wi = AL

1) Rotational in Reference Element: In the following, an
edge function and its rotational on the edge p;p», for example,
are written as

(A +22)8 A2
Wiy = haf3 VX Wip=|A3—1 (47)
0 28

Analogously, the other edge functions and their rotationals are
computed.

2) Rotational in Real Element: By denoting w* an edge
function in the real coordinate system, one writes in the lower
triangle

1

wi=J"'wl, Vi#j (48)
Vxwy=J'Vxwl Vi#j (49)
Then
th 1 th 1 th 1
V~Vi1j _ ( s ‘(’)‘712/8 s ‘3’135 s ‘(’)"23ﬁ> (50)

t 1
JiVs X wig

2fe —2fe

T Wl = JIVs x wi,
N 2fe

IV, x w;3>

(1)

Similarly, in the upper triangle, we have

Wl (Js_tw%@ﬁ’ Jgtwin B Js_twé,g,b’j (52)

i'j

0 0 0
Vsl IV xwly JIVixwily JIVixwi,
w 26'e —28e 26'e '
(53)

It should be mentioned here that the prism collapsed into
a triangular element while retaining the total number of DoF
associated with the prism, as shown in Fig. 2. In addition,
the normal edges might not be taken into account that may
correspond to a partial gauge imposed on the vector potential A.

C. Shell Elements Hypothesis

Considering that a thin structure has a small thickness e, the
main idea of this method is to avoid the meshing of the thin
structures by modeling them on surfaces without thickness. The
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shell element is obtained by degenerating a prismatic element
into two superimposed triangles, as shown in Fig. 2. Indeed,
the thin structure is modeled in 2-D and meshed by triangular
elements where both nodes and edges will be duplicated on
the surfaces. In addition, the track thickness e is taken into
account in the volume integral of the variational formulation.
These integrals are decomposed into surface integrals obtained
by the Gaussian quadrature method and an analytical integral
computed along the z-axis.

D. Approximation of ¢ and A

According to the previous assumptions, the ESP ¢ and the
MVP A, as well as their gradient and their rotational, are approx-
imated by the nodal and edge functions of the shell elements,
respectively.

In the shell region, ¢ is discretized in each shell element by
the nodal interpolation function as follows:

N”'L N’Vl
= @it} + > . (54)
i=1 =1
Then, the gradient of ¢ reads
Ny N,
Vo= Vi + > s Vi (55)

i=1 i'=1
where NN, is the cardinal of the set of nodes of the triangular
element. In addition, A is discretized in each shell element by

the edge interpolation function as follows:

N. Ne
A=) AW+ Y Anwy,

ij=1

(56)
i j'=1

with A,¢), Ayey, Asey the circulation of A along the edges
defined by the nodes 1") and 2(’), 2() and 3(’), and 3() and 1('),
respectively. Then, the rotational of A will be expressed as

Ne Ne
VxA= Y AVxWi+ Y A4V xw,

PED

ij=1 i/j'=1
where N, is the cardinal of the set of edges of the triangular
element.

The approximations defined above allow a natural continuity
of the variables on the interfaces of the thin shell and the various

neighboring domains.

VI. APPLICATIONS

The validation of the implementation of the Darwin model
combined with the shell elements is presented in time domain
in Appendix A for an academic test case.

In this section, two different examples of PCBs are carried out:
asingle-sided PCB and a double-sided one. For the first example,
the global and local results obtained by the numerical simulation
are presented as well as a comparison with measurements is
provided. For the second one, the interest is to show the coupling
of 2-D and 3-D domains in conductivity and to model the
capacitive—inductive effects in the intermediate frequency range,
in particular, for frequencies close to the resonant frequency. The

Transmission Epexy
lines
Conductive
track
Fig. 3. Real device of the single-sided PCB.
Conductive
Epoxy track
Fig. 4. PCB model.

numerical simulation results for the two considered PCBs are
obtained by applying the Darwin model in both time domain (27)
and frequency domain (28). More information about the two
PCB examples can be found in [25].

A. Single-Sided PCB

A single-sided PCB, as shown in Fig. 3, is considered to
study their behavior and to validate the implementation of the
combination of the shell element method and the Darwin model
by resorting to the measurements. The simulation results are
presented both for the local field distributions and the global
quantity as the impedance in the frequency domain and for the
total transient current in the time domain.

For this example, the PCB framed in the black box is modeled,
as shown in Fig. 3, where the transmission lines are not taken
into account. The PCB model is composed of a copper loop
conductor, as shown in green in Fig. 4, having a thickness of
35um and modeled in 2-D in order to apply the shell elements.
The conductor is placed on an epoxy layer having a height of
0.4 mm.

Three different domains are considered: copper, epoxy, and
the air box. The electric conductivity of the conductor (green
part) is taken as 59.6 MS/m. The relative permittivity of the
conductor is set to 1 and 4.4 for the dielectric epoxy (gray part),
while the relative permeability is set as 1 in all domains.

For the computational configurations, a fixed potential V;
is applied to a terminal of the conductor with V; = 1mV,
marked in red in Fig. 5, of the conductive track using the
wheelbase of the 1206 capacitor.!

![Online]. Available: https://www.mouser.com/catalog/supplier/library/avx
shortform.pdf
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e ——
Conductive track
Fig. 5. Imposed voltage sections.
Fig. 6. Considered mesh.
Vs B
Cables
Conductive
track
Fig. 7. PCB connections with two electric cables.

Considering the skin effect when the frequency increases, the
used mesh features 2 092 863 tetrahedrons in the 3-D domains
and 86 970 triangles in the 2-D conductive track. The mesh of
the geometry is presented in Fig. 6.

Two perfect 1-D electric cables are connected to the
conductive track touching the air box in order to impose an
ESP, as shown in Fig. 7. The boundary condition as E x n =
0 (B - n = 0) is imposed on these cables.

1) Frequency Study: In this part, we study the single-sided
PCB model in the frequency domain where the frequency inter-
val is fixed as [1 : 10%] Hz in order to validate the integration
of the shell elements in our software code_Carmel [26]. The
computational time takes about 1.4 h for approximately 3 M
DoFs using the BICGSTAB solver for one frequency.
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\.

101°F -
-®-Magnetic energy)|

Electric ener;

10° 10° 10
Frequency (Hz)

Fig. 8. Magnetic and electrical energies (J) computed versus frequency.

a) Computation of energies: In this part, we compute the
magnetic and electrical energies in order to show that the capac-
itance is neglected in the considered frequency range. Based on
the power balance S, we have

S = jwWa + jwWe + P,
=vr

(58)
(59)

where S, V, and I* represent the apparent power, the com-
plex voltage, and the complex current conjugate, respectively.

Additionally, Wy,,, W, and P, represent the magnetic energy,
the electrical energy, and the Joule losses, respectively. Indeed,
in Fig. 8, the curves of the first two terms of (58) are presented.
It can be observed that the magnetic energy is dominant and the
electrical one is negligible in the fixed frequency interval.

b) Computation of PCB inductance: To compute the PCB
inductance, we should first know the cable inductances. The
global magnetic inductance L, of the system is written as
follows:

Ly = Lpob + Lo (60)

where L1, and L are the inductance of the PCB and the cable,
respectively.

The magnetic inductance is computed in the linear case as a
function of the magnetic energy W, with

W = 1/ B -Hd)= 1L|1|2. (61)
2 Jo 2

In order to compute the inductance of cables, another
geometry is considered by reducing the size of the cables three
times compared to the initial geometry. We keep the same mesh
assumptions for the two geometries. Then, we obtain the first
equation

L.=3L. (62)

where L, is the inductance of the cables of the second geometry.

For the first geometry, the length of the cables is set to 75 mm,
we had a global inductance of L, = 128 nH. For the second one,
the cables length is fixed at 25 mm; therefore, the new inductance
is equal to L, = 52.6 nH.
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Fig. 9.  Modulus of impedance versus frequency.

Since the inductance of the PCB remains constant for both
cases, a system of equations with three unknowns can be written
as follows:

Ly = Lpeb + Le
L, = Ly + L,

Then, by subtracting the two equations, we obtain

L. — L, =75.4nH. (63)

By (62) and (63), we get the cable inductance L. =
111.75 nH. Therefore, the inductance of PCB is L, = 13.9 nH
for f =1 Hz.

¢) Measurement and simulation comparison: Experimen-
tally, the inductance value of the PCB is 11 nH indicating that the
value obtained by the numerical simulation is close. It should be
mentioned here that we present the results of the inductance for a
single frequency since it is constant in our considered frequency
interval.

In Fig. 9, the evolution of the modulus of the impedance as a
function of the frequency obtained from the Darwin model and
measurements is presented.

In low frequencies, the impedance Z corresponds to the dc
resistance of the track. We obtain Z = Rpc = 5.04 m) with
the numerical simulation while R = 5.1 m{) is obtained by the
measurements, which shows a good agreement. In the interval
[10% : 10%] Hz, the effects are decoupled such that the resistance
can be acquired by the electrokinetic problem and the induc-
tance by the magnetostatic one. When the frequency increases,
the resistance also increases since the skin effect appears in
the conductive track. For f > 10 kHz, the evolution of the
impedance computed by the Darwin model presents the coupled
resistive—inductive phenomena, which increase similarly to the
measurements and with close values.

d) Electric potential and current density distributions: In
Fig. 10, the distribution of the ESP is presented. We notice a
linear decrease taking place along the track in a normal way
starting from the maximum value of the excitation voltage
Vi, =1Vfor f =1Haz.

Smax

1.0e+00

Fig. 10.  Distribution of the scalar electric potential (V) in the whole domain.
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Fig.11.  Distribution of the current density J (A.m~?) in the track for different
frequencies. (a) f = 1 Hz. (b) f = 100 kHz.

In Fig. 11, the current density distribution is shown for two
different frequencies. The magnitude of the current density for
f =1 Hz is illustrated in Fig. 11(a), where the distribution is
only influenced by the geometry of the track. On the other hand,
for f =100kHz shownin Fig. 11(b), the amplitude of the current
density is restricted to a small layer at the outskirts of the track
due to the skin effect.

2) Time Study: In this part, we study the same example in
the time domain in order to present the evolution of the current
flowing out the terminal of the conductive track.

A pulse voltage source in the form of a square wave is
applied between the terminals with V= 1 atthe frequency of

max
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Fig. 12.  Evolution of the current (mA) when the frequency of the excitation
is f = 100 kHz.
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Fig. 13.  Voltage source (mV) (square wave).

f =100 kHz. By considering the same mesh shown in Fig. 6,
the BiCGSTAB is used with a Split-Jacobi preconditioner to
solve the Darwin formulation in the time domain. Then, Fig. 12
gives the transient state of the current in the first seven periods
when the voltage source is a square wave, as shown in Fig. 13.
The computation time for one-time step takes around 40 min.

B. Double-Sided PCB

In this example, the 3-D/2-D coupling of the different conduc-
tive domains and the coupled capacitive-inductive effects when
the frequency increases are presented. The real device of the
double-sided PCB is shown in Fig. 14.

Analogously to the first PCB example, only the copper part is
modeled, framed in the black box as shown in Fig. 14, while the
transmission lines are not taken into account. The PCB model
is composed of three copper conductive tracks, two on the top
side and one on the bottom, as shown in green in Fig. 15, having
a thickness of 35 ym. The two sides are connected by hollow
conductive via modeled in 3-D with a cylindrical shape having
a thickness of 20 pm. The two sides are separated by the epoxy
having a height of 0.4 mm.
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Fig. 15. Considered model. (a) PCB model. (b) 3-D conductive via.
Vs
Fig. 16. Imposed voltage sections.

The double-sided example is made up of four different
domains. The 2-D and 3-D conductive domains are made of
copper, and the epoxy is an insulator that separates the conduc-
tive tracks and the air box. The characteristics of the materials
are the same as defined in the previous application.

For the computational configurations, a fixed potential V;
is applied to a terminal of the conductor (red part) using the
wheelbase of the 1206 capacitor, as shown in Fig. 16, and
touching the air box via 1-D perfect electric cables. The mesh
used for the model features 2 053 918 3-D tetrahedral elements
and 125 914 2-D triangular elements in the tracks. The mesh of
the geometry is presented in Fig. 17.

1) Frequency Study: For the frequency computation, the
frequency interval is fixed as [1 : 10!!] Hz in order to illustrate
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Fig. 17.  Considered mesh. (a) Mesh for whole domain (top view). (b) Mesh
in the conductive via.

the capacitive—inductive coupled effects when the frequency
increases. The resonant frequency is presented for this example
by computing the impedance versus the frequency. The compu-
tational time takes about 1.3 h for2 745 802 DoFs by applying the
Darwin model using the BICGSTAB solver for one frequency.

a) Electric potential and current density distributions:
The electromagnetic fields are presented for different frequen-
cies where the 3-D/2-D coupling between the different domains
of the application is clearly shown. On the one hand, the distri-
bution of the ESP in the whole domain is presented in Fig. 18. A
linear decrease can be observed in the distribution of the electric
potential. Besides, the electric potential is well recovered on the
bottom side of the track by the conductive via. On the other
hand, the distribution of the current density is presented for two
frequencies in the tracks and the conductive via, as shown in
Fig. 19.

b) Electric field between the two tracks: The electric field
is presented in Fig. 20 between the 2-D conductive tracks for
different frequencies in order to show the resonant effects in a
section of the epoxy. Before the resonant frequency, the electric
field is distributed in the same direction, as can be seen in
Fig. 20(a) and (b). Besides, the resonance effect can be observed
in Fig. 20(c) for f =1 GHz. Therefore, the electric field is
distributed in two opposite directions.

c) Evolution of the impedance versus the frequency: The
evolution of the modulus of the impedance as a function of the
frequency is presented in Fig. 21. The measurements are not
provided for this example. However, the capacitive—inductive
coupled effects when the frequency increases can be illustrated.

Atlow frequencies, the electromagnetic effects are decoupled,
which shows the resistive effect until 1 kHz. When the frequency
increases, the skin effect appears in the conductor, then the value

0.0e+00

1.0e+00

Fig. 18.  Distribution of the scalar electric potential (V) in the whole domain
for f = 1Hz.

2.8e+06 2.8e+09
| |

(b)

Fig. 19. Distribution of the current density J(A.m~2) in the tracks and the
conductive via. (a) f = 10 kHz. (b) f = 10 MHz.

of the resistance of the conductor increases. In particular, in the
interval [10% : 2 x 10%] Hz, the resistive-inductive effects are
coupled. This zone corresponds to an eddy-current problem. For
f > 200 MHz, the influence of the capacitive effects appears on
the evolution of the impedance where the resonant frequency is
around 300 MHz.
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for f =1 MHz, a transient state of the current in the first
eight periods when the voltage source is a square wave can
be observed, as shown in Fig. 22(a). The circuit is represented
by a series RL regime where the capacitive effects are still
negligible. However, for f = 300 MHz, as the modulus of Z
reaches its maximum, the magnitude of the current decreases
with a transient state more significant in the first eight periods,
as shown in Fig. 22(b). Besides, after the resonant frequency,
the capacitive effects become dominant, and consequently, a
significant current flows through the capacitors, representing a
parallel RC regime, as shown in Fig. 22(c).

VII. CONCLUSION

The Darwin model is solved by integrating the shell element
method, applied to both node and edge elements, in order to
reduce the number of elements in the mesh and, consequently,
the computational cost and time. To validate the practical for-
mulation, two cases have been considered and studied in both
time and frequency domains. The first case consisted in com-
paring the computed impedances of a single-sided PCB against
measurements on a real device where the results show a good
agreement. The second one consisted in modeling the resistive,
inductive, and capacitive effects and the 3-D/2-D coupling of
the conductive domains. In our further work, we will model
PCBs with more complex structures as well as we will take into
account the passive components such as inductors, capacitors,
and resistors.

APPENDIX
A. Numerical Validation of Shell Elements

We present the results of the comparison obtained by different
meshes for a simple test case composed of a conductor in L shape
enclosed by an air box, as shown in Fig. 23, in order to validate
the implementation of shell elements.

Two different domains are considered: a conductor in L shape
and an air box. The electric conductivity of the conductor
(green part) is taken as 1 MS/m. The relative permeability and
permittivity are set to 1 in all domains.

1) Computational Configurations: The thickness of the
conductor is fixed at 1.05 mm. Since the shell elements studied
in this work are derived from the degeneration of prismatic
elements, the conductor is spatially discretized in 3-D with
prismatic elements composed of 3152 elements, as shown in
Fig. 24(a), as well as pyramid and tetrahedral elements in the air
box composed of 140 and 55 928 elements, respectively. On the
other hand, for the second mesh, the 2-D conductor is discretized
by 3152 triangular elements, as shown in Fig. 24(b), and 53 957
tetrahedral elements in the air.

Since the model is solved by the Darwin formulation, the
unknowns of the system are defined on the nodes and the edges.
The numbers of DoFs of ¢ and A are 11 402 and 71 197 for
the first mesh, while they are equal to 11 063 and 67 529 for the
second one. Note that the difference existing in the number of
DoFs is due to the mesh of the air box, which is not exactly the
same for the two cases.

Conductive
track
\
Vs
Fig. 23.  Studied domain.

(@)
(b)
Fig. 24.  Considered meshes. (a) 3-D mesh. (b) 2-D mesh.

The boundary condition I'g is imposed on the terminals of
the conductor. A sinusoidal fixed potential Vy is applied to a
terminal of the conductor with V; = 1mV for a frequency
f =100 kHz.

For each time step, the computational time, using the precon-
ditioned BiICGSTAB solver, takes about 8 s for the first case
while it takes 7.8 s for the second one.
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2) Evolution of the Global Current: The evolution of the
transient currents for the first five periods is presented for the two
cases in Fig. 25. We can see in Fig. 25 that the results obtained
with both meshes are very similar. Then, the current is well

computed by the shell elements.

3) Electric and Magnetic Fields in the Track: In this section,
we compare the current density J and the magnetic flux density
B distributions in the conductor obtained by the two meshes, as
shown in Fig. 26 and Fig. 27. The distribution of J is presented in
Fig. 26(a) for the 3-D conductor while it is presented in Fig. 26(b)
for the 2-D one. A good current distribution is obtained in the 2-D
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Fig. 27. Distribution of the magnetic flux density B (mT) in the conductor at
t = 35 ps. (a) 3-D mesh. (b) 2-D mesh.

conductor as well as a good agreement with the result obtained
for the 3-D conductor can be observed at the magnitude level.

Likewise, regarding the magnetic flux density distribution, it
can be observed that the distribution in the 3-D conductor [see
Fig. 27(a)] is very close to that obtained for the 2-D one [see
Fig. 27(b)].
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