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Abstract—Modern microgrids are transitioning toward having
an increasing portion of grid-forming (GFM) converters to support
nontraditional sources, such as renewable energy and energy stor-
age systems, while aiming to improve system stability, reliability,
power rating, and flexibility. Understanding the interaction among
parallel GFM converters to guarantee the microgrid stability
within various operating conditions is necessary. For single-phase
systems, when the controllers are implemented in the rotating
frame to facilitate the stability analysis and design, the required
orthogonal signal generation (OSG) units degrade the system sta-
bility. On the other hand, when the controllers are implemented in
the stationary frame to avoid OSG-related problems, the stability
analysis becomes particularly challenging due to nonlinearities and
mixed dc and ac state variables. In this article, an approach is
proposed to systematically model and perform stability analysis
for a single-phase microgrid with stationary frame controllers.
The approach is based on defining a complementary system that
allows transformation to the synchronous rotating frame without
introducing time-varying (double-frequency) terms and without
altering the stability properties. The accuracy of the proposed
modeling approach is verified using simulations and experimental
results.

Index Terms—Microgrid stability, parallel inverters, single-
phase microgrid, stationary frame control.

I. INTRODUCTION

S INGLE-PHASE grid-forming (GFM) converters are in-
creasingly used in single-phase microgrids, such as shown

in Fig. 1, mostly for remote areas where there is no access to the
main grid or for sensitive applications, such as hospitals [1]–[3].
As their level of penetration increases, the GFM converters play
a more significant role in controlling the voltage, frequency, and
system stability. This distinguishes them from grid-following
(GFL) converters, which do not directly and dynamically par-
ticipate in the grid-voltage support.

A single-phase control system can be implemented in the
stationary frame or the synchronous rotating frame. In both
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Fig. 1. Single-phase microgrid with parallel inverters.

frames, output-feedback, such as the proportional–resonant in
the stationary frame or the proportional–integral in the rotating
frame, state-feedback, or more complicated compensators can
be used. However, an orthogonal signal generation (OSG) unit to
enable Park’s (αβ → dq) transformation [4] is required in rotat-
ing frame. Orthogonal signals are generated by phase-shift meth-
ods, such as time-domain delay [5], the Hilbert transform [6],
or second-order generalized integrator (SOGI) [7]. While the
steady-state performance of the phase-shift approaches is ac-
ceptable, these OSG methods add undesirable dynamics lead-
ing to slower and oscillatory responses. Fictive axis emulation
(FAE) method [8] generates orthogonal signals by emulating
β-axis circuit in the processor. However, its accuracy depends
on system parameters, and a parameter mismatch may lead
to steady-state errors in the orthogonal signals, which makes
the system responses more oscillatory. In reference-based OSG
method [9], the orthogonal signal is generated based on the
reference values in the rotating frame. This method is useful only
when the reference values are available in the rotating frame. As
the literature indicates and this article also confirms, the stability
analysis and design of the control system in the rotating frame
are simple, but the OSG units compromise the performance
and limit the stability margins. Contrarily, the implementation
of the control system in the stationary frame provides more
robust performances with improved stability margins, but the
stability analysis and design become challenging due to mixed
ac/dc variables and nonlinear dynamics [10]. Fig. 2 briefly
compares advantages and disadvantages of the control systems
implemented in the stationary frame and rotating frame.

In [11], the stability analysis is addressed for two uninterrupt-
ible power supply systems. However, the nonlinearity caused
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Fig. 2. Comparison of single-phase control systems in the stationary frame and rotating frame.

by the droop terms is not considered. In [12], load sharing
strategies are proposed for droop-controlled inverters in micro-
grids. However, the interaction among inverters is not discussed.
A small-signal stability analysis is carried out by using the
common rotating frame analysis for three-phase systems in [13]
and [14]. However, this analysis and similar three-phase analysis
approaches are not applicable to single-phase systems controlled
in the stationary frame due to the lack of orthogonal ac variables
to transform the system to the rotating frame. In [15], the Nyquist
stability criterion is used. However, it cannot predict how a
parameter variation may change the system pole locations.

In summary, in the rotating frame, because the dynamics
originated from OSGs is not modeled, the accuracy of the
entire model and the stability analysis are questionable. On the
other hand, in the stationary frame, the stability analysis is a
challenge due to mixed ac/dc variables with nonlinear dynamics.
Conventionally, the control implementation and modeling are
both done either in the stationary or in the rotating frame. Also,
both methods have drawbacks, discussed earlier, that affect
the stability and design of the system. This article uses the
preferred way of implementation of the controller that is in
the stationary frame without OSGs, while modeling it in the
preferred frame that is the rotating frame to achieve dc quantities.
This is achieved by proposing an approach based on defining a
complementary imaginary system to derive the proposed large-
signal (nonlinear) model of a single-phase system controlled in
the stationary frame. As the large-signal model contains only
dc variables, it is linearized at an operating point to find the
proposed small-signal (linearized) model that can be used for
stability analysis, tuning the system parameters, and studying the
system sensitivity against parameter variations. Moreover, the
proposed large-signal (nonlinear) model is able to represent be-
haviors of the fast dynamic variables of the internal loops, such as
currents and voltages. Also, the proposed imaginary system does
not affect the actual system dynamics because the imaginary
dynamics does not interact with the system variables directly.
In fact, there is no feedback from the imaginary system to the
original system, and the imaginary system is only augmented
with the system to allow the transformation to the rotating
frame. Eventually, the proposed approach is used for modeling
and stability analysis of the system containing parallel GFM

inverters controlled in the stationary frame, such as shown in
Fig. 1. It is worth mentioning that, to address variable frequency
tracking in this article, a standalone microgrid is studied where
the frequency is not fixed, and adaptive resonant controllers are
successfully implemented in simulations and practice.

The rest of this article is organized as follows. Section II
describes existing approaches for modeling single-phase sys-
tems. Section III presents the proposed modeling approach. The
state-space equations of the microgrid in the stationary frame
are derived in Section IV. Section V presents the state-space
equations of the microgrid in the rotating frame derived by using
the proposed approach. The stability analysis of the microgrid is
addressed, and the proposed approach is verified by simulation
and experimental results in Sections VI and VIII, respectively.
Finally, Section IX concludes this article.

II. EXISTING MODELING APPROACHES

Fig. 3 illustrates two different approaches in the implemen-
tation and mathematical modeling of a single-phase droop-
controlled standalone inverter. Fig. 3(a) shows the approach
in the rotating frame. From the control system perspective, it
requires the implementation of OSGs to generate the quadrature
signals for the system conversion to the rotating frame. From the
modeling point of view, OSG dynamics are not (and probably
cannot be) modeled because OSG dynamics arises from its state;
to convert the OSG state to the rotating frame, another OSG is
needed to generate the required quadrature state for the Park’s
transformation. This makes the system modeling inaccurate for
the control system design. Also, the system stability study based
on analyzing the eigenvalues of the mathematical model, shown
in Fig. 3(a), would not be fully reliable, especially, when the
system operates close to its stability margins.

The alternative approach is to implement the control system
and model it in the stationary frame, as shown in Fig. 3(b). In this
approach, no OSGs are used in the control system. However, as
shown in this figure, the system contains mixed dc and ac state
variables. Moreover, due to the power calculation block and
droop characteristics, the system is nonlinear. For the small-
signal stability analysis, the system should be linearized around
an operating point. However, due to the sinusoidal nature of
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Fig. 3. Control system implementation and existing modeling approaches for a single-phase droop-controlled inverter. (a) Controlled and modeled in the rotating
frame. (b) Controlled and modeled in the stationary frame.

the ac state variables, no operating point can be found for the
system. Therefore, the mathematical model, shown in Fig. 3(b),
is not directly usable for the stability analysis using common
eigenvalue analysis.

III. PROPOSED MODELING APPROACH

As discussed in Section II, in the conventional approaches,
both controller implementation and modeling are done in the
same frame. However, each approach has some drawbacks that
make the mathematical modeling either unusable or not fully
accurate for the stability analysis. The proposed approach to re-
solve the aforementioned problems is shown in Fig. 4. As shown
in Fig. 4(a), the control system is designed and implemented in
the stationary frame similar to Fig. 3(b). Since the mathematical
model in the stationary frame consists of dc and ac state vari-
ables, the stationary frame model is not proper for small-signal
stability analysis. Therefore, the mathematical model should be
derived in the rotating frame to contain only dc variables. For this
purpose, an imaginary system is defined such that it is the same
as the ac subsystem of the original system, and its input vrefβ

c

comes from the droop, as shown in Fig. 4(b). In this case, because
the inputs of the ac subsystem of the original system vrefα

c

and the imaginary system vrefβ
c are orthogonal, the imaginary

system generates orthogonal variables of the ac subsystem of
the original system. Therefore, the augmented system, which is
the combination of the original and imaginary systems, is ready
for the conversion to the rotating frame. Fig. 4(c) illustrates the
transformed system that is the accurate large-signal (nonlinear)
model of the single-phase droop-controlled standalone inverter
in the rotating frame. This model is also suitable for the lin-
earization and small-signal stability analysis.

In general, consider state-space equations of the original ac
subsystem, containing α-axis components, are represented by

ẋα = Axα +Buα, yα = Cxα +Duα. (1)

Therefore, for the imaginary system, which contains β-axis
components, the state-space equations would be

ẋβ = Axβ +Buβ , yβ = Cxβ +Duβ . (2)

After defining the imaginary system, the original and imag-
inary systems are combined to form the augmented system in
the stationary frame. Thus, the state-space equations of the ac
subsystem of the augmented system are

ẋαβ =Aαβxαβ+Bαβuαβ , yαβ=Cαβxαβ+Dαβuαβ

Aαβ =

[
A 0l1×l1

0l1×l1 A

]
,Bαβ=

[
B 0l1×l2

0l1×l2 B

]

Cαβ =

[
C 0l3×l1

0l3×l1 C

]
,Dαβ=

[
D 0l3×l2

0l3×l2 D

]
(3)

where xαβ=[xα xβ ]T , yαβ=[yα yβ ]T , and uαβ=[uα uβ ]T .
Also, l1, l2, and l3 denote the dimensions of the state vectors
xα,xβ , input vectorsuα,uβ , and output vectorsyα,yβ of the ac
subsystem of the original and imaginary systems, respectively.

Now, similar to a three-phase system transformation to the
rotating frame that is widely discussed in the literature [16]–
[18], the state-space equations of the ac subsystem of the aug-
mented system (3) are transformed to the rotating frame and
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Fig. 4. Control system implementation and proposed modeling approach
for a single-phase droop-controlled inverter. (a) Implementation. (b) Model
containing the original, imaginary, and augmented systems in stationary frame.
(c) Proposed large-signal (nonlinear) model containing the transformed system
in rotating frame.

represented by

ẋdq = Adqxdq +Bdqudq, ydq = Cdqxdq +Ddqudq

Adq=

[
A ωIl1

−ωIl1 A

]
,Bdq=Bαβ,Cdq=Cαβ,Ddq=Dαβ (4)

where xdq=[xd xq]T , ydq=[yd yq]T , and udq=[ud uq]T . Also,
ω refers to the rotating speed of the frame. Observing (3) and (4),
based on elementary rules of linear algebra, it is concluded that
λ(Adq)=λ(Aαβ)± jω and λ(Aαβ)=λ(A). Thus, the proposed

approach does not alter the stability property, i.e.,Re(λ(Adq))=
Re(λ(A)).

In summary, in the proposed modeling approach, the imag-
inary system (2) is defined the same as the ac subsystem of
the original system (1) and excited by the quadrature signal
uβ . Also, there is no feedback from the imaginary system to
the original system. Therefore, the proposed modeling does not
alter the stability properties of the original system. Moreover,
the control system is designed and implemented in the stationary
frame (without OSGs), and the imaginary system is only used
for the system modeling and stability analysis. Thus, parameters’
mismatch, which is a challenge in FAE method [8] and leads to
steady-state errors in the orthogonal signals, does not have such a
negative effect on the control system performance implemented
in the stationary frame. This is further explained in Section VI.

The following algorithm summarizes the framework of the
proposed approach. Details of how to run the algorithm are
discussed subsequently.

A. Proposed Step-by-Step Modeling Algorithm:

Step 1: Derive state-space equations of the original system
and classify them asac subsystem anddc subsystem,
as shown in Fig. 4(b).

Step 2: Consider the ac subsystem of the original system as
α-axis system, i.e., (1).

Step 3: Define an imaginary system, β-axis system, the same
as the system of Step 2 excited by the quadrature
signal, i.e., (2).

Step 4: Combine (1) and (2) to derive the state equations of
the ac subsystem of the augmented system in the
stationary frame, i.e., (3).

Step 5: Apply Park’s transformation to (3) to derive the state
equations of the ac subsystem of the augmented
system in the rotating frame, i.e., (4), and combine
them with the equations of the dc subsystem to
find the large-signal (nonlinear) model in the rotating
frame.

Step 6: The large-signal (nonlinear) model, which contains
dc variables, is linearized at an operating point to
find the small-signal (linearized) model, and the sys-
tem stability is studied. The linearization process
and operating point calculation are explained in the
Appendix.

IV. MICROGRID EQUATIONS IN STATIONARY FRAME

In this section, the entire state-space equations of the mi-
crogrid, shown in Fig. 1, including the parallel inverters and
microgrid load are derived in the stationary frame. Also, as
all inverters are in a parallel connection with each other, the
state-space equations for one of the parallel inverters are derived
in the following.
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Fig. 5. Control loops of a droop-controlled inverter in the stationary frame.

A. Droop-Controlled Inverter Equations in Stationary Frame

The control system of a droop-controlled inverter contains
three nested loops, which are the current, voltage, and droop-
control loops, as shown in Fig. 5. In this figure, the current ref-
erence iref2 is determined internally by the voltage controller. In
turn, the capacitor voltage tracks the voltage reference vrefc that is
also determined by the droop controller [1], [19]. The two inner
current and voltage control loops have only ac state variables,
such as voltages, currents, and controllers’ state variables. The
droop-control loop introduces dc variables, such as the active
and reactive powers. The droop control also contains nonlinear
and trigonometric functions. Therefore, the entire system mixes
both ac and dc variables and linear and nonlinear dynamics.

1) Current Control Loop: In a nested-loop control system,
such as shown in Fig. 5, the current control loop is used to provide
more flexibility in controlling and shaping the current dynamics
and also current limitation in case a short circuit occurs [1],
[19], and the loop is not for regulating or controlling the current
independently. The state-space equations of the plant, containing
the inverter and its LCL filter, are

ẋp = Apxp +Bpvinv +BpLvL, yp = Cpxp (5)

where xp=[i1 vc i2]
T and yp = [i2 vc]

T . Also, i1, vc, i2,
vinv, and vL refer to the current of the inverter-side inductor,
the capacitor voltage, the current of the load-side inductor, the
inverter voltage, and the load voltage, respectively. Moreover,
Ap, Bp, BpL, and Cp are defined as follows:

cAp=

⎡⎣ 0 −1
L1

0
1
Cf

0 −1
Cf

0 1
L2

0

⎤⎦,Bp=

⎡⎣ 1
L1

0
0

⎤⎦,BpL=

⎡⎣ 0
0
−1
L2

⎤⎦
Cp=

[
Cp1 Cp2

]T
,Cp1=

[
0 0 1

]
,Cp2=

[
0 1 0

]
(6)

where L1, Cf , and L2 denote the inverter-side inductance,
capacitance, and the load-side inductance of the LCL filter,
respectively.

As mentioned earlier, the voltage controller determines the
current reference that can be either iref1 or iref2 . Since the quality
of the output current is more important, the current loop is closed
on i2. Moreover, if a fault happens at the output terminal, limiting
i2 protects both the capacitor and inverter. In this article, a state
feedback controller, which contains a resonant compensator to
ensure sinusoidal reference tracking [20], is used, and its transfer

function is as follows:

Uc

Ec
=

kc12s− kc11ω

s2 + ω2
(7)

where uc is the resonant current controller effort, kc11 and kc12
are the controller parameters, and ec= iref2 −i2 is the current
tracking error. Thus, the state-space equation of the current
controller is

ẋc = Acxc +Bcec

Ac =

[
0 −ω
ω 0

]
, Bc =

[
0
1

]
(8)

wherexc=[xc1 xc2]
T is the state vector of the current controller,

and ω is the operating angular frequency determined by the
droop.

Considering vinv=−kc1xc−kp1xp where kc1=[kc11 kc12]
andkp1=[kp11 · · · kp13], (5)–(8) form the state-space equations
of the current control loop as

ẋcc = Accxcc +Bcci
ref
2 +BcLvL, ycc = Cccxcc

Acc =

[
Ac −BcCp1

−Bpkc1 Ap −Bpkp1

]
Bcc=

[
Bc

03×1

]
,BcL=

[
02×1

BpL

]
,Ccc=

[
01×2 Cp2

]
(9)

where xcc=[xc xp]
Tand ycc=vc. The gain vectors kc1 and kp1

of the state feedback controller are optimally designed using the
LQT method [20].

2) Voltage Control Loop: The voltage control loop is also
shown in Fig. 5. The voltage controller is also a state feedback
controller, comprising a resonant compensator to ensure sinu-
soidal reference tracking, with the following transfer function

Uv

Ev
=

kc22s− kc21ω

s2 + ω2
(10)

where uv is the resonant voltage controller effort, kc21 and
kc22 are the controller parameters, and ev=vrefc − vc denotes
the voltage error. Also, the state-space equation of the voltage
controller is

ẋv = Avxv +Bvev (11)

where xv=[xv1 xv2]
T is the state vector of the voltage con-

troller. Also, Av and Bv are equal to Ac and Bc in (8),
respectively.
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Using iref2 =−kc2xv−kp2xcc where kc2=[kc21 kc22] and
kp2=[kp21 · · · kp25], the state-space equations of the resonant
controller (11) and the current control loop (9) are augmented
to derive the voltage control-loop equations

ẋvc = Avcxvc +Bvcv
ref
c +BvLvL, yvc = Cvcxvc

Avc =

[
Av −BvCcc

−Bcckc2 Acc −Bcckp2

]
Bvc=

[
Bv

05×1

]
,BvL=

[
02×1

BcL

]
,Cvc=

[
02×4 Cp

]
(12)

where xvc=[xv xcc]
T and yvc=yp. Also, the gain vectors kc2

and kp2 of the state feedback controller are optimally designed
using the LQT method [20].

3) Droop Control Loop: The droop-control loop consists
of the voltage control loop, all-pass filters (APFs), virtual
impedance, power calculation block, low-pass filters (LPFs),
and droop characteristics, as shown in Fig. 5.

APF block: First-order APFs are used to introduce 90◦ phase-
shift. The state-space equations of the APFs are

ẋap = Aapxap +Bapuap, yap = Capxap +Dapuap

Aap = −ωI2, Bap = ωI2, Cap = 2I2,Dap = −I2 (13)

where xap is the state vector of the APFs, uap=[i2 vc]
T, yap=

[i2b vcb]
T, and I2 is the identity matrix of dimension 2.

4) Virtual Impedance Block: An RL virtual impedance,
Gvir = Rvir + Lvirs, is used to fix the output impedance of the
inverter and to improve the stability of parallel inverters [21],
[22]. Considering i2 and vvir as the input and output of this block,
respectively, the voltage drop across the virtual impedance is
vvir = Rviri2 + Lvir

di2
dt . For a sinusoidal signal with the an-

gular frequency ω, the derivative term can be approximated as
d(i2)
dt = −ωi2b, where i2b is the 90◦ phase-shifted signal of i2

and is generated by the APF. Therefore, the virtual impedance
equation is rewritten as

yvir = Dviruvir, Dvir =
[
Rvir −Lvirω

]
(14)

where uvir=[i2 i2b]
T and yvir = vvir.

5) Power Calculation Block: It calculates the instantaneous
active and reactive powers, and its equation is given by

ypq = fpq(upq), fpq =
[
fp fq

]T
(15)

where upq=[i2 i2b vc vcb]
T and ypq=[p q]

T . Also, power calcu-
lation functions fp and fq are

fp = 0.5 (vci2 + vcbi2b) , fq = 0.5 (vcbi2 − vci2b) . (16)

This block adds nonlinear dynamics to the system.
6) LPF Block: LPFs are used for the power measurement to

smooth down active and reactive power characteristics. Also,
LPFs give an inertia-type behavior to the inverter [23]. For first-
order LPFs with the transfer function Glp(s)=

1
τlps+1 , where τlp

is the time-constant of the LPFs, the state-space equations are

ẋlp = Alpxlp +Blpulp, ylp = Clpxlp

Alp = −1
τlp

I2, Blp = 1
τlp

I2, Clp = I2
(17)

where ulp=[p q]T and xlp=ylp=[P Q]T .
Droop block: Droop characteristics are expressed by

φ̇ = ω, vref = V cosφ

ω = ωnl −mpP, V = V nl −mqQ (18)

where ω, V , and φ refer to the angular frequency, amplitude,
and angle of the reference voltage vref . Also, mp and mq are
the droop coefficients. ωnl and V nl denote the no-load angular
frequency and amplitude of the no-load voltage, respectively,
and they are determined by the higher control level, known
as secondary control, which is not discussed in this article.
Therefore, to form the standard state-space equation of the droop
controller as ẋd = Adxd +Bdud, the input of the droop con-
troller ud is considered as ud=[P Q ωnl V nl]T . Consequently,
the equations of the droop controller (18) can be rewritten as

ẋd = Adxd +Bdud

yd =
[
fd(xd,ud) C2dxd +D2dud

]T
Ad = C2d = 0, Bd = D2d

[
−mp 0 1 0

]
(19)

where xd=φ, yd=[v
ref ω]T , and fd = (V nl −mqQ) cosφ. The

droop loop introduces dc state variables, such as the active and
reactive powers, and also nonlinear and trigonometric terms.

B. Microgrid Load Equations in Stationary Frame

It is assumed that the microgrid load is a combination of
series resistive R, inductive L, and capacitive C components.
Therefore, the load voltage can be calculated as vL=RiL+
LdiL

dt + vcL . The capacitive componentC introduces a new state
variable as v̇cL = 1

C iL, where vcL and iL are the capacitive part
of the load voltage and the current, respectively. According to
iL =

∑N
n=1 i2,n and di2,n

dt =
vc,n−vL

L2,n
, the load voltage is written

as

vL =
R
∑N

n=1 i2,n + L
∑N

n=1
vc,n

L2,n
+ vcL

Λ
(20)

whereΛ = 1 + L
∑N

n=1
1

L2,n
. Hereinafter, the indices “, n” and

“n” refer to signals, variables, and components of the nth
inverter. The state-space equations of the microgrid load are

ẋL = BLuL, yL = CLxL +DLuL

BL =
1

C
ones(1, 2˜N), CL =

[
1

Λ

]

DL =

[
R×ones(1, N) L

L2,1
· · · L

L2,N

]
Λ

(21)

whereuL=[i2,1 · · · i2,N vc,1 · · · vc,N ]T , xL=vcL , and yL=vL.
To sum up, in this section, the state-space equations of the

microgrid, shown in Fig. 1, are derived in the stationary frame.
Therefore, in Section V, an imaginary-twin system is defined
with respect to (5)–(21) to generate required signals for Park’s
transformation without adding any OSGs.
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Fig. 6. Control block diagrams of the original, imaginary, and augmented systems for N parallel inverters in stationary frame.

Fig. 7. Droop configuration of the nth inverter.

V. MICROGRID EQUATIONS IN ROTATING FRAME

A. Proposed Approach Implementation

According to the proposed modeling algorithm in Section III,
first, all state equations of the original system, derived in Sec-
tion IV, are considered to form the α-axis system (Step 1 and
Step 2). Then, the imaginary system, β-axis system, is defined
accordingly (Step 3). In this case, the state-space equations
containing ac variables in Section IV, i.e., (5)–(14) and (21),
are valid for the imaginary system as well. Also, as the inputs of
the imaginary system vrefβ

n and the ac subsystem of the original
system vrefα

n are orthogonal, their variables are orthogonal as
well. Now, the original and imaginary systems are combined to
form the augmented system in the stationary frame, as shown
in Fig. 6 (Step 4). Next, the equations of the augmented system
are converted to the rotating frame to derive the proposed large-
signal (nonlinear) model, as shown in Fig. 8 (Step 5). Finally,
the large-signal (nonlinear) model is linearized at an operating
point to find the proposed small-signal (linearized) model to be
used for small-signal analysis (Step 6).

In systems containing multiple inverters, to derive the system
model in dq-frame , it is common that one of the inverters’
frames, whose angles are indicated by φn, is considered as
the reference frame, and all variables are transformed to that

Fig. 8. Proposed large-signal (nonlinear) model of the microgrid containing
N parallel inverters in the rotating frame.

frame using the Park’s transformation. In this article, the first
inverter’s frame, whose angle is φ1 and rotates with the angular
frequency ω1 = dφ1

dt , is considered as the reference frame. It
is worth mentioning that no special treatment is considered for
Inverter 1, and the inverter’s frame selection as the reference
frame is arbitrary.

B. Droop-Controlled Inverter Equations in Rotating Frame

In the following, the equations of the nth droop-controlled
inverter (12)–(19) are transformed to the rotating frame using
the equation derived for the transformation (4) [16].
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TABLE I
NOMINAL SYSTEM PARAMETERS OF MICROGRID

TABLE II
PARAMETERS OF CURRENT AND VOLTAGE CONTROLLERS

Regarding the voltage and current control loops of the nth
inverter, (12), which contains both loops dynamics, is written in
the rotating frame as

ẋdq
vc,n = Adq

vc,nx
dq
vc,n +Bdq

vc,nv
refdq
c,n +Bdq

vL,nv
dq
L

ydq
vc,n = Cdq

vc,nx
dq
vc,n

Adq
vc,n=

[
Avc,n ω1I7

−ω1I7 Avc,n

]
,Bdq

vc,n=

[
Bvc,n 07×1

07×1 Bvc,n

]

Bdq
vL,n=

[
BvL,n 07×1

07×1 BvL,n

]
,Cdq

vc,n=

[
Cvc,n 02×7

02×7 Cvc,n

]
(22)

where xdq
vc,n=[x

d
v,n xd

cc,n xq
v,n xq

cc,n]
T and ydq

vc,n=

[id2,n vdc,n iq2,n vqc,n]
T . Also, xdq

cc,n=[x
d
c,n xd

p,n xq
c,n xq

p,n]
T

and xdq
p,n=[i

d
1,n vdc,n id2,n iq1,n vqc,n id2,n]

T .
The next step is to transform the state-space equations of the

droop loop to the rotating frame. Considering the state-space
equations of APFs (13), the transformed equations are

ẋdq
ap,n = Adq

ap,nx
dq
ap,n +Bdq

ap,nu
dq
ap,n

ydq
ap,n = Cdq

ap,nx
dq
ap,n +Ddq

ap,nu
dq
ap,n

Fig. 9. Dominant poles of the system consisting of droop-controlled inverters
obtained from the proposed small-signal (linearized) model.

TABLE III
TRANSFER FUNCTIONS OF CONVENTIONAL OSG METHODS

Note: ωb: Angular frequency. kd: Damping factor (kd=

0.7).

Adq
ap,n=

[
Aap,n ω1I2

−ω1I2 Aap,n

]
,Bdq

ap,n=

[
Bap,n 02×2

02×2 Bap,n

]

Cdq
ap,n=

[
Cap,n 02×2

02×2 Cap,n

]
,Ddq

ap,n=

[
Dap,n 02×2

02×2 Dap,n

]
(23)

where

udq
ap,n=

[
id2,n v

d
c,n iq2,n vqc,n

]T
, ydq

ap,n=
[
id2b,n vdcb,n iq2b,n vqcb,n

]T
.

Considering (14), the transformed equation of the virtual
impedance block in the rotating frame is

ydq
vir,n = Ddq

vir,nu
dq
vir,n, D

dq
vir,n =

[
Dvir,n 01×2

01×2 Dvir,n

]
(24)

where

udq
vir,n=

[
id2,n id2b,n iq2,n iq2b,n

]T
, ydq

vir,n=
[
vdvir,n vqvir,n

]T
.

As for the power calculation block, (15) can be rewritten based
on the rotating frame variables as

ypq,n = gpq,n(u
dq
pq,n), gpq,n =

[
gp,n gq,n

]T
(25)

where udq
pq,n=[i

dq
2,n idq2b,n vdqc,n vdqcb,n]

T , ypq,n=[pn qn]
T and

gp,n=0.25
(
vdc,ni

d
2,n+vqc,ni

q
2,n+vdcb,ni

d
2b,n+vqcb,ni

q
2b,n

)
gq,n=0.25

(
vdcb,ni

d
2,n+vqcb,ni

q
2,n−vdc,ni

d
2b,n−vqc,ni

q
2b,n

)
.

(26)

For the LPF block of the nth inverter, (17) is rewritten as

ẋlp,n = Alp,nxlp,n +Blp,nulp,n, ylp,n = Clp,nxlp,n (27)

where ulp,n=[pn qn]
T and xlp,n=ylp,n=[Pn Qn]

T .
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Fig. 10. Large-signal model prediction errors and robustness against load-side
inductance L2,1, L2,2 variations.

Fig. 7 shows the droop block diagram that illustrates how the
reference signals are generated for the original system vrefα

n =
Vn cosφn and the imaginary system vrefβ

n =Vn sinφn. Thus, the
transformed reference signals generated by the droop block in
the first inverter’s rotating frame are

vrefd
n =Vn cos (φn − φ1) , v

refq
n =Vn sin (φn − φ1) . (28)

In Fig. 7, φn is the state of the droop block, which is a ramp
function. Therefore, it is not proper for the system linearization
and finding the operating point. To resolve this issue, according
to (28), a new state variable zd,n is defined for the droop block
as zd,n = φn − φ1. In this case, although both φn and φ1 are
ramp functions, their difference zd,n is a dc variable. According
to the new variable definition and (18), the droop characteristics
of the nth inverter in the rotating frame are

żd,n= φ̇n − φ̇1=ωnl
n −mp,nPn − ω1

vrefd
n =Vn cos zd,n, v

refq
n =Vn sin zd,n

ωn = ωnl
n −mp,nPn, Vn=V nl

n −mq,nQn. (29)

Therefore, according to (19) and (29), the state-space equations
of the droop characteristics in the rotating frame are

żd,n=Bdq
d,nu

dq
d,n,y

dq
d,n=

[
gd(zd,n,u

dq
d,n) D3d,nu

dq
d,n

]T

Fig. 11. Active power injections of the first inverter controlled either in the
stationary or rotating frame ( Scenario-I ).

Fig. 12. Dominant pole variations due to the drop of L2,1 and L2,2 to 40%
of their nominal values obtained from the proposed small-signal (linearized)
model.

Fig. 13. IAE of large-signal models.

Bdq
d,n=

[
Bd,n −1

]
, Ddq

3d,n=
[
D2d,n 0

]
(30)

where udq
d,n = [ud,n ω1]

T , ydq
d,n=[v

refd
n vrefq

n ωn]
T , and gd=

[(V nl
n −mq,nQn)cos zd,n (V nl

n −mq,nQn)sin zd,n]
T .

It is worth mentioning that, according to the definition of
zd,n, the new droop state of the first inverter would be zd,1 =
φ1 − φ1=0, which means that zd,1 is always zero and it does not
appear in state-space equations of the microgrid in the rotating
frame. This is due to the fact that all equations are transformed
to the first inverter’s rotating frame.
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Fig. 14. Dominant pole variations due to mp,2 changes to have a marginal
stability operating mode obtained from the proposed small-signal (linearized)
model.

C. Microgrid Load Equations in Rotating Frame

Using the proposed method, the state-space equations of the
microgrid load in the rotating frame are

ẋdq
L = Adq

L xdq
L +Bdq

L udq
L , ydq

L = Cdq
L xdq

L +Ddq
L udq

L

Adq
L =

[
0 ω1

−ω1 0

]
,Bdq

L =

[
BL 01×2N

01×2N BL

]

Cdq
L =

[
CL 0

0 CL

]
,Ddq

L =

[
DL 01×2N

01×2N DL

]
(31)

where xdq
L =[vdcL vqcL ]

T , ydq
L =[vdL vqL]

T , and udq
L =

[id2,1 · · · id2,N vdc,1 · · · vdc,N iq2,1 · · · iq2,N vqc,1 · · · vqc,N ]T.
Finally, based on (22)–(31), Fig. 6, which illustrates the mi-

crogrid model, including the original, imaginary, and augmented
systems in the stationary frame, can be redrawn, as shown in
Fig. 8. This figure shows the large-signal (nonlinear) model of
the single-phase microgrid in the rotating frame based on the
proposed approach. This model only contains dc variables; thus,
by linearizing it at an operating point, the stability analysis of
the microgrid and the parameter sensitivity can be studied as
explained in Section VI.

Furthermore, according to Figs. 6 and 8, it is observed that,
for N parallel inverters, the total number of state variables of
the transformed system equals 21N + 1. On the other hand,
the number of state variables of the original system is equal to
12N + 1. Although the proposed method for modeling a single-
phase microgrid, controlled in the stationary frame, increases
the order of the entire system, the transformation does not
affect dynamics and stability properties of the original system
as discussed in Section III.

VI. STABILITY ANALYSIS AND MODEL VERIFICATION

In this section, the microgrid stability analysis is addressed
using small-signal (linearized) equations that are derived by lin-
earizing the large-signal model at an operating point as explained
in the Appendix. Then, the accuracy of the proposed modeling
approach is verified and compared with existing approaches.

Fig. 15. Active power injection responses for actual systems, controlled in
either the stationary or rotating frame, and their large-signal model predictions.

Fig. 16. Active power injections of the first inverter controlled in the stationary
or rotating frame ( Scenario-II ).
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Fig. 17. Voltage and current waveforms of the actual system controlled in the stationary frame and the proposed large-signal (nonlinear) model predictions.

A. Stability Analysis of Microgrid

The linearized equations, presented in Appendix, are used for
the small-signal stability analysis of a microgrid consisting of
two inverters with numerical parameters represented in Table I
that feed an RL load (R=28Ωand L=5mH). In this case
(N=2), the original system and the proposed model are of
order 25 and 43, respectively. Also, Table II points out the
parameters of the voltage and current controllers. Using the
proposed small-signal (linearized) model, closed-loop poles of
the system are calculated. Fig. 9 shows the dominant closed-loop
poles for all those whose absolute values of their real parts
are under 1000 s−1. All closed-loop poles are on the left side
of complex plane, which means that the system is stable. The
accuracy of the proposed and existing modeling approaches and
also the impact of parameter variations on the system stability
are studied now.

B. Model Verification

Scenario-I: In this scenario, first, the large-signal models’ ac-
curacy is assessed at nominal parameters represented in Table I.
Fig. 10 shows the difference of active power injection of the
first inverterP1 between the models and actual system responses
eP1

= P1model − P1actual, for four cases: the system controlled
in the stationary frame and its proposed model, and systems con-
trolled in the rotating frame using the Hilbert transform, SOGI,
and FAE for OSG and their models. The transfer functions of the

TABLE IV
PARAMETERS OF THE CCM INVERTER

Fig. 18. Dominant poles of the system containing droop-controlled and CCM
inverters obtained from the proposed small-signal (linearized) model.
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Fig. 19. Interactions among the CCM and droop-controlled inverters due
to P ref

3 jumps and the proposed large-signal (nonlinear) model predictions
( Scenario-III ).

TABLE V
OSCILLATION FREQUENCY AND SYSTEM TIME CONSTANT IN MARGINAL

STABILITY OPERATING MODE

conventional OSG technique are also represented in Table III. As
illustrated in Fig. 10(a)–(d), at nominal system parameters, all
models predict the responses of their actual systems successfully,
and error signals, shown in green for nominal system parameters,
are damped to zero quickly.

Moreover, Fig. 10 compares the dynamic performance of
the systems controlled in the stationary or rotating frames and
their large-signal models accuracy when there is 30% mismatch
between the nominal values and actual values of the load-
side inductance of inverters, i.e., L2,1=70%Lnom

2,1 and L2,2=
70%Lnom

2,2 . According to this figure, the proposed model success-
fully represents the system controlled in the stationary frame in
the presence of the inductance value mismatches. However, the
system controlled in the rotating frame with FAE is much more
sensitive to the parameter mismatches and becomes unstable.
The reason is that the FAE is a model-based approach, which
makes the FAE sensitive to system uncertainties. In fact, the
mismatches between the nominal and actual system parameters
lead to steady-state errors in the OSGs, which make the system
responses more oscillatory than other OSG methods, such as
the Hilbert transform and SOGI. That is why double-frequency
oscillations appear on the active power injection characteristics,
as shown in Fig. 10(d). However, this situation does not hap-
pen for the proposed approach because the imaginary system,
used for deriving the accurate mathematical model, is not even

implemented in the actual controller. Thus, it does not create
sensitivity to uncertainties.

In addition, Fig. 11 compares active power responses of
the first inverter, controlled either in the stationary or ro-
tating frame, at the nominal parameters and when L2,1=
70%Lnom

2,1 and L2,2=70%Lnom
2,2 . Although the time responses

of the systems are almost similar at the nominal param-
eters, as shown in Fig. 11(a), the system controlled in
the rotating frame with FAE becomes unstable, as shown
in Fig. 11(b), due to the model-based nature of the FAE
method.

The impact of a parameter mismatch on the stability and
performance of the aforementioned systems, controlled in either
the stationary frame or the rotating frame, is studied in the
following. For this purpose, it is assumed that the values of
L2,1 and L2,2 vary from 100% to 40% of their nominal values
Lnom
2,1 and Lnom

2,2 due to the system uncertainties, such as weak
microgrid situations, saturation of the inductor cores, and so on.
Fig. 12 shows how the dominant poles are affected due to the
inductance value mismatches, which is obtained using the pro-
posed small-signal (linearized) model. As depicted in this figure,
the dominant poles move toward the marginal stability border.
Also, the integral of absolute error (IAE) index [24] is used to
compare the accuracy of the proposed large-signal (nonlinear)
model for the system controlled in the stationary frame with
large-signal (nonlinear) models for systems controlled in the
rotating frame. For this purpose, IAE index is calculated for
eproposedP1

, eHilbert
P1

, eSOGI
P1

, and eFAE
P1

for different inductance
value mismatches in a specific time period, as shown in Fig. 13.
The proposed modeling approach has the minimum IAE index
among the other existing modeling approaches, which indicates
that the proposed model for single-phase systems controlled in
the stationary frame is more reliable than models for systems
controlled in the rotating frame for the stability analysis and
studying the system behavior in the presence of parameter
mismatches.

Scenario-II: In this scenario, the aforementioned systems are
pushed close to the border of instability to the accuracy of the
modeling approaches in this operating mode and to highlight
how the undesirable dynamics of OSG methods affects the
stability of the systems controlled in the rotating frame. For
this purpose, the droop slope of the second inverter mp,2 is
increased to 0.015. Fig. 14 shows how the dominant poles change
and approach to the instability border. The dominant poles are
finally located at λ = −3.197± j61.77. Fig. 15 shows the active
power injection of the first and second inverters in the marginal
stability operating mode when the actual system is controlled in
the stationary frame and modeled using the proposed approach,
and also for cases that the system is controlled in the rotating
frame using the Hilbert transform, SOGI, or FAE for OSG and
modeled in the rotating frame. The real part of the dominant
poles predicts the response time constant of τ = 1

3.197 = 0.31 s,
which is confirmed in Fig. 15(a) (τ=0.3 s). Moreover, the
imaginary part of the dominant poles indicates an oscillation at a
frequency of 9.83 Hz, which matches the actual system response
modeled by the proposed approach shown in Fig. 15(a), where
fosc = 9.8 Hz.
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Fig. 20. Synchronous operations of CCM and droop-controlled inverters and the proposed large-signal (nonlinear) model predictions.

Fig. 21. Experimental results for the normal operating of two parallel inverters:
load jumps and returns from 260 W and 40 VAr to 440 W and 80 VAr.

Furthermore, Fig. 16 shows active power injections of the first
inverter, controlled either in the stationary or rotating frame, in
the marginal stability operating mode. According to Figs. 15
and 16, the systems controlled in the rotating frame, which
use the Hilbert transform or SOGI, become more oscillatory
or unstable, and their responses do not match their large-signal
model predictions. This is due to the undesirable OSG dynamics,
which is overlooked in the design and stability analysis of the
systems controlled in the rotating frame.

Scenario-III: In this scenario, the capability of the proposed
modeling approach for predicting the internal-loops dynamics,

i.e., voltage and current loops, is assessed. Fig. 17 shows cur-
rent and voltage waveforms of the actual system controlled in
the stationary frame and the proposed large-signal (nonlinear)
model predictions. According to this figure, the parallel inverters
start operating at t=0.1 s. Also, the system load varies from
500 W and 33 VAr to 985 W and 65 VAr at t=0.4 s. As shown
in this figure, the proposed model can precisely represent the
fast dynamic responses of the actual system controlled in the
stationary frame as well. Moreover, the figure demonstrates that
the parallel inverters are synchronized with each other.

To summarize, considering Scenario-I and Scenario-II, the
system controlled in the stationary frame has wider stability
margins than the system controlled in the rotating frame due
to the undesired dynamics of OSG blocks, and the proposed
modeling approach provides an accurate tool to analyze the
stability of such system controlled in the stationary frame. More-
over, according to Scenario-III, the proposed approach is able
to accurately predict and model the internal-loops dynamics.

VII. INTERACTIONS AMONG GFM AND GFL INVERTERS

In the previous section, the interactions among droop-
controlled inverters, GFM inverters, are studied, and the ac-
curacy of the proposed modeling approach within different
scenarios is verified. In the following, to cover a more general
case, it is assumed that the microgrid, shown in Fig. 1, contains
two droop-controlled inverters in addition to a current-controlled
mode (CCM) inverter, GFL inverter.

In this case, the current control-loop equations of the CCM
inverter can be derived in the stationary and rotating frames
using the proposed approach as explained in Sections IV and
V. The equation derivation process for the CCM inverter is not
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Fig. 22. Experimental results for the marginal stability operating mode with
a droop coefficient of mp,2 = 0.015. (a) Current and voltage waveforms. (b)
Oscillation frequency fosc. (c) Time constant τ measurements.

repeated here to maintain the article’s conciseness. Then, the
equations of the CCM inverter are combined with the equations
of droop-controlled inverters to form the microgrid equations in
the stationary and rotating frames.

Similar to Section VI, the system equations in the rotating
frame should be linearized for the small-signal stability anal-
ysis of the microgrid, which consists of two droop-controlled
inverters and the CCM inverter whose parameters are listed in
Table IV. In this case, the order of the original system equals
30, and the proposed model is of order 53. Fig. 18 shows
the dominant closed-loop poles of the linearized system. As
depicted in this figure, all poles fall in the left-hand complex
plane, which indicates that the system is stable.

Fig. 19(a) shows a sample of the simulation results of the
system operating at the nominal parameters and the proposed
large-signal (nonlinear) model predictions. As shown in this
figure, the reference power of the CCM inverter P ref

3 jumps
from 25 to 150 W at t=0.6 s. Then, P ref

3 decreases to 100 W at
t=0.9 s. It is observed that the proposed model accurately pre-
dicts system responses and the interactions among the different
inverters. Moreover, Fig. 20 shows the synchronous operations
of the CCM and droop-controlled inverters and also accurate
predictions of the proposed model for the fast dynamics system
responses.

Next, it is assumed that there is 50% mismatch among
the nominal and actual values of the load-side inductances,
i.e., L2,1=50%Lnom

2,1 , L2,2=50%Lnom
2,2 , and L2,3=50%Lnom

2,3 .
Time responses of the system are shown in Fig. 19(b) for the
same variations of P ref

3 . According to this figure, the proposed
large-signal (nonlinear) model successfully represents the sys-
tem controlled in the stationary frame in the presence of the
inductance value mismatches as well.

To sum up, it is shown that not only can the proposed modeling
approach be used to analyze the stability and to predict the
time responses of the systems controlled in the stationary frame
but also the proposed model is able to accurately predict the
interactions among different types of inverters.

VIII. EXPERIMENTAL RESULTS

In the experimental setup, the dc supplies are implemented
with Chroma programmable dc power supply 62012P and
Sorensen programmable power supply SGX500X10 C. The
inverter controllers are implemented on dSPACE MicroLabBox
(RTI 1202). For the numerical parameters in Table I, Fig. 21
illustrates the normal operating of two inverters with nested
control loops (droop, voltage, and current control loops) when
the system load jumps from 260 W and 40 VAr to 440 W and
80 VAr, and then, goes back to the previous condition.

In the next scenario, the system is pushed to the instability
border by changing the droop slope of the second inverter mp,2.
Fig. 22 shows current and voltage waveforms, and active power
injection of two inverters in the marginal stability operating
mode. The oscillation frequency fosc equals 10.09 Hz, and
the system time constant τ equals 1.46

5 = 0.29 s. Comparing
the experimental results, shown in Fig. 22, with the simulation
results, shown in Fig. 14, confirms the accuracy of the proposed
modeling approach. The oscillation frequency and time con-
stant, obtained by the proposed small-signal (linearized) model,
simulation, and experimental results, are listed in Table V.

IX. CONCLUSION

A method was proposed for modeling and stability analysis of
a single-phase microgrid, including parallel inverters controlled
in the stationary frame. The modeling was based on the introduc-
tion of an imaginary system to be augmented with the original
system and form an equivalent system in the stationary frame
based on α-axis and β-axis components. Therefore, using the
method, all ac state variables can be converted to dc variables.
The proposed modeling approach did not alter the eigenvalues,
nor did it introduce time-varying terms. The accuracy of the
proposed model was verified using simulation and experimental
results. It was also shown that a single-phase system controlled
in the stationary frame is more stable and robust than the same
system controlled in the rotating frame due to drawbacks of
inevitable OSG blocks in control loops.

APPENDIX

In this section, the small-signal (linearized) equations of the
microgrid are derived with respect to the equations provided in
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Section V to study the microgrid stability using the Jacobian
matrix. Suppose z=[z1 · · · zlz ]

T , and h=[h1 · · · hlh ]
T is a

function on z, whereh : IRlz → IRlh . Thus, the Jacobian matrix
of the function h is

Jh(z) =

⎡⎢⎢⎣
∂h1(z)
∂z1

· · · ∂h1(z)
∂zlz

...
. . .

...
∂hlh

(z)

∂z1
· · · ∂hlh

(z)

∂zlz

⎤⎥⎥⎦ . (A.1)

Now, consider x=[x1 · · · xl1 ]
T , u=[u1 · · · ul2 ]

T , and y=
[y1 · · · yl3 ]T as the state, input, and output vectors of a system,
respectively, where ẋ = f(x,u) and y = g(x,u). In this case,
using the Jacobian matrix (A.1), the linearized small-signal
equations of the system are

˙̃x = A(op)x̃+B(op)ũ, ỹ = C(op)x̃+D(op)ũ

A(op) = Jf (x)
∣∣∣x=X(op)

u=U(op),B
(op) = Jf (u)

∣∣∣x=X(op)

u=U(op)

C(op) = Jg(x)
∣∣∣x=X(op)

u=U(op),D
(op) = Jg(u)

∣∣∣x=X(op)

u=U(op). (A.2)

The superscript “(op)” refers to the operating point, and the ac-
cent “∼” denotes small-signal perturbations around the operat-
ing point. Eventually, the operating point can be obtained by nu-
merically solving f(X(op),U(op))=0 andY(op)=g(X(op),U(op)).

According to the microgrid large-signal (nonlinear) model
in the rotating frame shown in Fig. 8, (25)–(30), except (27),
are explicitly nonlinear. Moreover, as ωn is an output of the
droop block, (22)–(24), and (31) are nonlinear as well due to the
multiplication of ωn to other system state variables or inputs.
Therefore, (22)–(31) should be linearized around an operating
point for the small-signal stability analysis by using (A.2).

The equations of the voltage and current loops (22) are lin-
earized as

˙̃x
dq

vc,n = Adq(op)
vc,n x̃dq

vc,n +Bdq
vc,nṽ

refdq
c,n +Bdq

vL,nṽ
dq
L + · · ·

· · ·Bω1(op)
vc1,n

ω̃1 +Bωn(op)
vc2,n

ω̃n, ỹ
dq
vc,n = Cdq

vc,nx̃
dq
vc,n

Adq(op)
vc,n =Adq

vc,n

∣∣
ωn=ω(op)

n
,Bω1(op)

vc1,n
=

∂Adq
vc,n

∂ω1

∣∣
ωn=ω(op)

n
Xdq(op)

vc,n

Bωn(op)
vc2,n

=

{
0, n=1
∂Adq

vc,n

∂ωn

∣∣
ωn=ω(op)

n
Xdq(op)

vc,n , n �=1.
(A.3)

Regarding the APF block, its state-space equations (23) are
linearized as

˙̃x
dq

ap,n=A
dq(op)
ap,n x̃dq

ap,n+Bdq(op)
ap,n ũdq

ap,n+Bω1(op)
ap1,n ω̃1+Bωn(op)

ap2,n ω̃n

ỹdq
ap,n = Cdq

ap,nx̃
dq
ap,n +Ddq

ap,nũ
dq
ap,n

Adq(op)
ap,n =Adq

ap,n

∣∣
ωn=ω(op)

n
,Bdq(op)

ap,n =Bdq
ap,n
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ωn=ω(op)

n

Bω1(op)
ap1,n =

∂Adq
ap,n

∂ω1
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ωn=ω(op)

n
Xdq(op)

ap,n

Bωn(op)
ap2,n=

⎧⎨⎩
∂Bdq

ap,1

∂ω1

∣∣
ω1=ω

(op)
1
Udq(op)

ap,1 , n=1

∂Adq
ap,n

∂ωn
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ωn=ω

(op)
n
Xdq(op)

ap,n +
∂Bdq

ap,n

∂ωn
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ωn=ω

(op)
n
Udq(op)

ap,n , n�=1.
(A.4)

The equation of the virtual impedance block (24) is linearized
as

ỹdq
vir,n =Ddq(op)

vir,n ũdq
vir,n+Dωn(op)

vir,n ω̃n,D
dq(op)
vir,n =Ddq

vir,n

∣∣
ωn=ω(op)

n

Dωn(op)
vir,n =

∂Ddq
vir,n

∂ωn
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ωn=ω(op)

n
Udq(op)

vir,n . (A.5)

For the power calculation block (25), the linearized equations
are as

ỹpq,n = D(op)
pq,nũ

dq
pq,n,D

(op)
pq,n = Jgpq,n

(udq
pq,n)

∣∣
udq

pq,n=U
dq(op)
pq,n

D(op)
pq,n =
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∂gp,n
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. . .
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∂vd
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cb,n
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∂gq,n
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. . .
∂gq,n
∂vd
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∂gq,n
∂vq

cb,n
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udq
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dq(op)
pq,n

.

(A.6)

As the equations of the LPF block (27) are linear, the small-
signal and large-signal equations are the same. Thus, the small-
signal equations of the LPF are

˙̃xlp,n=Alp,nx̃lp,n+Blp,nũlp,n, ỹlp,n=Clp,nx̃lp,n. (A.7)

As for the droop block equations, (30) is linearized as

˙̃zd,n =Bdq
d,nũ

dq
d,n, ỹ

dq
d,n=Cdq(op)

d,n z̃d,n+Ddq(op)
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d,n

Ddq
3d,n

]T
. (A.8)

Considering the droop-block equations, (29) and (30), as
ωnl
n and V nl

n are constant values, their small-signal pertur-
bations are equal to zero, i.e., ω̃nl

n =Ṽ nl
n =0. In this case, the

small-signal input vector of the droop block ũdq
d,n is reduced

to ũdq
rd,n

=[P̃n Q̃n ω̃1]
T . Therefore, the linearized small-signal

droop equations (A.8) are simplified as

˙̃zd,n = Bdq
rd,n

ũdq
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, ỹdq
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12n
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(A.9)

whereV (op)
n = V nl

n −mq,nQ
(op)
n . Also,Bdq

rd,n
andDdq

rd,n
in (A.8)

refer to the reduced forms of Bdq
d,n and Ddq

d,n in (A.8).
Finally, the microgrid load equations, (31), are linearized as
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(A.10)
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