
13158 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 11, NOVEMBER 2022

Quadratic Regression Model-Based Indirect Model
Predictive Control of AC Drives

Kristóf Bándy and Péter Stumpf

Abstract—Model predictive control is a promising technique for
electric drives as it enables optimization for multiple parameters
and offers reliable operation with nonlinear systems. In this article,
a novel approach is presented that aims to harness the advantages
of both finite and continuous set model predictive methods in
converter-fed ac drive control. The proposed method requires the
calculation of only seven predicted states. These states are then
assigned cost function values. Using a quadratic regression model,
the cost function is mapped to the entire modulation region. After
solving a constrained optimization problem on this cost function
mapping, the optimal voltage vector is obtained, which is then
applied via pulsewidth modulation. The presented method can
also be applied to multilevel converter structures without the need
to calculate predictions for additional voltage vectors. Therefore,
the proposed method does not increase in complexity with the
utilized converter topology. Furthermore, the method offers a fixed
switching frequency operation and an exact noniterative solution
to the optimization problem due to the formulation of the regres-
sion model. As a case study, simulation and experimental results
verify the operation of the predictive torque control for permanent
magnet synchronous machines with the proposed method.

Index Terms—AC machines, multivariable functions, permanent
magnet (PM) machines, predictive control.

I. INTRODUCTION

R ECENT years have seen an enormous increase in computa-
tional power, during which increasingly complex methods

were introduced to power electronics. One of these methods
is model predictive control (MPC), which chooses the control
action based on the predicted state of the controlled device [1]–
[4]. Drives controlled by MPC methods have fast dynamic
performance and good torque response. Therefore, MPC offers a
viable alternative to the widely used field-oriented control (FOC)
or direct torque control (DTC), which are considered standard
methods in high-performance electric drive control [5].

MPC schemes for power electronic converters and drives can
be classified according to several aspects. One aspect is, whether
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it uses a dedicated modulator or not. If no separate modulator
is used, the scheme is direct, and the controller outputs the
switching signals directly. In this case, all the applicable voltage
vectors of the voltage source inverter (VSI) are evaluated by a
cost function to select the optimal control action. In the literature,
direct MPC with reference tracking, or in other words finite set
MPC (FS-MPC), is the most commonly used method, thanks to
its well-known advantages, which are documented in [6]. These
include the simple inclusion of nonlinearities and constraints,
multivariable control using a single control loop, intuitive design
procedure, and a straightforward way of implementation. How-
ever, if proper design guidelines are not followed, it can have an
inferior performance compared to conventional methods, such
as FOC or DTC [2].

One disadvantage of the direct MPC techniques is that they
need a high sampling frequency (20–50 kHz) while the typical
equivalent switching frequency is around 20%–25% of the sam-
pling frequency [6], [7]. To overcome the problem originating
from the low switching frequency, it is not always practical to
increase the sampling rate. A multirate MPC algorithm is intro-
duced in [7], where the control frequency is allowed to be faster
than the sampling frequency. It allows the switching frequency to
be increased without changing the sampling frequency. Another
drawback of direct MPC techniques is that the torque ripple can
be substantial as only a single voltage vector is applied in each
sampling period.

The steady-state performance can be improved by using a
so-called implicit modulator stage [1]. In this case, the direct
MPC algorithm calculates the switching instant and duty ratios
of the voltage vectors applied during one sampling period. The
simplest solution is to apply one active and one zero voltage
vector and adjust their duty ratios [8], [9]. A so-called gener-
alized multiple-vector-based scheme, which uses two voltage
vectors during one sample period, is introduced in [10]. The
method has a lower computational burden than conventional
methods by utilizing a reference voltage vector obtained from
a deadbeat control scheme. An improved version is presented
in [11], which uses three voltage vectors during one sampling
period. A predictive power control using three voltage vectors
with reduced computational complexity is presented in [12] for
a doubly-fed induction generator.

Apart from duty ratio regulation, another alternative is to cre-
ate virtual voltage vectors by discrete space vector modulation.
Yang et al. [13] presents a two-stage MPC strategy for three-level
inverters, which uses 48 virtual voltage vectors. An MPC scheme
with 20 applicable voltage vectors is introduced in [14], where
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the output voltage vector is innovatively determined through two
two-level bang–bang comparators, which reduces the computa-
tional time.

Indirect MPC schemes use a normal modulator stage and
apply a carrier-based pulsewidth modulation (PWM) scheme.
A clear advantage of the indirect MPC scheme is the fixed
switching frequency and that the harmonic performance is
determined by the applied modulation scheme. One group of
these techniques is called explicit MPC, which solves offline
for all possible states of the power electronic converter the
MPC problem [1]. The design methodology of an explicit
MPC using multiparameter quadratic programming (QP) for
an ac drive is presented in [15]. These MPC methods have
some limitations; therefore, they became less prevalent in
practice.

Another form of the indirect MPC scheme that practically
ignores the switching nature of power electronic converters is
the continuous control set (CCS-MPC). Here an associated QP
problem considering the input constraints is solved online [4].
The two most widely used approaches in power electronics
applications for QP solvers are the gradient methods [16] and
the active-set methods [17]. Cimini et al. [17] present an MPC
scheme with input and state constraints, where an active-set
method is used to solve the QP problem in real time on low-cost
hardware. A CCS-MPC method is applied for an ac drive using
a special online solver tool called qpOASES in [18]. Ahmed
et al. [19] compare FS- and CCS-MPC for speed control of
induction machines.

The MPC scheme for the control of ac drives can also be clas-
sified into two realizations. These are model predictive torque
control (MPTC) and model predictive current control (MPCC).
MPTC schemes control the torque and the stator flux of the
machine similarly to DTC. MPCC algorithms control the real
and imaginary components of the stator current, which is similar
to FOC. Li et al. [20] present a comparative study of FOC and
MPC schemes for PMSMs.

This article proposes a novel quadratic regression model-
based MPC strategy (QRM-MPC), which evaluates a cost func-
tion for seven voltage vectors similarly to direct MPC schemes.
Based on the cost function results of the seven voltage vectors,
a quadratic regression model is developed that maps the cost
function upon the modulation region. After solving a constrained
optimization problem, the optimal voltage vector can be applied
by a proper PWM scheme, similarly to indirect MPC schemes.
In this way, the QRM-MPC can transform an FS-MPC technique
into a CCS-MPC approach. Fig. 1 presents a schematic overview
of the described concept. In this article, as a case study, the novel
strategy is demonstrated for a permanent magnet synchronous
machine (PMSM) drive using MPTC; however, it can be utilized
in other applications as well.

The theoretical background introducing the applicable volt-
age vectors and the Tustin approximation-based mathematical
modeling of the PMSM is presented in Section II. This is fol-
lowed by the description of the novel QRM scheme in Section III.
As a case study, the proposed algorithm is demonstrated on a
PMSM drive. The simulation and experimental results as well
as the details of implementation are presented in Section IV.

Fig. 1. Schematic representation of the QRM-based control approach. The
method receives predictions of the cost of a finite set of control actions and the
control reference(s). Then, it maps this finite set to allow the continuous rep-
resentations of the control actions using regression. The regression establishes
the coefficients of a quadratic regression model function. The optimal control
action is then determined based on this fit quadratic regression model function.

Section V presents a comparison between the proposed QRM
scheme and other techniques available in the literature. Finally,
the conclusions can be found in Section VI.

II. THEORETICAL BACKGROUND

MPC techniques generally consist of four main steps: mea-
surement and estimation of the state variables, prediction for
the selected variables, evaluation of the cost function(s) for the
predicted states, and, finally, the selection of the optimal control
action. This section summarizes the allowed control options that
a VSI can supply. The proposed indirect QRM scheme will be
demonstrated on a PMSM drive. As the MPC techniques rely
heavily on the mathematical establishment of the controlled
system, the discrete model of a PMSM machine is derived in
this section by using the Tustin transformation for increased
precision.

A. Voltage Vectors of a VSI

Three-phase VSIs, independently of the number of voltage
levels, can produce six active voltage vectors in theαβ stationary
reference frame (SRF) (vαβ = [vα vβ ]

T) by connecting one or
two output phase(s) to the positive dc rail of the inverter while
connecting the rest of the phase(s) to the negative dc rail. These
voltage vectors have an amplitude of 2/3VDC, where VDC is
the input dc-link voltage [see voltage vectors in Fig. 2(a) and
filled circles in Fig. 2(b) and (c)]. In the case of two-level VSI
(2L-VSI), only these active voltage vectors can be generated,
while multilevel VSIs (ML-VSI) can generate other active out-
put voltage vectors with smaller amplitudes and different angles
as well [see Fig. 2(b) and (c)].

Three-phase VSIs can also produce zero voltage vectors by
shorting the output phases. These voltage vectors are redundant
and can be realized in different ways. By increasing the number
of voltage levels of the VSI, the number of combinations to
create zero voltage vector increases as well. Fig. 2(a) presents
the zero and active voltage vectors of a 2L-VSI. Fig. 2(b) and (c)
shows the achievable voltage vectors for 3 L and 5 L inverters,
respectively. The six large voltage vectors and the zero voltage
vector, which are utilized during the QRM-MPC approach, are
denoted by filled circles in these figures. In the case of ML-VSI,
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Fig. 2. Available voltage vectors of VSIs. The two-level case [see Fig. 2(a)] can be taken as a general representation for the purposes of this article as only the
zero and the large voltage vectors are taken into account when calculating the QRM method regardless of the number of voltage levels. Filled circles denoted these
same zero and largest voltage vectors in Fig. 2(b) and (c) for 3 L and 5L-VSIs, respectively. The hatched area represents the modulation region. The main focus of
this article is the calculation of the optimal voltage vector. (a) Voltage vectors of a 2L-VSI. (b) Voltage vectors of a 3L-VSI. (c) Voltage vectors of a 5L-VSI.

different types of inverter topologies can be utilized, such as
CHB, flying capacitor converter, diode clamped inverter, T-type
inverter, or hybrid multilevel inverter. While the topologies are
different, with their respective advantages and disadvantages,
they can produce the same number of voltage levels and the
same output voltage vectors.

The projection of the voltage vectors v1, . . . ,v7 given in
Fig. 2(a) in the stationary αβ complex plane to the dq rotating
reference frame (RRF) provides the vdq = [vd vq]

T output volt-
age values. The RRF rotates with the ω1 synchronous angular
speed [

vd

vq

]
︸ ︷︷ ︸
vdq

=

[
cos(ω1t) sin(ω1t)

− sin(ω1t) cos(ω1t)

]
︸ ︷︷ ︸

R(ω1t)

[
vα

vβ

]
︸ ︷︷ ︸
vαβ

. (1)

In summary, a zero voltage vector and at least six active
voltage vectors can be realized by 2L-VSI as well as ML-VSI
topologies. Therefore, as it will be presented in Section III, the
novel quadratic regression model uses the predictions calculated
for these seven voltage vectors since they can be realized by any
VSI topology. As it will be demonstrated, the technique works
properly, with proper modulation technique, not only for 2L-VSI
but also for ML-VSI with an arbitrary number of voltage levels
without resulting in any additional computational load in the
QRM-MPC algorithm.

B. Discrete Mathematical Model of the PMSM

The equation of a PMSM for both isotropic and anisotropic
rotors can be written in the dq RRF. The electrical equations are

vd = Rsid + Ld
did
dt
− Lqω1iq (2)

vq = Rsiq + Lq
diq
dt

+ Ldω1id +ΨPMω1 (3)

where vd and vq are the d- and q- axis voltage components, Rs is
the stator resistance, Ld and Lq are the d- and q-axis inductance,
ΨPM is the amplitude of the flux induced by the permanent
magnets of the rotor in the stator phases. For simplicity, these
parameters were assumed constant. Furthermore, ω1 = PΩ is

the synchronous angular frequency, where P is the number of
pole pairs and Ω is the mechanical speed of the machine. When
utilizing a VSI to feed an electric drive, then the control options
are the voltage vectors (vdq = [vd vq]

T ∈ V ) in RRF that the
VSI can produce.

The electric torque M of the machine can be given as

M =
3

2
P

(
ΨPMiq + (Ld − Lq)idiq

)
. (4)

In modern high-performance closed-loop drive systems, all
the signal processing tasks and control calculations are imple-
mented in the digital domain. Therefore, the continuous-time-
domain differential equations shown in this section are to be
discretized. The applied discretization technique can have a
great impact on the performance; therefore, the selection of the
approximation method plays a crucial role.

In this article, to obtain a more accurate prediction of the
currents, the so-called trapezoidal (Tustin) integral approxima-
tion was used. Although this method increases the computa-
tional complexity when compared to the widely used Euler
approximation, it is not a gravely limiting factor, as processors
with floating-point arithmetic can be purchased at low costs.
Furthermore, more stable performance is expected as the Tustin
or bilinear approximation provides the best frequency-domain
match between the continuous and discretized systems for first-
order approximations [21].

According to the Tustin definition, the integral of the d-axis
current can be approximated as∫ kTs+Ts

kTs

id(τ)dτ =
tan(ω0Ts

2 )

ω0

(
id(kTs) + id(kTs + Ts)

)
(5)

where Ts is the sampling time. This also takes into account
the so-called prewarping effect caused by the bilinear transform
with γ = tan(ω0Ts/2)/ω0. This effect can be eliminated at one
given frequency, which is ω0. This frequency is set to be equal
to the synchronous speed of the machine, ω0 = ω1. The q-axis
current can be approximated identically to (5).

The d- and q-axes voltage, as well as the mechanical speed,
can be assumed to be constant during one sampling period.
Therefore, the d- and q-axes currents can be obtained by
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expressing the derivatives of id and iq from (2) and (3) and
using (5)

id(kTs + Ts) = Aid(kTs) +B

(
iq(kTs + Ts) + iq(kTs)

)
+ Fvd(kTs) (6)

iq(kTs + Ts) = C

(
id(kTs + Ts) + id(kTs)

)
+Diq(kTs)

+ EΨPM +Gvq(kTs) (7)

where

A = 1− 2Rs

Rs + γLd
B =

Lqω1(kTs)

Rs + γLd

C = −Ldω1(kTs)

Rs + γLq
D = 1− 2Rs

Rs + γLq

E = − 2ω1(kTs)

Rs + γLq
F =

2

Rs + γLq
G =

2

Rs + γLd
. (8)

From (6) and (7), id(kTs + Ts) and iq(kTs + Ts) can be ex-
pressed in the following matrix form using the notation i(kTs) =
[id(kTs) iq(kTs)]

T and v(kTs) = [vd(kTs) vq(kTs)]
T :

idq(kTs + Ts) =
1

1−BC

([
BC +A B(D + 1)

C(A+ 1) BC +D

]
idq(kTs)

+

[
F BG

CF G

]
vdq(kTs) +

[
BE

E

]
ΨPM

)
.

(9)

The electromagnetic torque can be predicted as

M(kTs + Ts) =
3

2
p

(
ΨPM iq(kTs + Ts)

+ (Ld − Lq)id(kTs + Ts)iq(kTs + Ts)

)
.

(10)

III. QUADRATIC REGRESSION MODEL BASED MPC SCHEME

The main contribution of this article is the introduction of
a novel quadratic regression model-based indirect MPC control
scheme. This control approach uses a finite set of control actions
to provide a continuous representation of the control space. The
transition from a finite to a continuous set problem is being
done via regression. This can be observed in Fig. 1, while a
block diagram of the QRM scheme can be seen in Fig. 3 for
ac machine drives. This section presents the method with the
necessary mathematical background in more detail. The method
will be applied and demonstrated on a PMSM drive in this article,
but it can be applied to the control of grid-side converters and
other types of electrical drives, based on the guidelines presented
in this section. The QRM method consists of four steps (Step
1–Step 4) to determine the optimal control action. An additional
step to gather the required measurement data is also necessary
(Step 0). Furthermore, an external modulator is also required to
generate the switching signals to tailor the calculated optimal

Fig. 3. Block diagram of the QRM-based MPC scheme for ac machine drives.

voltage vector (Step 5). It should be noted that the method
is implicit; therefore, these steps have to be calculated for all
sampling instants.

A. Step 0: Measurement Elaboration and Delay Compensation

This step is not a part of the proposed QRM scheme, but
naturally, for any closed-loop control, it has a crucial role in
achieving a proper operation. Some state variables, such as phase
currents, voltages, or encoder signals of the ac machine, should
be measured either because these state variables are directly
used or they can be used to estimate state variables, such as the
stator flux, which cannot be measured directly. The measured
signals are generally valid in the SRF. If it is necessary, such as
in the PMSM drive used as a case study in this article, the state
variables should be transformed in the RRF in this step.

One well-known disadvantage of the real-time digital imple-
mentation of MPC techniques is the required high processing
capability due to the excessive number of calculations. It results
in a delay between the measurements and the actuation, which
can deteriorate the performance of the drive. To overcome the
issue caused by this delay, a model-based compensation method
is suggested to be used in [6]. The principle of this method is
that by using the measured value in the kTs period, the state
variables are estimated by knowing the actual voltage vector for
the kTs + Ts period. In the prediction step (see Step 2), the state
variables are predicted for the kTs + 2Ts period.

B. Step 1: Prediction of state variables

Similar to classic FS-MPC schemes, the first step is the predic-
tion of the state variables for different achievable voltage vectors.
In the case of the proposed QRM method, the predictions should
be evaluated only for six active (v1,v2, . . . ,v6) and for one
zero voltage vector (v7) (see Fig. 2), which can be realized
both by 2L-VSI as well as ML-VSI. The calculation of the
prediction only for seven voltage vectors even for ML-VSI is
a clear advantage of the method as the computational load of
the predictions can drastically grow by increasing the number
of voltage levels of the applied VSI topology.
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C. Step 2: Evaluation of the Cost Function

The next step of the introduced method is the calculation
of the cost function. The cost function values corresponding
to the respective seven voltage vectors are collected in g =
[g(v1) . . . g(v7)]

T ∈ R7x1. The only restriction regarding the
cost function in the case of the proposed QRM scheme is that
the cost function should contain most quadratic terms. This is
true for most of the cost functions used for power electronics
applications [22] and agrees with the design guideline presented
in [2] that suggests the use of the Euclidean (or l2) norm to
determine the cost of a voltage vector.

D. Step 3: Development of the Quadratic Regression Model
for the Continuous Mapping of the Cost Function

The main concept of the method is to develop a continuous
quadratic regression model of the cost function in the entire
modulation region (see the hatched area in Fig. 2). It is achieved
by using the seven discrete cost function values calculated for
the six active and one zero voltage vectors. As it will be demon-
strated, the established quadratic regression model can perfectly
map the cost function on the entire modulation region. By
calculating the minimum of the continuous quadratic regression
model, where the cost function has the lowest value, the optimal
output voltage vector can be determined, which can be formed
by proper PWM technique, such as in CCS-MPC techniques. It
should be noted this optimization is exact and simple to solve
and does not require any iteration, such as other methods in the
literature.

For the continuous mapping of the cost function, a multivari-
able quadratic regression modelm(vx, vy,μ) is being used. This
model is defined as

m(vx, vy,μ) = av2x + bvx + cv2y + dvy + evxvy + f (11)

where vx and vy are VDC independent and normalized voltage
vectors, and based in Fig. 2(a), the set of applicable voltage
vectors (Vxy) is defined as

vx =
3vα
2VDC

vy =
3vβ
2VDC

Vxy=

{[
1

0

]
,

[
1
2√
3
2

]
,

[
− 1

2√
3
2

]
,

[
−1
0

]
,

[
− 1

2

−
√
3
2

]
,

[
1
2

−
√
3
2

]
,

[
0

0

]}
(12)

and μ ∈ R6x1 is the vector of the quadratic regression model
coefficients

μ = [a, b, c, d, e, f ]T (13)

As it can be seen, the voltage vectors are assumed to be in the
stationary αβ complex plane. Even if the predictions are done in
the dq RRF, they can be associated with the exact voltage vector
coordinates on the introduced stationary xy normalized plane.
Thus, there is no need for an extra coordinate transformation.
The vector of the quadratic regression model coefficients μ can
be calculated to fit the cost function values of the seven voltage

vectors as

g = Xμ+ ε (14)

where X ∈ R7x6 is the design matrix, which is defined in corre-
spondence with the quadratic regression model

X =

⎡
⎢⎢⎢⎣
v21x v1x v21y v1y v1xv1y 1
v22x v2x v22y v2y v2xv2y 1

...
...

...
...

...
...

v27x v7x v27y v7y v7xv7y 1

⎤
⎥⎥⎥⎦ (15)

and ε ∈ R7x1 corresponds to the error of the quadratic regression
model. In order to minimize ||ε||, the ordinary least squares
estimation can be used to obtain the coefficients of the quadratic
regression model [23]

μ = (XTX)−1XTg. (16)

Since the voltage vectors were taken from the xy normalized
SRF, their coordinates will not change during the operation. As
always, the same voltage vectors are taken as a basis for the
calculations, the design matrix X will be constant and it can be
given as

X =
1

4

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4 4 0 0 0 4

1 2 3 2
√
3

√
3 4

1 −2 3 2
√
3 −√3 4

4 −4 0 0 0 4

1 −2 3 −2√3 √
3 4

1 2 3 −2√3 −√3 4
0 0 0 0 0 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (17)

Furthermore, as X is constant, the matrix Z = (XTX)−1XT

can be precalculated and only its elements should be stored in
the digital controller. According to [24], the matrix XTX is
invertible if the chosen voltage vectors are distinct, which is true
for the presented case. The coefficient vectorμ can be calculated
as⎡
⎢⎢⎢⎢⎣
a

b

c

d

e

f

⎤
⎥⎥⎥⎥⎦

︸︷︷︸
µ

=
1

6

⎡
⎢⎢⎢⎢⎢⎢⎣

3 0 0 3 0 0 −6
2 1 −1 −2 −1 1 0
−1 2 2 −1 2 2 −6
0
√
3
√
3 0 −√3 −√3 0

0 2
√
3 −2√3 0 2

√
3 −2√3 0

0 0 0 0 0 0 6

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Z=(XTX)−1XT.

⎡
⎢⎢⎢⎢⎢⎢⎣

g(v1)

g(v2)

g(v3)

g(v4)

g(v5)

g(v6)

g(v7)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
g

(18)

The μ = Zg can be calculated with only 8 multiplications
and 19 additions due to the favorable form of the matrix Z. The
favorable form means here that there are many equal elements
in the rows. This can be attributed to the symmetric choice of
the voltage vectors. It should be noted that the upper bound for
the number of additions and multiplications for an R6x7 matrix
is 35 and 42, respectively.

E. Step 4: Optimum Finding

In MPC methods, the controller selects the control action
that minimizes the cost function. Since the quadratic regression
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Fig. 4. Visualization of the optimization constraints. The modulation region
is bound by the hi lines that constitute a hexagonal area. The vertices of this
region are ki and li points with respect to the vx coordinate.

model maps the cost function on the modulation region, the
minimization problem can be solved on this function. In this way,
the optimization is decoupled from the model of the plant, and
thus, from (9) and (10), and is only dependent on the quadratic
regression model coefficients μ. Since the established quadratic
regression model is quadratic and the modulation region is
bounded by linear constraints, the optimization problem can be
simplified, which is described in detail in this step. Therefore,
by using the QRM scheme, the following optimization problem
is to be solved:

minimize
v=[vx,vy]T∈R2

m(vx, vy,μ)

subject to hi(vx, vy) ≤ 0 for i = {1, 2, . . . , 6} (19)

where the constraints are defined as the boundary of the modu-
lation region (see Fig. 4)

h1(vx, vy) = vy +
√
3vx −

√
3

h2(vx, vy) = 2vy −
√
3

h3(vx, vy) = vy −
√
3vx −

√
3

h4(vx, vy) = −vy −
√
3vx −

√
3

h5(vx, vy) = −2vy −
√
3

h6(vx, vy) = −vy +
√
3vx −

√
3. (20)

Since the constraints h1, h2, . . . h6 represent a closed and
bounded set and m(vx, vy,μ) was defined as a continuous
function in (11), therefore based on the Weierstrass extreme
value theorem, the function attains a minimum in this compact
set.

There are various QP approaches to solve this optimization
problem with multiple inequality constraints. These approaches
usually assume that the optimum does not violate any of the
constraints. This unconstrained optimum is then compared to the

Fig. 5. Flow diagram of the QRM-MPC scheme.

constraints. Should the unconstrained optimum violate any con-
straints, then the constrained optimum could be found via the La-
grangian multiplier method by takinghi(vx, vy) as equality con-
straints. However, the quadratic regression model m(vx, vy,μ)
and the linear constraints allow some simplifications, as detailed
in the following. Fig. 5 summarizes the steps of the devised MPC
method and the optimum finding algorithm, which is described
as follows.

1) Calculating the Unconstrained Optimum: The proposed
quadratic regression model m(vx, vy,μ) is a second-degree
polynomial function, which only has one critical point. This
point can be found using the gradient vector, and via the Hessian
matrix, it can be determined whether it is a minimum, maximum,
or saddle point (this can be seen later in Fig. 6). The gradient and
the Hessian can always be calculated since polynomial functions
are continuously differentiable. The gradient and Hessian of
m(vx, vy,μ) are, respectively

∇m(vx, vy,μ) =

[
2avx + b+ evy

2cvy + d+ evx

]
Hm =

[
2a e

e 2c

]
.

(21)

Note that Hm is only dependent on the quadratic regression
model coefficients. If the critical point is a minimum, then the
respective Hessian Hm matrix is positive definite (Hm � 0),
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Fig. 6. Example cases for the optimum finding. The cross marks the critical point based on the gradient criterion given in (23). The upper figures represent the
contour plots for each of the cases, while the lower figures represent the cost function on the boundary. In the cases of (b) and (c), all boundary optima are marked
and the constrained optimum is the minimum of this set of values. (a) Minimum inside the boundary constraints (unconstrained optimum), where µ=[0.10, 0.05,
0.20,−0.05, 0.10, 0.20]T. (b) Minimum outside the boundary constraints (constrained optimum), where µ=[0.10, 0.15, 0.20,−0.20, 0.10, 0.20]T. (c) Saddle point
example, optimum is on the boundary (constrained optimum), where µ =[0.10, 0.45, 0.05, −0.05, 0.80, 1.60]T.

which can be decided in this case by checking if both principal
minors are positive

Hm,11 = 2a > 0

det(Hm) = 4ac− e2 > 0. (22)

The critical point can be found by solving the
∇m(vx, vy,μ) = 0 equation system, which yields

vcrit =

[
vx,crit

vy,crit

]
=

1

4ac− e2

[
de− 2bc

be− 2ad

]
. (23)

If Hm � 0, then based on (23), the unconstrained optimal
voltage vector can be determined. This unconstrained optimum
is accepted as the optimal voltage vector if and only if the
constraint inequalities in (20) are all satisfied. In this case, the
unconstrained optimum is accepted as the optimum vopt = vcrit,
and the results are forwarded to the modulator. As an illustrative
example, Fig. 6(a) presents a contour plot as well as the three-
dimensional plot of a quadratic function along the boundary of
the hexagon, where vopt = vcrit is a minimum and it is inside the
boundary constraints.

2) Calculating the Constrained Optimum: IfHm � 0, based
on (22), or the unconstrained optimum violated any of the con-
straints of (20), then the optimum can be found on the boundary
of the set based on the extreme value theorem. The boundary
consists of six linear constraints hi(vx, vy), which also restrict
each other. For example, the h2 constraint is bounded by h1

and h3. Therefore, the constrained optimum can be found via
the calculation of six constrained optimization problems that are

restricted for the hi linear boundaries

minimize
v=[vx,vy]T∈R2

m(vx, vy,μ)

subject to hi(vx, vy) = 0 for i = {1, 2, . . . , 6}
vx ≥ ki for i = {1, 2, . . . , 6}
vx ≤ li for i = {1, 2, . . . , 6} (24)

where ki and li represent the interaction of two neighboring
constraints. Since hi is an equality constraint, it allows the
calculation of the vy coordinate as a function of vx. Therefore, it
is enough to constrain the vx variable to inequality constraints.
It is important to note that the QP problem presented in (24)
represents six individual optimization problems, with only the
ith constraints active for each

k1 = 0.5l1 = 1.0

k2 = −0.5l2 = 0.5

k3 = −1.0l3 = −0.5
k4 = −1.0l4 = −0.5
k5 = −0.5l5 = 0.5

k6 = 0.5l6 = 1.0. (25)

Using the Lagrangian multiplier method, the solution would
be to calculate the unconstrained optima for each of the bounds
and reintroduce the ki or li constraints, if necessary. However,
the method presented in this article to calculate this constrained
optimization problem leverages the properties of the quadratic
regression modelm(vx, vy,μ) and the constraining equations. It
can be observed that the hi(vx, vy) are now equality constraints
such that the vy variable can be expressed. The constrained
quadratic regression model for a given hi constraint is, thus,
denoted with mi(vx,μ), with the quadratic regression model
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simplified to a function with vx as the single independent vari-
able. These constrained quadratic regression model functions
are listed in Appendix A in (28). The resulting function retains
its quadratic form in this process. Therefore, the optimum for
a boundary segment can be found via the first and second
derivatives of mi(vx,μ) with respect to vx. Since the opti-
mization problem remains the same for all sampling time, these
derivatives can be precalculated such that the digital controller
only has to substitute the coefficients contained in μ to obtain
the optimum.

The critical point for the ith boundary segment vx,i,crit can
be found via the first derivative and is only dependent on the
coefficients of the quadratic regression model. The calculation
of the critical point for each of the boundary segments is included
in Appendix A in (29). The second derivatives decide whether
the critical point is a minimum or a maximum. These are all
constant and only depend on the coefficients of the quadratic
regression model. The calculation of the second derivatives is
given in Appendix A in (30).

However, this calculation only results in an unconstrained
optimum for all of the line segments. However, due to the
quadratic regression model being a second-degree polynomial,
the constrained optimum can be obtained simply from the
critical point vx,i,crit and the sign of the second derivative of
mi(vx,μ). The entire calculation for the constrained optimum
on a boundary segment is presented with Algorithm 1. During
the algorithm, if the critical point turned out to be a maximum,
then the minimum of the constrained function at the endpoint
of the interval be [ki, li], which is farther from the critical point.
This is due to the symmetry of the quadratic functions. Thus,
the position of the critical point and the arithmetic mean of ki
and li are established (M variable).

In Algorithm 1, the optimum for all boundary segments is
established as mi,opt for each of the constrained optima vx,i,crit.
The vy,i,crit coordinate can be established with the respective
hi(vx, vy) = 0 equality constraint. Therefore, the constrained
optimum that satisfies the primary QP problem (19) is

vopt = argmin
i∈{1,2,...,6}

m(vx,i,crit, vy,i,crit,μ). (26)

Fig. 6(b) and (c) presents a contour plot as well as the three-
dimensional plot of the quadratic function along the boundary
of the hexagon for demonstration purposes. In Fig. 6(b), the
calculated critical point is a minimum, but it can be found outside
the modulation region. Fig. 6(c) presents a case, where vcrit can
be found within the boundary, but it is a saddle point; therefore,
the minimum point should be searched on the boundary line
segments. As it can be seen in the lower diagrams of Fig. 6(c), a
local maximum point can be found on one of the line segments.
In both Fig. 6(b) and (c), the optimum points for each of the
boundary segments are marked.

3) Remark on the Computational Complexity: It should be
noted that the number of mathematical operations—either for
constrained or unconstrained optimum—is fixed, which is a
great advantage of the method over other techniques, which
use iterative methods to find the optimal point [17], [25], [26].
Table I contains the required arithmetic operations for all the

Algorithm 1: Boundary Optima Calculation.
i← 1
while i < 7 do
vx,i,crit ← (29).i
mxx,i ← (30).i
if mxx,i ≥ 0 then �vx,i,crit is a minimum

if vx,i,crit < ki then
vx,i,crit = ki

else if vx,i,crit > li then
vx,i,crit = li

end if
else � vx,i,crit is a maximum
M ← ki + li
M ← 0.5 ·M
if vx,i,crit < M then
vx,i,crit = li

else
vx,i,crit = ki

end if
end if
mi,opt ← mi(vx,i,crit,μ)
i← i+ 1

end while

TABLE I
NUMBER OF ARITHMETIC OPERATIONS OF THE QRM

SCHEME AT DIFFERENT STEPS

1The number of the arithmetic operations also depends on the used discrete
model of the ac machine. The number of operations is given for the derived
Tustin model of the PMSM introduced in Section II-B.
2The number of arithmetic operations for the calculation of theA,B, . . .,G

parameters used in the prediction equations is not included.

above-mentioned steps. The computational cost of the quadratic
regression model fitting and the proposed QP solution in the
worst case—Hm � 0 and Constrained Optimum—is 119 mul-
tiplications, 73 additions, and 4 divisions (see Table I, the sum
of Steps 3 and 4). Furthermore, the number of calculations does
not increase if the number of voltage levels is increased, which
is also a unique advantage of the proposed scheme.

To demonstrate that the number of mathematical operations
of the QP solution is not so much, let us consider an illustrative
example: let us assume a PMSM drive supplied by a three-level
VSI. In the case of the classic FS-MPC approach, the state
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variables should be predicted and the cost function should be
calculated for all the 19 possible voltage vectors. By using the
proposed QRM scheme, it is enough to carry out the predictions
and the cost function evaluation only for seven voltage vec-
tors. The operations required for the “extra” 12 voltage vectors
are 192 multiplications and 120 additions by using the Tustin
discrete model presented in Section II-B. This calculation of
FS-MPC for a three-level inverter requires much more time than
the presented optimum finding algorithm with the calculation
of the quadratic regression model coefficients even if there are
division(s) in the proposed method.

F. Step 5: Modulation

After the fourth step of the proposed QRM approach, an
optimal voltage vector vopt in the stationary complex xy nor-
malized plane is obtained. As an additional step, this voltage
vector, which acts as a reference voltage vector vref = vopt [see
voltage vectors in Fig. 2(a)–(c)] for the dc/ac conversion, should
be generated by the VSI by using a proper PWM technique. The
modulation technique is not directly part of the QRM scheme as
it was defined as an indirect MPC method. However, since the
utilized modulation technique directly affects the performance,
some aspects of modulation techniques utilized in VSI topolo-
gies are discussed here. The QRM-MPC scheme can be used
either for 2L-VSI or ML-VSI as the calculation procedure (see
Steps 1-4) does not depend on the applied inverter topology
and the number of voltage levels. The cost functions should be
evaluated for seven voltage vectors [see v1, . . . ,v7 in Fig. 2(a),
and the filled circles in Fig. 2(b) and (c)] to use quadratic
regression to continuously map the cost function upon the
modulation region. These seven voltage vectors can be realized
both by three-phase 2L-VSI and ML-VSI, as it was mentioned
in Section II.

PWM techniques can be classified in multiple ways. Space
vector modulation (SVM) and carrier-based PWM (CB-PWM)
methods are perhaps the two most widely applied modulation
schemes either for 2L-VSI and ML-VSI. The main purpose
of SVM-based algorithms is to determine the three adjacent
voltage vectors, their duty cycles or switching times, and their
switching sequence to approximate, in average, the reference
voltage vector vref for one switching period [27]. Usually, duty
cycles and switching times can be determined by geometry-
based calculations by projecting the reference voltage vector
over the triangle formed by the closest voltage vectors. For
example, in 2L-VSI, the reference voltage vector vref = vopt

[see Fig. 2(a)] can be formed with the help of the two closest
active voltage vectors (v1 and v2) and zero voltage vector (v7)
(the latter one is redundant and can be realized in two ways). For
example, for a 3L-VSI, the vref = vopt reference voltage vector
[see Fig. 2(b)] can be formed by the voltage vectors denoted by
2, 9, and 14.

In the case of CB-PWM techniques, sinusoidal reference
or modulation signals for each phase are compared with a
triangular carrier signal to produce the switching signals. The
sinusoidal reference signals can be calculated from vref = vopt

TABLE II
PMSM PARAMETERS

by using inverse space vector transformation and normalization.
The sinusoidal modulation signals can be modified by some
zero-sequence component to expand the linear modulation re-
gion. By properly selecting the zero-sequence component, the
CB-PWM can become completely equivalent to SVM. It should
be noted that for 2L-VSI, one common triangular carrier signal
is used for each phase, while for ML-VSI topology, more carrier
signals are necessary depending on the number of voltage levels.
These carrier signals can be either phase-shifted or level-shifted
depending on the given inverter topology.

It should also be mentioned that if the amplitude of the
resulting optimal voltage vector is larger than VDC√

3
, for example,

in the close vicinity of the boundary, then the VSI should operate
in the so-called overmodulation region. Special care should be
paid to the overmodulation region to obtain a proper harmonic
performance [28]. In some ML-VSI topologies, for example,
the 3 L neutral point clamped (NPC) inverter, it is necessary to
balance the voltage across the dc bus capacitors. If the inverter
is controlled by MPC approaches, the neutral point balancing
is included in the cost function, which suffers from tedious
weighting factor selection [29]. By using the proposed QRM
scheme, there is no need to include this control objective in the
cost function. The voltage balance can be realized by a proper
PWM modulation scheme [30].

Naturally, the applied PWM technique, depending on the
number of voltage levels and inverter topology, causes an ad-
ditional computational load. However, as the modulation step
is not a part of the QRM scheme, it does not modify the
computational complexity of the proposed method. Further-
more, thanks to the well-developed PWM techniques with a
low-computational burden introduced in the literature, the cal-
culation time of the modulation step is not crucial. A com-
prehensive overview of PWM schemes for 2L-VSI and ML-
VSI, both for linear and overmodulation regions, can be found
in [27], [28], [30], and [31].

IV. CASE STUDY: MPTC OF PMSM USING QRM APPROACH

The developed QRM scheme will be presented on a low-
power Hurst DMA0204024B101 PMSM drive using MPTC as
a case study. The main parameters of the drive are summarized
in Table II. This section presents the block diagram and the
operation of the QRM-based MPTC algorithm as well as the
simulation and experimental results conducted on this drive.
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Fig. 7. Block diagram of the PMSM control with QRM-MPTC.

A. MPTC Scheme

The block diagram of the commonly used direct MPTC
scheme is shown in Fig. 7, where an external PI speed controller
generates the Mref reference value of the electric torque using
the difference between the reference (Ωref) and the measured (Ω)
rotational speeds. The proposed indirect QRM-MPTC scheme
predicts the d and q axes currents and the electromagnetic torque
for seven voltage vectors of the VSI by using (9) and (10).

The MPTC scheme described in this article utilizes two
feature costs ξ1(vi) and ξ2(vi). The first feature expresses the
torque error, while the second one is the so-called maximum
torque per ampere (MTPA) criterion [32]. Their equations as
well as the resulting cost function can be given as

g(vi) = ξ1(vi) + λξ2(vi)

= (Mref −M(vi))
2 + λ (id(vi))

2 (27)

where λ denotes the weighting factor.
This article aims to present the concept of the QRM-MPC

method in an MPTC scheme. Therefore, a symmetric PMSM
drive was selected as a case study for demonstration purposes.
The proposed method can be used for other applications as well.
As it was mentioned previously, the only constraint is that the
cost function should contain terms up to a second degree. For
example, the cost feature expressing the MTPA criterion for
nonsymmetrical PMSM (Ld 	= Lq) given in [32] contains terms
up to the fourth degree of both id and iq , and therefore, the
quadratic regression model will not be able to perfectly map
the cost function in the modulation region. However, by using
a modified feature cost having quadratic terms, the method can
be applied for nonsymmetrical PMSMs as well.

B. Simulation Results

In order to present the potential of the QRM-MPC algorithm,
a complete simulation model was established using a 2L-VSI
in MATLAB/Simulink environment. The mathematical model
also took into account the computational delay. During the
simulation study, ideal switching devices were assumed. The
dc-link voltage was VDC = 24 V and the sampling frequency
of the MPC algorithm was selected to be fs = 1/Ts = 10 kHz.
The external speed control loop ran at a smaller rate at fs,speed =

Fig. 8. Visualization of the cost function mapping for the calculation example
presented in Appendix C. The mapping in (a) was established using the seven
defined voltage vectors, while the square of the residuals between the cost
function values of actual and modeled voltage vector predictions is presented in
(b) for a large set of voltage vectors. (a) Cost function mapping by the quadratic
regression model. (b) Squared cost function residuals between the calculated
predictions and the fit quadratic regression model.

1 kHz. The value of the weighting factor [see (27)] was selected
to be unity.

1) Model Fitting Results: Since the established quadratic
regression model is a linear combination of terms, the coefficient
of determination or the R2 value can be used to measure the
goodness-of-fit. Further remarks on the calculation of the R2

value can be found in Appendix B.
As an illustrative example, Fig. 8(a) presents the cost func-

tion mapping in the entire modulation region calculated by the
proposed QRM scheme. The calculation steps for the working
point presented in Fig. 8(a) are given in Appendix C. As it can be
seen for this parameter set, the optimum voltage vector vopt can
be found inside the modulation region, so it is an unconstrained
optimum (Hm � 0, no voltage constrained violated), thus the
optimum coordinates were calculated by using (23).

In order to validate the proof of concept and to demonstrate
that the scheme can be used for ML-VSI as well, the cost function
is evaluated at the same working points for all the achievable
voltage vectors for a 3L-VSI (see Appendix C). The values
are compared with the cost function values calculated from the
regression model. Table III contains the results. An important
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TABLE III
PREDICTED RESULTS FOR A 2L-VSI WITH THE INCLUSION OF THE 12 ADDITIONAL VOLTAGE VECTORS OF A 3L-VSI AT A GIVEN WORKING POINT

observation is that the squares of the residuals (see Appendix C)
are in the range of 10−30 for all voltage vectors even if they were
not chosen for the establishment of the model. Therefore, it can
be concluded that the regression model can practically perfectly
map the cost function values for all of the voltage vectors.

Another illustrative example is given in Fig. 8(b) for the same
working point. Here, a 32-level inverter was assumed, which
can generate theoretically 2977 different voltage vectors with
different angles and magnitudes. Naturally, such an inverter is
not practical due to its complexity. However, it can be used
in theory to validate and demonstrate the effectiveness of the
proposed QRM scheme due to a large number of data points.
The prediction and cost function calculation was carried out
for each of these 2977 voltage vectors by using (9), (10),
and (27). The results were compared with the cost function
values calculated from the quadratic regression model using
(11). For the comparison, squares of the residual values are
used, which are calculated as (g(vi)−m(vi,x, vi,y,μ))

2 for
i ∈ [1, 2977].

The R2 values obtained from fitting the quadratic regression
model on the working point data were practically 1. This is due
to the square sum of residuals (SSresidual) being in the 10−27s
order of magnitude and the SStotal values being in the 103. Since
the described quadratic regression model uses six coefficients,
therefore the use of the adjusted R-squared or R

2
value is

warranted. However, since R2 is this extremely close to 1, the
value of R

2
will follow suit. Fig. 8(b) presents the square of the

cost function residual mapping for the working point calculated
in Appendix C. Based on the results, it can be concluded that
the QRM could perfectly predict the cost function value of any
voltage vector in the bounds of the system.

Based on the quadratic regression model definition in (11),
the model has six coefficients corresponding to the linear and
quadratic terms. It is, therefore, necessary to check whether all
terms will contain significant information [23]. The coefficients
can be tested independently using a two-sample t-test, where
one sample is generated with all the coefficients fit on the
dataset and the other sample is generated with one coefficient
set to zero. The entire quadratic regression model can be tested
using the analysis of variance on the fit model. For both tests, all
the coefficients got a p-value p < 0.0001 at a significance level
of α = 5%, thus indicating that all coefficients in the quadratic
regression model contain significant information.

Although the previously presented analysis on the model
fitting was established only for a single working point, it was
observed that the minuscule difference between the value of
R2 and unity [see (39)] was closely retained for both transient
and steady-operation in both simulation and experimental tests.
Therefore, it can be concluded that the method can practically
perfectly map the cost function upon the modulation region. This
implies that solving the optimization problem for the quadratic
regression model provides the actual optimal control voltage
vector.

2) Dynamic Performance: Simulation results using the
QRM-MPC scheme are shown in Fig. 9. In this figure, a speed
reference step change (Ωref = −220 rad/s) was performed at
time t = 0.1 s, then a speed reversal at time t = 0.5 s, and finally,
a load step (Mload = 0.2 N · m) was applied at time 1.1 s. It
can be seen from these results that all of the objectives of the
control were achieved during the tests. The mechanical speed
followed its reference value with a near-zero overshoot. The
acceleration rate was only limited by the maximum allowable
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Fig. 9. Simulation results, step response of the method to changes in Ωref and
Mref.

Fig. 10. Current (left) and voltage (right) vector trajectories during the step
change of the applied torque. The hexagonal boundary formed by the six active
voltage vectors that were used for the calculation of the predicted state is
represented by dashed line.

torque. Furthermore, fast-tracking of the torque-producing iq
current was achieved while the d-axis current was zero. Fig. 10
presents the trajectory of the current space vector as well as the
calculated optimal voltage vector during the transient caused by
the step change in the load torque. In steady state, the path of
the optimal voltage vector was a circle similar to FOC.

3) Parameter Sensitivity: In order to test and evaluate the
parameter sensitivity of the QRM-MPC scheme, a simulation
analysis was carried out. In Fig. 11(a) and (b), the reference
speed was selected to be Ωref = 50 and Ωref = 220 rad/s, re-
spectively. The machine loading torque was changed suddenly
in both directions periodically. The values of the stator resistance
[see Fig. 11(a)] and the q-axis inductance [see Fig. 11(b)] in
the simulated PMSM model were changed abruptly in both
directions by 50%, while the QRM-MPC scheme used their
nominal values for predictions. As it can be seen, the QRM-MPC
scheme is robust against parameter variations. Even such a high
difference in the parameters resulted in stable operation with
acceptable performance.

4) Application the QRM-MPC Scheme for ML-VSI: As it was
mentioned previously, the QRM-MPC scheme can be applied for
ML-VSI topologies as well by modifying only the modulation
scheme. For demonstration, Fig. 12(b) presents the time func-
tion of the iα real and iβ imaginary components of the stator
current vector in SRF as well as the vα real and vβ imaginary
components of the stator voltage also in SRF when the PMSM
was supplied by an NPC-type three-level VSI. For simplicity,
the potential of the neutral point of the inverter was fixed. The
reference speed again wasΩref = 220 rad/s and the machine was

loaded its rated value (Mload = 0.2 N · m). The MPC scheme
is the same as for 2L-VSI, only the SVM algorithm is modified
accordingly. For a better comparison, Fig. 12(a) presents the
same waveforms for 2L-VSI. The voltage and the current signals
show the typical waveforms delivered by 2L-VSI and three-level
VSI. Naturally, the harmonic distortion is smaller for the latter
case. The results demonstrate that the QRM-MPC scheme can be
used for ML-VSI topology as well by using a proper modulation
scheme.

C. Hardware Implementation

The discrete algorithm of the QRM-MPC scheme was
implemented using C language on a low-cost dual-core
TM320F28379D DSP running at 200 MHz clock frequency.
The implementation utilized only one core; however, a core-
independent 32-bit floating-point math accelerator called control
law accelerator (CLA) was also used.

During operation, the CPU handles the peripherals, such as
timers, ADC, PWM, and QEP units, while the CLA is tasked
with the execution of the MPC algorithm completely. The MPTC
algorithm is being called by the CPU at a fixed sampling
frequency of fs = 1/Ts = 10 kHz using an interrupt routine.
Similar to the simulation study, the external speed control loop
runs at a smaller sampling rate. The parameters of the measured
PMSM are the same as in the simulation study. During the test, a
three-phase LMG5200 GaN MOSFET-based inverter was used
as the 2L-VSI. The method was also tested by using a three-level
CHB inverter using the same GaN MOSFETs. A photo of the
laboratory setup can be seen in Fig. 13. In the figure, it can
be observed that the controlled and the loading machines are
identical.

D. Turnaround Time

Fig. 14 presents the measured turnaround time of the QRM-
MPC scheme comparatively with 2L-VSI and 3L-VSI FS MPC
schemes. The diagram presents the turnaround time for the un-
constrained optimal optimum—with no constraints violated—
(tTAT = 12.14μs), and the constrained optimum time—Hm � 0,
but violated constraints – (tTAT = 16.67 μs). The latter case
includes the unconstrained optimum calculations due to the opti-
mization solution; therefore, it can be considered the worst-case
operation of the algorithm.

For demonstration purposes, the turnaround times of FS-
MPTC by using a 2L-VSI and a 3L-VSI are also presented
in Fig. 14. In the first case, the prediction and cost function
evaluation was carried out for seven voltage vectors, while for
3L-VSI for 19 voltage vectors. In both cases, after calculating
the cost function values for all the possible voltage vectors, the
voltage vector that minimizes the cost function was selected.

It can be seen that the QRM-MPC scheme has practically
the same turnaround time compared to the classic scheme using
2L-VSI if the optimum can be found in the hexagonal bounds.
By comparing with the classic scheme using 3L-VSI, it can be
seen the QRM-MPC algorithm is faster even in the worst case
when the optimal voltage vector is on the boundary. By further
increasing the number of voltage levels in the case of the classic
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Fig. 11. Parameter sensitivity simulations. The operation is shown for nominal (0− 0.4 s), 1.5 times nominal (0.4− 0.8 s), and 0.5 times nominal values
(0.8− 1.2 s). Each phase starts unloaded, and then after 0.1 s passes, nominal load is applied, which lasts for 0.2 s, when it is removed. (a) Parameter sensitivity
of Rs. (b) Parameter sensitivity of Lq .

Fig. 12. Steady-state operation under nominal load for 2L- (left) and 3L-VSI (right) fed configurations. (a) 2L-VSI steady-state operation. (b) 3L-VSI steady-state
operation.

Fig. 13. Laboratory measurement setup.

MPTC scheme, the turnaround time increases as the predictions
should be calculated for each of the applicable voltage vectors.
However, the turnaround time for the QRM-MPC scheme will
be the same as it is independent of the number of voltage levels.
It is a clear advantage of the presented method, and therefore, it
is a promising technique for ac drives supplied by ML-VSI as
well.

It should be noted that the classic FS-MPTC schemes output
the switching signals directly, while the QRM-MPC scheme
generates only the optimal voltage vector at the end of the
algorithm. The switching signals can be generated in the latter
case by a proper PWM scheme. The duration of the PWM

Fig. 14. Measured turnaround time of the required time for each of the tasks
required by the QRM-MPC (upper) and FS-MPTC methods on two- (middle)
and three-level (lower) VSIs on the utilized hardware.

algorithm is not taken into account in Fig. 14 since this time
depends on the complexity of the applied VSI topology and
the used modulation method. In the presented experiments, the
duration of the PWM algorithm added only a short extra time.

E. Experimental Results

The dynamic behavior of the QRM-MPC scheme using a 2L-
VSI is demonstrated in Fig. 15, where Ωref is being set to −220
rad/s at 0.05 s. At 0.5 s, the reference speed is reversed. The id
and iq stator current components were generated by the built-
in digital–analog converter of the utilized DSP, and they were
measured, along with the phase currents and the mechanical
speed, by a digital oscilloscope. In the figure, it can be observed
that the phase currents are well constrained during the speeding
periods. The mechanical speed followed its reference value and
the fast tracking of the iq current is also achieved. The path
of the stator current vector at rated loading condition (Mload =
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Fig. 15. Experimental results, step response of the method to changes in Ωref.

Fig. 16. Current vector trajectory in steady-state operation under nominal load
and Ωref = 220 rad/s.

0.2N ·m) at reference speed Ωref = 220 rad/s can be seen in
Fig. 16. The measured waveforms in Figs. 15 and 16 show a
good resemblance with the simulation results presented in Figs. 9
and 10.

The QRM-MPC scheme was also tested using a three-level
CHB inverter. The measured steady-state time function of the
real component of the stator current vector, the real and imagi-
nary component of the stator voltage vector in SRF, as well as
the harmonic spectra of the current can be seen in Fig. 17(b).
For better comparison, the same waveforms are measured and
presented for 2L-VSI in Fig. 17(a). The figure demonstrates that
the QRM-MPC scheme can work properly for ML-VSI as well.
As it can be seen on the harmonic spectra of the current, the
higher harmonics in the current signal can be found as sidebands
around the fs=10 kHz sampling (switching) frequency. The
presented harmonic spectra are typical for electrical drives using
PWM modulator [31]. As it can be seen, the amplitude of these
sideband harmonics is slightly less for the 3L-VSI, which results
in lower total harmonic distortion (THD) (5.6% for 2L-VSI
versus 3.4% for 3L-VSI).

Fig. 18 presents the measured behavior of the drive for
parameter sensitivity. The reference speed was selected to be
220 rd/s and the machine was loaded by its rated torque. Contrary
to the simulation, here the q-axis inductance value Lq—or in
other words, the Lq/Ld ratio—used by the QRM-MPC scheme
during the predictions was changed abruptly in both directions
by 50%. As it can be seen in the figure, the QRM approach works

properly under even such high differences in the parameters. The
amplitude of the phase current is practically the same; there is
only a slight offset in the d-axis and q-axis current components.
The small fluctuations in the speed signal were caused by the
finite resolution of the encoder signals. It should be noted that the
ripples in the phase currents can be seen with lower amplitudes
in Fig. 18 compared to the steady-state performance presented in
Fig. 17. This was caused by the larger time window for recording
the signals by the digital oscilloscope, which resulted in a lower
sampling time.

V. COMPARISON OF THE PROPOSED QRM METHOD

WITH OTHER TECHNIQUES

The introduced indirect QRM scheme is a hybrid MPC al-
gorithm in the sense that the prediction is carried out on finite
voltage vectors, similarly to FS-MPC methods, but it uses a mod-
ulator stage similarly to CCS-MPC techniques. In this section,
the proposed QRM scheme is compared with both some FS and
CCS approaches available in the literature.

A. Comparison With FSMPC Approaches

In the case of FS-MPC techniques, the cost function is evalu-
ated for all the achievable voltage vectors. The optimal voltage
vector is selected based on which voltage vector has the smallest
cost function value. As it was mentioned in Section I, these
techniques generally operate at low and not constant switching
frequencies. It can result in poor current harmonic performance,
which increases the harmonic losses and can cause larger ripples
in the electric torque as well.

Fig. 19 presents the measured steady-state time function of
the real component of the stator current vector as well as its
harmonic spectra for FS-MPTC by using a 2L-VSI and 3L-VSI.
In the first case, the prediction and cost function evaluation [see
(27)] was carried out for seven voltage vectors, while for the
CHB-type, 3L-VSI for 19 voltage vectors. In both cases, after
calculating the cost function values for all the possible voltage
vectors, the voltage vector that minimizes the cost function was
selected. The machine and the laboratory equipment were the
same as in Section IV; the sampling frequency was selected to
be fs = 1/Ts =10 kHz. By comparing the results obtained by
the QRM-MPC approach (see Fig. 17) under the same operating
conditions, it can be concluded that the latter one, thanks to the
modulator, has better harmonic performance and lower THD
both for 2 L and 3L-VSI. As it was mentioned in Section I,
the traditional FS-MPC approach does not provide a constant
switching frequency. The measured equivalent switching fre-
quency per transistor was 2.6 kHz for 2L-VSI and 2.1 kHz
for 3L-VSI. The QRM approach provides a constant switching
frequency (fs=10 kHz) at the same sampling frequency.

Moreover, it can be observed that the harmonics for FS-MPTC
are not concentrated around the sampling or switching frequency
and they spread over low-order harmonics.

By comparing the response of FS-MPTC using 2L-VSI and
3L-VSI, it can be concluded that the latter has better harmonic
performance, but the turnaround time is larger as well (see



13172 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 11, NOVEMBER 2022

Fig. 17. Steady-state operation under nominal load for 2L- (left) and 3L-VSI (right) fed configurations. (a) 2L-VSI steady-state operation. (b) 3L-VSI steady-state
operation.

Fig. 18. Parameter sensitivity measurements. The
Lq

Ld
ratio used in the

prediction equations was changed abruptly in both directions by 50%.

Fig. 14) as the cost function should be evaluated for more voltage
vectors.

It should be noted, as it was mentioned in Section I, that the
performance of FS-MPC schemes can be improved [7]–[9], [11]
with some modifications. In the measurement, the traditional
direct FS-MPTC was assumed, where the controller outputs one
voltage vector each sampling period.

It can be concluded that the proposed indirect QRM scheme
has the clear advantage that the switching is deterministic and
constrained by the dedicated modulator. It imposes a constant
switching frequency, which results in better harmonic perfor-
mance than the FS-MPC scheme at the same sampling fre-
quency. The lower distortion in the current can cause lower
torque ripples as well. Of course, the calculation of the quadratic
model increases the computational load compared with classic
FS-MPC techniques. However, as it was demonstrated in Sec-
tion IV, the extra calculation time is not crucial for a 2L-VSI
(see Fig. 14). Furthermore, the computational time of the QRM

scheme does not depend on the number of voltage levels of
the inverter. As it was demonstrated, the calculation time of
FS-MPC, due to the increased number of predictions for the
voltage vectors, can be larger for multilevel inverters than the
total calculation time of the proposed technique.

B. Comparison With Continuous Set MPC Approaches

The proposed QRM method can be compared to indirect
CCS-MPC techniques in many aspects. In most cases, these
techniques apply a dedicated modulator stage. The switching
frequency, the steady-state harmonic performance, and the mag-
nitude of torque ripples are mainly determined by the used PWM
technique and not the MPC algorithm itself. Therefore, the com-
parison of the QRM techniques with other schemes is compared
in this section based on the required computational burden as
this is a critical issue from the practical implementation point of
view of MPC techniques.

In CCS-MPC techniques to find the optimal control action
(voltage vector), the control problems are formulated as a QP
problem. Thanks to the recent developments, the QP solvers
enable real-time implementation even for embedded controllers.
The two most widely used approaches in power electronics
applications for QP solvers are the gradient methods and the
active-set methods.

Yang et al. [25] present a gradient method for a direct MPC
scheme. However, this technique does not apply a dedicated
modulator; it can operate at a constant switching frequency. The
method was demonstrated on a current-controlled induction ma-
chine drives by using a dSPACE SCALEXIO system, consisting
of a 4 GHz Intel XEON processor and a Xilinx Kintex-7 FPGA.
The required average iteration number was 39.7 (maximum
98), while the average time required for the algorithm was
16.9 μs (maximum 42.6 μs). Similar to this article, a low-cost
DSP (TMS320F240) was used in [26], which demonstrates a
fast gradient method to solve a constrained finite-time optimal
control problem to select the voltage vector for a PMSM drive. In
this article, the turnaround time is limited to 70 μs to maintain a
constant 10 kHz sampling frequency, which is the same as in our
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Fig. 19. Steady-state operation under nominal load for 2L- (left) and 3L-VSI (right) fed configurations. (a) FS-MPC 2L-VSI steady-state operation. (b) FS-MPC
3L-VSI steady-state operation.

case. It results that for a single prediction horizon, the maximum
number of iterations was restricted to eight.

A gradient-based method with a fixed number of iterations by
using a Lagrangian approach is introduced in [16]. The method
was demonstrated on a PMSM drive by using a dSPACE DS1202
real-time platform. The achieved sampling frequency of the
method was 2 kHz.

An active-set algorithm for solving the QP problem for
MPTC-controlled PMSM was demonstrated in [17]. For the
worst-case scenario, the total number of arithmetic operations
for the solver was 2431 among them 10 square roots. The method
was implemented on similar hardware (TMS320F28335) that
is being used in this article. The achieved sampling time was
0.3 ms. The calculation time for the MPC approach is not
constant; it fluctuates between 0.15 and 0.25 ms having a variable
number of iterations between 2 and 6.

In the literature, many articles use the so-called qpOASES
open-source software package, which implements a parametric
active-set reliably and efficiently [33]. A great advantage of the
package is that it provides an interface for Simulink, which can
allow to directly compile the algorithm to dSPACE or xPC target
hardware. Due to the generality of this solver, the computational
load is relatively high. In [33], 6 kHz sampling frequency could
be reached by using a high-performance dSPACE system. Hanke
et al. [34] applied also the qpOASES solver for the MPC
control of a PMSMS by using a dSPACE DS1006MC system.
The algorithm used three cores for solving the optimization
problem, while a fourth core was used to process the measure-
ments and precalculate the matrices and vectors. The result-
ing computational time of the MPC scheme on the multicore
hardware was measured between 10 and 26 μs with an average
of 15 μs.

Favato et al. [35] propose a computation-efficient solver
for QP problems. The scheme was elaborated on the current
control of a synchronous machine. The method was compared
for different cases with qpOASES and it was turned out that
the computational time can be reduced circa 20 times. The QP
solver method—without the prediction and the cost function
calculation—in the worst-case scenario uses 102 multiplica-
tions, 82 additions, and 6 divisions. The method is implemented
on a dSPACE MicroLabBox, which is a dual-core real-time
processor operating at 2 GHz. The measured average turnaround
time only of the algorithm was 12 μs.

By comparing the performance of the proposed indirect QRM
scheme with the techniques presented above, it can be concluded
that the QRM scheme has a great advantage in that it is not an
iterative method. Therefore, the total number of operations can
be determined, the maximum computational time is known a
priori, contrary to the methods presented in [17], [25], [26], and
[35]. As it was mentioned in the previous sections, the QRM
scheme—without the measurement and delay compensation—
needs 131 multiplications, 92 additions/subtractions, and 1 divi-
sion ifHm � 0 and the respective minimum is inside the bound-
ary constraints. During the implementation, the turnaround time
on a low-cost DSP was only 6.58 μs (see Fig. 14) for this
case without the measurement and delay compensation. If the
Hm � 0 and the voltage constraints are violated, the optimum
should search on the boundary segments. In this case, the
total number of operations increases to 234 multiplications,
144 additions/subtractions, and 4 divisions, while the measured
turnaround time on the DSP is increased to 11.11 μs. As it
can be seen, the presented method has to execute far fewer
arithmetic operations as presented in [17] and is very similar to
those reported in [35]. By comparing the number of arithmetic
operations with the method presented in [35], it can be concluded
that they perform very similarly. The number of arithmetic
operations for the worst case for [35] was given only for solving
the QP problem without the cost function evaluation. In the
proposed QRM scheme, a QP problem is solved in Steps 3
and 4. In the worst-case scenario (see Table I), the required
number of multiplication is slightly greater than the method
presented in [35] (122 versus 102), but the proposed scheme
requires marginally less addition (74 versus 82) and divisions
(4 versus 6).

The comparison of the measured turnaround times is generally
not fair as it highly depends on the applied hardware. However,
in most cases, the proposed QRM scheme has a shorter (or in
the case of [35], very similar) computational time even on a
low-cost DSP operating on a single-core than other techniques,
which use much more powerful platforms.

One drawback of the presented QRM method is that it can
work only for single-step prediction. By using a longer predic-
tion horizon, the transient performance can be improved [2],
[25], [35]. Furthermore, while some CCS techniques, such
as [34], can operate on multicore hardware to obtain shorter
calculation times, the QRM scheme can run only on a single
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thread. At most, only the prediction step can be parallelized, but
due to the low number of voltage vectors, it is not worth doing
it. These results with the proposed QRM scheme generality of
the considered solver increase the required time to solve the
problem. However, even with such high-performance hardware,
the achievable sampling frequency, due to the complexity of the
algorithm, is limited.

VI. CONCLUSION

In this article, the indirect QRM-MPC approach was pre-
sented. The method proposes an alternative formulation of the
QP problem that is at the core of indirect MPC schemes and
allows a simple and effective solution. First, the cost function
values are established as in FS-MPC schemes for seven voltage
vectors. Then, a quadratic regression model specifically tailored
for this purpose is being fit upon these results to continuously
map the cost function upon the modulation region. The resulting
optimization problem can be solved simply and efficiently since
the complexity presented algorithm does not scale with the
voltage levels of the utilized inverter. Furthermore, due to the
formulation of the quadratic regression model, the calculations
do not require complicated operations, such as square roots
or exponentiation. Furthermore, the total number of operations
is also known a priori for all possible cases, contrary to the
widely used iterative methods used in the literature. Therefore,
the turnabout time of the method can be estimated for any given
hardware.

The indirect QRM-MPC approach is demonstrated for a
PMSM as a case study, with both simulation and experimental
results presented comparatively. To increase the precision of the
discrete model, the equations of the PMSM were established
using the Tustin transformation. As it was demonstrated, the
proposed scheme can find the optimal voltage vector in a few
microseconds, making it promising for implementation in large-
scale real-time industrial applications.

APPENDIX A
BOUNDARY OPTIMUM FINDING EQUATIONS

The optimum on a given boundary segment can be determined
via expressing vy from the hi equality constraint. Thus, from the
regression model m(vx, vy,μ), the mi(vx,μ) is obtained.

m1(vx,μ) = av2x + bvx +
(
3c(vx − 1)−

√
3(d+ evx)

)
(vx − 1) + f

m2(vx,μ) = av2x +

(
b+

√
3

2
e

)
vx +

3

4
c+

√
3

2
d+ f

m3(vx,μ) = av2x + bvx +
(
3c(vx + 1) +

√
3(d+ evx)

)
(vx + 1) + f

m4(vx,μ) = av2x + bvx +
(
3c(vx + 1)−

√
3(d+ evx)

)
(vx + 1) + f

m5(vx,μ) = av2x +

(
b−
√
3

2
e

)
vx +

3

4
c−
√
3

2
d+ f

m6(vx,μ) = av2x + bvx +
(
3c(vx − 1) +

√
3(d+ evx)

)
(vx − 1) + f. (28)

The optimization process requires information about the first
and second derivatives of mi with respect to vx. The critical
point to each of the boundaries can be found via solving the
∂mi(vx,µ)

∂vx
= 0 equations. These equations are linear due to the

properties of the functions listed in (28). Therefore, the critical
point of a boundary segment can be expressed as a function of
the regression model coefficients μ.

vx,1,crit(μ) = −b− 6c+
√
3(e− d)

2(a+ 3c−√3e)

vx,2,crit(μ) = −2b+
√
3

4a

vx,3,crit(μ) = −b+ 6c+
√
3(d+ e)

2(a+ 3c−√3e)

vx,4,crit(μ) = −b+ 6c−√3(d+ e)

2(a+ 3c−√3e)

vx,5,crit(μ) = −2b−√3
4a

vx,6,crit(μ) = −b− 6c+
√
3(d− e)

2(a+ 3c−√3e) . (29)

The calculated critical points can either be maxima or minima,
depending on the value of the second derivative of mi with
respect to vx at the point of the optimum. However, the second
derivatives are constants due to the original function being a
second-degree polynomial. The second derivatives of mi can
also be calculated since the optimization problem is the same
for all sampling instants, only the coefficients of the regression
model change. The second derivatives are, thus, the following:

∂2m1(vx,μ)

∂v2x
=

∂2m4(vx,μ)

∂v2x
= 2a+ 6c− 2

√
3e

∂2m2(vx,μ)

∂v2x
=

∂2m5(vx,μ)

∂v2x
= 2a

∂2m3(vx,μ)

∂v2x
=

∂2m6(vx,μ)

∂v2x
= 2a+ 6c+ 2

√
3e. (30)

It is important to note that the denominators in (29) are the
same expressions to the respective mi as (30).

APPENDIX B
COEFFICIENT OF DETERMINATION

A well-established goodness-of-fit measure of linear regres-
sion models is theR-squared value. It is defined as the following
in [36]:

R2 = 1− SSresidual

SStotal
(31)
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SStotal =

n∑
i=1

(g(vi)− g)2 (32)

g =
1

n

n∑
i=1

g(vi) (33)

SSresidual =
n∑

i=1

(m(vi,x, vi,y,μ)− g(vi))
2 (34)

where SStotal is the total sum of squares, SSresidual is the residual
sum of squares, and g is the mean of the observed cost function
data for the voltage vectors. As there were six predictors used
in this work, the mention of the adjusted R-squared (R

2
) value

is warranted

R
2
= 1− (1−R2)

n− 1

n− k − 1
(35)

where k is the number of model parameters (excluding the
constant term). This method penalizes models that utilize many
variables to describe the process.

APPENDIX C
CALCULATING THE OPTIMAL VOLTAGE VECTOR FOR

A GIVEN WORKING POINT

In this section, the calculation of the optimal voltage vector
is presented for a given set of measurement data. The presented
calculations use the motor parameters given in II. The VDC bus
voltage was set to 24 V in correspondence with the simulations
and measurements.

The controller requires the measurement of two-phase cur-
rents to establish the actual current vector in the α− β SRF.
Furthermore, the speed of the machine and the mechanical angle
are measured. In the given working point, these are
ia(kTs) = −2.9638 A ib(kTs) = 0.2842 A
αm(kTs) = 0.4016 rad Ω(kTs) = 220.0 rad/s.
The measurement data are processed to obtain the current in

the α− β SRF. The electrical angle and angular velocity are
also calculated from the number of pole pairs.
iα(kTs) = −2.9638 A iβ(kTs) = −1.3830 A
αe(kTs) = 2.0079 rad ω1(kTs) = 1100.00 rad/s.
From the electrical angle, the transformation matrix R(αe)

can be calculated that transforms a vector in the αβ SRF to the
dq RRF

R(αe) =

[
−0.4233 −0.9060
0.9060 −0.4233

]
.

The current is transformed to the dq coordinate system:
[id, iq]

T = R(αe)[iα, iβ ]
T

id(kTs) = 0.0017 A iq(kTs) = 3.2707 A.
Using (8), the parameters for the current prediction can be

established
γ = 19979.83, A = 0.9147, B = 0.0527, C = −0.0527
D = 0.9147, E = −329.41, F = 0.2995, G = 0.2995.
The current is to be compensated for the delay. However,

in order to establish this prediction, the optimal voltage vector
calculated for the previous sample is required. This voltage

vector is being modulated in the [kTs, kTs + Ts] interval. It is
available in the xy normalized form

vx(kTs) = −0.5180 vy(kTs) = −0.3218.
The previous voltage vector is now transformed back to the

αβ and then to the dq reference frames, respectively.

[vα, vβ ]
T =

3

2
VDC[vx, vy]

T

vα(kTs) = −8.2878 V vβ(kTs) = −5.1481 V

[vd, vq]
T = R(αe)[vα, vβ ]

T

vd(kTs) = −1.1552 V vq(kTs) = 9.6879 V

The delay and then the predictions for the voltage vectors of
the inverter can be calculated as (9)[

id

iq

]
(kTs + Ts) =

[
0.9093 0.1006

−0.1006 0.9093

][
id

iq

]
(kTs)

+

[
0.2986 0.0157

−0.0157 0.2986

][
vd

vq

]
(kTs)

+

[
−17.3139
−328.501

]
ΨPM. (36)

The delay compensated current assumes the following values:
id(kTs + Ts) = 0.0015 A iq(kTs + Ts) = 3.2902 A.
Using id(kTs + Ts) and iq(kTs + Ts) and the voltage vectors

of the inverter in the dq coordinate systems, the predictions for
the id(kTs + 2Ts) and iq(kTs + 2Ts) can be obtained using (9)
with the respective voltage vectors (see fourth and fif th column
of Table III). The predictions were done for all of the voltage
vectors of a 2L-VSI. The results are summarized in Table III.
The table includes the associated cost function values for each
of the voltage vectors using (27), with the torque reference being
Mref = 0.1866 N·m, for the seven voltage vectors (v1, . . . ,v7)
required for the QRM approach (see rows i=[1,7] of the sixth
column of Table C1).

Using the first seven cost function values, the quadratic re-
gression model coefficients can be determined using (18)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

a

b

c

d

e

f

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1

6

⎡
⎢⎢⎢⎢⎢⎢⎣

3 0 0 3 0 0 −6
2 1 −1 −2 −1 1 0
−1 2 2 −1 2 2 −6
0
√
3
√
3 0 −√3 −√3 0

0 2
√
3 −2√3 0 2

√
3 −2√3 0

0 0 0 0 0 0 6

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.3954
7.5980
24.8015
5.9939
5.4601
21.0652
0.0649

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(37)

which results μ = [a, b, c, d, e, f ]T = [5.1297, −0.7992,
17.8452, 1.6957, −18.9420, 0.0649]T.

The determination of the optimal voltage vector begins with
the calculation whether the Hessian is positive definite. Since
a = 5.1297 > 0 and 4ac− e2 = 7.3604 > 0, the Hm � 0 is
implied. Therefore, the optimal voltage vector can be determined
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using (23) as

vcrit =
1

4ac− e2

[
de− 2bc

be− 2ad

]
=

[
−0.4885
−0.3068

]
. (38)

Since vcrit does not violate any of the constraints, it can be
accepted as the optimal control action. Therefore, vopt = vcrit is
forwarded to the modulator as a voltage vector reference.

To demonstrate that, the developed continuous quadratic re-
gression model perfectly maps the cost function upon the entire
modulation region and the scheme can be used for ML-VSI
as well; the cost function is evaluated for the additional 12
voltage vectors for a 3L-VSI and the values are compared with
the cost function values calculated from the regression model.
The second part of Table C1 (see rows i=[8,19]) presents the
calculation results for these additional voltage vectors. The first
column gives the number of voltage vectors [for the numbering,
see Fig. 2(b)], while the second and third columns present the
x and y components of the voltage vectors. The result of the
current predictions [see (9)] can be found in the fourth and fifth
columns. The sixth column g(vi) gives the value of the cost
function (assuming unity weighting factor) calculated from (27).
The seventh column m(vi,x, vi,y,μ) gives the value of the cost
function calculated by using the regression model using (11).
The last column presents the square of the residual, which is
calculated as (g(vi)−m(vi,x, vi,y,μ))

2.
Based on the results represented in Table C1, it can be con-

cluded that even though the quadratic regression model function
was established by seven cost function predictions, it can eval-
uate the cost function perfectly for the other voltage vectors
as well. The coefficient of determination can be calculated as
(31) with the following results for the total sum of squares and
the residual sum of squares: SSresidual = 1.8230e-28 SStotal =
941.92

R2 = 1− SSresidual

SStotal
= 1− 1.9355e-31. (39)

Since the coefficient of determination is practically 1, the au-
thors conclude that the quadratic regression model function
can perfectly extend the cost function upon the modulation
region.
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