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A Misalignment-Tolerant Fractional-Order
Wireless Charging System With Constant Current or

Voltage Output
Chao Rong , Bo Zhang , Senior Member, IEEE, Yanwei Jiang , Xujian Shu , and Zhihao Wei

Abstract—Wireless charging of automated guided vehicles
(AGVs) has been widely used because of its high security and
convenience. However, due to the inevitable misalignment between
the coupling coils, the charging system cannot maintain the con-
stant current (CC) or constant voltage (CV) output. Therefore, this
article proposes a misalignment-tolerant fractional-order wireless
power transfer (FOWPT) system with CC or CV output. According
to the principle of the fractional-order autonomous circuit, the nat-
ural resonant frequency and operating frequency can be adjusted
adaptively with the change of transfer distance and load. Benefiting
from the frequency characteristics and the new implementation
method of the FOWPT, the system maintains CC and CV output,
and the horizontal and vertical misalignment tolerances are within
44.4% and 22.2%, respectively. Therefore, the proposed system
improves the freedom and convenience of charging, and provides
a new wireless charging solution for AGVs. Future article will
focus on more concise modeling and implementation methods of
fractional-order systems, and improving the performance of the
FOWPT.

Index Terms—Autonomous circuit, constant current (CC)/
voltage charging, fractional order, wireless power transfer (WPT).

NOMENCLATURE

ω Operating frequency.
ω1(ω2) Primary (secondary) natural resonant frequency.
Cα1(Cα2) Primary (secondary) pseudocapacitance.
Ce1(Ce2) Fractional equivalent capacitance of Cα1(Cα2).
α1(α2) Fractional order of Cα1(Cα2).
αC Critical fractional order.
Lβ1(Lβ2) Primary (secondary) pseudoinductance.
Le1(Le2) Fractional equivalent inductance of Lβ1(Lβ2).
β1(β2) Fractional order of Lβ1(Lβ2).
M Mutual inductance of the magnetic coupler.

Manuscript received December 14, 2021; revised February 27, 2022; accepted
March 28, 2022. Date of publication April 1, 2022; date of current version
May 23, 2022. This work was supported by the Key Program of National
Natural Science Foundation of China under Grant 51437005. Recommended for
publication by Associate Editor M. Vitelli. (Corresponding author: Bo Zhang.)

Chao Rong, Bo Zhang, Xujian Shu, and Zhihao Wei are with the School
of Electric Power, South China University of Technology, Guangzhou 510640,
China (e-mail: eprongchao@mail.scut.edu.cn; epbzhang@scut.edu.cn; epshux-
ujian@163.com; hankwei0722@163.com).

Yanwei Jiang is with the College of Electrical Engineering and
Automation, Fuzhou University, Fuzhou 350000, China (e-mail: jiang_
yanwei@foxmail.com).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TPEL.2022.3164069.

Digital Object Identifier 10.1109/TPEL.2022.3164069

k Coupling strength of the magnetic coupler.
kC Critical coupling strength kC.
RCα1(RCα2) Equivalent resistance of Cα1(Cα2).
RLβ1(RLβ2) Equivalent resistance of Lβ1(Lβ2).
R1(R2) Primary (secondary) internal resistance.
RB Equivalent load resistance of the battery.
RL Equivalent ac resistance of the rectifier.
XCα1(XCα2) Equivalent reactance of Cα1(Cα2).
XLβ1(XLβ2) Equivalent reactance of Lβ1(Lβ2).
XM Equivalent reactance of M.
D Vertical distance.
ρ Horizontal offset distance.
Vd Input dc voltage.
VBref Constant charging voltage.
IBref Constant charging current.
Po Output power.
η Transfer efficiency.
ηD dc–dc efficiency.

I. INTRODUCTION

W ITH the development of technology, automated guided
vehicle (AGV) has been applied in many fields [1]–[3].

Here, the battery stores and provides energy for the system. The
safety and effectiveness of its charging system are important to
the entire system. Compared with conventional wired charging
solutions, wireless power transfer (WPT) has higher reliability,
safety, and convenience, which can be applied in some extreme
environments and special conditions [4]. Therefore, WPT is
expected to become the most popular charging solution for AGV.
In order to improve the safety and service life of the battery,
constant current (CC) and constant voltage (CV) charging is
a typical charging solution [5]. This requires the WPT system
to keep CC or CV unchanged when the equivalent resistance
of the battery changes. In addition, the transfer distance is not
constant due to the inevitable misalignment. In order to greatly
improve the freedom and applicability of wireless charging, it is
also crucial to improve the misalignment tolerance of the WPT
system.

A number of new solutions has been proposed to achieve CC
and CV charging within a certain range, which can be classified
into inherent properties of geometry and closed-loop control
solutions. The geometry includes the structure of the coupled
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coils and the compensation topology. The magnetic field can
be uniformly distributed to improve the misalignment tolerance
by designing special coil structures, including DD [6], tri-polar
[7], array coils [8], and three-dimensional coils [9]. Although
the change of mutual inductance is greatly reduced, the mutual
inductance is still not strictly constant. Therefore, in the applica-
tion of wireless charging for AGV, the output accuracy of CC and
CV modes will be difficult to guarantee. In addition, high-order
compensation topology such as LCC compensation is another
popular method [10]. By constructing high-order compensation
with CC or CV output, load-independent WPT systems can be
realized. In addition, load-independent wireless charging can
also be realized by switching the compensation topology [11],
[12]. Benefiting from the special coil design and the recon-
figurable resonant circuit, the system can be flexibly switched
between CC and CV modes [12]. Meanwhile, by setting the
position of the relay coil, the desired values of output voltage and
current can be adjusted. This solution avoids complex control
strategies. However, CC or CV cannot be guaranteed when
the receiver moves during charging. The stability and security
need strict analysis and design because of the transient process
caused by the switching of compensation topology. With the
development of WPT, the combination of special coil structure
and hybrid compensation topology to achieve high misalignment
tolerance is also a good solution [13]. However, these solutions
face common problems such as large size, high cost, and low
output accuracy.

The closed-loop control solutions mainly include the addi-
tional dc–dc converter, phase-shift control, and frequency track-
ing technology. These solutions generally require load infor-
mation, which can be obtained by wireless communication or
parameter identification technology. With the help of wireless
communication channels, the simultaneous wireless power and
data transfer system can still maintain a stable output when
the transfer distance and load change [14]. However, there is
interference between the energy and data channel in practical
applications due to the inevitable coupling between coils. When
the transfer distance and the load continuously change, it will
reduce the data transfer stability and increase the bit error rate.
This may lead to the failure of dynamic charging. Meanwhile,
it is also not suitable for compact and lightweight receivers.
Another method is load identification [15], [16], which can be
based on the reflected impedance, frequency scanning, switching
capacitance, etc. This method needs to overcome the errors
introduced by the measurement noise and parameter tolerance.
Besides, different from the nonautonomous circuit systems with
fixed-frequency excitation sources, a PT symmetric WPT system
was proposed [17]. By constructing an inductive power transfer
(IPT) system that satisfies the PT symmetry, the system realizes
constant power in the PT-symmetry region. Although this system
requires a strict symmetry relationship of circuit parameters
and is very sensitive to the natural resonant frequency, it shows
another perspective on the WPT.

Therefore, exploring new mechanisms and perspectives of
WPT is a way to achieve the high misalignment-tolerant WPT
system. It is well known that the integer-order WPT system
has received much attention and research. However, more and

more studies have focused on fractional-order systems, which
exhibit interesting characteristics [18]. In fact, the concept of
fractional calculus (FC) has been proposed almost simultane-
ously with classical calculus. FC can go back to Leibniz’s letter
in 1695 [19]. Due to the lack of background disciplines such
as physics, FC has been in pure mathematics for a long time.
Until 1823, Abel first applied FC to solve the integral equation
of the isochronous curve. Since then, FC provides an excellent
theory in many areas of research and has demonstrated the
incomparable advantages of integer-order systems in terms of
modeling and control [20]. For three centuries, the definitions
of FC were proposed by Liouville et al. [21]. Recently, the
Riemann–Liouville definition is the most widely known defi-
nition of the fractional derivative, which is expressed as

aD
v
t f (t)=

1

Γ (n− v)

dn

dtn

∫ t

a

f (τ)

(t− τ)v+1−n dτ, n−1≤ v< n

(1)
where aD

v
t is equal to dv/dtv, a is the initial time, n is an integer,

v is the order of the derivative, and Γ(x) is the Gamma function.
In the zero-initial state, the Laplace transform of (1) can be
expressed as Dvf(t) ⇔ svF (s).

Applying FC, many new characteristics have been discovered
in the field of electronic circuits. It has been found that the
resonant frequency and impedance characteristics of fractional-
order LC circuits are different under different fractional orders
[22]. Then, benefiting from FC, a fractional-order wireless
power transfer (FOWPT) system was proposed, which employs
fractional-order capacitors (FOC) and fractional-order inductors
(FOI) [23]. Generally, FOWPT systems can be divided into
nonautonomous fractional-order systems with fixed-frequency
excitation sources and autonomous fractional-order systems
powered by fractional-order elements. Benefiting from the im-
plementation of fixed-frequency FOC [24], a nonautonomous
FOWPT system can realize load-independent CC output at
a fixed distance [25]. In terms of modeling of FOWPT, the
approximation method of coupled modes is mainly used to
simplify the analysis. Based on FC and the coupled mode
theory, a generalized fractional coupled model was proposed
in [26]. The dynamic characteristic of FOWPT was analyzed
for the first time, which revealed the difference in dynamic
response between fractional-order and integer-order systems.
However, the proposed model is complicated and difficult to
solve the generalized fractional-order coupled-mode equations,
which cannot be used in closed-loop control. In order to make the
model greatly simplified, an approximate coupled model based
on the Taylor series method was proposed in [27]. Under the
approximate conditions of weak coupling and high-quality fac-
tors, the Taylor series method is used to simplify the model of the
system. Since the model is limited by the above constraints, the
accuracy of the output characteristics and critical working region
obtained by this coupled model cannot be guaranteed. Therefore,
this model is limited in practical applications, especially in CC
or CV wireless charging. It is impossible to accurately realize
the output of CC or CV by primary-side-only control. Besides,
the accuracy of the fractional order and the realization of soft
switching need to be further studied.



11358 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 9, SEPTEMBER 2022

Fig. 1. Simplified circuit diagram of the FOWPT.

It can be seen that the setting of approximate conditions
brings more inaccuracy. Meanwhile, those approximation con-
ditions also prevent some peculiar characteristics from being
discovered. On the other hand, high-precision fractional-order
elements need to be solved urgently. Therefore, the FOWPT with
application potential deserves more in-depth research. The main
motivation of this article is to propose a novel misalignment-
tolerant FOWPT system and its model and control strategy. The
main contributions are as follows:

1) A general FOWPT system is proposed, which is an au-
tonomous system. An accurate model of the FOWPT sys-
tem is obtained, and frequency characteristics are analyzed
in detail.

2) Benefiting from the frequency characteristics of au-
tonomous fractional-order system, CC and CV output are
realized by primary-side-only control. The system has
high misalignment tolerance and good dynamic perfor-
mance.

3) An innovative implementation method of active FOC
based on the phase-shift control is proposed, which not
only greatly improves the accuracy and responsiveness of
FOC, but also realizes zero-voltage switching (ZVS).

4) By flexibly adjusting the fractional order, this system can
be applied to different types of receivers, and the charging
region can also be designed.

Knowing these descriptions in mind, this article is organized
as follows. Section II analyzes a general FOWPT system based
on the autonomous circuit theory. The frequency characteristics
and system performance of the FOWPT system are given in
Section III. Subsequently, a wireless CC/CV charging system
of AGV based on FOWPT is established in Section IV. Finally,
Section V draws some important conclusions.

II. SYSTEM STRUCTURE AND PRINCIPLE

A. System Structure of FOWPT

Fig. 1 represents a schematic diagram of an FOWPT system,
which is different from the classic integer-order WPT system. In
general, an FOWPT system consists of a transmitter, receiver,
and load. The transmitter and receiver achieve WPT by mu-
tual inductance M. The energy of the load is provided by the
fractional elements instead of fixed frequency excitation source.
The meanings of the symbols are in the nomenclature, which is
adopted throughout this article.

The transmitter comprises a primary-side Lβ1, a primary-side
FOC Cα1, and an internal resistance R1 that are connected in
series. The receiver comprises a secondary-side FOI Lβ2, a
secondary-side FOC Cα2, an internal resistance R2, and load
RL that are connected in series. In addition, β1 and β2 are the
order of the primary-side and secondary-side FOI, respectively;
Lβ1 and Lβ2 are the pseudoinductance of the primary-side and
secondary-side FOI, respectively; α1 and α2 are the order of
the primary-side and secondary-side FOC, respectively; and
Cα1 and Cα2 are the pseudocapacitance of the primary-side
and secondary-side FOC, respectively. It should be noted that
if all fractional orders are one, the FC will be the traditional
integer calculus according to (1). Meanwhile, the fractional-
order elements in FOWPT system will become conventional
integer-order capacitors and inductors. In this case, the system
is an integer-order WPT system, obviously. It can be found that
the FOWPT system is a general description of the integer-order
WPT system, that is, the integer-order WPT is a special case.
Therefore, FOWPT has higher design freedom and more valu-
able characteristics.

B. Condition for Steady State

According to the circuit theory [28], the volt–ampere charac-
teristic equations of FOI and FOC are defined as

⎧⎨
⎩

vLn (t) = Lβn
dβn iLn(t)

dtβn

iCn (t) = Cαn
dαnvCn(t)

dtαn

, n = 1, 2 (2)

where the subscript 1 (or 2) refers to the transmitter (or receiver);
d βn/dt βn and d αn/dt αn are termed as the fractional-order
derivative; iLn(t) and iCn(t) are the current of FOI and FOC,
respectively; vLn(t) and vCn(t) are the voltage of FOI and FOC,
respectively; Lβn and Cαn are the inductance with its unit
H/s1−βn and the capacitance with its unit F/s1-αn, respectively;
and αn and βn are the order of FOI and FOC, respectively. If αn

and βn are one, the volt–ampere characteristic equations will be
equivalent to those of conventional capacitors and inductors.

For s = jω, (2) can be written in the form of frequency
domain with zero initial condition as ZCn = [cos(αnπ/2) −
jsin(αnπ/2)]/ωαnCαn, and ZLn = ωβnLβn[cos(βnπ/2) +
jsin(βnπ/2)]. It indicates that the impedance of the FOI and
FOC can be expressed as the sum of a reactance compo-
nent and a resistance component. Therefore, the fractional
equivalent capacitance is Cen = ωα-1Cα/sin(απ/2), and the
fractional equivalent inductance is Len = ωβ -1Lβ /sin(βπ/2).
Then, the resonant frequency ωrn can be expressed as
[sin(αnπ/2)/LβnCαnsin(βnπ/2)]1/(αn + βn).

On the basis of Kirchhoff’s voltage and current laws, the
FOWPT system in Fig. 1 can be fully described by phasor
equations as follows:

⎧⎪⎪⎨
⎪⎪⎩

0 = V̇1 + (jω)β1Lβ1
İ1 + jωMİ2 +R1İ1

İ1 = (jω)α1Cα1
V̇1

0 = V̇2 + jωMİ1 + (jω)β2Lβ2
İ2 + (R2 +RL)İ2

İ2 = (jω)α2Cα2
V̇2.

(3)
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Fig. 2. Circuit diagram of the FOWPT system with an active FOC.

In order to obtain the current distribution, (3) can be further
simplified as

{
0 =
[
Re1 + j

(
XLβ1

−XCα1

)]
İ1 + jXM İ2

0 = jXM İ1 +
[
Re2 + j

(
XLβ2

−XCα2

)]
İ2

(4)

where Re1 = R1 + RLβ1 + RCα1 and Re2 = R2 + RLβ2 +
RCα2 +RL are equivalent total resistances of the transmitter and
receiver, respectively; RLβn = ωβnLβncos(βnπ/2) is equivalent
resistance of FOI; RCαn = cos(αnπ/2)/ωαnCαn is equivalent
resistance of FOC; XLβn = ωβnLβnsin(βnπ/2) is equivalent
reactance of FOI; and XCαn = sin(αnπ/2)/ωαnCαn is equivalent
reactance of FOC (n= 1, 2). XM =ωM is equivalent reactance of
M. It is worth noting that RLβn and RCαn will be negative when
the corresponding fractional order is set to be greater than one. In
this case, the fractional-order element is an active element and
can provide energy for the load. In addition, the reactance in
FOWPT system is related not only to the value and frequency of
capacitance or inductance, but also to the fractional order. This
characteristic improves the design freedom of fractional-order
systems.

When the determinant of the matrix coefficients is equal to
zero, (4) has nonzero solutions. Then, by separating the real and
imaginary parts, the characteristic equation of this system can
be obtained as{

Re1Re2 −
(
XLβ1

−XCα1

) (
XLβ2

−XCα2

)
+X2

M = 0

Re1

(
XLβ2

−XCα2

)
+Re2

(
XLβ1

−XCα1

)
= 0.

(5)
It is obvious that if all orders are one, (5) will become the

integer-order equations of conventional WPT.

III. THEORETICAL ANALYSIS AND SYSTEM DESIGN

A. Theoretical Analysis

According to the unique characteristics of FOWPT mentioned
in Section II, an FOWPT system for CC or voltage output is
designed, as shown in Fig. 2. In order to obtain the simplest
fractional topology and compact receiver, an active FOC is em-
ployed to provide energy for the load, that is, the fractional order
α1 > 1 andα2 = β1 = β2 = 1. Using one active fractional-order
element is the simplest way to implement a fractional-order
wireless charger.

For the full-bridge rectifier in Fig. 2, the relationship between
the charging current IB and root-mean-square (rms) value of İ2

can be expressed as

IB =
1

π

∫ π

0

√
2I2 sin (ωt) d (ωt) =

2
√
2

π
I2. (6)

When the power losses of the rectifier bridge are ignored, we
can obtain I22RL = I2BRB based on the law of conservation of
energy. It is noted that RB is the equivalent load resistance of
battery. Then, the equivalent load RL of the rectifier is deduced
as RL = 8RB/π2. Knowing the above analysis in mind, the char-
acteristics of the natural resonant frequency ω1 and operating
frequency ω will be analyzed in this section. Then, the current
distribution |İ1/İ2| and CC/CV mode will be studied, which
are completely different from the classical integer-order WPT
in some aspects.

Knowing (5), the characteristic equation of the FOWPT sys-
tem in Fig. 2 is given by⎧⎪⎪⎨
⎪⎪⎩

(R1 +RCα1
) (R2 +RL)

− (XLβ1
−XCα1

) (
XLβ2

−XCα2

)
+X2

M = 0
(R1 +RCα1

)
(
XLβ2

−XCα2

)
+(R2 +RL)

(
XLβ1

−XCα1

)
= 0.

(7)

Then, (7) can be expanded as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
R1

ωLβ1
+

ω
α1+1
1

ωα1+1 cot
α1π
2

)
(R2+RL)

ωLβ2

−
(
1− ω

α1+1
1

ωα1+1

)(
1− ω2

2

ω2

)
+ k2 = 0(

R1

ωLβ1
+

ω
α1+1
1

ωα1+1 cot
α1π
2

)(
ω − ω2

2

ω

)
+ (R2+RL)

Lβ2

(
1− ω

α1+1
1

ωα1+1

)
= 0

(8)

where ω1 and ω2 are natural resonant frequencies of the trans-
mitter and receiver, respectively; andk = M/

√
Lβ1

Lβ2
denotes

the mutual coupling strength. From (8), the natural resonant
frequency ω1 of the transmitter can be expressed as

ω1=ω

⎧⎨
⎩

R1

(
ω − ω2

2

ω

)/
ωLβ1

+ (R2 +RL)/Lβ2[
(R2 +RL)/Lβ2

−
(
ω − ω2

2

ω

)
cot (α1π/2)

]
⎫⎬
⎭

1
1+α1

.

(9)
Substituting (9) into (8), the frequency polynomial equation

can be derived as(
1− k2

)
ω5 +

(
Γ10 + Γ2Lk

2
)
tan

α1π

2
ω4

+
[
Γ2
2L +

(
k2 − 2

)
ω2
2

]
ω3 +

(
Γ2
2L − 2ω2

2

)
Γ10

× tan
α1π

2
ω2 +

(
ω4
2

)
ω + Γ10 tan

α1π

2
ω4
2 = 0

(10)

where Γ10 = R1/Lβ1 and Γ20 = R2/Lβ2 are defined as the
intrinsic loss rate of the transmitter and receiver, respectively;
and ΓL = RL/Lβ2 is the loss rate contributed by the load
and the total loss rate can be expressed as Γ2L = Γ20 + ΓL.
Since FOWPT is an autonomous system without fixed-frequency
forced excitation source, the operating frequency is determined
by (11), and its analytical solution needs to be analyzed first [29].
Meanwhile, quality factor of the transmitter (Q10 =ω2/Γ10) and
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Fig. 3. Eigenfrequency as a function of coupling strength k. (a) RL = 5 Ω.
(b) RL = 25 Ω.

receiver (Q2L = ω2/Γ2L) are high. In the case of finite fractional
order, coupling strength and load resistance, k2tan(α1π/2)/Q10

and k2tan2(α1π/2)(1/Q10 + 1/Q2L)/Q10 are high-order small
quantities, which can be approximated and ignored. Then, by
factorization, the frequency polynomial equation (10) can be
expressed as(

ω + Γ10 tan
α1π

2

){(
1− k2

)
ω4 + ξω2 + ω4

2

}
= 0 (11)

where ξ = Γ2
2L + (k2 − 2)ω2

2 + k2ω2(Γ10 + Γ2L) tanα1π/2.
According to (11), three eigenfrequencies are derived as⎧⎨
⎩ωs1,s2 =

√[
−ξ ±

√
ξ2 − 4 (1− k2)ω4

2

]/
2 (1− k2)

ωs3 = −Γ10 tan (α1π/2) .
(12)

Equation (12) indicates that the FOWPT system has two
different working regions, which are determined by the critical
coupling strength kC in (13). In the strongly coupled region (k >
kC), the two resonators have three stable operating frequencies
(ωs1, ωs2, or ωs3). In the weak coupling region (k < kC), the
system enters a single frequency (ωs3) working region

kC =

√√√√2σQ2
2L +

√
4σ2Q4

2L − (1 + σ)2 (1− 4Q2
2L)

(1 + σ)2Q2
2L

(13)

whereσ= (1/Q10+ 1/Q2L)tan(α1π/2). Meanwhile, for a certain
transfer distance, there is a critical fractional order for the
fractional-order system as shown in (14)

αC =
2

π
arctan

{
Q10Q2L

Q10 +Q2L

×
[
2

k2
− 1−

√
4

k4
− 4

k2
− 1

k4Q2
2L

(
1

Q2
2L

− 4

)]}
.

(14)

In other words, a desired charging region can be obtained
by adjusting the fraction order. The high design freedom of
fractional-order system is fully revealed.

Fig. 3 gives three eigenfrequencies. With the increase of
load resistance and transfer distance, the approximate solution
obtained by [27] and its critical coupling coefficient kc have
large errors. There is a good agreement between the analytical
solutions obtained by (12) in this article and exact solutions
obtained by (10). In addition, it can be found that the region can

Fig. 4. Natural resonant frequencyω1 and operating frequencyω as a function
of coupling strength k when RL = {5, 12, 20, 28, 34}. (a) Natural resonant
frequency ω1. (b) Operating frequency f.

be divided into two parts. In the fractional working region (k >
kC), there are three eigenvalues. Beyond this region, the system
will automatically operate at ultra-low frequency solution ωs3

and the corresponding output power is extremely low. Therefore,
it can effectively avoid overcurrent when the receiver is beyond
the charging region.

From (9) and (12), it can be seen that the natural resonant
frequency (ω1) and operating frequency (ω) of the transmitter
in FOWPT systems will change under different transfer dis-
tances and loads. Furthermore, combined with (8), the coupling
strength k and load RL can be obtained as

k=

√√√√(1− ω2
2

ω2

)[
(1− δ) +

(
R1

ωLβ1

+ δ cot
α1π

2

)2
/
(1− δ)

]

(15)

RL=

(
Lβ2

R1

Lβ1

+ ωLβ2
δ cot

α1π

2

)(
ω2
2

ω2
− 1

)/
(1− δ)−R2

(16)

where δ = ωα1 + 11/ωα1+1. It should be noted that an FOWPT
system powered by FOC is an autonomous circuit system. Ben-
efiting from the unique frequency characteristics of the FOC, ω1

and ω can be adjusted automatically. Therefore, using (15) and
(16), the coupling strength k and load RL can be calculated in
real time.

In order to analyze the energy transfer process, current dis-
tribution and output power are concerned. According to (4) and
(8), the current distribution can be derived as

Ki =

∣∣∣∣∣ İ1İ2
∣∣∣∣∣ =
√

− (R2 +RL) tan (α1π/2)

R1 tan (α1π/2) + ω1+α1
1 Lβ1

/
ωα1

(17)

where the natural resonance frequency ω1 and operating fre-
quency ω automatically adjust with the change of distance
according to (9) and (12). It can be found from Fig. 4 that
the changing trends of ω1 and ω are the same, which greatly
reduces the change of circuit distribution. With the increase of
distance, ωα1 + 11/ωα1 will approach ω2 under a fixed frac-
tional order α1 and load RL. Meanwhile, Ki will also approach
a constant ratio, which makes the output power and transfer
efficiency insensitive to the change of transfer distance. Consid-
ering the current distribution (17), the transfer efficiency η can be
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TABLE I
CONFIGURATION OF THE FOWPT SYSTEM

derived as

η =
Po

Pin
=

I22RL

I21R1 + I22 (R2 +RL)

=

ωα1

ω
1+α1
1

R1RL tan α1π
2 +RLLβ1

Lβ1
(R2 +RL)

. (18)

Generally, the output power is determined by the current
distribution in the transmitter and receiver. As Ki approaches
the constant value, the efficiency will remain constant. Then,
the output power can also be obtained

Po = |I2|2RL = −R1 tan (α1π/2) + ω1+α1
1 Lβ1

/
ωα1

(R2 +RL) tan (α1π/2)
|I1|2RL

(19)
where I1 is rms values of current. By controlling the current of
FOC, the output power can be adjusted.

B. Characteristics of the FOWPT System

From the theoretical analysis, it can be seen that the FOWPT
system has better performance and greater design freedom due
to the application of fractional elements. The following will
analyze the frequency characteristics and how to realize the CC
and CV modes. The parameter configuration of simulation and
experiment is shown in Table I.

According to (12), there are three eigenvalues in the working
region (k > kC). According to (9) and (12), the natural reso-
nant frequency ω1 and operating frequency ω can be adjusted
automatically, which are determined by coupling strength k and
load RL, as shown in Fig. 4. Therefore, the natural resonance
frequency of the transmitter can be different from that of the
receiver. For receivers with different natural resonance frequen-
cies, FOC can also flexibly configure the fractional order to
realize efficient power transfer. In addition, the output voltage
V1, current I1, and operating frequency ω of the FOC satisfy the
relationship ωα1+1

1 = ωα1V1 sin(α1π/2)/Lβ1I1.
The relationship between the order α1 of the FOC and the

critical coupling strength kC is shown in Fig. 5. When the order
α1 is closer to one, kC is smaller, that is, the working region
is wider. Therefore, the appropriate order can be selected when
designing the FOWPT system. Under the parameters in Table I,
α1 is set to 1.015 to meet the requirements of the working range
and load. Moreover, the colored arrows mark the corresponding
critical transfer distance of integer-order PT-symmetric WPT.

Fig. 5. Critical coupling strength kC as a function of the fractional order α1

when RL = {5, 12, 20, 28, 34}.

Fig. 6. Sensitivity curves for output power and transfer efficiency. Normalized
(a) output power and (b) transfer efficiency as a function of the vertical distance
D when RL = {5, 20, 34}; RS of (c) output power and (d) transfer efficiency at
different vertical distances.

Obviously, the working region of FOWPT has been greatly
expanded and can be flexibly adjusted.

In order to analyze the sensitivity of the FOWPT system to the
change of distance, the global and local changes of output power
and transfer efficiency will be studied. First, the normalized
output power P ∗

o and transfer efficiency η∗ are defined as{
P ∗
o (D) = Po (D)/Po (D0)

η∗ (D) = η (D)/η (D0)
(20)

where Po(D0) and ηo(D0) are the output power and efficiency
at the initial position, respectively. When the receiver moves
in the charging region, the change of the system output can be
reflected. Then, the relative sensitivity (RS) of output powerSPo

D

and transfer efficiency Sη
D can be defined as⎧⎨

⎩
SPo

D (D) = ∂Po

Po

/
∂D
D

Sη
D (D) = ∂η

η

/
∂D
D

(21)

which describe the effect of relative changes in transfer distance
on performance. Here, the conventional IPT system with fixed
frequency is compared with the FOWPT system. For compar-
ison, the primary current of the IPT system is set constant.
Then, Fig. 6 shows sensitivity curves for output power and
transfer efficiency, when the vertical distance D changes. For
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Fig. 7. Three-dimensional graph for the current I1 of FOC as a function of the
coupling strength k and load RL.

the conventional IPT system, the output power and transfer
efficiency vary significantly with distance. For the FOWPT
system, the maximum change rate is 1.5%, as shown in Fig. 6(a)
and (b). It is precise because of the frequency characteristics
of the autonomous FOWPT system that the output power and
transfer efficiency remain almost unchanged when D changes.
It can also be found from Fig. 6(c) and (d) that the RS of the
proposed system is small. It indicates that the current distribution
in (17) is also almost unchanged. This is another advantage of
the proposed system different from the classical integer-order
WPT. In addition, compared to the constant output power and
efficiency obtained by the approximate model in [27], the results
derived in this article can depict small changes in output power
and efficiency. This accurate model provides a theoretical basis
for the CC and CV charging of the FOWPT system. And it is
worth noting that the corresponding output power and efficiency
are almost the same when operating at high frequency (ωs1) and
low frequency (ωs2). Since the transfer efficiency corresponding
to ωs3 is extremely low, the system should avoid running on this
frequency.

Moreover, the proposed system can realize wireless charging
in the working region by only controlling the output current I1 of
FOC. Considering (6) and (17), when the current I1 is controlled
toπKiIBref /2

√
2 , the system enters the CC mode with CC IBref.

Then, considering (16), the required I1 is 4KiVBref /
√
2πRL in

CV mode with CV VBref. Fig. 7 shows the current I1 in CC mode
and CV mode. It can be seen that the current I1 is insensitive to
the transfer distance. Moreover, considering that the charging
process of battery is slow, the equivalent load also changes
slowly. Therefore, during the dynamic charging of AGV, the
output of FOC only needs to be adjusted slightly, which greatly
reduces the requirements for closed-loop systems.

IV. EXPERIMENT

It is highly desirable that the wireless charging receiver should
not be limited to a specific position. Furthermore, it can be offset
or moved within a certain range during charging. Therefore, a
misalignment-tolerant wireless charger with CC and CV modes
has great theoretical and engineering application value. In this
section, a misalignment-tolerant FOWPT system is proposed,
which has good dynamic performance and does not need dual-
side communication.

Fig. 8. Circuit diagram of the FOWPT system for CC or CV charging.

A. Design of the FOWPT System

Since it is very difficult to construct high-power and
high-stability fractional-order elements, the development of
fractional-order wireless charging systems is greatly hampered.
The existing construction methods of fractional elements mainly
include the following. The first is using inductors and capacitors
in series and parallel [21]. The second is based on electro-
chemical methods, that is, to select electrode surface areas
with different dielectric materials [30]. The third is based on
silicon process technology, such as using field-effect transistors
or CMOS tubes to construct passive FOC with a fixed order
[31]. According to the above methods, the fractional-order el-
ement constructed can only be passive, which cannot provide
energy and the corresponding fractional order is less than one.
Besides, the fractional order is unstable under different working
conditions. Once the order and operating frequency are changed,
it needs to be redesigned and constructed. The fourth is based
on the operational amplifier circuit [32], which is limited to
low-power applications.

With the rapid development of wide-bandgap semiconductor
power devices, the construction of fractional-order elements
with any fractional order has attracted more and more attention
based on power electronic converters. Based on the phase-locked
loop (PLL) and pulsewidth modulation (PWM), the fractional
order can be adjusted arbitrarily through digital control, which is
suitable for applications with multiple power levels. Fig. 8 gives
a circuit diagram of the FOWPT system for CC or CV charging.
The main parameters are shown in Table I. By controlling
the switching frequency, phase, and duty cycle of full-bridge
inverter, a high-power and high-stability FOC is constructed,
which provides CC or CV to the battery. It is worth noting that
Cf in FOC is used to store electric field energy and participate
in filtering.

In order to meet the requirements of fractional-order wire-
less charging systems, an innovative implementation method of
active FOC based on the phase control is proposed. Different
from the previous method of actively scanning the frequency
and detecting the phase difference between two high-frequency
signals in [27], Figs. 8 and 9 show a digital control method
that actively controls the phase to maintain the fractional order.
Moreover, the proposed method for FOC has the following
advantages: 1) there is no need to scan the frequency to reach the
fractional order α1, and dynamic response capability has been
greatly improved; 2) it avoids real-time detection of the slight
phase difference between two high-frequency signals, which
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Fig. 9. Implementation strategy of active FOC. (a) Equivalent circuit of
FOWPT. (b) Timing diagram of phase control.

improves the accuracy of the order control; and 3) the proposed
method realizes soft switching under different distances and
loads.

In order to analyze the principle clearly, Fig. 9(a) gives an
equivalent circuit diagram. First, the output current I1 of the
FOC generates a square wave through a sampling circuit and
zero-crossing comparator. The digital controller obtains the
phase and frequency of I1 by capturing the rising edge [red arrow
in Fig. 9(b)] of the square wave. Then, the time-base counters
CTR1,2 of two PWM modules are in up-count and down-count
mode, respectively. The driving signal ug1–4 will flip the level
at 0 and 0.5∗Tmax1,2. In the actual circuit system, the second
comparison value will be slightly less than 0.5∗Tmax1,2, which
reserves a certain dead time to discharge the output capacitance
of the switches. Finally, the digital controller generates an output
voltage Vab, which leads the phase ϕp of circuit I1 (ϕp =
ϕab−ϕi). By controlling the synchronization phase Tphs1 of the
first PWM module, the leading phase ϕp can be changed. In
addition, the amplitude of Vab can be adjusted by controlling
Tphs2, and the corresponding duty cycle Dc = 1−2θ/π. On this
basis, the proposed FOWPT system will automatically run to
the stable frequency determined by the following equation and
reach a steady state:

ϕp = arg (Zab) = arg (1/jωCf + Z1 + ZR) (22)

where Z1 = R1 + jωL1, ZR = (ωM)2/Z2 and Z2 = R2 + RL +
j(ωL2−1/ωC2). According to KCL, the constraint equation is

Fig. 10. (a) Phase-locked-loop control to construct an FOC with fractional
order α1. (b) Phase difference and fractional order when k = 0.096 and
RB = 5 Ω. (c) Phase difference and fractional order when k = 0.089,
RB = 40 Ω.

satisfied

V1∠ϕu = −Vab∠ϕab + (I1/ωCf )∠ (ϕi − π/2) (23)

where V1 and I1 are rms values of fractional capacitor voltage
and current, respectively; the corresponding phases are ϕu and
ϕi, respectively; and Vab and ϕab are rms value and phase of the
inverter output fundamental voltage, respectively. By separating
the real and imaginary parts, the rms value of the output voltage
can be expressed as{

Vab = − I1 cosϕiu

ωCf sin(ϕiu+ϕp)

V1 = − I1 cosϕp

ωCf sin(ϕiu+ϕp)
.

(24)

In order to realize CC and CV mode, a closed-loop control
strategy is given in detail in this section. According to the
definition of FOC, the phase difference ϕi−ϕu should be stable
at α1π/2 to realize the FOC with the order α1. Fig. 10(a) shows
the control strategy of PLL. First, according to the zero-crossing
pulse of I1, control the lead phase ϕp of the first PWM module.
Meanwhile, the driving frequency of the PWM module follows
the frequency of I1. Thus, the FOWPT system will automatically
run at the frequency ω that satisfies the constraint equation (22).
Then, knowing (23) in mind and only by sampling the rms and
frequency of I1, the phase difference ϕi−ϕu can be calculated
by (25). The error of the phase difference is sent to the phase
closed-loop controller. Through closed-loop adjustment of ϕp,
the order of FOC will eventually stabilize atα1. It is worth noting
that benefiting from the rms sampling chip AD637 and DSP
TMS320F28377D, the sampling accuracy can be controlled
below 0.05%. Compared with sampling the phase difference
between the two high-frequency signals in previous article, the
accuracy of the proposed FOC is greatly improved

ϕi − ϕu = − arctan [(Vab sinϕp + I1/ωCf )/Vab cosϕp]
(25)

where Vab can be calculated from the duty cycle Dc and satisfies
the relationship Vab = 2

√
2 sin(0.5Dcπ)Vd/π. It is worth noting

that Cf in FOC not only plays a role in filtering, but also amplifies
the phase ϕp compared to α1π/2, which greatly mentions the
control accuracy of FOC. Fig. 10(b) and (c) shows the phase
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Fig. 11. Control block diagram of CC and CV mode.

differenceϕi−ϕu and fractional orderα1 of FOC. The fractional
order can be controlled at the set value.

Furthermore, since this fractional-order system relies on the
active FOC to charge the battery, the FOC should have both CC
and CV output capabilities. On the basis of the above principles,
Fig. 11 shows the control block diagram of CC and CV mode. By
controlling the duty cycle Dc of the inverter, the output voltage
Vab can be adjusted in real time. Benefiting from the analysis of
Part A in Section III, the FOWPT system can maintain a constant
output current IBref in CC mode and a constant output voltage
VBref in CV mode. Considering (6) and the current ratio Ki given
by (17), the output current I1 of FOC should be controlled as
πKiIBref /2

√
2 and 4KiVBref /

√
2 πRL in CC mode and CV

mode, respectively. In addition, according to (25), the minimum
dc voltage Vd needs to be greater than πVabmax/2

√
2 to meet

the output requirements.

B. Designing ZVS Switch

In the following part, ZVS conditions will be discussed.
According to the above analysis, it can be known that the leading
phase ϕp and duty cycle Dc are directly related to the realization
of ZVS. When ϕp and α1 are properly designed, the strategy
proposed in Fig. 9 can realize ZVS of all switches. According to
(25), ϕp depends on the circuit parameters, operating frequency
and fractional order. Therefore, a reasonable parameter setting
and operating range of the frequency can greatly broaden the
range of soft switching. Based on digital control, the driving
frequency range can be limited to high-frequency band [ω2, +
�). Taking into account the working range and device withstand
voltage, Cf andα1 are set to 9.76 nF and 1.015, respectively. The
corresponding critical coupling strength kc is 0.073.

The ZVS conditions of leading leg (S1 and S2) and lagging
leg (S3 and S4) will be analyzed in detail. Fig. 12(a) shows the
voltage VDS and current IDS of S1 and S4 in the full range of
test conditions. It shows that the leading leg is easier to realize
ZVS than the lagging leg. Therefore, the lagging leg is the key to
analyzing ZVS. The voltage lead phase γ of lagging leg is given
in Fig. 12(b) and the blue line indicates the boundary where γ =
0. The voltage lead phase γ can be expressed as γ=ϕp−θ−Δth,
where the hardware delay timeΔth includes the delay of MOSFET

and is measured to be approximately 36 ns. In order to realize
ZVS of lagging leg, S3 and S4 must be turned ON after the anti-
parallel diode is turned ON. Thus, the condition for all switches
to achieve ZVS is γ ≥ 0. The operation waveforms are shown

Fig. 12. Soft-switching analysis. (a) Voltage and current waveforms of the
MOSFET. (b) Calculated leading phase γ as a function of the coupling strength k
and load RL. (c)–(d) Operation waveforms of the FOWPT system.

Fig. 13. Flowchart of CC and CV charging mode.

in Fig. 12(c) and (d), where VDS and VGS are the drain-source
voltage and gate-source voltage of the switch. It demonstrates
that the FOWPT system is designed to operate under the ZVS
condition when γ≥ 0. The analysis of the switching tubes S2 and
S3 is the same as that of S1 and S4 due to the symmetrical mode.
Moreover, the loss of the inverter mainly includes conduction
loss and switching loss of MOSFET. The conduction loss can be
decreased by using a MOSFET with small ON-state resistance. In
addition to designing soft switching, selecting a MOSFET with
small rise and fall times can also be selected to reduce switching
loss.

C. Experiment

This section will take an automatic lawnmower as an example
to verify the feasibility of FOWPT. The flow chart of CC and
CV charging mode is shown in Fig. 13. When the system starts
to work, the PLL in Fig. 10(a) will be activated to maintain a
constant fractional order. After the automatic lawnmower enters
the charging region, the system will start the precharging process
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Fig. 14. Experimental prototype of the FOWPT system.

Fig. 15. Coupling strength k as a function of vertical distance D and horizontal
offset distance ρ.

and outputs 0.3A current. Generally, the equivalent resistance
RB of the battery changes from time to time in the process of
continuous charging. As we know, RBC = VBref/IBref is the
critical equivalent resistance of the battery from CC mode to
CV mode. According to (12) and (16), the equivalent resistance
RB can be obtained in real time. If RB < RBC, the closed-loop
control of CC mode will be activated to set IB = 3A. If RB ≥
RBC, the system will directly run the closed-loop control of CV
mode and output a CV (VB = 21 V). In CV mode, the charging
process will end, when the charging current is less than the cutoff
current IBmin = 0.5 A.

According to the above analysis and design, an FOWPT
system for an automatic lawnmower is designed, and the ex-
perimental prototype is shown in Fig. 14. SI7172DP is adopted
as a full-bridge converter. The model of the diode in the rectifier
is STF20100. In the control circuit, DSP TMS320F28377D is
used as a controller. The coils are fabricated by using Φ0.05 mm
× 1000 silk-covered wire. The parameters of the experimental
prototype are shown in Table I. The coupling strength k of coils
as a function of vertical distance D and horizontal offset distance
ρ is shown in Fig. 15.

Fig. 16 shows the steady-state characteristics of the FOWPT
system with different positions and loads. In CC mode, the out-
put current IB remains constant after misalignment, as shown in
Fig. 16(a) and (b). Benefiting from the frequency characteristics
of FOWPT in (11) and the control strategy proposed in Fig. 9,
the operating frequency of FOWPT system changes from 210.97
to 208.33 kHz. Meanwhile, the output current I1 of the FOC
changes from 5.09 to 5.03 A, according to the control block
diagram in Fig. 11. It can be seen that the change of I1 is very

Fig. 16. Experimental waveforms during the CC and CV charging. (a) D =
8 cm, ρ = 0 cm, RB = 5 Ω. (b) D = 8 cm, ρ = 4 cm, RB = 5 Ω. (c) D = 8
cm, ρ= 4 cm, RB = 7 Ω. (d) D = 8 cm, ρ= 0 cm, RB = 15 Ω. (e) D = 8 cm,
ρ = 4 cm, RB = 15 Ω. (f) D = 6 cm, ρ = 4 cm, RB = 40 Ω.

Fig. 17. Dynamic process when horizontal offset distance ρ varies rapidly
from 0 to 4 cm: (a) in CC mode when D = 8 cm and RB = 5 Ω; and (b) in CV
mode when D = 8 cm and RB = 15 Ω.

small, which is in good agreement with Fig. 6. It is the adjustment
of the FOC in the transmitter that enables the system to operate
in CC mode. Similarly, in CV mode, the output voltage VB can
also remain constant after misalignment, as shown in Fig. 16(d)
and (e). When the automatic lawnmower is misalignment, the
charging current and charging voltage can be maintained at Iref
and Vref, respectively. It shows that the receiver can be charged
steadily during the charging process, which meets the charging
requirements of Li-ion battery.

In order to test the robust performance of the FOWPT system
when the receiver moves, the dynamic process when horizontal
offset distanceρ varies rapidly from 0 to 4 cm is shown in Fig. 17.
It can be found that constant IB in the CC mode and constant VB

in the CV mode can be maintained. In addition, Fig. 18 shows
the output characteristics when vertical and horizontal distance
changes, respectively. The proposed implementation method of
FOC based on the phase-shift control enables the operating
frequency ω to change in real time with distance. Meanwhile,
the control block diagram in Fig. 11 will dynamically adjust
the current of FOC to improve output accuracy. The current I1
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TABLE II
COMPARISONS WITH PREVIOUS WORKS

aThe superscripts (1)–(5) represent the complexity, and the complexity increases as the number increases.

Fig. 18. Charging current IB, voltage VB, current I1, and operating frequency
ω/2π when the vertical distance D and horizontal offset distance ρ change.
(a) D�[5, 9] and ρ = 0 cm when RB = 5 Ω. (b) ρ�[0, 4] and D = 8 cm when
RB = 15 Ω.

basically remains unchanged, which implies that this system is
insensitive to transfer distance. When the automatic lawnmower
moves during the charging process, the primary-side controller
can ensure a constant output with fine-tuning or even without
adjustment. This is one of the advantages. The proposed FOWPT
system provides the possibility for the AGV to move in a wide
range during the wireless charging process.

Using the electronic load, the robustness of the proposed
FOWPT system under step changes of RB is investigated in
CC and CV mode. As shown in Fig. 19(a)–(c), the system can
quickly adjust to a stable state when RB changes. The CC IB
in CC mode and CV VB in CV mode can be realized only
by controlling FOC. The proposed system not only realizes
misalignment-tolerant charging, but also avoids complex and
bulky receivers. Fig. 20 gives the circuit I1 and voltage V1 of
FOC, the charging current IB, the charging voltage VB, and the
transfer efficiency η in the charging process. The experimental
results are in good agreement with the theory. It can be found
that the output current is within ±3% in CC mode and the
output voltage within ±2% in CV mode. The maximum transfer

efficiency η is 92.7%, and the corresponding dc–dc (i.e., Vd to
VB) efficiency ηD is 82.4%.

Table II lists the comparison among different works. Vertical
misalignment tolerance is described in the form of ΔD | D0,
where ΔD is defined as the ratio of the vertical misalignment to
the side length of the receiver; and D0 is defined as the ratio of the
initial vertical distance to the side length of the receiver. It should
be noted that the side length of the receiver can be replaced by
the square root of the length and width in the case of rectangular
coils. Horizontal misalignment tolerance is expressed as Δρ,
which is defined as the ratio of the horizontal misalignment to
the length of the receiver in the misalignment direction.

The coils in [12] and [13] are specially designed. Compared
to the specially designed coils, the coil design of the pro-
posed system is easier. Benefiting from high-order compensation
topologies [10], [12]–[14], the control complexity is greatly
reduced. Using the strategy of switching topology, the system
in [12] achieves CC and CV modes, but the misalignment
will lead to the fluctuation of output power. The series-hybrid
compensation topology in [13] greatly improves misalignment
tolerance. However, it is not suitable for compact and lightweight
receivers.

Besides, the system in [25] not only requires two inverters,
but also only realizes CC mode at a fixed transfer distance.
The approximate modeling and low-precision fractional-order
control strategy in [27] cannot maintain CC and CV modes. In
addition, the control strategy of fractional-order elements is very
complex in [25] and [27], which cannot guarantee the output
accuracy under different loads and transfer distances. Based on
this view, the proposed system achieves CC and CV modes with
misalignment tolerance and meets the requirements of compact
and lightweight receivers. The precise model and innovative im-
plementation method based on the phase-shift control guarantee
the accuracy of the output. Therefore, the proposed system is a
suitable wireless charging solution for AGV.
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Fig. 19. Dynamic process of the proposed FOWPT system when D = 8 cm and ρ = 0 cm: (a) in CC mode when RB changes from 5 to 6 Ω; (b) in CC to CV
mode switching process when RB changes from 6.5 to 12 Ω; and (c) in CV mode when RB changes from 20 to 40 Ω.

Fig. 20. Experimental results when the resistance RB changes. (a) Charging current IB and voltage VB. (b) Current I1, voltage V1, and transfer efficiency η. P1:
D = 8 cm and ρ = 0 cm; P2: D = 8 cm and ρ = 4 cm.

V. CONCLUSION

This article proposed a misalignment-tolerant FOWPT sys-
tem for CC and CV charging. According to the principle of
fractional-order autonomous circuit, the circuit model of the
system was established. The theoretical and experimental re-
sults showed that the natural resonant frequency and operating
frequency can be adjusted adaptively with the change of transfer
distance and load. Compared with the conventional IPT system,
the proposed system was able to maintain stable output under
the misalignment of coupling coils. The 63-W experimental
prototype of the automatic lawnmower was built. The horizon-
tal misalignment tolerance was within 44.4%. Meanwhile, the
vertical misalignment tolerance was within 22.2% at the initial
position D = 6 cm. Based on the frequency characteristics and
the new implementation method of FOWPT, the prototype can
maintain the output current within ±3% in CC mode and the
output voltage within ±2% in CV mode. Therefore, the system
has strong misalignment tolerance, light receiver weight, and
high design freedom, which provides a new wireless charging
solution for AGV. In the future article, we will focus on con-
cise modeling and implementation methods of FOWPT, and
exploring the physical mechanism and valuable characteristics
of fractional-order circuits.
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