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A General Approach to Sampled-Data Modeling for
Ripple-Based Control—Part I: Peak/Valley Current

Mode and Peak/Valley Voltage Mode
Na Yan , Xinbo Ruan , Fellow, IEEE, and Xin Li , Member, IEEE

Abstract—This article is aiming to unify the modeling methods
for various ripple-based control schemes. It is divided into two
parts, and the first part presents a sampled-data modeling method
for the peak/valley current mode (PCM/VCM) control and the
peak/valley voltage mode (PVM/VVM) control. It is pointed out
that due to the high bandwidth of the dc–dc converter under
PCM/VCM or PVM/VVM control, the sideband effect cannot be
ignored in the modeling process. Meanwhile, with the small-signal
assumption, the feedback perturbation signal has a discontinuity
of the first kind at each sampling instant, so the perturbation
value at this instant should be obtained according to the Dirichlet
conditions, which is equal to half of the sum of the limit values
on the left and right sides of the signal. Then, by using Shannon’s
sampling theorem, the transfer functions of the modulator and the
loop gain are derived, and they are used to analyze the influence
of the sideband components on the converter stability. Finally,
the experimental results from a PCM controlled buck converter
validate the proposed modeling technique.

Index Terms—A discontinuity of the first kind, modulator,
ripple-based control, sampled-data modeling, sideband effect.

I. INTRODUCTION

MODERN microprocessors have been finding wide ap-
plications. The buck converter is usually adopted for

powering the microprocessors due to its simplicity, and it is
required to have fast transient response. Various ripple-based
control schemes for meeting this requirement have attracted a
lot of attention [1]–[4]. In the ripple-based control, the switching
ripple of the current or voltage is used as the ramp of the modula-
tor to compare with the reference to generate the drive signals for
the switches [5]–[7]. Compared with the average voltage/current
mode (AVM/ACM) control [8]–[11], ripple-based control has a
simpler structure and better dynamic performance. In this article,
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the control schemes that utilize the current feedback signal as
the input of the modulator are named as current-mode ripple-
based control, including peak/valley current mode (PCM/VCM)
control [11]–[13] and current-mode constant ON/OFF time con-
trol (C-COT/C-COFT) [14], [15], and the control schemes that
adopt the voltage feedback signal as the input of the modula-
tor are named as voltage-mode ripple-based control, including
peak/valley voltage mode (PVM/VVM) control [5], [14], and
voltage-mode constant ON/OFF time control [14], [16].

For the ripple-based control, the control parameters and the
circuit parameters such as equivalent series resistor (ESR) of the
output capacitor should be carefully designed to avoid instabil-
ity, especially fast-scale instability [5], [6], [16]. For example,
subharmonic instability occurs when the duty cycle exceeds
0.5 in a PCM controlled dc–dc converter, and a smaller time
constant of the output capacitor will lead to instability in a buck
converter with voltage-mode ripple-based control. There are also
some interesting phenomena. For example, a C-COT/ C-COFT
controlled buck converter is always stable at any duty cycle. In
order to explain the abovementioned stability cases and optimize
the circuit parameters design, the modeling of the ripple-based
control is an essential topic.

The key challenge of modeling a dc–dc converter with ripple-
based control is the modeling of the modulator. Various mod-
eling methods have been proposed for ripple-based control
[15], [34], however, only a few articles gave the small-signal
model of the modulator and the obtained results are not verified.
Furthermore, the obtained models are different and a consensus
has not been reached. Hence, a unified modeling method of the
modulator that is accurate, simple, and suitable for all kinds of
ripple-based control is expected, which is the main purpose of
this article. This article is divided into two parts. Part I discusses
the PCM/VCM and PVM/VVM control, and Part II focuses on
the COT and COFT control.

Among the existing modeling techniques for a PCM/VCM
controlled dc–dc converter, the biggest controversy is the deriva-
tion of the modulator gain factor Fm, which is the minus of the
ratio of the duty cycle perturbation and the current feedback per-
turbation. Fig. 1 shows the key waveforms of the PCM control,
where, is is the feedback current and îs is its perturbation; m1 and
−m2 are the slopes of is during the ON-time and OFF-time of the
switch, respectively, mc is the slope of the compensation ramp,
and Ts is the switching period. Table I lists the values of Fm

obtained in [11] and [23]–[28], and the differences are caused
by different values of îs selected at the sampling instant, i.e., the
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TABLE I
VALUE OF Fm FOR PCM IN THE EXISTING LITERATURE

Fig. 1. Key waveforms of the modulator for PCM in steady state.

intersection instant of two input signals of the modulator. In [23]
and [24], the value of îs right before the sampling instant, i.e.,
the value of îs1(k) in Fig. 1, is used. In [25], the average value
of îs during the switch-ON time, which is derived from the value
of i1, is used, while in [26] the average value of îs during the
switch-OFF time (derived from i2) is discussed. In [11] and [27],
the average value of îs during a switching period, expressed as
〈i〉T s, is used. In [28], the Fm is obtained with the assumption
of îs2(k)=îs2(k+1) . In addition to the controversy for the
derivation of Fm, the expressions of the loop gain obtained in
different articles are also different.

In most existing modeling methods for the PVM/VVM con-
trolled buck converter, it is assumed that the ESR of the output
capacitor is so larger that the switching component in the output
voltage is the voltage across ESR resulted by the inductor current
ripple. In this case, the PVM/VVM control is equivalent to the
PCM/VCM control, and the ESR is the inductor current sense
gain, and the existing modeling methods for PCM/VCM can
be directly applied to the PVM/VVM control [30]–[33]. Hence,
these methods not only face the similar inaccuracy issue as those
for PCM/VCM, but also not that general due to the assumption
of the larger ESR.

In [5], [17], and [29], the closed-loop gains are derived,
respectively, by using the Krylov–Bogoliubov–Mitropolsky
method and the describing function method for ripple-based

control. However, these two methods require cumbersome math-
ematical derivation and provide quite limited physical insights,
which restrict their practical usefulness.

It should be noted that in all the above modeling methods for
ripple-based control, the closed-loop gains are derived first since
it is difficult to establish the transfer function of the modulator
directly in the past. In these methods, it is all mentioned that
the nonlinear characteristic of the modulator, i.e., the sampling
characteristic of the modulator, plays an important role in the
converter stability. However, no method reveals exactly how
this characteristic affects the dynamic performance, and the
modeling techniques for the modulator are also unclear.

Fortunately, some modeling methods that considered the
influence of sideband components, which is caused by
the sampling characteristic of the modulator, can provide
some inspiration to modeling the modulator under the
PCM/VCM/PVM/VVM control and are reviewed as follows.

In [35], the power stage and the modulator are regarded as a
whole part, and its transfer function is derived by approximating
the perturbation in the duty cycle signal, which contains a series
of narrow pulse signals, to a train of impulse signals. Also,
the obtained results indicate that the loop gain measured with
the feedback loop open is not the same as that measured with
the feedback loop closed (see (11.5) and (11.16a) in [35]),
which is caused by the sideband effect. In [36], the effect of
the sideband component at s–jωs (ωs is the switching angular
frequency) is taken into consideration for the loop gain of
the buck converter with the AVM control, and the path which
describes this effect is introduced into the control block dia-
gram, thus providing a clear physical insight about the side-
band effect. The effect of other sideband components on the
loop gain is further considered in [37] and [38]. Compared
with [35], it is revealed in [36]–[38] that the difference of
the loop gains with the feedback loop open and closed is
confirmedly caused by the sideband effect on the frequency
response of the modulator, thus indicating the importance of
directly modeling the modulator based on the accurate frequency
analysis.

From these methods of studying the sideband effect, it can
be found that when two signals intersect at a fixed time in
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each switching period to generate the duty cycle signal, such
a process can be regarded as a sampler, and the intersection
moment is the sampling instant. That is to say, the modulators
in the ripple-based control and the AVM/ACM control are a
sampler from the perspective of small-signal analysis. So, the
sampling principle can be used to directly derive the transfer
function of the modulator, which implies the consistency of
modeling methods of the modulator in the AVM/ACM and
PCM/VCM/PVM/VVM control. However, the existing model-
ing methods for ripple-based control are quite different from
those for AVM [36]–[38], keeping us from a unified understand-
ing of all the basic control schemes.

In this part, a method to derive the transfer function of the
modulator, including the exact definition of Fm, for PCM/VCM
is proposed by directly using the sampling theorem, and then it is
further extended to the PVM/VVM control. Since the derivation
process is based on the sampling characteristics of the modulator,
the proposed modeling method is referred to as the sampled-data
modeling method.

The rest of this article is organized as follows. Section II
introduces the sampling characteristic of the modulator, and then
presents the sampled-data modeling method for the PCM/VCM
controlled buck converter followed by the stability analysis
and the comparison with other existing well-known models.
Section III derives the small-signal models of the buck converter
with the PVM/VVM control, analyzes the influence of the side-
band effect on the converter stability, and determines the stability
conditions which the time constant of the output capacitor need
to satisfy. Then, the obtained results are verified by simulation.
Section IV discusses the extension of the proposed sampled-data
modeling method to other dc–dc converters. The experimental
results of a PCM controlled buck converter are provided in
Section V. Finally, Section VI concludes this article.

II. SAMPLED-DATA MODELING FOR PCM/VCM

In this section, the sampled-data modeling for the dc–dc con-
verter under the PCM/VCM control is developed first based on
the sampling characteristic of the modulator. Then, the obtained
theoretical models are used to analyze the converter stability and
further verified by simulation.

A. Sampling Characteristic of the Modulator

Fig. 2 shows a PCM/VCM controlled buck converter, where
Vin is the input voltage, Lf is the filter inductor, Cf is the output
capacitor, Rc is the ESR of Cf, RLd is the load resistor, iL is
the inductor current, is is its feedback signal, d is the duty cycle
signal, Hi is the inductor current sense gain, and mc is the slope
of the compensation ramp, Ts is the switching period, and the
corresponding switching (angular) frequency is represented by
fs(ωs). The part from the feedback signal to the duty cycle signal
is referred to as the modulator. PCM is taken as an example to
present the sampling characteristic of the modulator and derive
its small-signal model here.

If the modulator in Fig. 2 is a sampler, it means that when
an ac small signal vac with the (angular) frequency of fp (ωp)
is injected into the point A shown in Fig. 2 (note that vac
contains the ac components at the frequencies ±ωp in the

Fig. 2. PCM/VCM controlled buck converter.

TABLE II
SIMULATED BUCK CONVERTER PARAMETERS

complex frequency domain), the perturbation components in
the feedback current and the duty cycle, denoted as îs and d̂,
respectively, will both contain the ac components at the fre-
quencies ±ωp+nωs(n � Z), denoted as îs(±jωp + jnωs) and
d̂(±jωp + jnωs), respectively. The ±ωp+nωs components (n
� 0) are called the sideband components. It should be mentioned
that the components in d̂ at the frequencies ωp+nωs (n � Z)
are generated by îs(jωp + jnωs), while d̂(−jωp + jnωs) are
generated by îs(−jωp + jnωs), which means it does not need to
consider îs(−jωp + jnωs) and d̂(−jωp + jnωs)when deriving
the relationship between d̂(jωp + jnωs) and îs(jωp + jnωs).

In order to verify the sampling characteristic of the modulator,
the PCM controlled buck converter in Table II is built in Simplis
software. The steady-state operating point is first obtained, and
then an ac signal with a frequency of 2 kHz and an amplitude of 1
mV is injected into the feedback current is for further simulation.
The time-domain waveforms are obtained by subtracting the
steady-state waveforms from those with perturbations, as shown
in Fig. 3. After that, Fourier analysis tool in Simplis is adopted
to extract the frequency spectra of time-domain waveforms.

As seen from Fig. 3, both îs and d̂ contain not only the
ac component at 2 kHz, but also the components at sideband
frequencies, and the sideband components in îs are obviously not
ignorable compared to that of the perturbation frequency. The
amplitudes of the components in d̂ at all sideband frequencies
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Fig. 3. Simulated waveforms of îs and d̂ when a 1 mV, 2 kHz perturbation is
injected into is.

Fig. 4. Key waveforms of the modulator in the perturbed state under PCM.

and the perturbation frequency are all equal, thus verifying the
sampling characteristic of the modulator. The next section will
directly use the sampling theorem to derive the transfer function
of the modulator.

B. Sampled-Data Modeling

Fig. 4 shows the operating principle of the modulator. The
intersection instant of two input signals of the modulator, i.e.,
the sampling instant, is selected as the beginning time in each
cycle to simplify the derivation process. As seen from Fig. 4,
is and d are negative correlated, i.e., the greater is, the lower
the d. Hence, the transfer function of the modulator GPWM(s)
is defined as

GPWM(s)
Δ
= − d̂(s)

îs(s)
. (1)

Denoting d̂(k) and îs(k) as the value of d̂ and îs at the kth
sampling instant, Fm is defined as

Fm
Δ
= − d̂(k)

îs(k)
. (2)

As seen from Figs. 3 and 4, îs has a discontinuity of the first
kind at each sampling instant under the assumption of the small
perturbation signal. Let îs(k−) and îs(k

+) denote the left and
right limits of îs(k), then according to Fig. 4, we have{

îs(k
−) = −(m1 +mc)d̂(k)Ts

îs(k
+) = (m2 −mc)d̂(k)Ts.

(3)

According to the Dirichlet conditions, îs(k) is

îs(k) =
(
îs(k

−) + îs(k
+)
)/

2. (4)

Substituting (3) into (4), and then according to (2), we have

Fm =
1

[(m1 −m2)/2 +mc]Ts
. (5)

From the perspective of small signal analysis, the modulator
can be regarded as an ideal sampler, and a series of narrow pulse
signals in d̂ can be treated as an impulse train, which is the
sampling signal of the input signal îs of the modulator. That is,
the relationship between d̂ and îs can be expressed as

d̂(t) =
+∞∑

n=−∞
d̂(k)Ts = −FmTsîs(t)

+∞∑
n=−∞

δ(t− kTs) (6)

where δ(t) is the Dirac delta function.
Due to the sampling characteristics of the modulator, if the

converter initially has an ac small signal component at frequency
ωp, both d̂ and îs will contain ac components at ωp+nωs (n �
Z). According to Shannon’s sampling theorem, we have

d̂(jωp) = d̂(jωp + jnωs) = −Fm

+∞∑
n=−∞

îs(jωp + jnωs).

(7)
According to (7) and defining Gid(s) as the transfer function

from d to iL, the control block diagram for the PCM controlled
buck converter is depicted, as shown in Fig. 5. Hence, GPWM(s)
can be expressed as

GPWM(s)
∣∣
s=jωp

= − d̂(s)

îs(s)
=

Fm

1+FmHi

+∞∑
n=−∞
n�=0

Gid(s+ jnωs)

. (8)

Thus, the loop gain Ti(s) can be written as

Ti(s) = HiGid(s)GPWM(s). (9)

Similarly, for VCM, the transfer functions of the modulator
and the loop gain can also be derived, and they are the same as
(8) and (9), and the control block diagram is still in the form of
Fig. 5, except that the expression of Fm is changed to

Fm =
1

[(m2 −m1)/2 +mc]Ts
. (10)
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Fig. 5. Control block diagram of a PCM controlled buck converter.

C. Model Simplification

As seen from (8), GPWM(s) contains infinite-term sideband
components, thus hindering the stability analysis. So, (8) will
be simplified and approximated with the example of a PCM
controlled buck converter. The expression of Gid(s) of the buck
converter is [40], [41]

Gid(s) =
Vin (Cfs+1/RLd)

LfCfs2+(Lf/RLd +RcCf ) s+1
. (11)

At the frequencies higher than the resonance frequency of Lf

and Cf, represented by fr, Gid(s) can be expressed as [18]

Gid_a(s) =
1

Hi

m1+m2

s
. (12)

It can be found from (8) that, only at the frequencies close to
nfs (n = ±1, ±2, …), the frequency response of the modulator
is related to the low-frequency characteristic of Gid(s). Since fr
is usually much lower than fs, it is reasonable to replace Gid(s)
with Gid_a(s). Substituting (12) into (8), and using the following
series equality [42]:

+∞∑
n=−∞

1

n+ x
= π cot(πx) (n ∈ Z, x �= 0) (13)

GPWM(s) can be simplified as

GPWM_a(s) = Fm
1

1 + FmHi

∑+∞
n=−∞
n �=0

Gid_a(s+ jnωs)

= Fm
1

1 + Fm (m1 +m2)
(

1
jωs

(∑+∞
n=−∞

1
s/jωs+n

)
− 1

s

)

= Fm
1

1 + Fm(m1 +m2)
(

π
jωs

cot
(
π s

jωs

)
− 1

s

) . (14)

Correspondingly, Ti(s) is approximated to

Ti_a(s) = HiGid(s)GPWM_a(s). (15)

D. Stability Analysis

As seen from (14) and (15), the sideband components affect
the converter stability through the modulator, which will be
further illustrated in detail below by taking PCM as an example.
First, defining the item related to “s” in the denominator of (14)
as G1(s), and at frequencies below 0.5fs, we have [43]

G1(s)=
π

jωs
cot

(
π

s

jωs

)
− 1

s
≈ 1

s
+

1

3
s
π2

ωs
2
− 1

s
=

s

3

π2

ωs
2
.

(16)
Substituting (16) into (14), GPWM(s) below 0.5fs can be

written as

GPWM_a(s) ≈ Fm

1 + Fm(m1 +m2)
s
3

π2

ωs
2

. (17)

As seen from (17), the dc gain of the modulator is Fm, and
GPWM(s) has a left-half-plane pole when Fm > 0. The value
of Fm corresponding to the PCM controlled buck converter in
Table II is calculated to be 2.22 according to (5), which is the
same as the ratio of d̂(2 kHz) to îs(2 kHz) shown in Fig. 3, thus
verifying the correctness of the derivation method for Fm. As
seen from Fig. 3, when fp = 2 kHz (ωp = 2πfp), the amplitude
of îs at 102 and 98 kHz cannot be ignored. This means that the
sideband components should also have a significant impact on
the low-frequency characteristics of the modulator. The reason
why the low-frequency gain of GPWM(s) is still equal to Fm

is that when ωp << ωs, ωp ± nωs (n = ±1, ±2, …) can be
approximated as ±nωs, then the effect of îs(jωp + jnωs) and
îs(jωp − jnωs) on d̂(jωp) cancel each other out (Gid_a(jnωs)
+ Gid_a(-jnωs) = 0).

In addition, it can be inferred from (11), (14), and (15) that,
when Fm > 0, the phase of GPWM(s) in the entire frequency
range is above –90° and the phase of Ti_a(s) is greater than
–180°, thus predicting the stability operation when mc satisfies

mc > (m2 −m1) /2. (18)

Moreover, according to (12), (14), and (15), it can be found
that, if mc = 0, then at 0.5fs

Ti_a(s)
∣∣∣s= 1

2 jωs
≈ HiGid_a(s)GPWM_a(s)

∣∣∣s= 1
2 jωs

= Fm(m1+m2)/s
1−Fm(m1+m2)/s

∣∣∣s= 1
2 jωs

= 2
(1−2D)πj−2

(19)

where D represents the duty cycle at steady state and m1D
= m2(1–D). As shown in (19), Ti_a(j0.5ωs) is equal to −1
when D = 0.5, thus predicting the phenomenon of subharmonic
oscillation when D is larger than and close to 0.5.

E. Comparison and Simulation Verification

Table III presents the proposed model and the existing mod-
els in [18], [19], [29], and [35] for the PCM controlled buck
converter, where Tc(s) represents the closed-loop gain i.e., the
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Fig. 6. Comparison between the theoretical models and the simulation results for a PCM controlled buck converter. (a) GPWM. (b) Ti. (c) Tc.

transfer function from iref to is. It is worth to point out that [29]
only derived Tc(s) by using the describing function method,
and open-loop transfer function is not provided in Table III.
Fig. 6 compares the Bode plots of GPWM(s), Ti(s), and Tc(s)
from different models with the simulated results with the cir-
cuit parameters in Table II, where Ti_Ridley(s), Ti_Tan(s), and
Ti_Brown(s) represent the expressions of Ti(s) given in [18], [19],
and [35], respectively. As can be seen from Fig. 6, the proposed
models given by (14) and (15) are in good agreement with the
simulated result in the entire frequency range, Ti_Tan(s) is valid
up to 0.5fs, and there is a clear distinction between Ti_Ridley(s)
and the simulated results. An explanation for Fig. 6 is made
below.

In [35], a small delay ε (ε → 0+) is included in the modulator
path and Gid(s) is replaced by Gid_a(s) in the derivation process.
Note that the final results given by Ti_Brown(s) are different in
the two cases when ε � 0 and ε = 0. Although the expressions
of Fm given in [35] and this article are different, the final
expressions of Ti(s) are the same, which is further explained
in Appendix I. Through exploring the physical concept of the
small delay introduced in [35], we found two other methods to
derive GPWM(s) for PCM, and one of which is based on the
minus ratio of îs(k−) and d̂(k), denoted by F−

m, and the other
uses the minus ratio of îs(k+) and d̂(k), denoted by F+

m . Both
methods introduce a delay or an advance item ε, and the obtained
models are the same as that given by (14). These two methods
are illustrated in Appendix I.

Both [18] and [19] first derive the relationship between îref
and îs in the z-domain and then obtain the Tc(s) by converting
îref and îs into the s-domain with the following relationships
(see (4.5) and (4.6) in [19]):

îs(s)=
1− e−sTs

s
îs(z) |z=esTs , îref(s)=Tsîref(z) |z=esTs .

(20)
Note that a zero-order-holder link (1− e−sTs)/s is introduced

when obtaining îs(s). However, the prerequisite for introducing
this component is that îs needs to remain unchanged over a
switching cycle, and this condition holds only in general at high
frequencies (fp > fr). This is because the capacitive reactance

of Cf would be much smaller than the inductive reactance of Lf

when fp > fr, consequently, the slope of the inductor current dur-
ing the ON-time and OFF-time of the switch can be approximated
as (Vin−Vo)/Lf and −Vo/Lf, respectively (same as that at steady
state), by neglecting the output voltage perturbation ν̂o, which
makes îs a constant over a switching period. If fp < fr, then
v̂o will have an unignorable effect on the slope of the inductor
current, therefore, in this case, îs is no longer a constant, which
also can be inferred from the waveforms shown in Fig. 3.

According to Fig. 2, Tc(s) can be readily derived as

Tc(s) =
Ti(s)

1 + Ti(s)
=

HiFmGid(s)

1 +HiFm

∑+∞
n=−∞ Gid(s+ jnωs)

.

(21)
By replacing Gid(s) in (21) with Gid_a(s), Tc(s) at frequencies

higher than fr can be simplified as

Tc_a(s) ≈ HiFmGid_a(s)

1 +HiFm

∑+∞
n=−∞ Gid_a(s+ jnωs)

=
1− α

1− αe−sTs

1− e−sTs

sTs
(22)

where the expression of α can been found in Table III, which
is the same as that given in [18], [19], and [29], implying the
Tc(s) obtained in [18], [19], and [29] is only a special case of
the result obtained in this article.

The expressions of Ti(s) in [18] and [19] are further extracted
based on Tc(s). In [18], Ti_Ridley(s) was solved from

Tc_a(s) =
1− α

1− αe−sTs

1− e−sTs

sTs
=

HiFmGid(s)

1 + Ti_Ridley(s)

=
HiFmGid(s)

1 +HiFmGid(s)He(s)
≈ HiFmGid_a(s)

1+HiFmGid_a(s)He(s)
(23)

which introduced an additional gain block He(s) (see (3.14)
in [18]) into the feedback path, but lacks a solid theoretical
basis. Besides, the expression of Fm in [18] is also incorrect. So
Ti_Ridley(s) exhibits very low accuracy in the entire frequency
range, as observed in Fig. 6(b).
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TABLE III
COMPARISON OF THE EXISTING MODELS AND THE RESULTS OBTAINED IN THIS ARTICLE

Note: 1. He(s) =
sTs

esTs−1
≈ 1− 1

2/π
s

ωs2+( s
ωs2 )

2 2. α=− m2−mc
m1+mc

3. “—“ represents the result was not given.
4. In this table, the expression of Ti_Tan is given based on the actua1 expression used in the verification process in [19], rather than the original expression in (25).

In [19], Ti_Tan(s) was obtained from

Tc_a(s) =
1− α

1− αe−sTs

1− e−sTs

sTs
=

Ti_Tan(s)

1 + Ti_Tan(s)
(24)

and expressed as

Ti_Tan(s) ≈
m1+m2

s[(m2−m1)/2+mc]Ts

1 + 4(m1+m2)S
ω2

s [(m2−m1)/2+mc]Ts

=
FmHiGid_a(s)

1 + 4Fm(m1+m2)S
ω2

s

.

(25)
Based on this, the resultant transfer function from d to iL

in Ti_Tan(s) is Gid_a(s), meaning Ti_Tan(s) is accurate only at
frequencies higher than fr. However, [19] replaced Gid_a(s) in
Ti_Tan(s) with Gid(s) in the process of experimental verification
without justification. Although this modification improved the
accuracy of Ti_Tan(s), as confirmed in Fig. 6(b), the modeling
method is not very well-founded especially in the low-frequency
range.

It should be mentioned that the low-frequency gains of Ti(s)
from the aforementioned models are all much greater than 1, thus
the low-frequency gain of Tc(s) is pretty close to 1, which sug-
gests that the good agreement between the theoretical model (22)
and the actual response cannot tell the validity of the modeling
method at low frequencies. In conclusion, the modeling methods
proposed in [18], [19], and [29] are invalid at low frequencies due
to the assumption that îs remains unchanged during a switching
cycle when deriving the expression of Tc(s).

III. SAMPLED-DATA MODELING FOR PVM/VVM

In this section, the small-signal models of the PVM/VVM
controlled buck converter will be derived and then simplified by
using the same methodology for the PCM/VCM control.

A. Sampled-Data Modeling

Fig. 7 shows the circuit diagram of a PVM/VVM controlled
buck converter and the representations of the variables are the
same as those shown in Fig. 2. Besides, ic is the current flowing

Fig. 7. PVM/VVM controlled buck converter.

through the output capacitor, vo, vc, and vfb are the output volt-
age, the voltage of Cf, and the voltage feedback, respectively, Hv

is the voltage sensor gain, implemented by the divider consists
of resistors R1 and R2. Next, PVM will be taken as an example
to derive the small-signal models.

Similar to the PCM control, in the PVM control, the defini-
tions of the transfer function of the modulator GPWM(s) and the
modulator gain factor Fm are similar to those in (1) and (2),
respectively, while îs should be replaced by v̂fb.

Figs. 8 and 9 show the operating principle of the modulator
at steady state and perturbated state, respectively, where the
sampling instant is selected as the beginning time in each cycle.
In Fig. 8, m1 and –m2 are the respective slopes of iL during
the switch ON-time and OFF-time, mcf is the slope of vc at the
sampling instant, v′fb(k

−) and v′fb(k
+) are the left and right

limits of the slope of vfb at kTs, respectively. In Fig. 9, v̂fb and d̂
denote the perturbation signal in vfb and d, respectively, v̂fb(k−),
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Fig. 8. Key waveforms of a PVM controlled buck converter at steady state.

Fig. 9. Key waveforms of the circuit shown in Fig. 7 in the perturbed state.

v̂fb(k
+), and d̂(k) are the left and right limits of v̂fb, and the value

of d̂ at kTs, respectively.
Defining the value of v̂fb at kTs as v̂fb(k), and using the same

principle as mentioned in Section II, one can find that

v̂fb(k) =
(
v̂fb(k

−) + v̂fb(k
+)
)/

2. (26)

From Figs. 8 and 9, we have{
v̂fb(k

−) = − (v′fb(k−) +mc) d̂(k)Ts

v̂fb(k
+) = (−v′fb(k+)−mc) d̂(k)Ts.

(27)

From Figs. 7 and 8, mcf can be obtained as

mcf =
dvC
dt

|t=kTs
=

ic(t)

Cf
|t=kTs

≈ iL(t)− Io
Cf

|t=kTs

=
m1DTs

2Cf
(28)

where Io is the load current, and note this equation is derived at
steady state. According to Figs. 7 and 8, and (28), the expressions
of v′fb(k

−) and v′fb(k
+) can be derived as⎧⎨

⎩
v′fb(k−) = Hv (Rcm1+mcf) = Hv

(
Rcm1+

m1DTs

2Cf

)
v′fb(k+) = Hv (−Rcm2+mcf) = Hv

(
−Rcm2+

m1DTs

2Cf

)
(29)

where

Hv =
R2

R1 +R2
. (30)

Substituting (29) into (27), then according to (26) and the
definition of Fm, we have

Fm=
1

Hv

(
Rc

m1−m2

2 + m1DTs

2Cf

)
Ts+mcTs

. (31)

Using the same method, it can be found that for VVM

Fm=
1

Hv

(
Rc

m2−m1

2 + m1DTs

2Cf

)
Ts+mcTs

. (32)

Furthermore, using the same derivation process mentioned in
Section II, GPWM(s) can be expressed as

GPWM(s) =
Fm

1+FmHv

∑+∞
n=−∞
n�=0

Gvd(s+ jnωs)
(33)

where Gvd(s) is the transfer function from d to vo. For buck
converter, it is expressed as [40], [41]

Gvd(s) = Vin
RcCfs+1

LfCfs2 + (Lf/RLd +RcCf ) s+ 1
. (34)

Finally, the loop gain Tv(s) is given as

Tv(s) = HvGvd(s)GPWM(s). (35)

B. Model Simplification

It is difficult to analyze the stability by using the model
given by (33) since it contains infinite-term sideband compo-
nents. Given Gvd(s) decreases with a slope of –40 dB/dec at
high frequencies, it only needs to consider the finite sideband
components. Defining GPWM_M(s) and Tv_M(s) as the transfer
function of the modulator and the loop gain which include only
the components within M multiples of the switching frequency
range, i.e.,

GPWM_M(s) =
Fm

1+FmHv

∑+M
n=−M
n�=0

Gvd(s+ jnωs)
(36)

Tv_M (s) = HvGvd(s)GPWM_M (s). (37)

For example, if M is selected as 1, GPWM_1(s) and Tv_1(s),
respectively, represent GPWM(s) and Tv(s), which only include
the sideband components around the switching frequency. An-
other approximation method is similar to that mentioned in
Section II. When s > 2πfr, Gvd(s) can be simplified to Gvd_a(s)
expressed as

Gvd_a(s) = Vin
RcCfs+ 1

LfCfs2
=

Vin

LfCf

(
RcCf

s
+

1

s2

)
. (38)

By substituting (38) into (33), the approximations of
GPWM(s) and Tv(s), denoted as GPWM_a(s) and Tv_a(s), respec-
tively, will be valid at all frequencies except for a small range
near the multiples of the switching frequency. Furthermore,
using the following infinite sum formulas [42]:{∑+∞

k=−∞
1

k+x = π cot(πx)∑+∞
k=−∞

1
(k+x)2

= π2

sin2(πx)

(k ∈ Z, x �= 0) (39)



YAN et al.: GENERAL APPROACH TO SAMPLED-DATA MODELING FOR RIPPLE-BASED CONTROL—PART I 6379

the expressions of GPWM_a(s) and Tv_a(s) can be further sim-
plified to the results as expressed in (40) and (41), shown at the
bottom of this page, respectively.

C. Stability Analysis

Same as the PCM control, it can be found from (40) and (41),
the sideband components affect the converter stability through
the modulator in the PVM/VVM control, which will be further
illustrated in detail below with the example of a PVM controlled
buck converter. First, the influence of the sideband components
on the low-frequency gain of the modulator is analyzed. Defining
the term related to “sin(πs/jωs)” in the denominator of (40) as
G2(s), and at frequencies below 0.3fs, we have [44]

G2(s) =
1

(jωs)
2

π2

sin2 (πs/jωs)
− 1

s2
≈ −1

3

π2

ωs
2
. (42)

Another term related to “cot(πs/jωs)” in (40) has been given
in (16). Therefore, combining (16), (40), and (42), at frequencies
below 0.3fs, (40) can be rewritten as

GPWM_a(s) ≈ Fm

1+FmHvVin

LfCf

(
− 1

3
π2

ωs
2 +RcCf

s
3

π2

ωs
2

) . (43)

As seen from (43), the low-frequency gain of the modulator
equals to Fm/(1− FmHvVin

LfCf

1
3

π2

ωs
2 ), rather than Fm, due to the

sideband effect.
Furthermore, since the amplitude of G1(s) and G2(s) become

larger as frequency increases, and the phase of G1(s) is always
90°, the phase of G2(s) is always –180°. Therefore, it can be
concluded that the sideband effect makes the amplitude and the
phase of the frequency response of the modulator decrease as
frequency increases in the high-frequency region. Also, it is well
known that the phase of Gvd(s) alters in the range from –90° to
–180° at frequencies higher than fr, and the smaller the time
constant of the output capacitor CfRc is, the closer the phase of
Gvd(s) is to –180°. Moreover, the phase of GPWM(s) is negative
in the high-frequency region. Hence, it can be inferred that a
larger time constant RcCf is preferred to ensure the converter
stability.

Now, the condition under which a PVM controlled buck
converter is stable is derived based on (38), (40), and (41). At
0.5fs, the loop gain is

Tv_a(s)
∣∣∣s=ωsj

2
≈ HvGvd_a(s)GPWM_a(s)

=
1
s2+

RcCf

s

1
a − π2

ωs
2 − 1

s2 − RcCf

s

∣∣∣s=ωsj
2

(44)

where

a =
FmHvVin

LfCf
=

1(
RcCf

1−2D
2 + (1−D)DTs

2

)
Ts+

mcCfTs

m1+m2

.

(45)
According to (44), one can find that Tv_a(j0.5ωs) = −1

when 1/a–π2/ωs
2 = 0, and the magnitude of Tv_a(j0.5ωs) is

larger than 0 dB, the phase of Tv_a(j0.5ωs) is lower than –180°
when 1/a–π2/ωs

2 < 0. Therefore, it can be inferred that a PVM
controlled buck converter is stable when 1/a–π2/ωs

2 > 0, in
which the magnitude of Tv_a(j0.5ωs) is less than 0 dB, the phase
of Tv_a(j0.5ωs) is great than –180°. That is to say, for PVM, RcCf

or mc needs to satisfy

{RcCf

Ts
> 1

2 + D2

1−2D and D < 1
2 (mc = 0)

mcLf

HvVinRc
> 2D−1

2 + Ts

RcCf

(
1−2D

4 +D2

2

)
and D< 1

2 (mc �=0).

(46)
Similarly, with the same analysis, we can find that for VVM,

RcCf or mc needs to satisfy

{RcCf

Ts
> 1

2 + D′2
1−2D′ = − 1

2 + D2

2D−1 and D > 1
2 (mc = 0)

mcLf

HvVinRc
> 2D′−1

2 + Ts

RcCf

(
1−2D′

4 +D′2
2

)
and D> 1

2 (mc �=0)

(47)
where D represents the duty cycle at steady state and D′ = 1−
D. The results given by (46) and (47) are the same as those
obtained in [6] by using the discrete modeling method (see (5)-
(7) in [6]).

D. Comparison and Simulation Verification

In [29], the expression of the closed-loop gain Tc(s) for the
PVM controlled buck converter, i.e., the transfer function from
vref to vfb, represented by Tc_Li(s) as given in Appendix II, was
obtained by using the describing function method. In order to
compare with Tc_Li(s), the expressions of Tc(s) in this article
are derived by using Tv_M(s) and Tv_a(s), and the obtained
results are denoted as Tc_M(s) and Tc_a(s), respectively, which
are defined as

Tc_M (s) =
Tv_M (s)

1 + Tv_M (s)

=
FmHvGvd(s)

1 + FmHv

∑+M
n=−M Gvd(s+ jnωs)

(48)

Tc_a(s) =
Tv_a(s)

1 + Tv_a(s)

GPWM_a(s)

=
Fm

1+FmHv

∑+∞
n=−∞
n �=0

Gvd_a(s+ jnωs)
=

Fm

1+FmHvVin

LfCf

(
1

(jωs)
2

π2

sin2(πs/jωs)
− 1

s2

)
+FmHvVin

LfCf
RcCf

(
π

jωs
cot
(
π s

jωs

)
− 1

s

)
(40)

Tv_a(s) = HvGvd(s)GPWM_a(s) (41)
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Fig. 10. Simulated waveforms with different Cf. (a) Cf = 300 µF. (b) Cf =
100 µF.

=
FmHvGvd(s)

1+FmHv

(
Gvd(s)+

∑+∞
n=−∞
n�=0

Gvd_a(s+jnωs)

) .

(49)

It can be found that at frequencies higher than fr, (49) can be
further simplified as the following equation by replacing Gvd(s)
with Gvd_a(s) and substituting the expression of Fm into it:

Tc_a(s) ≈ FmHvGvd_a(s)

1 + FmHv

∑+∞
n=−∞ Gvd_a(s+ jnωs)

=
Gvd_a(s)

1
FmHv

+m1+m2

Cf

(
RcCfπ
jωs

cot
(
π s

jωs

)
+

π2/(jωs)
2

sin2(πs/jωs)

) .

(50)

It should be noted that Tc_Li(s) can also be rearranged to the
form in (50) without approximation, as proved in Appendix II.
Similar to the scenario in the PCM control, the low-frequency
gain of Tc(s) is very close to 1 regardless of the expression
of Gvd(s) in the PVM control, which suggests that the good
agreement between the theoretical model (50) and the actual
response cannot tell the validity of the modeling method at low
frequencies.

To summarize, the modeling method proposed in [29] is in-
valid at low frequencies due to the introduction of the assumption
that the perturbation signal in the voltage across the ESR of the
output capacitor remains unchanged during a switching cycle
into the derivation process of Tc(s).

To demonstrate the correctness of the proposed models, a
PVM controlled buck converter is simulated in Simplis software,
and the circuit parameters are given in Table II except that Rc =
30 mΩ, Cf = 300 μF or 100 μF, R1 = 2.1 kΩ, and R2 = 1.2 kΩ.

Fig. 10 shows the simulated time-domain waveforms when
different Cf are used. As seen, the converter is unstable when
Cf = 100 μF, but turns stable when Cf = 300 μF, as predicted
by (46). Figs. 11 and 12 show the Bode plots of the theoretical
models and the simulated results when different Cf are used. As
seen, the theoretical models represented by (40), (41), and (50)
are in good agreement with the corresponding simulated results
as expected. Also, it can be found that GPWM_1(s) and Tv_1(s)
have deviations from the simulation results in the low-frequency
range, which indirectly proves that the sideband effect could also
affect the low-frequency response of the modulator.

Moreover, as seen from Fig. 12(b), the cut-off frequency of
the loop gain is close to 0.5fs and the phase margin is negative,

thus predicting the instability phenomenon which matches the
case demonstrated in Fig. 10(b).

IV. EXTENSION OF THE SAMPLED-DATA MODELING TO OTHER

TOPOLOGIES

The proposed modeling method in Section II can also be ap-
plied to the PCM/VCM controlled boost/buck–boost converter.
For the boost/buck–boost converter, the Gid(s) derived with the
average technique, represented by Gid_av(s), is inaccurate within
a small range close to nfs (n = ±1, ±2, …), which means that
the GPWM_a(s) in (14) is invalid in the low-frequency range.
Fortunately, an exact Gid(s) can be derived by using the describ-
ing function modeling method [45], [46], denoted as Gid_DF(s)
here. Substituting Gid_DF(s) into (8) leads to the GPWM_DF(s),
which can accurately describe the frequency response of the
modulator.

Fig. 13 makes a comparison of the theoretical models with the
simulated results for a PCM controlled boost converter, where
GPWM_DF˙1(s) represents the result when only the sideband
components around fs are considered for GPWM_DF(s). The
parameters of the boost converter are as follows: Vin = 48 V, Vo

= 80 V, RLd = 12.8 Ω, Lf = 95 μH, Cf = 470 μF, Rc = 47 mΩ,
Hi = 0.1, and fs = 100 kHz. The resonance frequency fr can be
calculated as 450 Hz.

For the boost/buck–boost converter with the PVM/VVM
control, if the ESR of the output capacitor is small, then the
sampled-data modeling proposed in Section III is still applicable
as long as the accurate Gvd(s) in [45], [46] is used, which is
the same as that in the PCM/VCM controlled boost/buck–boost
converter. However, if the ESR of the output capacitor is large,
the situation of v̂fb will have a step up (for PVM) or a step
down (for VVM) at each sampling instant, making it much more
complicated than a discontinuity of the first kind. Therefore,
the modeling method proposed in Section III is not suitable for
the PVM/VVM controlled boost/buck–boost converter with the
large ESR of the output capacitor.

V. EXPERIMENTAL VERIFICATION

In order to verify the validity of the sampled-data modeling
method proposed in this article, a PCM controlled buck con-
verter prototype with the UC3824 controller and the INA293
current sense amplifier was fabricated in the lab, and the circuit
parameters have been given in Table II. The Bode plot data were
obtained by using the network analyzer Agilent E5061B and the
analog signal injection method [19].

Fig. 14 shows the comparison of the proposed models with
the experimental results when mc = 0. It can be found that the
models represented by (14) and (15) are in good agreement
with the experimental results and are accurate in the entire
switching frequency range except for a small difference at the
frequencies close to fs, verifying the correctness of the proposed
models.

VI. CONCLUSION

This article developed a unified sampled data modeling
method for ripple-based control schemes based on the sampling
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Fig. 11. Comparison between theoretical models and simulation results when Cf = 300 µF. (a) GPWM. (b) Tv. (c) Tc.

Fig. 12. Comparison between theoretical models and simulation results when Cf = 100 µF. (a) GPWM. (b) Tv. (c) Tc.

characteristic of the modulator. It is divided into two parts, and
in this first part, the models for PCM/VCM and PVM/VVM
are derived. It is pointed out that the perturbation signal in the
current feedback or voltage signal has a discontinuity of the
first kind at the sampling instant. Consequently, when deriving
the modulator gain factor Fm, the Dirichlet conditions must be
satisfied, that is, the value of îs or v̂fb should be equal to half
of the sum of the limit values on the left and right sides of this
signal at the sampling instant.

Based on the theoretical models of the buck converter with the
PCM/VCM/PVM/VVM control, the effect of the sideband com-
ponents on the converter stability is analyzed, and the stability
conditions are determined. Finally, simulation and experimental
results verify the proposed models. The next part will present
the sampled-data modeling method for constant ON-time control
and constant OFF-time control.

APPENDIX I.

The research in this appendix is inspired by the result obtained
by Brown [35]. Here, we present two other modeling methods
to derive the GPWM(s) for PCM as well as the verification of
the equivalence between the expression of Ti_Brown(s) and the
result given by (15).

The core idea adopted in the derivation process in Section II
is that the duty cycle perturbation signal d̂ can be regarded as
an impulse train, and îs has a discontinuity of the first kind at
each sampling instant, as depicted in Fig. 15, where ε = kTs −
kT−

s = kT+
s − kTs.

LettingF−
m = −d̂(k)/̂is(k

−) andF+
m = −d̂(k)/̂is(k

+), then
according to Figs. 3, 4, and 15, we have

d̂(t) =

+∞∑
n=−∞

d̂(k)Ts = −F−
mTsîs(t− ε)

+∞∑
n=−∞

δ(t− kTs)

(A1)



6382 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 6, JUNE 2022

Fig. 13. Comparison between theoretical models and simulation results for a PCM controlled boost converter. (a) Gid. (b) GPWM.

Fig. 14. Comparison between theoretical models and experimental measurements for a PCM controlled buck converter. (a) GPWM. (b) Ti.

Fig. 15. Approximate waveforms of d̂ and îs under PCM control.

d̂(t) =

+∞∑
n=−∞

d̂(k)Ts = −F+
mTsîs(t+ε)

+∞∑
n=−∞

δ(t− kTs).

(A2)

According to Shannon’s sampling theorem, we obtain

d̂(s) = d̂(s+ jnωs)

= −F−
m

+∞∑
n=−∞

(
îs(s+ jnωs)e

−(s+jnωs)ε
)

(A3)

d̂(s) = d̂(s+ jnωs)

= −F+
m

+∞∑
n=−∞

(
îs(s+ jnωs)e

(s+jnωs)ε
)
. (A4)

Processing (A3) and (A4) in the same way as (6), we can get the
expressions of GPWM(s) as shown in (A5) and (A6) as follows:

G−
PWM_a(s)=

F−
m

1+F−
mHi

∑+∞
n=−∞,n�=0

(
Gid_a(s+jnωs)e−(s+jnωs)ε

)
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Tc_Li(s) =
v̂fb(s)
v̂ref (s)

=
fs(1−e−sTs)(1−e−sTs) Vin

Lfs

RcCfs+1

Cfs

Rcm1+
mc
Hv

+
m1Ton
2Cf

+
(
−Rcm1+Rcm2−2mc

Hv
+

m1Ts+m2Ton
Cf

)
e−sTs+

(
−Rcm2+

mc
Hv

+
m2Toff

2Cf

)
e−2sTs

=
Vin
Lfs

RcCfs+1

Cfs
fsCf

RcCfm1+
m1DTs

2 +
mcCf
Hv

+(m1+m2)

(
Ts

esTs (1−e−sTs )2
+

RcCf
esTs−1

) = Gvd_a(s)
1

FmHv
+

m1+m2
Cf

(
RcCfπ

jωs
cot(π s

jωs )+
1

(jωs)
2

π2

sin2(πs/jωs)

)
(A14)

=
F−
m

1 + F−
m(m1 +m2)

(
π cot(πs/jωs)− 1

2Ts − 1
s

) (A5)

G+
PWM_a(s) =

F+
m

1 + F+
mHi

∑+∞
n=−∞,n�=0

(
Gid_a(s+ jnωs)e(s+jnωs)ε

)
=

F+
m

1 + F+
m(m1 +m2)

(
π cot(πs/jωs)+

1
2Ts − 1

s

) (A6)

where the following infinite sum formulas are used in the deriva-
tion process. Note that ε �= 0 and ε → 0+.⎧⎨
⎩

1
jωs

(∑+∞
n=−∞

e−(s+jnωs)ε

s/jωs+n

)
−e−sε

s =π cot(πs/jωs)
jωs

− 1
2Ts − 1

s

1
jωs

(∑+∞
n=−∞

e(s+jnωs)ε

s/jωs+n

)
− esε

s = π cot(πs/jωs)
jωs

+ 1
2Ts − 1

s .

(A7)
Using the expression of Fm, F−

m, and F+
m

Fm =
1(m1 −m2/2 +mc

)
Ts

, F−
m

=
1

(m1 +mc)Ts
, F+

m =
1

(mc −m2)Ts
. (A8)

We find that

Fm

F−
m

− Fm(m1 +m2)
1

2
Ts =

Fm

F+
m
+Fm(m1 +m2)

1

2
Ts = 1.

(A9)
According to (A9), (A5) and (A6) can be rearranged into the

result given in (14), i.e.,

G−
PWM_a(s) = G+

PWM_a(s)

=
Fm

1 + Fm(m1 +m2)
(
π cot(πs/jωs)− 1

s

) .
(A10)

In fact, the above two modeling methods can also be extended
to the VCM/PVM/VVM control, but it may bring additional
computational complexity because of the introduction of the
item ε.

In addition, the expression of Ti_Brown(s) given in [35] is
repeated as

Ti_Brown(s) = HiGid(s)
F−
m

1 + F−
m(m1 +m2)

(
Ts

esTs−1
− 1

s

) .
(A11)

Using the following equality:

Ts

esTs − 1
=

Ts

2

(
2e−s 1

2Ts

es
1
2Ts − e−s 1

2Ts

)
=

Ts

2

(
es

1
2Ts + e−s 1

2Ts

es
1
2Ts − e−s 1

2Ts
−1

)

=
π

jωs
cot

(
π

s

jωs

)
− 1

2
Ts (A12)

one can easily find that the Ti_Brown(s) is the same as the result
represented by (15).

APPENDIX II

This appendix proves the equivalence between the Tc_Li(s)
and the expression in (50). Using (31), (38), (A12), and the
equality

sin2
(
π

s

jωs

)

=

(
es

1
2Ts − e−s 1

2Ts

j2

)2

= −1

4
esTs

(
1− e−sTs

)2
. (A13)

Tc_Li(s) for the PVM controlled buck converter with Hv � 1 (see
[29, Table 4.2]) can be rearranged into the form given in (50) as
shown in (A14), which can be found at the top of this page.
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