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Abstract—The aim of this article is to analyze the parameter
stability and power transfer limits of active distribution networks
with power converters and load tap changers by using bifurcation
theory. First, the nonlinear model of a representative distribution
grid with mixed loads and power converters is derived. Frequently
neglected effects of converter capacity limits and transformers with
load tap changers are considered, and for this purpose, static and
dynamic saturations are modeled by using approximations based
on smooth functions. In addition, a solution based on an antiwindup
scheme is provided to model load tap changers without numerical
convergence problems. These methods allow their integration to
the model in a comprehensive way. Results show the impact of
converter parameters and its limits on system stability as well as
the impact of weak grid conditions. Moreover, they show that these
effects can destabilize the system under, seemingly, safe operating
conditions. The results indicate that reactive power support from
converters can improve stability margins and the performed anal-
ysis can help in the design of the converter control parameters.
Experimental results obtained from the laboratory environment
comprising two distributed generators and a grid emulator are
used for the validation of the contributions of this article.

Index Terms—Bifurcation theory, electrical distribution
systems, nonlinear analysis, reactive power support.

I. INTRODUCTION

S TABILITY of an electrical power network has been contin-
uously studied in the past few decades [1]. However, with

the recent integration of distributed generation, microgrids, and
electric vehicles, the interest in this topic has increased [2]–[4]. A
common characteristic of these new grids is the massive presence
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of converter-interfaced generators and loads. Therefore, the con-
tribution of these elements to the system stability has been sin-
gled out as a principal research challenge. Small-signal stability
techniques are commonly used to predict dynamic instabilities
in these grid scenarios [5]. However, in these techniques, it is
assumed that the system variables do not deviate significantly
from their nominal operating values. For this reason, nonlinear
techniques are preferred in order to study power transfer lim-
its [6], [7]. In particular, bifurcation theory is a technique that
is commonly applied to study stability boundaries of nonlinear
systems, especially when there is a significant change of system
parameters or variables [8], [9]. Bifurcation theory has been
used in the past to study voltage collapse in conventional power
systems [10]–[12], as well as to study nonlinear phenomena in
dc–dc converters, such as buck [13], boost [14], and Cuk [15].

Recently, the research focus has been set on the application
of bifurcation theory to the study of dc–ac converters in hybrid
networks [16]. For example, Lenz et al. [17]–[19] have studied
the stability limits of islanded droop-controlled ac and dc micro-
grids. The scheduling of the droop characteristics for frequency
and voltage regulation by using bifurcation theory was suggested
in [20]. The impact of constant impedance, constant current, and
constant power (ZIP) loads and virtual synchronous machines on
the microgrid stability has also been studied by Shuai et al. [21],
[22]. In these works, it has been shown that bifurcation theory is
a powerful tool for assessing the impact of physical parameters
on the system stability (e.g., line impedances), as well as for
selecting control parameters. Furthermore, it has been demon-
strated that this method provides qualitative and quantitative
information regarding the resulting instabilities that cannot be
identified by using static or small-signal analysis [19].

Bifurcation theory has also been used in conventional power
systems in order to find interactions with converter-interfaced
applications. For example, the nonlinear effects introduced by
wind farms in high-power grids were studied in [23] and [24].
In [25], the same approach was used to study a continuous-time
averaged model of a modular multilevel converter connected to a
grid. In [26] and [27], bifurcation phenomena were identified in
the ac and dc sides of grid-connected converters by using an ana-
lytic approach. Despite the fact that there are many publications
exploring specific converter applications, grid-connected micro-
grids and electrical distribution systems received less attention.
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In addition, as these works focused on the converter modeling,
most of them did not take into account the grid integration
aspects, such as the effect of load tap changers (LTCs) and power
converter current limits [28].

It has been widely known that LTCs improve voltage stability
in electrical distribution systems [7], [29]. Moreover, several
works have reported that LTCs can be used to improve the
power transfer limits [30]. However, LTCs and other grid el-
ements (such as electronic interfaces) may lead to undesired
dynamic interactions, if they are not properly coordinated [31].
Therefore, some authors have suggested that LTCs and other
network elements should be coordinated by grid operators [32].
Converter capacity limits also play an important role in the grid
stability [33]. In bifurcation stability analysis, they have been
considered in recent studies [24], [34], [35]. In [34], capacity
limits of power converters were identified as a limiting factor
for the stability of a whole distribution system. Therefore, some
important mismatches between theoretical and real network
results may occur if these limits are not taken into account.
More specifically, in [35], a new type of instability resulting
from limiting the converter current was reported. However,
only static current limits were considered. The modeling of the
saturation was achieved by using state variable switching, when
the limit was encountered. In [24], a piecewise smooth repre-
sentation of the system was also considered in order to model
the saturation limits. State variable and equation switching is a
realistic approach and produces accurate results. However, this
methodology increases the problem complexity, and therefore,
its application to larger systems may not be straightforward.
With this respect, it is of interest to find alternative methods to
model LTCs and converter current limiting without increasing
the computational burden. Smooth functions have been used
in the past to approximate switching phenomena, for example,
for the modeling of the diode operation using an exponential
function [36]. In the field of power systems, the hyperbolic
tangent function has been used in the past to approximate the
limits applied in synchronous generator control loops, namely,
excitation and turbine speed governor controls [37], [38]. How-
ever, its use for the modeling of LTCs and converter current
limiting has not been explored. Finally, it is worth mentioning
that experimental validation is rarely found in bifurcation stud-
ies for multiconverter systems [18], [22]. Therefore, validation
of theoretical developments in a laboratory environment is of
particular interest.

In this article, stability boundaries of converter-dominated
electrical distribution systems are investigated by using bifur-
cation theory. The full dynamic model of the system is derived,
and parametric continuation is implemented by using a MAT-
LAB toolbox called Matcont [39]. The analysis considers all
the nonlinear effects the converter controllers introduce to the
system. This allows a proper assessment of the system operation,
even when large deviations from the nominal parameters occur.
Results that cannot be derived by linearization, such as limit
cycle magnitudes or 2-D stability boundaries, are provided.
Compared with other published works, transformer LTCs and
converter capacity limits are taken into consideration by using
smooth mathematical functions so that the problem complexity

Fig. 1. Diagram of the electrical distribution system studied in this article.

does not increase. The conventional dynamic current saturation
strategy (commonly used in industrial converters) is modeled.
Finally, the contribution of converters to the power system
stability via reactive power support is thoroughly investigated.
It is shown that capacity limits of electrical distribution systems
can be improved by adequately tuning the control parameters of
electronic interfaces and bifurcation theory is a useful tool for
the selection of their values. All the theoretical developments
were tested in the laboratory test bench based on two 15-kVA
voltage-source converters (VSCs) connected to a 75-kVA grid
emulator.

II. SYSTEM OVERVIEW

A. Description of the Electrical Distribution System

Fig. 1 shows the electrical diagram of the distribution network
studied in this article. It contains two electronically interfaced
loads, a ZIP load, and an induction motor (IM). The electronic
interfaces can be used to represent the basic features of dis-
tributed generators by reversing the power flow direction. The
combination of these three elements represents most load types
that can be found in low-voltage electrical distribution networks.
The radial topology of the grid and the high R/X ratio chosen
for electrical lines are in accordance with the typical charac-
teristics of low-voltage networks [40], [41]. All the elements
are connected to a weak grid through a step-down transformer
equipped with an LTC device. The main task of this device is to
regulate the voltage of Node 1. The grid elements and important
modeling procedures are presented in Section III, while the rest
of modeling equations are included in the Appendix so that this
article is self-contained.

B. VSC Control System

Fig. 2 shows the control system of the VSCs. It consists of two
standard ac-current controllers, for direct and quadrature axes,
and two outer control loops. The first outer controller calculates
the d-axis current reference in order to maintain the dc voltage
constant. The other one calculates the q-axis current reference
and offers reactive power support during voltage drops. This
is achieved by using a droop characteristic that demands or
delivers the necessary reactive power when a voltage deviation
is measured at the connection point. The bandwidth of these
controllers is significantly smaller than that of inner controllers



7232 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 6, JUNE 2022

Fig. 2. VSC control system including reactive power droop and dynamic
current saturation.

in order to avoid interactions between the loops [42]. The dq
current reference is saturated according to the maximum current
capacity of the converter. First, the d-axis current is limited
to be within the maximum allowed current (Imax), while the
q-axis current is saturated according to the remaining converter
capacity. More information is provided in Section III.

C. Bifurcation Theory Background

Bifurcation theory is a mathematical tool that can be used
to study nonlinear dynamic systems. It deals with the emer-
gence of sudden changes in the system response arising from
smooth continuous parameter variations [43]. These variations
are assumed to occur “slowly,” while the system equilibrium
is preserved. This assumption is also known as quasi-static
assumption [44]. One should note that this assumption, in the
general case, does not cover sudden large transients. In order
for bifurcation theory to be used in transient or fault studies,
specific criteria have to be met, e.g., transient voltage change
being equivalent to continuous change [27]. The points where
sudden changes emerge are called bifurcation points (BPs).

Power systems can generally be modeled as a set of
differential–algebraic equations [1]

dx

dt
= ẋ = f(x, y, p)

0 = g(x, y, p) (1)

where x is the set of state variables, y is the set of algebraic
variables, and p is the set of parameters. The “dot” notation
will henceforth signify “time derivative” for brevity. In (1), the
variable change y = G(x, p) can always be achieved and λ ∈ p
can be selected as the only varying parameter [6], [45]. Then,
the system can be transformed in a set of ordinary differential
equations:

ẋ = f(x,G(x, λ), λ) = F (x, λ). (2)

For all the values of λ, the equilibrium points of (2) are given
by the solution of

F (x∗, λ) = 0. (3)

For each solution, the state matrix can also be defined as

A =
∂F

∂x

∣∣∣∣∣
x=x∗

. (4)

Saddle-node bifurcation (SNB) and Hopf bifurcation (HB)
are the two most common ways in which the stability of the
equilibrium point is lost in power systems [46]. The first one is
related to monotonic instability and introduces a real eigenvalue
in matrix A crossing the imaginary axis. The second one is
related to oscillatory instability and leads to a set of complex
eigenvalues of A crossing the imaginary axis.

In this article, bifurcation analysis is carried out by using
Matcont, a MATLAB toolbox. While maintaining equilibrium,
it uses test functions to check necessary conditions for the
existence of these BPs.

D. Rotating Reference Frames

All the system equations will be analyzed in a common
reference frame (DQ) that is synchronized with the ideal grid
voltage. However, converter equations for the ith converter are
expressed in the local reference frame (dq − i) that is generated
by their own phase-locked loop (PLL). Complex representa-
tions in a synchronous reference frame (SRF) are expressed
as fdq = fd−i + jfq−i. Transformation of signals (voltages and
currents) from the local reference frame to the common reference
frame is achieved by using a rotation matrix[

fD

fQ

]
=

[
cos δi − sin δi

sin δi cos δi

][
fd−i

fq−i

]
(5)

where δi is the angle between the reference frames. More details
can be found in the literature [5], [47], [48].

III. MODELING OF LTCS AND CONVERTER CAPACITY LIMITS

This section explains a method to model the dynamic satu-
ration on LTC and VSCs. The rest of the network elements are
briefly described (the details can be found in the Appendix).

A. Dynamic Saturation Modeling

In this article, saturation is approximated by using a hyper-
bolic tangent function [49]

xsat =
1

2
[(a+ b) + (b− a) tanh (c(x− x0))] (6)

where x and xsat represent the input and saturated output quanti-
ties, respectively, while a and b are the minimum and maximum
values of the output signal, respectively. These limits could either
be constant or adjusted dynamically. Parameter c represents the
slope of the tangent function and x0 is the inflection point of the
curve, i.e., the point where the curvature changes sign.

Equation (6) can be simplified if the limits are symmetrical
around zero. In this case, a = −b and x0 = 0. To simplify the
tuning of the tangent slope and to make the saturator adaptive,
the slope is set to c = 1/b. Then, (6) can be written as

xsat = b tanh (x/b). (7)

Other methods to adjust the approximation can be used. How-
ever, it will be shown that the method described in this article
provides adequate results with a reduced number of parameters.

From a theoretical point of view, this modeling method intro-
duces the following advantages.
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Fig. 3. (a) Approximation of an ideal saturation with a hyperbolic tangent
function. (b) Performance of the hyperbolic tangent function when saturation
limits are adjusted dynamically. (c) Error between hyperbolic tangent function
and ideal saturation with dynamic limits.

1) The whole system is modeled with a set of smooth ordinary
differential equations. This overcomes the nonsmooth
character of explicit saturation functions. Furthermore, it
makes the model compatible with software that supports
differential–algebraic systems as well as purely differen-
tial ones, e.g., Matcont [39]. This modeling method is
also compatible with both discrete- and continuous-time
solvers.

2) The order of the system is kept constant, and state vari-
ables are not switched when limits are encountered. Thus,
piecewise functions and complex control procedures are
avoided.

3) Numerical problems, such as the integrator windup as
well as the trajectory deadlock, are avoided [50]–[52].
Thus, numerical convergence is achieved with minimal
reduction of accuracy.

4) No back calculation branches for the current proportional–
integral (PI) controllers are necessary. Thus, less time is
required for the gain tuning, and the system design process
becomes simpler.

Fig. 3(a) illustrates how the proposed function approximates
a saturation. Fig. 3(b) illustrates the adaptive character of (7),
where the saturation limits have been adjusted according to
the input parameters. Fig. 3(c) shows that there are differences
between the ideal saturator and the approximation, especially in
the corners. The ability to model dynamic saturation phenomena
using the adaptive slope of (7) is the tradeoff for the increase of
the error near the saturation “knee.” In this article, it will be
shown that the results are adequate even in the presence of these
mismatches around the corners. The use of hyperbolic tangents
simplifies the resolution of the differential equations because

there are neither sharp variations in the trajectories nor piecewise
functions.

B. VSC Modeling

The dc voltage controller can be modeled as follows:

˙xdc = v∗dc − vdc

i∗d = Kvi
xdc +Kvp

(v∗dc − vdc) (8)

where superscript “∗” refers to the reference value. The dc
voltage is called vdc and xdc is the additional state variable
introduced by the PI controller. The output i∗d of this controller
is the reference for the d-axis current controller, and Kvp

and
Kvi

are the proportional and integral gains, respectively.
The unfiltered q-axis current reference is generated by an outer

droop-based controller that injects reactive power according to
the voltage level at the point of connection. The control law can
be written as

i∗q = Kv(v
∗
ac − vg) (9)

where Kv is the droop gain, vg is the voltage magnitude at the
converter connection point, and v∗ac is its reference value. This
signal is filtered by using a low-pass filter with a time constant
Tf . Combining the filtered current with (9), the state equation
for the q-axis reference current is derived

˙
i∗fq =

1

Tf
(i∗q − i∗fq ) =

1

Tf
(Kv(v

∗
ac − vg)− i∗fq ). (10)

The dq current references are passed through the smooth
saturator introduced in (7) in order to respect the current limits.
This is mathematically expressed as

i∗dsat
= imax

d tanh (i∗d/i
max
d )

i∗fqsat
= imax

q tanh (i∗fq /i
max
q ) (11)

where the subscript “sat” stands for the corresponding saturated
variable. For the upper and lower saturation points, a dynamic
limiting strategy is used. Specifically, the limiting scheme prior-
itizes the d-axis current (related to active power), while the rest
of the available capacity is left free for injecting q-axis current
(related to reactive power) [53]. This strategy ensures that all
the converter capacity is used for maintaining the dc-voltage
constant whenever needed and guarantees that loads remain fully
supplied regardless of the voltage level. During disturbances on
the dc-side (e.g., a load change), the full converter capacity may
be required; otherwise, the dc voltage would decrease, and then,
the dc load may be disconnected. The remaining current capacity
of each converter can then be used for the grid support. The
selection of this strategy is consistent with the assumption that
the system retains equilibrium, even for large change of param-
eter values. It is also consistent with converter interconnection
guidelines under the continuous operation region defined in [54].
Under fault conditions or large dynamic disturbances on the ac
side, different strategies should be considered (e.g., prioritizing
reactive power over active power) [55], [56].
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This strategy can be mathematically expressed as follows:

imax
d = ±Ilim

imax
q = ±

√
I2lim − (i∗dsat

)2. (12)

By feeding the current references to the inner current con-
trollers, the state equations of the PIs are defined. As shown in
Fig. 2, the outputs of the current controller (vtd and vtq ) are
then added to the measured voltage of the connection point,
together with appropriate decoupling terms [42]. The dynamic
equations for current loops, dc capacitor, ac filter, and the process
of deriving them are presented in the Appendix.

In order to take into account the converter losses, ac circuit
and switching losses have been included in the model [57], [58]:

Plosses = (3/2)Rf i
2
ac +Gsw(idc)v

2
dc (13)

Gsw(idc) = G0(idc/i
nom
dc )2 (14)

where G0 is a constant conductance and inom
dc is the nominal dc

current.
The SRF for each converter is obtained by using a PLL

that aligns the d-axis with the grid voltage space vector. The
mathematical description of the PLL is included in Section A of
the Appendix.

C. Transformer With LTC

Transformers with LTCs are commonly used in electrical
transmission and distribution systems. In electrical distribution
systems, their rated power is proportional to the power of the
feeder. Their objective is to regulate the voltage in the grids by
mechanically adjusting the transformer ratio. In field applica-
tions, this adjustment is performed in discrete steps based on the
available tap positions [7]. A continuous model has been used
in this article, although the implementation in the laboratory is
done in discrete time steps. The efficacy of the continuous-time
approximation has already been validated in the literature [7].

A smooth saturator like the one presented in (6) has been used
so that the tap ratio does not increase beyond its maximum value.
The modeling equations are

vl = asatvh (15)

ȧ =
1

Tltc
(v∗ − vl) +

1

Tw
(asat − a) (16)

asat =
1

2
[(amax + amin)

+ (amax − amin) tanh (sg(a− an))] (17)

where a is the continuous tap ratio, asat is its saturated value, vl is
the transformer low voltage, vh is the transformer high voltage,
v∗ is the voltage control setpoint, Tltc is the LTC time constant,
[amin, amax] is the available range for the continuous tap ratio,
an is the nominal tap ratio value, and sg is the hyperbolic tangent
function slope. The first term of (16) acts as an integral control
on the voltage. Therefore, saturating the output of this equation
would generate an effect similar to traditional “windup” on
PI controllers. Thus, the unsaturated variable would increase

Fig. 4. Equivalent control scheme for the LTCs.

Fig. 5. Tap positions of (blue) discrete and (red) continuous LTC models,
subject to a ramp increase in the regulated voltage.

indefinitely and the model would not converge. For this reason,
the second term is added. This term circumvents the undesired
effect and allows proper numerical integration. The combination
of the saturation function together with the antiwindup term is
first introduced in this article. In Fig. 4, the operation of the LTC
is illustrated by using a block diagram that clearly resembles the
scheme of an antiwindup mechanism [50]. The time constant Tw
sets the time for a to reach the steady state when it saturates. Its
value will not modify the system operating point, but it should be
slow enough so that it does not interact with the rest of dynamic
equations.

In order to illustrate the operation of the transformer with the
LTC, Fig. 5 shows the tap positions of the (blue) discrete and
(red) continuous models when a ramp increase of the regulated
voltage is imposed. It can be seen that the continuous model
approximates well the realistic discrete model. Fig. 6 shows
how parameters Tw and sg affect the approximation. Careful
tuning of these parameters should be considered so that the
approximation error is minimized. More information regarding
LTC modeling can be found in [7].

D. Electrical Lines

Electrical lines have been modeled by using a π-equivalent
such as the one depicted in Fig. 7 [59]. In many bifurcation
studies, line dynamics are considered to be faster than the rest
of the system dynamics and are, therefore, simplified. However,
they have been included in this article in order to keep the model
fully differential and, therefore, avoiding algebraic constraints as
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Fig. 6. Tap positions of discrete and continuous LTC models subject to a ramp
increase of the regulated voltage. Comparison of continuous and discrete LTC
models for variations of parameters (a) Tw and (b) sg .

Fig. 7. Equivalent circuit for modeling electrical lines.

Fig. 8. Equivalent circuit of a ZIP load.

in (2). This simplifies the model definition in mathematical tools.
Furthermore, theRC branches improve the problem resolution.
First, small virtual capacitors accelerate the resolution with a
negligible impact on the final result. Then, the resistors are
calculated so that capacitors do not generate high-frequency res-
onances that would lead to oscillations in electrical waveforms.
The line equations are presented in Section B of the Appendix.

E. Load Modeling

Loads have a significant impact on voltage stability [10]. In
this work, the load was modeled by using a ZIP equivalent and
an induction machine.

1) ZIP Load: ZIP loads can represent a variety of loads
encountered in real systems. In this article, the ZIP load was
modeled as in [22]. A parallel combination of nonlinear con-
ductance Gzip and susceptance Bzip is used, as shown in Fig. 8.
The equations are included in Section C in the Appendix.

2) Induction Motor: For the IM, both stator and rotor circuit
dynamics are considered [60]. The equivalent circuit used in this
study is depicted in Fig. 9 [60]. Since the IM model does not
contain angle dynamics, the state variables can be directly added
to the grid equations without transforming equations from one
reference frame to another [61]. See Section D in the Appendix
for more details.

Fig. 9. Equivalent circuit of an IM.

TABLE I
HARDWARE AND CONTROL PARAMETERS OF VSCS

TABLE II
LOAD PARAMETERS

IV. ANALYTICAL RESULTS

In this section, the electrical distribution system shown in
Fig. 1 is analyzed. The system equations are obtained by using
the procedure presented in Section III. Then, the bifurcation
curves are calculated by using Matcont. Specifically, the process
to obtain the bifurcation curves was the following.

1) The system was defined as a set of ordinary differential
equations and then included in the Matcont file.

2) The system parameters were selected, as well as a generic
initial point.

3) A time-domain simulation was performed using Simulink,
until the system settles to an equilibrium.

4) Starting from the equilibrium point, a free parameter was
selected in Matcont. Then, a parametric continuation anal-
ysis was performed until a BP was found.

5) If necessary, starting from the located BP, continuation
in two dimensions was performed by selecting two free
parameters.

The validity of the hyperbolic saturation model is first es-
tablished, and then, the model is used for the system analysis.
The numerical values of the converter parameters, the load, and
the rest of the network elements are shown in Tables I–III,
respectively. These were the parameter values that were used
to obtain the initial equilibrium point of the system. If not stated
otherwise, the saturation limits of the LTC tap ratio are set to
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TABLE III
GRID AND TRANSFORMER PARAMETERS

Fig. 10. Bifurcation diagram of the voltages of Nodes 2 and 3 when the dc
power is modified. Full and zoomed versions.

10%, and the converter current limits are set to the nominal value
of the converter current. PI controllers have been designed so that
responses comply with standard transient specifications under
nominal conditions. Specifically. the damping is set to 0.7, while
the settling times are set to 7 ms and 70 ms for current and dc
voltage PIs, respectively. PLL bandwidths are set to 60 Hz.

A. Saturation Modeling Validation

Fig. 10 (left) compares the different curves of the system when
saturators are modeled using (blue) hyperbolic tangent functions
and (red) regular nonsmooth saturators. It can be seen that the
equilibrium values are tracked only with small errors around
the saturation “knee.” When the dc load increases (positive
values), both models predict the BP at almost the same value.
On the power injection side (negative values), the BP is also
identified by using the hyperbolic tangent approximation. How-
ever, the nonsmooth version is numerically unstable, and the
simulation collapses at the point marked using the cyan asterisk.
Fig. 10 (right) shows the detailed view near the saturation point
to emphasize the minimal error in the equilibrium values.

Fig. 11 shows the case in which the active power of the load
is increased. In this case, only the LTC and q-axis current limits
affect the system operation as the d-axis current demanded by
the converters remains unchanged. The location of the collapse
point, marked by the red asterisk, remains almost unaffected. For
the equilibrium values, there are three points, in which different
limitations are met. At Po ≈ 1.6 p.u., the LTC limits are met,
and it can no longer regulate the grid voltage. At this point, the
network voltages start to decrease. At points Po ≈ 2.25 p.u. and
Po ≈ 2.4 p.u., the q-axis current limits of Converters 1 and 2
are, respectively, met and, without reactive support, the voltage

Fig. 11. Bifurcation diagrams of Node 2 voltage when the ac load is changed.
(Yellow) Piecewise linear saturation and (blue) approximate saturation. Full and
zoomed versions.

reduction becomes sharper. In the first case, the approximation
gives accurate results. At the following points, shown in the
zoomed version of Fig. 11, the error slightly increases but never
exceeds 0.5%. It is worth pointing out that this small error can
be further decreased by adjusting the slope sg in (17) if the
minimum error around the “knee” is favored over adaptability
and tuning simplicity. It is also important to mention that the
error produced by the adopted approximation is, in the general
case, lower than the expected error in real measurements due to
inherent noise, component uncertainty, etc.

B. Bifurcation Analysis

To validate the main contributions of this article, the following
scenarios are studied.

1) Effect of the VSC capacity limit with the dc load variation:
In this case, the effect of the power absorbed/injected by
the VSCs is studied. This scenario demonstrates the non-
linear effects of VSCs as well as the impact of converter
capacity limits on the system stability.

2) Effect of the LTC limits and weak grid conditions: Weak
interconnections are explored by varying the short-circuit
ratio (SCR) of the grid. Different R/X ratios are used to
see the effect of inductive and resistive grids (the latter
case is common in low-voltage networks).
Different LTC limits and their effects are also studied.
The ability of converters to regulate the voltage will also
be analyzed.

3) Nonlinear effect of converter control parameters: Varia-
tion of controller parameters may lead to sudden loss of
stability through HBs, without previous changes in the
equilibrium variable values. Hence, nonlinear analysis is
necessary. Here, parametric continuation is applied to the
voltage controller droop gain and other control parameters
in order to provide insight in reactive power support
requested from converters. The results can be used to
adequately design the droop coefficients as well as the
PI gains.

1) Case 1: Effect of the VSC Capacity Limit With DC Load
Variation: Fig. 12 shows the voltage of Node 3 when the dc
power is varied from positive (load mode) to negative (source
mode) values. To obtain this figure, continuation of parameter
Pdc was performed in both increase and decrease directions. The
process terminated when the first bifurcation was encountered
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Fig. 12. Voltage of Node 3 when the dc power is changed. Current saturation
limits were set to (blue) 80%, (red) 100%, (cyan) 120%, and (pink) 150% of
the rated converter capacity. The operation of the system when no limits are
imposed is shown in green. BPs are marked with a red asterisk.

Fig. 13. rms current of Converter 1 when the dc power is changed. Current
saturation limits were set to (blue) 80%, (red) 100%, (cyan) 120%, and (pink)
150% of the rated converter capacity. The operation of the system when no limits
are imposed is shown in green. BPs are marked with a red asterisk.

in each direction. The voltage rms value v3 was calculated from
the voltagedq components with the formula: v3 = (v2d + v2q )

1/2.
Because Node 3 is “electrically remote” from the ideal grid,
the voltage levels mostly depend on the converter operation.
Therefore, over- and undervoltages will take place depending
on the power flow direction. BPs appear in both directions, but
the limits are not symmetrical. In addition, it can be seen that
the system may become unstable even if the node voltage is kept
within adequate limits. To investigate the effect of the converter
capacity limits, the process is repeated for several values of
maximum allowed converter current. For each iteration, the
current saturation limits were set to (blue) 80%, (red) 100%,
(cyan) 120%, and (pink) 150% of the rated converter capacity,
respectively. The case without current saturation is shown in
green.

Fig. 13 shows the rms current of Converter 1 when the
dc power is changed in either directions. The rms current

Fig. 14. Bifurcation diagram for simultaneous variation of Pdc together with
converter capacity limit.

Fig. 15. Zoomed-in parts of (a) Fig. 12 and (b) Fig. 13. The bifurcation curves
that monitor how the BP “moves” are additionally plotted with thick dashed
lines.

of Converter 1 is calculated by using the following formula:
i1 = (i2d + i2q)

1/2. In both load and source modes, the stability
limits coincide with the rms current limits. The fact that the
instability occurs when the total current reaches the limit and
not when either d-axis or q-axis current is saturated justifies
the inclusion of the dynamic limit modeling. This analysis also
gives insight into the main factor behind the instability, namely,
the current limit. This type of instability is a general case of the
limit-induced instability recently reported in [35].

To examine the effects of the current limit on the bifurcation in
more detail, additional parameter continuation was performed
with Matcont. First, the initial bifurcation curve for nominal
current limit was recalculated (red curve of Fig. 12, i.e., current
limit 100%). Then, the current limit was selected as an additional
free parameter with the BP being preserved. Fig. 14 shows
how the BP changes when the dc load and the current limit
are varied simultaneously, thus defining the parameter stability
region. Fig. 15(a) projects the same multidimensional curve on
theV3–Pdc plane, while Fig. 15(b) projects it in the I1–Pdc plane.
Both figures provide insight into the relation between the BP
and the current limit. Specifically, for the case where no limit is
set (green curves of Fig. 15), it can be seen that the green curves
and the bifurcation boundary diverge and they will not coincide
for reasonable loading values within the system rating.

2) Case 2: LTC Limits and Weak Grid Conditions: Fig. 16
shows the voltage of Node 2 when (red) Lg and (black) Rg
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Fig. 16. Voltage of Node 2 when the SCR changes (inductive grid) with the
droop controller (blue) enabled and (red) disabled. Same case for resistive grid,
with droop (green) enabled and (black) disabled. (Red asterisk) SNB point and
(green asterisk) HB points. Full and zoomed versions.

Fig. 17. Eigenvalues for variation of the grid inductance Lg , while the droop
controller is active. The eigenvalues for which the HBs appear are denoted using
a red asterisks.

are modified. No droop controller is used in this test. The SNB
points are located at SCR = 0.963 for the inductive case and at
SCR = 1.489 for the resistive case. In both cases, the system
shows a similar trend. However, in the case of resistive weak
grids, the bifurcation occurs for higher SCR values. Fig. 16 also
shows the voltage of Node 2 when (blue) Lg and (green) Rg

are modified. However, in this case, the reactive power support
is activated. For inductive grids, the voltage profile is flat until
stability is lost through an unstable HB at SCR = 0.705. This HB
appears because of the interaction between the weak grid and
VSCs controllers. It can be seen that, despite the undesirable
interaction, the system stability margin has improved. A second
HB is identified for a higher value of Lg , with no effect on
the system stability. However, for a resistive interconnection,
reactive power support does not have a significant impact and the
system collapses at SCR = 1.441. Fig. 17 shows how the critical
eigenvalues change in the case of the grid inductance variation
and confirms the instability of the limit cycle that is generated at
the identified HB. The double crossing of the imaginary axis by
the eigenvalues is consistent with the two identified HB points.

To investigate the effect of the LTC limits, continuation was
performed for different LTC regulating ranges. Fig. 18 shows the
response of the system to the increase of the ac ZIP load valuePo

with the tap ratio limit ranging from 0% to 15%. It can be seen
that with bigger tap limit range, the drop of the voltage starts at
a larger load value. However, the collapse point remains almost

Fig. 18. Voltage of Node 1 when the active power load is increased. Tap limit
is changed to (blue) 0%, (red) 5%, (green) 10%, and (yellow) 15%.

Fig. 19. Voltage of Node 1 when the grid inductance is increased. Tap limit is
changed from (blue) 10% to (red) 30%.

Fig. 20. Bifurcation diagram of the voltage of Node 2 when the q-axis current
droop gain is increased for (red) Converter 1, (green) Converter 2, and (blue)
simultaneous increase. Stable equilibrium is shown using a straight line, while
unstable equilibrium is shown using a dashed line.

unaffected. Fig. 19 shows a weak inductive grid scenario. The
response is similar to the previous case, and the collapse occurs
at a slightly different inductance value, despite the significant
extension of the LTC range capability (30%).

3) Case 3: Nonlinear Effect of Converter Control Param-
eters: Fig. 20 shows the effect of the variation of the droop
coefficients on the voltage of Node 2. The cases of simultaneous
variation of the droops (in blue) and their separate variation (in
red and green) were studied. The former is often denoted as
symmetrical variation, while the latter is denoted as asymmet-
rical variation [19]. It can be seen that the way these gains are
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Fig. 21. Bifurcation diagram showing the amplitude of the limit cycles that
emerge from the variation of the q-axis current droop gain of (red) Converter 1
and (blue) simultaneous variation.

Fig. 22. Eigenvalues for variation of the droop gain of the outer voltage
controller. Eigenvalues for (blue) simultaneous variation of droops, (red) Con-
verter 1, and (green) Converter 2. “*” means “HB.”

modified can have a significant impact on the system stability.
The HBs in Fig. 20 appear for very large values of the droop
gains, which are typically considered impractical.

Figs. 21 and 22 provide additional information regarding the
encountered bifurcations. Fig. 21 shows the magnitudes of the
limit cycles that are generated from the corresponding Hopf
points. Fig. 22 shows the root locus diagram of the critical
eigenvalues for each case. With them, the equilibrium stability
can be determined. It can be seen that all the detected HBs lead
to instability because the imaginary axis is crossed. In the final
case, all the eigenvalues remain in the left-hand side confirming
that stability is preserved. It can be seen that the frequency of
the eigenvalues that move to the imaginary axis is very large,
meaning that the oscillation will appear at high frequency. This
is in line with the large value of the droop gain required to
obtain the HB. If any of the resulting limit cycles is attractive,
sustained oscillations appear in the system. For example, Fig. 23
shows Node 2 voltage after the dq components of Converter 1
current were perturbed at the HB encountered by the variation
of droop gain kv1 (red curve of Fig. 20). It can be seen that
sustained oscillations of small amplitude emerge and remain in
the system, indefinitely. One should note that, despite the small
amplitude of the oscillation, equilibrium stability is lost, and this
is considered unacceptable for power system operation [7].

Fig. 24 shows how the HB produced from changing kv1 (red
curve of Fig. 20) changes as a function of the line inductanceL23.

Fig. 23. Example of sustained oscillations in the system. Results from per-
turbation of Converter 1 dq-current components at the HB of the kv1. (a) rms
value of the voltage of Node 2. (b) Zoomed-in version.

Fig. 24. HB boundaries when line inductance valuesL23 are changed together
with Converter 1 droop gain Kv1.

Fig. 25. HB boundaries when different sets of PI gains are selected for the
dc voltage controller. Boundaries are shown for (red) Converter 1, (green)
Converter 2, and (blue) simultaneous variation.

It can be seen that for lower induction values, the HB “moves”
to higher gain values. This explains why there is no HB when
kv2 is changed, namely, that the equivalent impedance to which
the converter is connected to is lower and, thus, the electrical
“distance” from the ideal grid shorter. This limits the undesirable
interactions between the controllers and extends the parameter
stability region.

Bifurcation analysis can also be used to calculate two pa-
rameter stability boundaries [19], [22]. Fig. 25 shows the Hopf
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Fig. 26. Eigenvalues for variation of the integral gain kvi of the dc voltage
PI controller. Eigenvalues for simultaneous variation in (blue) both converters,
(red) Converter 1, and (green) Converter 2. “*” means “HB.”

Fig. 27. Photographs of the laboratory. (a) AC busbars. (b) 15-kVA converters.
(c) Real-time computers. (d) 75-kVA converter. (e) Line impedances.

boundary that separates the stable and unstable operating regions
when both proportional and integral gains Kvp

and Kvi
[in (8)]

of the dc voltage controller are changed. Both symmetrical and
asymmetrical variations are studied. It can be observed that
the stable operation area is smaller for the converter that is
electrically “more distant” from the ideal grid. In addition, the
symmetrical variation introduces stronger nonlinear effects in
the lower gain region. Fig. 26 provides the critical eigenvalues
for the different cases. For the dc controller, the simultaneous
variation of the integral gains (in blue) led to similar results
as the independent variation of the same parameters in each
converter (red and green). Two branches of the root locus
move almost in parallel and cross the imaginary axis in close
succession. Together with the results from Fig. 22, it can be
concluded that the operation during symmetrical variation can
be represented as the superposition of the asymmetrical cases.
One should note that the detected Hopf bifurcation appears
at high frequency because of very large values of the droop
gains. Operation close to this region should be avoided in field
applications.

V. EXPERIMENTAL VALIDATION

A. Prototype Description

The theoretical results were validated in the Smart Energy
Integration Lab (SEIL) [62], [63]. Fig. 27 shows a photograph
of the experimental platform used for the experiments, while

Fig. 28. Single-line electrical diagram of the laboratory facilities, including
the test network configuration setup. Different colors represent different points
of common voltage in the grid.

Fig. 28 shows the electrical single-line diagram of the laboratory
configuration used for the reproduction of the test network
shown in Fig. 1. Yellow, red, and blue paths define points in
the network with common voltage. In particular, red represents
the laboratory equivalent of Node 2 of Fig. 1, blue represents
Node 3 of Fig. 1, and yellow represents the auxiliary grid voltage.
Embedded PCs were used for the implementation of the control
systems for all converters [63]. Two sets of 15-kVA back-to-
back converters were used as the VSC-interfaced elements of
Fig. 1. One terminal was connected to the test network and
included the control loops, as shown in Fig. 2, while the other
was connected to the auxiliary grid and emulated the dc load.
Converters were connected to the grid by using LCL filters. LCL
filter capacitors were small (8.8 μF), and therefore, their effect
was negligible. The current saturation and the LTC saturation
were implemented by using ideal saturation blocks (not smooth
saturators), in the same way as in real field applications. The fact
that the errors recorded during the experimental validation never
exceeded 10% validates the hypotheses used in the theoretical
analysis. The sampling and switching frequencies were set to
10 kHz. Pulsewidth modulation with the min–max modulation
strategy and the single update was used [42]. The values of the
components are provided in Table I.

The grid, the grid impedance, the mixed load, and the LTC
transformer were emulated by using a 75-kVA VSC grid emula-
tor. Therefore, this emulation defines a power-hardware-in-the-
loop (PHIL) test of the grid defined in Fig. 1. To summarize,
all the components left of Node 2 in Fig. 1 were included in
the PHIL configuration. The rest of the system converters, as
well as the line impedance, were represented by real laboratory
hardware. The equivalent laboratory components that represent
the test system components (e.g., VSC 1, Line 23, etc.) are also
depicted in Fig. 28. The converter that emulated the grid included
an LC output filter (Lf = 500 μH and Cf = 100 μF). The
filter capacitor was controlled by using a fast full state-feedback
controller so that the LC filter does not interact with the rest of
the system. For the tap modeling, a realistic discrete-time model
was used [7]. The voltage of Node 2 was calculated from the
mathematical model (included in the grid emulator) and then
used as an input for the voltage controller [64]. The distribution
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Fig. 29. Experimental verification for Case 1. (a) DC load power and (b) dc
voltage of each converter.

line in Fig. 1 was implemented by using a set of configurable
impedances with values of Lline = 1 mH and Rline = 0.3 Ω.

B. Experimental Results

To validate the performed analysis, experiments for each test
case described in Section IV-B were performed. The converter
voltage support capability was active in all experiments, unless
it was explicitly stated otherwise. Similarly, the tap limit was set
to 10% of its nominal value, and the converter current limit was
set to its rated current value.

1) Case 1: In Fig. 29, the experimental results for Case 1 are
shown. Fig. 29(a) shows the dc load power Pdc that is fed by the
two converters, while Fig. 29(b) shows the voltage at the two
dc links. At point 1, the active power demanded by Converter 1
was increased from the equilibrium conditions to a level close to
the limit that was theoretically predicted (12 kW), but without
exceeding it. The same action was performed for Converter 2
at point 2. In both cases, it can be seen that the dc voltage was
restored to the nominal value after the initial transient. At point
3, the active power demand was increased beyond the predicted
stability limit for Converter 1. At this point, the dc voltage
sharply decreased and the controller was not able to restore it,
leading to the converter disconnecting. At point 4, the action was
repeated for Converter 2 with similar results. Fig. 30(a) shows
Converter 1 current and Fig. 30(b) shows Converter 2 current.
The increase in the current amplitude at points 1 and 2 is caused
by the increase of the respective dc loads. At points 3 and 4,
current is saturated at its maximum value of 30.61 A. Then,
the respective converters are quickly disconnected because the
dc-voltage protection tripped.

2) Case 2: Figs. 31– 34 show the recreated conditions of the
collapse for Case 2 (gradual increase ofLg). To approximate the
preservation of equilibrium during the parameter continuation,
slow ramp increase of the parameter followed by quantization
in steps of 1 mH was performed. Therefore, all the variables
settled before the next step ensuring that transient effects did not

Fig. 30. Experimental verification for Case 1. (a) Current of Converter 1. (b)
Current of Converter 2.

Fig. 31. Experimental verification for Case 2. (a) Node 2 rms voltage for
variation of Lg and (b) zoomed area. HB is marked with a vertical, dashed,
green line.

Fig. 32. Experimental verification for Case 2. Node 2 measured voltage
waveforms. HB is marked with a vertical, dashed, green line.

affect the result. This also ensured that stability was not lost at an
earlier point for any reason unrelated to the system loading (e.g.,
loss of synchronism by the converters). Fig. 31(a) demonstrates
the rms voltage of Node 2 during this increase. It can be seen
that despite the gradual increase in the grid inductance, the
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Fig. 33. Experimental verification for Case 2. (Blue) Converter 1 measure-
ments and (red) Converter 2 measurements. (a) q-axis current measurements
and (b) q-axis voltage measurements. HB is marked with a vertical, dashed,
green line.

Fig. 34. Experimental verification for Case 2. Three-phase current waveforms
of (a) Converter 1 and (b) Converter 2. HB is marked with a vertical, dashed,
green line.

voltage remained close to its nominal value, as predicted in
Fig. 16. At a point near the HB, there was a sharp nonlin-
ear decrease in the voltage, after which unstable oscillations
appeared and the converters were disconnected for protection.
Fig. 31(b) shows a zoomed-in version near the collapse point.
Fig. 32 shows the respective three-phase voltage measurements
near the collapse point. Fig. 33(a) shows the q-axis current of
the two converters during the experiment. It can be seen that
at the initial stages (15–30 s), the current is quickly adjusted
due to the LTC voltage regulation. Once the LTC capability is
depleted, the current steadily rises due to the voltage drop at
the converter terminals. After the instability, it quickly drops
to zero due to the current saturation scheme. Fig. 33(b) shows
the q-axis voltage component, as measured in the reference
frame of each converter. It can be seen that the converter PLLs
successfully keep these components close to zero for the major-
ity of the experiment, thus maintaining synchronization. Near
the collapse point, the grid voltage decreases rapidly and the
PLLs are incapable of preserving synchronization. This also
justifies the step-like decrease in the grid inductance Lg , as it

Fig. 35. Experimental verification for Case 2. Comparison for different tap
limit ratios. (Blue) Tap limit 10% and (red) tap limit 30%. HBs are marked with
a vertical, dashed, green line.

Fig. 36. Experimental verification for Case 3. (a) Node 3 rms voltage for
variation of Kv1. (b) Measured current waveforms of Converter 1.

becomes clear that the stability is lost through the HB. When this
bifurcation is reached, the whole system collapses, and then,
the PLL loses synchronization. Fig. 34 shows the three-phase
current waveforms of the converters for this experiment.

For completeness, the same experiment was repeated for the
tap limit ratio set to 30% of its nominal value. That way, a
direct comparison between the cases can be conducted. Fig. 35
shows Node 2 voltage for tap limit 10% (blue) and 30% (red)
and identical increase of grid inductance Lg . The figure has
been zoomed in for clarity to show the region near the collapse
point. It can be seen that despite the larger LTC capability, the
collapse occurs at slightly reduced inductance value, as predicted
in Fig. 19.

3) Case 3: For the validation of Case 3, an experiment re-
producing the equilibrium curve from Fig. 20 for small values
of Kv1 was performed. Starting from the initial equilibrium
condition (Kv1 = 0), the droop gain was increased every 2 s
until Kv1 = 100. Fig. 36(a) shows the increase in the rms
voltage of Node 3 originating from the increased reactive power
support offered by Converter 1. Fig. 36(b) shows the measured
three-phase current injected by the converter during the initial
transients. After the voltage measurements were filtered and
averaged to clear out any noise, they were compared with the
theoretical curve, as shown in Fig. 37(a). It can be seen that the
measured results closely match the respective theoretical values
with the relative error [shown in Fig. 37(b)] never exceeding
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Fig. 37. Validation of results for Case 3. (a) Comparison between (blue)
theoretical and (red) experimental results. (b) Relative error between the two.

Fig. 38. Experimental results for Case 3. (a) DC voltage of Converter 1 when
the integral gain of the dc-voltage controller is incrementally modified. (b) Zoom
in close to the instability point. HB is marked with a vertical, dashed, green line.

Fig. 39. Experimental results for Case 3. Three-phase current waveform of
Converter 1, while the integral gain of the dc-voltage controller is incrementally
modified. Zoomed-in figure near the point at which stability is lost. HB is marked
with a vertical, dashed, green line.

1% and tending to zero as the droop gain increases. In a similar
manner, Converter 1 integral gain of the dc-voltage controllerkvi
was slowly increased until the HB was encountered. Fig. 38(a)
and its zoomed-in part in Fig. 38(b) show the dc-voltage of
Converter 1 during the experiment. Despite the gain increase,
the dc-voltage remains constant and equal to the reference
value (680 V). After the predicted HB, oscillations of growing
amplitude appear and the converter is soon disconnected for
protection. Fig. 39 shows the three-phase current measurement
of the same converter during the experiment. It is zoomed in for

clarity to show the region close to the disconnection point. The
oscillations appear in the ac part due to the modulation process.

VI. CONCLUSION

In this article, bifurcation theory was used to perform nonlin-
ear analysis of parameter stability in active electrical distribu-
tions systems, including the effects of the LTCs and the converter
capacity limits. This represents a novel approach to stability
analysis of grid-connected, converter-dominated, active distri-
bution systems. First, the necessary models of these network el-
ements for the nonlinear study were developed. Then, numerical
bifurcation theory was used to study the power transfer limits
and parameter stability boundaries in the grid. A test system
comprising power converters, a ZIP load, an IM, and electrical
lines was modeled and studied in detail. The effect of controller
parameters on network stability was explained and presented.
In addition, converter capacity limits and the effects attributed
to weak grid conditions were analyzed. Finally, the theoretical
developments were validated by using experimental results.

The obtained results confirmed the proposed modeling ap-
proach that successfully approximates the operation of LTCs
and saturation blocks, allowing their inclusion in nonlinear
bifurcation studies. In the case of the dc load increase, it was
found that the upper limit of the rms converter current acts as
the stability limit for the whole system. This effect is reminiscent
of limit-induced bifurcations. Reactive power support provided
by electronic interfaces proved helpful in the case of inductive
weak grids since it flattened the voltage profile. However, in
predominantly resistive interconnections, there was no notable
improvement. LTC limits were shown to affect the equilibrium
values of the system voltage, but their effect on the location of
the collapse point was minimal. It was shown that variation of
both droop and PI gains may lead to HBs. For most test cases,
different dynamic responses were observed after applying the
changes to the controller gains simultaneously and separately.
Finally, the experimental results from the tests performed in the
SEIL were used to validate the proposed modeling approach and
the obtained analytical results.

APPENDIX

SUPPLEMENTARY MODELING EQUATIONS

In this appendix, the models of the VSC, the loads, and the
electrical lines are given.

A. VSC Modeling

The state equations for the PIs of the inner current control
loops are

ẋd = i∗dsat
− id

ẋq = i∗fqsat
− iq. (18)

The equations for the terminal voltages of the converters are

vkd
= vtd − Lfωiq + vgd

vkq
= vtq + Lfωid + vgq (19)
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where Lf is the induction of the converter filter. By applying
Ohm’s law to the impedance of the filter and canceling out the
feedforward term, the dynamic equations of the currents of the
converter are derived

i̇d = −Rf

Lf
id +

Kip

Lf
(i∗dsat

− id) +
Kii

Lf
xd

i̇q = −Rf

Lf
iq +

Kip

Lf
(i∗fqsat

− iq) +
Kii

Lf
xq (20)

whereKip and Kii represent the proportional and integral gains
of the current controller, respectively. From the energy conser-
vation principle, the dc-side dynamics are derived

˙vdc =
1

vdcCdc
(Pac − Pdc − Plosses)

=
3

2vdcCdc
(ukd

id + ukq
iq)− Pdc

vdcCdc
− Plosses

vdcCdc
(21)

where Pac and Pdc are the power that enter or exit the dc link
from the ac and dc sides, respectively.

An internal state is introduced for the PI controller of the
PLL. Together with integral and proportional gains Kpll

i ,K
pll
p ,

the dynamics of the PLL are defined as

˙xpll = vgq (22)

δ̇ = ωpll = Kpll
i xpll +Kpll

p vgq . (23)

B. Model of Electrical Lines

The equations for the current of a line connecting node i to
node j are

i̇d =
vid
L

− vjd
L

− R

L
id + ωiq

i̇q =
viq
L

− vjq
L

− R

L
iq − ωid (24)

whereR andL are the lumped resistive and inductive parameters
of the line, respectively. To define node voltages, virtual shunt
capacitors are used. Their dynamics are described as

˙vcd = ωvcq +

∑
j∈node idj

Cv

˙vcq = −ωvcd +

∑
j∈node iqj
Cv

(25)

where Cv is a virtual capacitor that has been added in order to
speed up the resolution of dynamic equations.

The node voltages are

v = vc +Rd ·
∑

j∈node

ij (26)

where Rd is a damping resistor that has been added in order
to avoid high-frequency oscillations generated by the virtual
capacitors. The signs of the currents that are added in (25) and
(26) depend on the system topology.

C. ZIP Load Model

The equations of the nonlinear conductance Gzip and suscep-
tance Bzip of Fig. 8 are given as

Gzip = P0

(
a1
V 2
0

+
a2
V0Vb

+
a3
V 2
b

)

Bzip = −Q0

(
b1
V 2
0

+
b2
V0Vb

+
b3
V 2
b

)
(27)

where P0 andQ0 are the active and reactive power consumption
for nominal voltage V0, respectively. Vb is the load voltage
module, and indices a1 and b1 to a3 and b3 are the percentages
of constant impedance, constant current, and constant power,
respectively. The dynamics of the load current are calculated as
follows:

˙ipd =
Gzipvd − ipd

Ti
, ˙ipq =

Gzipvq − ipq
Ti

(28)

˙iqd =
−Bzipvq − iqd

Ti
, ˙iqq =

Bzipvd − iqq
Ti

(29)

where Ti is the time constant of the load. The interface with
the grid is done adding the total current of the ZIP load (izip =
ip + iq) to the Kirchoff equations in each connection node.

D. IM Model

For the IM, the flux equations are

ψsdq = Lsisdq + Lm(isdq + irdq ) (30)

ψrdq = Lrirdq + Lm(isdq + irdq ) (31)

where subscripts s and r refer to the magnitudes of current i,
induction L, and flux ψ of the stator and the rotor, respectively.
Lm represents the magnetizing inductance. The voltage equa-
tions are

vsdq = rsisdq ∓ ωψsqd + ˙ψsdq (32)

vrdq = rrirdq ∓ (ω − ωr)ψrqd + ˙ψrdq . (33)

By short circuiting the rotor and combining (30)–(33), the
model for the IM is derived. Together with the electromechanical
equation that defines the acceleration of the shaft of the motor
ω̇r, the complete model for the IM can be written as follows:

ω̇r =
p

2 J
(Tel − Tload) (34)

˙ψrd = (ω − ωr)ψrq − rrird (35)

˙ψrq = − (ω − ωr)ψrd − rrirq (36)

˙isd =
1

Lm + Ls − L2
m

Lr+Lm

(vsd − rsisd + ωψsq

− Lm

Lr + Lm
((ω − ωr)ψrq − rrird)) (37)

˙isq =
1

Lm + Ls − L2
m

Lr+Lm

(vsq − rsisd − ωψsd

+
Lm

Lr + Lm
((ω − ωr)ψrd + rrirq )) (38)
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where J is the inertia constant. The electrical torque can be
written as

Tel =
3

2

p

2
(ψrq ird − ψrdirq ) (39)

where p is the pair of poles of the machine.
For the mechanical torque, a polynomial load is used

Tload = K0 +K1ω +K2ω
2 (40)

where K0, K1, and K2 are parameters to model the load.
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