7688

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 7, JULY 2022

Static Analysis of a Digital Peak Current Mode

Control DC-DC Converter Using
Current—Frequency Conversion

Yudai Furukawa
IThami Colak

Abstract—The purpose of this article is to discuss the design
guideline and design chart of the digital peak current mode dc-dc
converter using a current—frequency conversion by analyzing its
static characteristics. The operation of the proposed method is
expressed by equations, and the relationships between controller
parameters are derived. This discussion reveals the relationships
between the peak current instruction value and the output voltage
or peak current, which are necessary for designing the proposed
method. Then, the design guideline and design chart are given. The
validity of the static characteristic analysis is demonstrated by a
prototype, whose design follows the design guideline. An appropri-
ate operation in the steady and static state is also indicated by the
experiment. As a result, the validity of the static characteristics and
the design guideline of the proposed method can be verified.

Index Terms—Current-frequency conversion, dc—dc power
converters, digital control, peak current mode control.

I. INTRODUCTION

IGITAL control for switching power supplies is attracting
D attention because it has advantages over analog control,
such as flexibility, cooperative control according to the situation,
and easy tuning [1]-[8]. The digital control has the issue that
the delay time due to A—D conversion time and processing time
reduces the stability of the switching power supply. Therefore,
a control method that can significantly improve stability is
required.

A peak current mode control (PCMC) is well known as a
switching power supply control method that can improve stabil-
ity and is widely used in analog control [9]-[19]. The PCMC
utilizes the comparator as the voltage mode control (VMC) does.
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The immunity of the comparator to noise is one of the drawbacks
of analog control. The PCMC replaces a carrier signal ina VMC
with a reactor current to improve stability. In the PCMC, the
real-time property of current detection is very important and
high accuracy is not required. An output voltage of switch-
ing power supplies is accurately regulated through a voltage
loop as well as the VMC. This control algorithm improves the
stability.

Many papers have been reported that implement the PCMC
in digital control [20]-[52]. From these papers, the PCMC in
digital control can be roughly divided into two types: a complete
digital control method [20]-[33] and a hybrid analog—digital
control method in which analog circuits and digital circuits
coexist [34]—-[52]. There are two methods in the complete digital
control methods. The one is a method using an A-D converter
(ADC) for detecting a peak current of the reactor current and the
output voltage [20]-[22]. The other is a peak current prediction
method [23]-[33]. These methods have delay times in both the
voltage loop and the current loop, and therefore they are called a
voltage and current delayed type here. The hybrid analog—digital
control method includes a method using a D—A converter (DAC)
[34]-[44], a method using a resistor—capacitor (RC) integrator
circuit [45], and a method using a voltage-controlled oscillator
(VCO) [46]-[52]. These methods have the delay time only in
the voltage loop, and therefore they are called voltage delayed
type here.

The complete digital control method is described. The method
using ADC [20]-[22] needs sufficiently fast ADC with respect
to the switching frequency, which leads to an increase in cost.
Moreover, no matter how a high-speed ADC is used, A-D
conversion time and processing time always occur. Thus, the
delay time cannot be resolved, and a design that takes this effect
into consideration is required. For the same reason, it is difficult
to apply it to high-frequency switching power supplies and
applications that require a quick response. There is also a delay
in limiting the overcurrent. A peak current prediction method
[23]-[33] has been proposed that does not need a high-speed
ADC, such as direct detection using the ADC. The delay time
is not eliminated and has the same drawbacks as the method
using ADC since this method predicts the peak current. In the
first place, its system configuration is different from the PCMC.
The prediction accuracy deteriorates due to parameter variations,
prediction model errors, and noise. It is not possible to get the
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actual peak current value because it is a peak current prediction.
These two methods cannot realize the most important real-time
current detection and strive to accurately detect the current.
Therefore, their concepts are different from the original concept
of the PCMC, which is that the current detection needs real-time
property and does not need high accuracy.

To deal with the issue of current detection in the digital con-
trol, hybrid analog—digital control methods have been proposed
[34]-[52]. These methods do not use the ADC for the current
detection, and the real-time current detection is achieved with
various ideas. The method using the DAC [34]-[44] has the
same current detector with the analog control and the real-time
current detection can be achieved. The voltage loop is a general
configuration of digital control, which uses the ADC. The output
digital value of the digital controller in the voltage loop, such as
the PID controller, can be utilized for getting a real peak current
value. It is converted into the analog signal by the DAC so that
the delay time occurs. The delay time by the A-D conversion
also exists. This method has the same drawbacks as the analog
control, which is the comparator is vulnerable to noise.

A method for peak current detection using a simple digital
circuit without using the DAC and comparator has been proposed
[45]-[52]. In [45], only the vicinity of the peak value of the
reactor current is taken into the RC integrator circuit, and the
time until the output voltage of the RC integrator circuit reaches
an arbitrary threshold voltage is detected. The timing of starting
current detection is adjusted by the calculation result of the
digital controller, which has the general configuration using the
ADC, in the voltage loop. This method detects the reactor current
in real time, although the response to sudden changes may be
delayed because it is a very short time for the current detection.
It is difficult to grasp the peak current value in this method. The
control system of this method has a different configuration from
the PCMC in the first place.

There are two methods for detecting voltage and the reactor
current using the VCO instead of the ADC: counting the pulse
signal from the VCO [46]-[48] and detecting the frequency by
giving a phase difference to the pulse signal from the VCO [49]—
[52]. The VCO is an element that outputs the pulse signal with
a frequency proportional to its input voltage. It is cheaper and
more cost-effective than the ADC [47]. It has immunity to noise
as it internally integrates its input voltage for a short time to
generate a pulse signal.

The method that counts the pulse signal from the VCO
utilizes the counted value as the digital value of the detected
signal [46]-[48]. When the target value is set as a digital value
after the VCO as in [47], the digital value to be captured will
change significantly due to the influence of the temperature
characteristics of the VCO. For this reason, it is necessary to
set the target voltage before the VCO and increase the gain of
the error amplifier as in [48]. A high-frequency VCO and a
high clock frequency for counting are required to increase the
resolution. Their frequencies are much higher than the switching
frequency. Then, it is difficult to count the pulses. This method
is disadvantageous for increasing the switching frequency.

As the other method using the VCO, the authors have already
proposed a method detecting the frequency by giving a phase
difference to the pulse signal from the VCO [49]-[52]. In the
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proposed method, the voltage loop is a general configuration of
digital control using the ADC and the VCO is used for current
detection. The peak current detection that ensures real-time
performance is realized by detecting the frequency of the pulse
signal from the VCO with a frequency detector composed of a
simple digital circuit. The value of the frequency to be detected
is controlled by the calculated value of the voltage loop. This
calculated value is equivalent to the peak current instruction
value, and therefore, the current value can be grasped by using
it. It is possible to detect peak current without delay time with
this procedure. The proposed method realizes a control system
similar to the analog PCMC by digital control except for the
delay time in the voltage loop. Furthermore, a method using
phase difference, which is similar to the proposed method,
realizes the PCMC in a high-frequency dc—dc converter in [53].
It is difficult to get the current value since the VCO is also used
for output voltage detection and the pulse signal from the VCO
is not converted to the digital value in this method. Due to this
reason, it is not suitable for the implementation of management,
monitoring, remote control, etc., which are the advantages of
digital control, and its applications are limited. Therefore, it is
desirable that the voltage loop is configured using the ADC as in
the proposed method to take advantage of the features of digital
control.

The review of six digital PCMC dc—dc converters using their
block diagrams, which show the position of the proposed method
clearly, is carried out in Appendix I to confirm the usefulness of
the proposed method.

The proposed method has been limited to partial reports so far
[49]-[52]. In particular, the design guidelines for the proposed
method have not been clear. ADCs are generally utilized as
sensors for the output voltage and reactor current so that the
controller design can be considered the same as the general
digital controller design method [20]-[22]. This configuration
has no choice to avoid the delay time in the current loop. The
proposed method has achieved the real-time sensing of the peak
current in the digital controller using the VCO as the reactor
current sensor and asynchronous digital logic circuit as the peak
current detector [49]-[52]. However, designing parameters of
the controller is difficult, and the design procedure is complex
compared with the case of only using ADCs because the peak
current is in inverse proportion to the current instruction value.
This inverse proportional relationship influences the resolutions
of the peak current and output voltage and the regulation char-
acteristics. Due to this reason, it has not been possible to design
the proposed PCMC switching power supply with performance
that satisfies the required specifications for each application. In
other words, the proposed method could not be widely applied.

This article presents the design guideline of the current—
frequency conversion peak current mode dc—dc converter by
organizing digital controller parameters and expressing their re-
lationship by equations. They are derived by static characteristic
analysis of the proposed method. Furthermore, the design chart
is indicated based on the design guideline. Thus, this article
promotes the wide spread of the PCMC in the digital control
switching power supply.

First, the operation principle of the proposed method is re-
viewed, and static characteristic analysis is performed. Second,
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Fig. 1. Circuit configuration of the proposed digital PCMC dc—dc converter.

theoretical clarification of the relationship between the peak
current instruction value and the output voltage or peak current in
consideration of perturbations is presented, and the resolutions
of the peak current detection circuit and the output voltage
are derived. Third, the design guideline is established, and the
design chart is shown. Finally, the circuit that complies with the
design guideline is prototyped. The result of static characteristic
analysis is verified by this experimental circuit. The output
voltage stabilization characteristics and transient characteristics
obtained by the prototype are also discussed as they are asso-
ciated with the current instruction value and resolutions of the
peak current detection circuit and output voltage. Therefore, the
proposed method can be designed clearly.

II. OPERATION PRINCIPLE AND STATIC ANALYSIS OF THE
PROPOSED METHOD

The resolutions of the peak current and output voltage are
simply derived because the reactor current and its digital value
are proportional to each other in the conventional digital control
method only using ADCs. However, the reactor current and its
digital value are inverse proportional to each other in the pro-
posed method because of the following reason: Reactor current is
converted into the frequency by the VCO, and the peak current
instruction value is set by the time. This relationship affects
the resolutions of the peak current and output voltage. This
difference between the conventional digital control method and
the proposed method makes the design process of the proposed
method complicated. This section aims to organize the digital
controller parameters of the proposed method and express their
relationships by equations, for clarifying the design guideline.
To this end, the operation principle of the proposed method is
reviewed, and the static characteristics of the proposed method
are analyzed.

Fig. 1 shows the circuit configuration of the proposed digital
PCMC dc—dc converter. T, is the main switch, R, is a sensing
resistor to detect a switch current, Dyis a flywheel diode, L is an
energy storage reactor, C is an output smoothing capacitor, and
R is aload. Voltages and currents are denoted as follows: iy, is a
reactor current, i 7, is a switch current, e, is a voltage across R,
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Fig. 2. Architecture of a digital control circuit.

E; is an input voltage, and E, is an output voltage. e, is equal
to Rsir,. i, is detected instead of i7, because it is equivalent to
iz, when T, is ON. An ON-time Ty, of T, is controlled using E,
and i7, . e; and E, are inputted into the digital control circuit.
As shown in this figure, the slope compensation is implemented
in the analog circuit. The design of the slope signal presented in
[10] is adopted here to take advantage of PCMC when the duty
ratio D is less than 50%. Then, a pulsewidth modulation (PWM)
signal Spyw 1s generated according to the PCMC.

Fig. 2 illustrates the architecture of the digital control circuit.
E, is feedbacked through the preamplifier #1 and the ADC. The
ADC outputs the digital value E,[n] of E,. The relationship
between E, and E,[n] is given as follows:

Eo [Tl} == GAD AeoEo (l)

where A., and G4 p are the gains of the preamplifier #1 and
ADC, respectively. E,[n] is processed in the digital PID con-
troller. The calculation result Npyp of the digital PID controlleris
sent to the digital peak current detector to obtain the peak current
instruction value. Npip at nth switching period is generally
expressed as follows:

NPID,n:KPi (N’I”_EO [n_]-])"‘KIz i: (NT_EO []])
j=0
+KDi (EO [n—2] —EO [77,—1]) (2)

where N, is a digital value of a reference voltage E,, the
proportional, integral, and differential gains are Kp;, Kr;, and
K p;, respectively. i 7, is acquired as the voltage e, using R;. €,
is expressed as follows:

€s = Rs iTr- (3)

e, is amplified by the preamplifier #2. The slope signal ejope
generated by the slope compensator and bias voltage E g to adjust
the operating point of the VCO are added to the amplified e;.
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Fig. 3. Input—output characteristics of VCO.

Then, the input voltage eyyco of the VCO is obtained as follows:
evCco = AiTr es + €slope + EB- (4)

The VCO outputs the frequency modulation (FM) pulse signal
Svco, whose frequency fyyco is proportional to the value of
ir,. The VCO is utilized for peak current detection instead of a
high resolution and high-speed ADC as mentioned in Section L.
Assuming that the static characteristics are analyzed under the
condition D is less than 50%, thus, e,y is omitted below. The
input—output characteristics of the VCO are illustrated in Fig. 3.
Usually, the VCO is used in the range where fi;co monotoni-
cally increases as eyco increases. The minimum and maximum
values of fyco in this range are fyco_min and fvCcO_maxs
respectively. fiyco is given as

Jvco = Avcoevco + fo = Arco ity + AvcoEB + fo
4)
where Ay co is the gain of the VCO and fj is the intercept when
the input—output characteristic of VCO is approximated linearly.
Ajco is the total current gain and is defined as

Arco = AvcoAiry Rs. (6)

Svco 1s sent to the digital peak current detector. The turn-
OFF signal S,z of T, is outputted from the digital peak current
detector when the peak current is detected. The turn-ON signal
Son of T, is generated by the clock signal and sets a switching
period 7. The digital PWM (DPWM) signal generator generates
Spww according to S,,, and S, .

The digital peak current detector, which is composed of the
programmable delay line and a simple digital circuit, and a
DPWM signal generator are shown in Fig. 4. The signal fre-
quency detector consists of the SR latch and JK-FF as shown
in this figure. Sy co is sent to the programmable delay line and
the signal frequency detector. Syco, is the delayed signal of
Svco and is generated by the programmable delay line. The
multiplexer chooses a node of the delay line according to Npip
to control the delay of Syco,. The relationship between the
delay time 7 and Npp is given as follows:

7 =TpNpip (N

where T'p is the resolution of the delay buffer in the delay line
and is a conversion gain from the control signal to the peak
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current instruction value. As expressed in (7), 7 is decided
by the multiplication of Npip and Tp. Npip is converted into
7, which is equal to the peak current instruction value in the
proposed method, using the delay line. Npip is the dominant
factor when 7 is decided because T is designed as a fixed value.
Although the output digital value of the PID controller to the time
conversion is included, this procedure is equivalent to the analog
PCMC. 7 must be shorter than 7'; due to the operation principle
of the proposed method expressed later. Syco, is sent to the
signal frequency detector, which detects fyy,co using the phase
difference between Svco and Svco,. The phase difference is
equal to 7. S, turns active when fyyco is detected. The proposed
method can easily correspond to the perturbation Ae, of E,
because 7 is controlled depending on e, by the PID controller,
where e, represents E, + Ae,,.

The timing chart of the digital peak current detector is shown
in Fig. 5. This circuit consists of an asynchronous digital circuit.
Ignore the rise time, fall time, and propagation delay time of
elements, and assume the ideal operation in this figure. These
delay times practically occur in the implemented circuit while
their effects are naturally eliminated by the feedback control of
E,. Thus, the control law is not failed by tolerance of parameters,
and this is an obvious difference between the proposed method
and predictive current mode control. Q1 is the output signal of the
first SR latch. The active duration of Q; equals 7 because rising
edges of Syco and Syco, are alternately inputted into the first
SR latch. The period Tvco of Syvco gradually becomes short
corresponding to linearly increasing ir,. S,p becomes active
when Ty co is equal to or shorter than 7. At this moment, the
input terminal J of the JK-FF is high and Sy o is inputted into
the JK-FF as the clock signal. Thus, the digital peak current
detector detects the peak value of i7, without the delay time.
Note that f;yco should be higher than f; and the ratio fyco/fs
represents the sampling opportunity M in one switching period,
as shown in Fig. 5.

Assuming that Ty o is equal to 7 at the detection timing, the
following equation is true from (5) and (7)

1 1
fvco  Arcoirr (Ton) + AvcoEr + fo

.

(8)
i1 (Ton) in (8) is re-expressed using the following equations of
the dc—dc converter, which is true in the continuous conduction
mode (CCM):

Tvco =

IL—IO:% :j;?;l Rlifr (o
irr (Ton) = ;/z Tont Ir= =357 (1E+ ) T;f
rsz 1;?: QE% o "
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where r is the resistor that equivalently represents the loss of 2L (1 + %)

the circuit, /7, is the average current of i1, and V7, is the voltage
across L.
From (8) and (12), the following equation is derived:

2L (1+ %)
TsAiTrRsEi

Ton 2 2L + (7" + R) Ts Ton
T, TsR T

1 /1
{Avco <T _f0> _EB} =0

Therefore, Ty, /T of the proposed method is expressed as

13)

_h— 2 _
Ton _ b— Vb 4dac 0< Ton <1 (14)
T, 2a T,

where a, b, and ¢ are given as follows:

a =1 (15)

2L+ (r+ R)T,

b= T.R

(16)

1 (1
{Avco <T - f0> _EB}~ (17

See Appendix IT about the existence range of solutions of (13).
When (14) is substituted into (9), an equation of the proposed
method concerned with E, is obtained as follows:

E;, —b—+b?—4ac

1+ 2

“= TsAiTrRs Ez

E, (18)

From (7) and (8), the relationship between fyyco and Npip
normalized by f; is also derived as follows:

Jvco _ 1 _ (19)

fs %NPID

Jvco is inverse proportion to Npip in the proposed method.
This inverse proportional relationship is different from the con-
ventional digital control [20]-[22], and this relationship make
the resolutions of the proposed method complicated as will be
derived later.
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Perturbations are considered in (13) to derive the equations
expressing the resolutions of the peak current and output voltage
(20) shown at the bottom this page.

From (20), an equation concerned with perturbations is obtain
as follows:

2T, AT,,  2L(1+ %) 1
+b + -
T, T,  TsArcoEiT? T, R?

Ton 2rL 1 1
[ T, @L+rT) + Airr R E; {Avco <7' - fo) - EBH

AR-F EiiAei: 0

Normalized A7 by T, is given by following equations
from (7):

21

T+ AT _Tp
N AN, 22
7. T, (Npip + PID) (22)
AT TD
= — ANpp. 23
T, T. PID (23)

From (19), the relationship between Afyco and ANpip is
obtained as follows:
fvco +Afvco 1

fs 22 (Npip — ANpip)
(Npp + ANp1p)
72 (Npip — ANpp) (Npip + ANpip)
NPID + ANPID

TD Npip?

Afvco/fs N 1
ANpip %NPIDQ'

(24)

(25)

Equation (25) shows the resolution when the PID controller
operates at the peak current. It is affected by the value of
Np1p and is not constant. This relationship affects the resolution
of E,.

Here, the equations are further organized such as the case
of the analog PCMC to indicate the relationship between the
peak current and the current instruction value. From (5), (7), and
(19), (Afvcolfs)Aip, and Ai 7, /(AT/T,) are similarly given and
shown through the following equations:

fvco+Afveco _ Arcol(irr+Air.)+AvcoEs+fo
s - fs
_ 1 _ 1 _ T+AT ~ TH+AT
= = TA&r T ~ 3
L';-? (Npip—ANpID) Ty (T-A7)(r+AT) AT%:JrA” =
(26)
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f]\éco B Arco o
AZ.Tr B fs
Aip, 1

A = (28)
T FArco

Equation (27) is the relationship between i, and its sensed
value. Equation (28) is rearranged equation of (25) using (23)
and (27) to yield the relationship between iy and 7. This
modification makes the design of the proposed method simpler.
The input—output characteristics of the VCO and the resolution
of the delay line affect this relationship. It is revealed that they
are important parameters when the proposed method is designed.
In addition, the resolution of i7, cannot be simply expressed
by Arco unlike the conventional digital control and changes
depending on the value of 7.

In order to derive the resolutions of E,, the resolutions
(AT /THIATITS), (ATon/T)IAR, and (AT, /Ts)/ Ae; are also
derived from (21), respectively

Sfen 2L (1+ %)
T, (TO" + b) ArcoEi?
ATOI)
T. _ 1
AR 2T on
TR (% +b)
2rL 1 1
- — - F
{AiTrRsEi {Avco (7' fo> B}
TOH
(2L + rTs)} (30)
ATy, .
T,
= — . 3D
Bei g (% 1p)
Perturbations in (9) is expressed as
1 AT, T
Ae, = E,—= % Ae; A 32
e 1+§< TS+TS + R> (32)

The resolutions Ae,/(AT/Ts), Ae,/A R, and Ae,/Ae; are
also derived using (29)—(32)

Focusing on (33), the resolution of E, is as complex as (28)
because of 7 on the right side.

From the above equations, i, and 7 are inversely proportional
to each other as described in (8). From (28) and (33), the
resolutions of iz, and E, are influenced by the value of .
These equations organize the controller parameters and make

Lu 4 AL, 2
Ts s(R+AR)

2L(R7AR)+{T+(R+AR)}(R AR)TS

2L REARNT. (T | ATy 2L(1+ riamy ) 1 1
; ( * ) + TsAirrRs ?EAJ?AE') Avco (T*AT - fO) —Ep

(T 4 ATy
= TS T T.(RTAR)(R-AR)

(1+ r(R-AR) )
+ (R+AR)(R-AR) 1 T+AT
TsAirrRs(Ei+Ae;)(Ei—Ae;) | Avco \ (

T—AT)(T+AT)
2L(1+ )

( sy ATOH>

~ o) - Bz} (20)

2
%a(%) +bTe o+ (%er) AToy

T A[coE T2
1 on 2rL
AT—TSRQ [ (2L+TT)+ATTRE {AVCO (;—fo)

Ep}| AR+ £Ae =0
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their relationships clear. They are also very important in showing
the design guidelines of the proposed method.

In Section III, the design guideline and design chart of the
proposed method will be presented while considering the results
focusing on 7.

III. DESIGN GUIDELINE AND DESIGN CHART OF THE
PROPOSED METHOD

The proposed method was designed without the design guide-
line so far. Therefore, the design included controller parameters
whose decision process was unclear. This section describes a
design guideline using the design chart of the proposed method
shown in Fig. 6 to deal with this issue. At the beginning of
the design, set circuit parameters of the dc—dc converter and
operation ranges of E, and [, as a fundamental specification.
Initial values of Tp /Ty and M,,;, are set, where M,,;, is the
minimum sampling opportunity when /, is the lowest value in
its operation range. From (28) and (33), finer resolution can be
obtained when small values of Tp /T, and M,,;, are chosen,
while enough sampling opportunity should be secured. My,in
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cannot be an immoderately small value. According to these
values, the values of fiyco_min and fyco_max are obtained as
follows:

fVCOJnin - Mrnin fs (36)
1

max — 37

Jvco_ma Ty (37)

The range of fy/co is limited by (36) and (37). Minimum and
maximum values, i.e., Tin and Tax, of 7 is derived by (8),
(36), and (37). The range of 7 is also limited by these derived
values. A value of A;co, which is expressed as the multiplication
of Ry, A1, and Avco, is set using (5) and (6) so that ranges
of it , fvco, and 7 match within their minimum and maximum
values. Ep may be applied to eyco for adjusting the operation
range of fiyco. When the range is mismatch, obtain and set a
value for Ajco again. After the setting of Arco, resolutions of
the controller are derived from (28) and (33). Equation (28)
is mainly influenced by the value of 7. On the other hand, (33)
includes not only 7 but also circuit parameters. Notice that values
of R and E; are involved.

When the resolutions cannot meet requirements, change the
value of Tp /T, to a smaller one and go back before getting
fvco_min and fyco_max- When T /T cannot be set to a smaller
value, set f\yco_max to a value smaller than the value determined
by (37). The value of Tp, ranges of fy;co and 7, and Arco are
decided when resolutions meet requirements. Then, get a range
of Npip from (8) and (19). K; in the PID controller is tuned to
cover the range of Npp because the integral control is dominant
in the steady state and influences the regulation of E,. When E,,
is not regulated over the range of /,, change the value of K; to
a larger one. Ky; is decided when E,, is regulated over the range
of I,, and then, the design chart ends.

In the actual design, the linear input—output characteristics
of the VCO in a wide range are needed to cover a wider
range of ir. The value of Tp /T, depends on the hardware
performance of the delay line. This would limit the accuracy
of the peak current and output voltage of the proposed method.
When the proposed method is implemented into the switching
power supply with a higher switching frequency, fyco should
be higher to secure the value of M,,;,. Accordingly, a smaller
value of Tp/Ts is needed. Higher hardware performance of the
delay line is required. Additionally, it should be considered that
an extremely high operating frequency of VCO would lead to
its unstable operation.

(33)

Ae, B 2L

Ar

T, (%Z" + b) Arcot?

Ae, 1 B, N 1 { 2rL { 1 ( 1
AR 1+ | R 7 pe (25& +b) AirrRsE; | Aveo \ TpNeip
Ae, B 1 2L + rT, c

Ae;  1+5\ T.R Hon 4

_ f0> — EB} + 21;’“ (2L + rTS)} (34)

(35)
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TABLEI
CIRCUIT PARAMETERS

Ej 20V Ry 0.05Q
Ey* 5V AiTy 235
I* 1A Ayco 275 MHz / V
Js 100 kHz Aico 323 MHz/ A
Ty 10 us Ep 2.1V

L 194 uH fo -2.38 MHz

C 123 uF Tp 1 ns

r 050 Aeo 0.25

R 50 G4D 409.4 V'

From the above results, the design chart clarifies the design
procedure of the proposed method. The decision of the con-
troller parameters using the equations derived in Section II is
described. Thus, the proposed method can be designed to meet
the requirements for the switching power supply by following
these design guideline and design chart.

IV. THEORETICAL AND EXPERIMENTAL RESULTS

In this section, the result of static characteristic analysis is
confirmed using the prototype of the proposed method, which
is designed based on the design chart mentioned above. The
validity of the design guideline and design chart is similarly
confirmed. After that, the output voltage stabilization character-
istics and transient characteristics are demonstrated.

In the prototype, SPARTAN-3, which is a field programmable
gate array (FPGA) from Xilinx and whose speed grade is —4,
is utilized for the digital peak current detector. The PID control
is executed by a digital signal processor (DSP) TMS320C6713
from TI. The ADC features are the 11-b resolution and 1.2-us
sampling period. It can be configured with an inexpensive PWM-
dedicated DSP or FPGA for the digital PID control, although this
DSP is utilized in this prototype [21], [37].

The design of the prototype is explained along with the
design chart. The operation and static characteristic analysis is
confirmed in an experiment. Circuit parameters are summarized
in Table I. They are used for deriving the theoretical value given
below. E,* is a target voltage of E,. The rated current /,* of /,, is
setto 1 A to make the calculation process easier to understand in
this article. By adjusting the parameters of the sensing resistor
and the gain of the preamplifier, the equation and design chart in
this article can be applied as they are even when the rated current
increases. For instance, the sensing resistor should be changed
from 0.05 to 0.01 € when the rated current becomes 5 A. The
range of [, is set from 0.1 to 1.5 A, and a ripple current of i,
is 0.1 A. In the experiment, [, is in the range of 0.2-1.5 A to
ensure that the dc—dc converter is operated in CCM. D is less
than 50% in the steady state. A, is a gain of the preamplifier
for detecting e,. This preamplifier adjusts the range of e, to the
input voltage range of ADC, which is from 0to 5 V. A, is set to
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Fig. 7. Operation range of fyco/fs and 7/Ts according to i7_peax/lo™ X

100.

0.25 because the maximum value of ¢, is 20 V. G 4 p is the A-D
conversion gain of the ADC and is calculated by its resolution
and input voltage range; its calculated value is 409.4 V~!.
From the data sheet of SPARTAN-3 [54], the propagation time
for data transition is 0.61 ns when the speed grade is —4. For
this reason, T'p is set to 1 ns including the wire delay for easy
calculation. The wiring is manually tuned to eliminate variations
in each delay element in the delay line. Therefore, the initial
value of Tp /T is 1 x 10~%. From (37), frcO_max is calculated
as 1 GHz. The initial value of M,,;, is 40, in this article, so
that the minimum value of T,,,, becomes 2.5% of T even when
I, becomes the lowest value. In this situation, fyyco is equal
to 4 MHz calculated using (36) and is higher than f,. At this
condition, Arco is designed to be 711 MHz/A. However, the
resolution of the controller cannot meet the requirement in such
a high frequency operation range of the VCO. Moreover, it is
difficult for the VCO to operate stably. fyco_max 1S redesigned
and set to 8.5 MHz to make Aip /(A7 /Ts) and Ae /(AT/T,) 16
mA and 70 mV at 1%, respectively. In the prototype, 16 mA is
1.6% of I, and 70 mV is 1.4% of E,*. Then, A1co is redesigned
to be 3.21 MHz/A. The operation ranges of fycolfs and 7
[T, corresponding to i7,_peax/l,* X 100 are shown in Fig. 7.
iTr_peak 18 the peak current of i7,. The theoretical values are
obtained from (5) or (8). A;co obtained from this experimental
result is 3.23 MHz/A, which matches the designed value well.
In this article, fy is —2.38 MHz by linearly approximating the
input—output characteristics of the VCO, as indicated in (4) and
(5). In the same way, Ep is set to 2.1 V so that fyco becomes 4
MHz when [, has the smallest value (0.1 A). The experimental
values almost match the theoretical value. fy/co is proportional
t0 i7_peak and there is a one-to-one correspondence among
Sfvco, 7, and ip_peak. It is revealed that ranges of fyco and 7
correspond to i7,. It can be seen that fyco is in the range of 4.4
—8.5 MHz and 7 is in the range of 230-115 ns. fyco and 7 are
within their minimum and maximum values. Operating points
Py, Py, Ps, and P3 are shown, and their coordinates indicate
iTr_peak/l,™ x 100 and 7/T,. These correspond to Py, Py, Po,
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and P5 in Fig. 13. Additionally, the relationship between fyyco/fs
and 7/Ts is derived from (8) and shown in Fig. 8. This is an
important relationship in the proposed method because fy,co and
T are equivalent to i, and the peak current instruction value,
respectively. The experimental values validate this relationship,
as shown in this figure. From the above data, the values of Tp
and Ajco are decided. Ranges of fi;co and 7 are also decided.

An experimental waveform of the peak current detection in
the proposed method at /,,* is shown in Fig. 9. 7 is set to 142 ns.
The operating point is matched with the point P shown in Fig. 7.
When Ty co is shorter than or equal to 7, Spw is turned OFF
immediately. In this figure, Spww is turned OFF when Ty co
reaches 140 ns. Note that a photocoupler and a drive IC are
implemented between the FPGA and T, There is a 100-ns delay
time caused by propagation time, rising time, and falling time
in these components. From Fig. 9, the proposed method works
well in accordance with the principle and can realize real-time
detection of a peak current.

Next, the resolutions of the controller are confirmed. Fig. 10
shows the relationship between Airp /(A7/Ts) and 7/T, from
(28). The theoretical value and experimental values have consis-
tency. Thus, the static characteristic analysis has enough validity.
In this article, Ai7 /(AT/Ts) is 14 mA at I,*, which is 1.4% of
I,*. When 7 (fyco) is set to a small (large) value, Aip, /(AT/Ts)
becomes large. This brings a high possibility of the occurrence
of a limit cycle oscillation. For instance, Air /(A7/T) becomes
53 mA at 1 A (=1,*) when only the operating point of A7/T
at I, is changed from 1.41 x 102 (black circle) to 1.06x 102
(black triangle). fyyco turns out to be about 10 MHz at the black
triangle point.

The relationship between Ae,/(AT/T) and 7/T, from (33) is
described in Fig. 11. The theoretical value and experimental
value are well matched. Ae, /(A7/T,) is, in this article, 64
mV at 1,*, which is 1.28% of I,*. When 7 (fiy;co) becomes
a small (large) value, Ae,/(AT/Ts) becomes large, as well as
the discussion in Fig. 10 and the limit cycle oscillation would
occur. Ae /(AT/T) becomes 261 mV at 5 V (=E,*) when the
operating point of A7/Ts at I,* is changed in the same way as
shown in Fig. 10.
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Fig. 9. Experimental waveforms of peak current detection. (a) Overview. (b)
Enlarged view at start. (c) Enlarged view at peak point.

From Figs. 10 and 11, (28) and (33) are important to describe
the performance of the proposed method and cannot be ignored
in the design process of deciding the range of 7 (fy;co). By the
static characteristic analysis, resolutions of iz, and E, can be
grasped. It makes the design process of the proposed method
simpler.

After the decision of parameters, the relationship between (E,,
— E,/E,* x 100 and 7/T, from (14) and (18) is confirmed and
is shown in Fig. 12. This result shows that E, can be set by 7
in the vicinity of I, = I,,*. The experimental values exist along
with the theoretical values. This result reveals the relationship
between E, and 7 in the proposed method, which is derived
in Section II. As shown in this figure, E, is regulated into E,*
at Py, and 7/T is 1.41x1072. It is the proper operation of the
proposed method because this result is derived and measured in
the condition I, = 1,*.

Fig. 13 is an experimental result of £, versus /,, characteristics
of the proposed method when K; is set to 0.003 to verify a proper
operation in the steady state. Coordinates of Py, P, P2, and P3
indicate 1,/1,* x 100 and (E, —E,*)/E,* x 100. K, is tuned to
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TABLE II
MEASURED STATIC CHARACTERISTICS AT E,, = Eo*

I, T/ T Aiy-/ (At 1 Tg) | Aey/ (At/ Tg)
_ 4 mA 71 mV
P 2
0 02A 2.26x 10 (6 mA) (116 mV)
_ 6 mA 51 mV
P 2
1 05A 1.87x 10 (9 mA) (78 mV)
_ 14 mA 64 mV
P 1.0A=1,* 2
2 ChY | 141x10 (16 mA) (73 mV)
_ 17 mA 88 mV
P 2
3 1.4A 1.21x 10 (21 mA) (72 mV)

regulate E, over the range of /,. A guideline for setting Ky; in
this prototype is briefly explained here. The operation amount of
the integral control is calculated by the multiplication of K; and
the value Ny of the integral register in the digital PID controller.
From the range of 7, the range of Npip is derived by (8) and
(19). It is considered from 100 to 250, including a margin. The
range of Ny is set from —32 000 to 32 000, which is about 16 b,
in the prototype. When the bias value N g of PID control is set to
175, which is the center of the range of Npip, the multiplication
of Kj; and Ny must be larger than or equal to 75. Therefore, K;
must be larger than or equal to 0.0023. Here, K; is set to 0.003.
As aresult, E, is well regulated from 20% to 140% of 1,,*.

Atoperating points from Py to Ps, I,,, 7/T, Ai /(ATIT), and
Ae, /(AT/Ts) are summarized in Table II. Here, E, is regulated
into 5 V (= E,*), as shown in Table I. Theoretical values are
written in brackets. From Table II, experimental results are close
to theoretical values, and their tendency is similar to the theo-
retical values. Air /(AT/Ts) becomes finer as I, (7) becomes
a small (large) value as mentioned above. Air /(AT/Ts) at P3
changes about four times in the experimental result compared
with Py. Although Ae,/(AT/T,) also becomes finer according
to decreasing (increasing) I, (7), the value of R also affects
Ae /(AT/Ts) as shown in (33). The influence of E; is ignored
since E; is constant in this experiment. Ae,/(AT/T)is almost the
same value for the full load range by the influence of both 7 and
R, and it is from about 50 to about 90 mV. The proper operation
of the proposed method in the steady state is verified. It is clear
that Ai /(A7/Ts) and Ae,/(AT/T;) should be considered in the
design process because they are affected by the operating point
of I,. The resolutions of i7, and E, in the proposed method
can be comprehended, and then, the proposed method can be
completely designed for the first time, covering the full range of
I,. It is also found from the result that the resolutions of i 7 and
E, have a close relation with 7.

The transient response of the proposed method in a simulation
is indicated in Fig. 14. The load is changed suddenly from P; to
P5, which are shown in Figs. 7 and 13. Kp; and Kp, are set to
2 and 1, respectively. Kp; is set to 0.1. An undershoot de,_under
of e, is 3.2%, where e, represents a dynamic change of E,. A
convergence time /. until e, converges within plus or minus 1%
of E,* is 317 us. An overshoot of iy, is suppressed and almost
zero. 7/Ts changes from 1.87x1072 to 1.41x1072 , although
the limit cycle oscillation occurs. This result corresponds to
P, and P, in Fig. 7. Similarly, e, is regulated before and
after the transient state. The transient response of the proposed
method in the experiment corresponding to Fig. 14 is indicated
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in Fig. 15. de,_under and t., are 3.2% and 345 pus, respectively.
An overshoot of i, is suppressed, as well as the simulation. The
simulation and experimental results are equivalent and reveal the
proper operation of the proposed method in the transient state.

V. CONCLUSION

In this article, the static characteristic analysis of the digital
peak current mode dc—dc converter using current—frequency
conversion is presented to organize the relationship between
controller parameters. Especially, the effect on the performance
of the proposed method caused by the inverse proportional
relationship between the peak current and the current instruction
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value is expressed by the equations. This analysis reveals that
the peak current instruction value is related to the resolutions of
the peak current detection circuit and output voltage, which are
important to design. These relationships are also expressed by
equations. Based on this result, the design guideline and design
chart of the proposed method are established. The selection of
the controller parameters is explained when the prototype is
implemented following this guideline. By following this guide-
line, it is clarified that the VCO operating frequency and the
resolutions of the delay line, reactor current, and output voltage
can be smoothly designed according to requirements for the
switching power supply. Thus, the unclear part in the design
process of the proposed method is eliminated. The experimental
result verifies the static characteristic analysis. In the prototype
circuit, at the operating point 5 V - 1 A, the peak current
resolution is 14 mA and the output voltage resolution is 64
mV, confirming that they are matched to theoretical values.
The output voltage stabilization characteristics and transient
characteristics obtained experimentally show the proper oper-
ation of the proposed method. Their association with the current
instruction value and resolutions of peak current detection circuit
and output voltage also becomes clear. This proves that the
design guideline is valid.

It is obvious that the proposed method can be an optimal
method when the digital PCMC is implemented into the switch-
ing power supply because the proposed method can capture
the peak current in real time and improve the stability. In
conclusion, the proposed method cannot be designed to suit the
requirements of various applications without this analysis result,
which provides the design guideline. This article can promote
the development of the digital PCMC switching power supply.

APPENDIX I
OVERVIEW OF DIGITAL PCMC

A. Analog PCMC

The PCMC dc—dc converter using the analog control circuit is
briefly explained. Figs. 16 and 17 show the circuit configuration
of the PCMC dc—dc converter and its operation waveforms. The
main circuit is the buck-type converter. ¢ is the peak current
instruction value, which is generated based on an error signal
between E, and E,. Toff is an OFF-time of T,. A comparator
compares ¢ and e,. When e, reaches ¢, S, becomes active
and Spw 1s turned OFF. An unstable operation occurs when
D exceeds 50% in the PCMC. A slope compensation is needed
to avoid it [10], and a slope signal is added as shown in Fig. 16.
e with or without the slope signal is shown in Fig. 17. A peak
current of i, is controlled according to this procedure. Thus,
the PCMC can significantly improve the stability of the dc—dc
converter by injecting i 7, into the controller. This is an important
fundamental concept of the PCMC.

The block diagram of the PCMC dc—dc converter using an
analog controller [9]-[19] is shown in Fig. 18. Ggeo(s) is a
transfer function from AD(s) to Ae,(s) of the dc—dc converter.
AD(s) and Ae,(s) are Laplace transformed perturbations of D
and E,, respectively. G 4;1.(s) is a transfer function from AD(s) to
Air(s) of the de—dc converter. Aiy(s) is a Laplace transformed
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Fig. 18. Block diagram of a PCMC dc—dc converter using an analog controller.

perturbation of i;. A., and A;;, are gains of preamplifiers for
E, and iy, respectively. F,, is a transfer function of the PWM
signal generator. G .(s) is a transfer function of a controller, such
as a PID controller. This is a basic block diagram of the PCMC
dc—dc converter.

The advantage of the PCMC is that the stability can be
improved by adding the current loop having a real-time current
detector. It is reasonable to suppose that the digital PCMC
should also keep this advantage. From this point of view, the
six digital methods are reviewed using their block diagrams
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and the usefulness of the proposed method is confirmed. The
digital PCMC dc—dc converter has six methods mentioned in
Section I. These methods are roughly divided into two methods:
the voltage and current delayed type and voltage delayed type.
Moreover, the voltage and current delayed type has two methods,
and the voltage delayed type has four methods. Block diagrams
of the digital PCMC dc—dc converter are shown in Fig. 19.
Differences from Fig. 18 in Fig. 19(a)—(f) are surrounded by
a dashed line.

B. Complete Digital PCMC Using an ADC

Fig. 19(a) illustrates a block diagram of the digital PCMC
using the ADC [20]-[22]. G.,ap and Gz Ap are gains of ADCs
for e, and i, respectively. e *7¢c and e~ *"¢L are delay times for
e, and iy, respectively, due to the ADC and a processing time.
There are delay times in the voltage and current loop. e %7
and e~ ®"L gspoil the stability. e™*7:% still exists even when a
very high-speed ADC is utilized to detect the reactor current in
real time. Therefore, real-time property of the current detection
is not achieved.

C. Complete Digital Peak Current Prediction Method

Fig. 19(b) describes a block diagram of the peak current
prediction method [23]-[33]. K7, and K g, are gains to reconvert
digital values of i;, and E, into their analog values. K;p is a gain
to convert a current value to D. This method also has delay times
in the voltage and current loop. In addition, a value of D from
one switching period ago is used to calculate a value of D for the
next switching period. As can be seen, the system configuration
of this method is obviously different from Fig. 18.

The two methods shown in Fig. 19(a) and (b) have the com-
plete digital configuration and aims to capture accurately. They
cannot realize real-time peak current detection, and it does not
fit the concept of PCMC already described.

D. Hybrid Analog-Digital PCMC Using a DAC

A block diagram of the method using the DAC [34]-[44]
is shown in Fig. 19(c). Gpa is a gain of the DAC. e™%7ceaAD
and e~®"PA are delay times caused by the A-D conversion and
D—A conversion in the voltage loop. The current instruction
value converted by DAC is compared in the analog domain
with detected iy,. This configuration can realize real-time current
detection as the analog control can. A disadvantage of this
method is that the delay time in the voltage loop tends to be
longer than the general digital controller because this method
needs the DAC in addition to the ADC.

E. Hybrid Analog—Digital PCMC Using an RC
Integrator Circuit

Fig. 19(d) shows the block diagram of the method using the
RC integrator circuit [45]. Tyt is a gain when a control signal
is converted into a preset time of T, at every switching period.
Vth is a threshold voltage. Ar(s) is a transfer function of the
RC integrator circuit, which has a very small time constant
and is used for i, detection in this method. This RC integrator
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using DAC. (d) Digital PCMC using CR integrator circuit. (e) Digital PCMC using VCO. (f) Proposed digital PCMC using VCO.

circuit can be replaced by the multivibrator. The voltage loop
has e™*7<> as the general digital controller has. The influence of
the time constant of A p o(s) is less than the influence of e ™% in
Fig. 19(a) and (b). However, it affects the stability. Additionally,
the configuration of the system is different from Fig. 18.

F. Hybrid Analog—Digital PCMC Using VCO

Fig. 19(e) shows the block diagram of the method counting
the pulse signal from the VCO [46]-[48]. Ayco and Ajco are
gains of e, and iy detection using VCOs. There is no delay
in the current detection, whereas the voltage loop has e™*7¢
because of the A—D conversion and processing by the controller.
The real-time property of the current detection is secured in this
method. The issue with this method is that it is difficult for

this method to increase the resolution of the controller since the
high-frequency VCO and high clock frequency for counting are
needed.

G. Proposed Hybrid Analog—Digital PCMC Using a VCO

Finally, a block diagram of the proposed method is illustrated
in Fig. 19(f). The real-time current detection can be achieved
using a phase difference of the pulse signal from the VCO.
Hence, there is no delay time in the current loop. Moreover,
the proposed method does not count the pulse signal from the
VCO so that an improvement in the resolution is easier than the
method presented in Fig. 19(e). The voltage loop is composed
by the general configuration of the digital controller, and e~*7<°
exists as the other methods have.
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TABLE III
COMPARISON OF DIGITAL PCMC
Response Sensors
References Configuration Features
Voltage Loop Current Loop Voltage Loop Current Loop
[20]-[22] Comg (l)entter(?llgltal Delayed Delayed ADC ADC Using a high-speed ADC for current loop
- Delaye N D N Predicting peak current
23133 C"mi’(l;tfr:l‘g“al layed /A ADC /A dicting peak
Hybrid analog- Analog Generating current instruction value using
[341-[44] digital control Delayed No delay ADC comparator DAC
Hybrid analog- RC circuit or . .
[45] digital control Delayed No delay ADC multivibrator Sensing a reactor current for very short time
[46]-[48] ﬂiygbiiﬁ f:gzlfogl No delay No delay VCO VCO Counting a pulse signal from VCO
Proposed method | Hybrid analog- Detecting a frequency of pulse signal from
[49]-[52] digital control Delayed No delay ADC veo VCO

7701

From the above discussion, methods shown in Fig. 19(e) and
(f) are the closest configuration to Fig. 18 except for e™*7<e.
They can improve the stability since they follow the important
concept of the PCMC, which says iy, is injected in real time.
In addition, the proposed method is advantageous compared to
the method shown in Fig. 19(e) considering the resolution at an
implementation. Therefore, it is clear that the proposed method
is suitable for implementing the digital PCMC. The comparison
of these digital PCMCs is summarized in Table III.

APPENDIX II
EXISTENCE RANGE OF SOLUTIONS OF THE DUTY RATIO IN THE
PROPOSED METHOD

Here, the existence of the solution of (13) is discussed. Equa-
tion (13) is the quadratic equation and has two solutions. The
function is defined as follows:

; Ton\  (Ton\> 2L+ (r+R)T, Ty,
T, ) \ T, T.R T,

2L (1+ & 1 1
+ L+ 5) - —fo| —FEBy.
T Airr R E; | Avco \ T

In order to ensure that only one solution exists in the range
from T,,,/Ts = 0to T,,/Ts = 1 and also to verify which solution
is suitable for the proposed method, the sign of f(0), f(1), and
S0)f(1) is examined. The sign of f{0) and f{1) must be different,
and f(0)f(1) must be negative to meet this condition.

At first, f{0) is examined and is expressed by the following

equation:
2L (1 + %) 1 1
f(0)= T, AyrrRsF; {Avco <7_ - fo) - EB}. (A2)

(AL)

(1) When f{0) > 0, the following inequality is obtained:

2L(1+;){ 1 (1—f0>—EB}>O (A3)

TsAiTrRsEi AVCO T
1 1
( - f0> — Ep > 0. (Ad)
Avco \T

Substituting (5) into(A4) because 1/7 is equal to fyyco

Arcotirr > 0. (AS5)

This inequality is true.
(i) When f{0) = 0, the following equation is obtained in the
same way as (i):

Arcoirr = 0. (A6)

This equation is impossible because the PCMC dc—dc con-
verter is generally operated in CCM.

(ii1) When f(0) < 0, the following equation is obtained in the
same way as (i):

Arcoirr <0. (A7)

This inequality is impossible because the left side cannot be
negative. Therefore, f(0) is larger than zero.
Next, an examination for f{1) is done

f(l)__ZL—I—rTS 2L (R+7)
o T.R T.RA; 1. R E;

{7 (77 70) -0}

(iv) When f(1) > 0, the following inequality is obtained:

(A8)

_ 2L+ 1T, 2L(R+7)
TSR TSRAiTTRSEi
1 1
{ <—f0> _EB} >0 (A9)
Avco \T
2L(R+r) 1 1 2L + 1T,
i _E o= s
T.R A, R E, {AVCO (T f°> B} "R
(A10)
2L(R+) 1 1
- — - F > 2L Ts.
Airr Ry E; {Avco (T fo) B} o
(A11)
Substitute (5) into (A11) in the same way as above
QL(REﬂ > 2L + 7T, (A12)
2L (R + T) iTr
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When r is ignored in this inequality, the following inequality
is obtained:

Rir, ~ E, > E;. (Al4)

This is not true because the left side of (A14) is considered to
be almost E, and the main circuit is a buck-type dc—dc converter.

(v) When f(1) = 0, the following equation is obtained in the
same way as (iv):

(A15)

This equation is true.
(vi) When f(1) < 0, the following equation is obtained in the
same way as (iv):

E, < E;. (A16)

This equation is also true. Therefore, (1) is less than or equal
to zero.

Finally, a sign of f{0)f(1) must be negative because there is
only one solution in the range from 7,,/Ts = 0 to T, /Ts = 1.
J0O)f(1) is given by the following equation:

FOF1)=X(X—0a)

where X and « are expressed as follows:

(A17)

2L (1+ %) 1 /1
= ——fo) - E Al8
T Airy R Es {Avco (7' fo> B} (AL8)
2L + T,
= _ "3, Al
T.R (A19)

From (A17), X must be in the following range when f{0)f(1)
is negative:
0<X<a. (A20)

(vil) When 0 < X, the inequality is derived as follows:

1 1
- — —F . A21
{Avco (T fo) B} (A21)

This inequality is the same as (i). In the same way as (i), it is
true.

_ 2L (1+ %)
TSAiTTRSEi

(viii) When X < a, the following inequality is obtained:
2L + T,
TsR

2L (1+ & 1 1
( R) - fO o EB <
TsAirr RsE; | Aveo \ T
(A22)
This inequality is the same as (vi). In the same way as (vi), it

is also true. Thus, f0)f(1) is negative.
From (i)—(viii), following inequalities are true:

f(0)>0 (A23)
fay<o (A24)
f(0) f(1) <o0. (A25)

Consequently, the smaller one of two solutions is proper
except for the condition f{(1) = 0.
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